Stepped Pressure Equilibrium Code

ma02ag

Constructs energy and helicity matrices that represent the Beltrami linear system.

[called by: dforcel] [calls: ]
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1.1 gauge conditions

1.

In the v-th annulus, bounded by the (v — 1)-th and v-th interfaces, a general covariant representation of the magnetic vector-
potential is written

A = A, Vs+ AgVO + A:VC. (1)

. To this add Vg(s, 0, (), where g satisfies

859(5’ 0, C) = - 7148(87 0, C)
899(_1’95<) = - 49(_1707C) (2)
a{.g(*laO’C) = - AC 71707§)'

Then A = A 4 Vg is given by A = A,V6 + AV with

AG(_LQ’C) =0 (3)
AC(_1707<) =0 (4)

This specifies the gauge: to see this, notice that no gauge term can be added without violating the conditions in Eq.(3) or Eq.(4).

. Note that the gauge employed in each volume is distinct.

boundary conditions

. The magnetic field is \/gB = (0gA¢c — 0cAp) es — 0sA¢ eg + 05 Ap €.

. In the annular volumes, the condition that the field is tangential to the inner interface, \/gB - Vs = 0 at s = —1, gives

0pA¢ — 0cAp = 0. With the above condition on Ay given in Eq.(3), this gives dg A = 0, which with Eq.(4) gives

AC(_laeaC) =0. (5)

The condition at the outer interface, s = +1, is that the field is \/gB - Vs = 0gA¢ — 0c Ag = b, where b is supplied by the user.
For each of the plasma regions, b = 0. For the vacuum region, generally b # 0.

enclosed fluxes

. In the plasma regions, the enclosed fluxes must be constrained.

. The toroidal and poloidal fluxes enclosed in each volume are determined using

/B~ds: A-dl ()
S a8
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1.4 Fourier-Chebyshev representation
1. The components of the vector potential, A = AV + AV (, are

Ag(s,0,¢) = ZAQ,e,i,lTl,i(s)cosai+ZA1().U././ Ti(s)sin (7)

4,0

AC(5707C) = ZACelelz COSO%"'ZAQ()//TM( )SiDOéi, (8)

il

§mi/2 where

where T, ,(s) = ™/2T)(s), Ti(s) is the Chebyshev polynomial, and a; = m;0 — n;¢. The regularity factor, 3
5= (1+s)/2, is only included if there is a coordinate singularity in the domain (i.e. only in the innermost volume, and only in

cylindrical and toroidal geometry.)

2. The magnetic field, \/gB = /gB%e, + \/ﬁBeeg + \/§B<e¢, is

VIB = eo Yl —miAceir — nidgeinr )Tiisinai +( +miAc i+ midooir )Tricosa]
— —r
+ ep Dol - Acein )T, cosa; + ( - Acoin )T ;sina] 9)
— = .
+ € Zi,z [( Ap,eil )Ty ; cos o + ( Ao )T sin o]

3. The components of the velocity, v = vsVs +v9V0 + vV, are

vs(s,0,0) = Z’UseuTu( Jeosay + 3 v Tui(s)sinay, (10)
il

vg(s,0,¢) = Zvﬁezl Tyi(s)cosai + Y 0o Tils)sina;, (11)
il

ve(s,0,¢) = Z V¢ ein T1,i(s) cosa; + Z Vo0 Ti(s) sin . (12)

il

1.5 constrained energy functional

1. The constrained energy functional in each volume depends on the vector potential and the Lagrange multipliers,

F= ]:[AG,e.i,la AC,e,in Alﬁ.m.i./a A(A,O,'Lﬂ,lv Us,e,i,ls Us,0,i.15 V0 e,i,ly V000,15V e,ils V00,0 by Qiy bi; Cis di; €i, fia 91, hl]a (13)

and is given by:

F = /B-de+/v-vdv—u[/A-de—K]

+ a; ZAH,e,i,lTl(_l) - 0_
i=1 |

+ b; ZAg eigT1(=1) =0
i=1 il

+ ¢ Z ApoiiTi(=1) =0
i—2 1

+ d; ZAc,ofz’,le(—l) -0 (14)
i—2 I |

+ e Z (—miAcein —niAgeir) Ti(+1) — bs,i]
i=2 L

+ fi Z (+miAcoir +nilo o) Ti(+1) — bm’]
1=2 L

+ 91 ZAe e TH(+1) — Ay

+ hy ZAC e Ti(+1) Al/’p}

where



i. a;, b;, ¢; and d; are Lagrange multipliers used to enforce the combined gauge and interface boundary condition on the inner
interface,

ii. e; and f; are Lagrange multipliers used to enforce the interface boundary condition on the outer interface, namely
V9B Vs =1b; and
iii. g1 and hy are Lagrange multipliers used to enforce the constraints on the enclosed fluxes.
2. In each plasma volume the boundary condition on the outer interface is b = 0.

3. In the vacuum volume (only for free-boundary), we may set p = 0.

1.6 derivatives of magnetic energy integrals
1. The first derivatives of fdv B-B with respect to Ag ¢ i, L0010, Aceiq and Ae, ;) are

0 0B _ _
aAgw/de.B = Q/de-m:2/de-[—niTl,isinaies—i—T;’icosaieg} /G (15)
B
L/de.B = 2/de-87:2/de [—&-H@lecosazes—&—T”smalec]/\/§ (16)
046,0,i,1 040,011
0 0B — _
%/MB'B = Z/de-aACMZQ/de { miTl,isinaies—T;,iCOSaiee} /N9 (17)
9 OB .,
Mm/de'B = 2/de-aACM:2/de [+szlzCObOZzes T;,iSIIlOZiee:| /N9 (18)

2. The second derivatives of [dv B-B with respect to Ag 1, o1, Acreiq and Ac ;i ; are

0 0 = = = = =/ = =
8149 ) aAg ‘ l/dl) B-B=2 /d’l) ("‘njniTp,jTl,iSjSigss — anp,jTl,istigsC — niTl,iprjSicjgsC + Tp,jTl,iCjCigCC)/\/Ez
€,7,P €,
a 8 el - = - == 2
EYR 94, . l/dv BB = Q/dv (—njmTp,sz,icjsigss + anp_’jTl_’iCjCigsg — niTl,iprjSisjgs( + Tp,jTl,istigCC)/\/g
0,7,P e,l
0 0 = = = = = =/ = =
9Ac., 3A9 _ ,/d” B-B = Q/dv (+mniTp T1555igss — i Tp T i55¢195¢ + i1 T, jsicigso — Tp T icicigoc) /NG
e,J.p e,i,

0
/dv BB = 2/dv —mni Ty ;T1ijSigss + mJijTl cicigsc +ni Ty ZTszzs]gse - T Tl zsjclggg)/\/g2
aA(()j])aAOPLl

0

0Ap.e,j,p OA, ]/dv BB = Q/dv Ty Thisiciges = 15Ty T1asii0s¢ + 11Ty jeiciga + Ty Ti¢i5i0¢0) VG
,€,7,P 0,1,
0 0 - = — - I

04y Ay, I/dv BB = 2/d11 (+njniTp7jTl,iCjCigss + anp,jTl,iCjSigSC + niTl,iTp,jCiSjgsC + Tp,jTl,iSjSigCC)/\/gg
0,7,p 0,1
0 0 P - — e —

Ty 00 l/dv BB = Q/dv (=mjni Ty Ty isjcigss — miTy T ;558i9s¢ — nil1i T, jcicigse — TpJTl,icjsigg()/\/ﬁZ
€,4,p 0,i

0 0 = = —_ = u—— e —
5 N /dv BB = Q/dv (+myniTy jT1icicigss +m;iTy ;T cisigsc — niT1iT, ;cisjgso — prjleisjsiggg)/\/f
¢,0,7,p 6,0,i,1

0 0 = = —_ = —_ = — =
8/19 . 8A< 4 l/d’U BB = Q/dU (—&—njmiTp,jTl,isjsigss + anp’jTl’isjcigsg — miTl’iTp7j87;ng5C — Tp’jTlﬁiCjCiggg)/\/ﬁz
e,7,p e,t
0 0 = = — = —_ = — = 2
04y, 8A< l/dv BB = 2/dU (=njmiTp T1icisigss — 1T i1y icicigso — miT1 T, jsisigsc — T T 85¢i90¢)/\/9
0,7,p e,
0
8A< aAC l/d’U BB = Q/d’U —&-meZTp ]Tl iS555i0ss + ’I’TLJTP JTZ i55Cigs0 + szl szJSZ 1956 + ijTl ZCJClgeg)/\/gg
e,j,p e,

0
/dv BB = 2/dv —mm;Tp i T1.iciSigss — m]Tp]Tl cicigso +miT) Zijsszgae + ijTl lchlggg)/\/gg
8Ag0JpaA(ezl

1o} 0 —_ = —_ = P——— [ —
/dv B-B=2 /dv (—nymiTp ;T1:8Cigss + n; Ty T 858:9s0 +miT1iT, ;cicigsc — Tpval,icjs,-ggg)/\/gQ
81496]’17814(01'1
0 0 —_ = —_ = P——— e —
N 5 /dv B-B=2 /dv (+n;miTp ;T i¢icigss — n; Ty T icisigso +miT1iT, ;cisjgsc — Tp7jTl7isjsiggg)/\/§2
6,0,7,p C,0,1,l
0 0 —_ = —_ = —— [ —
/dv B-B=2 /dv (—mjm;Tp ;T :55¢:gss + m; Ty i1 ;5581950 — miT1iT, ;cicjgso + TM-TMCJ-sl-ggg)/\/g2
OA¢,ejp OAC 01

F) ’E - I — T
/d’l) B-B=2 /d’l) (—|—mjmiTp$jTl$ichigss — ijp,jTlAicjsigse — miTl’iTpJCiSjgsG + Tp,jleisjsiQOG)/\/g2
aA(oj[}aAgoiI ) '

3




1.7 derivatives of helicity integrals
1. The first derivatives of fdv A - B with respect to Ag e i, Ao.0.0, Aceiq and Ac, i are

0Ap.c.i
0

0Ap 0.0
0

OA¢ 041

/dvA-B
/dvA'B

/dvA~B

Il Il
= =
e ]
/N N

T B T
7 B A g,
Wiizl BrA 5Aac],ji,l
af‘iizz Bra 51463111

2. Note that in the above expressions, A - e; = 0 has been used.

3. The second derivatives of fdv A - B with respect to Ag e i1, Ao.0.41, Aceig and Ae i are

0

aA(?,a,j,p aA(i,e.i,l

0

844()_,),/_,; aA(i,e,i,l

0

8Ac,e,j,p aA&e,i,l

0

614(,0,,]"19 aAH,e,i,l

0

8A0,e,j,p aAl(},nJ./

0

84'100,/./) 0. l('}xn/./

0

aAcye,j,p 87‘(}.()././

0

aAC,O.j,p a‘-‘(}.u./.]

0

OAge.jp OA¢ e it

0

6A 1H_u.‘/./) 8AC7€:ivl

0

OA¢ ej.p OA¢ e i

0

OA¢ 0,5,p OA¢ e i

0

0Ap.cjp OAC 0.1

0

844()_,%/_/, aAC,O.'i,Z

0

aAC,e,j,p aAC,o,i,l

0

a‘4<,o,j-p aAC,o,i,l

9 /dUA'

9 /dvA-B =
9 /d’UA-B =

9 /d’UA-B =

0 /dvA~B =
0 /dvA-B =

0 /dvA-B =

/dvA-
9 /dvA-

9 /dUA-
9 /dUA'

0 /dvA~B =

0 /dvA-B =

0 /dvA-B =
9 /dvA-B =

9 /d’UA-B =

Jao
Jao

/dv

Jao
Jao

Jar
Jao
Jao

Jao

dv

dv

dv

dv

dv

/
/dv '
/

/
/
/dv '
/

+T,; cos a; VO -
_—i—TM cos; VO -
~T)icosa; V0 -

_fTM cos a; VO -

_—l—Tl’Z- sina; VO -

-+Tl,i sina; VO -
{—Tu sin aZVH .
-_TU sin aZVH .
+T; cosa; V¢ -
_+Tl,i cos a; V(

—T),icosa;V( -

-_Tl,i cosa; V( -
{-FTM sina; V( -
-+Tl,i sin OJZVC :

_Tl,i sin ; V( -

_77171 sin OIZVC .

1.8 derivatives of kinetic energy integrals

1. The first derivatives of fdv v? with respect to Vs.e,i, €tc. are

0

a/Us,e,i,l

/dvv~v

= Q/dv v-T),;cosa;Vs

T, cosajec+ Ty jcosa; Ve - T;’i cos a; ec} /9

T, sina;ec + T, ;sin ozjV0~T;7i coS @; e<] /G

~

p.j S

T, jcosajeq+ Ty jcosa; V¢ ~T;,i oS o eg} /NG

~

T, sinajeg+ Ty sina; V(- T;,z cos eg} /G

~

T, ;cosajec+ T, jcosa; V0 - T;,i sin ec] /9

T;,j sin aj e + Tp,j sin a;; VO T;Z sin oy eg} /9

T, jcosajeg+T, cosa; V(- T;’i sin a; ec} /N9

T/p)j sin «; eg —&—Tm sin a; V¢ T;l sin ay; eg} /\/§

T, jcosajec—T,;cosa; Vo - T}, cos eg} /NG

T, sina;ec — T, jsina; Vel T;, COS (v eg} /G

p,J

—_ —
T, jcosajeg — Ty jcosa; V(- T, cosa; eg] /G

T, ;sinajeq — T, jsino;V( - T;,i COS (; eg] /9

24%)

T, jcosajec— T jcosa; Ve - T;i sin oy eg} /G

T, sinajec —Tp sina; Ve - T;ﬂ‘ sin oy 99} /N9

_ -
T, jcosajeg— Ty jcosa; V(- T sina; eg} /G

. = . = .
T, sinajeg — T sina;VQ- T sina; eg} /G

= /dv (Ty;cos;VO-B + A - TZ’Z- cos v ec/+/9)

> = /dv (T);sino; VO -B + A T;Z sino; e¢/\/g)
il
> = /dv (Ty;cosa;V(-B—A- T;,i cosa; €g/\/q)

= /dv (T1;sine;V(-B — A T;z sina; eg/\/q)

(19)
(20)
(21)

(22)



3 9 /dv v.v = 2 /dv v T ;sinq;Vs (40)
Us,0,i,l
o _
dvv-v = 2 [dvv-T;;cosa;V8 (41)
avé),e,i,l
0 = .
dvv-v = 2 [dvv- -T;sine;Vl (42)
al‘(),m./
0 _
dvv-v = 2 [dvv-T;,;cosa;V( (43)
OV¢ el
0 = .
dvv-v = 2 [dvv -T;;sina;V( (44)
V¢ 0,1
(45)
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