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1.1

1.

Stepped Pressure Equilibrium Code : ma03aa

gauge conditions

In the v-th annulus, bounded by the (v — 1)-th and v-th interfaces, a general covariant representation of the magnetic vector-
potential is written

A=A Vs+ AgVl + A V(. (1)

. To this add Vg(s, 0, (), where g satisfies

asg(svevg) = - _/45(8,9,4-)
699(_179ac) = - 40(_1797C) (2)
6(9(_1307<) = - AC _1707<)'

Then A = A + Vg is given by A = 4,V0 + A:V( with

AG(_L@?C) =0 (3)
Ac(=1,0,¢) = 0 (4)

This specifies the gauge: to see this, notice that no gauge term can be added without violating the conditions in Eq.(3) or Eq.(4).

. Note that the gauge employed in each volume is distinct.

boundary conditions

. The magnetic field is \/g B = (g A¢ — 0cAp) es — 0sA¢ eg + 05 Ap €.

. In the annular volumes, the condition that the field is tangential to the inner interface gives 9y As — 0 Ag = 0. With the above

gauge condition on Ay given in Eq.(3), this gives dgA¢ = 0, which with Eq.(4)) gives

AC(_lvaaC) =0. (5)

The condition at the outer interface is that the field is \/gB - Vs = 0gA¢ — 0; Ag = b, where b is supplied by the user. For each
of the plasma regions, b = 0. For the vacuum region, generally b # 0.

enclosed fluxes

. In the plasma regions, the enclosed fluxes must be constrained.

. The toroidal and poloidal fluxes enclosed in each volume are determined using

/B~ds: A-dl (6)
S oS

enclosed currents

. In the vacuum region, the enclosed currents must be constrained.

. The plasma current is

27
Iz/j~ds:/ B-dI:/ B - ey df (7)
S IS 0

Choosing to take the line integral to lie on the inner surface (the plasma boundary), where B* = 0, this is
2
I= / (—0sAc¢ Goo + 0sAs Joc) db, (8)
0

where g, = g,“,/\/g.


http://w3.pppl.gov/~shudson/Spec/subroutines.html

4. The “linking” current through the torus is

27
Gz/j-ds: B-dl= B-ecd¢ (9)
s a8 0
5. Choosing to take the line integral to lie on the inner surface (the plasma boundary), where B* = 0, this is

27
G = / (—8SA< Joc + 0, Ay gcc) dc. (10)
0

1.5 Fourier-Chebyshev representation

1. The components of the vector potential are

A9(5707C) == ZAF),C,’I',J T‘l(S) COS ¢ +Z ~‘()Au./‘/ T‘l(S) SiIlO[Z‘, (11)
il il

Ac(5,0,0) = D AccirTi(s)cosai + > Acoii Ti(s) sin e, (12)
il il

where a; = m;f — n;(.

1.6 constrained energy functional

1. The constrained energy functional in each volume is

/B-de—% {/A-de—m}

Fi

a; ZAe,e,z‘,lTl(—l) -0
L1

b; Z Ace,iaTi(=1) =0
L

¢ D> AvoiTi(=1) =0
L I

> AcoiTi(=1) =0
L !

+
- - - -1 -1

n e Z (=miAce,it —niAge,in) Ti(+1) — bs,i] (13)
L 1
n fi Z (+miAc o +nilo o) Ti(+1) — bc,i]
L 1
n @ Z Age11Ti(+1) — Ay
L 1
n 3 Z Ace1aTi(+1) — Ay
r l27r
4 ~ / B.eydb — ]]
L/o
r pr2m
4 5 / B ecdC — G] ,
LJo

where
i. a;, b;, ¢; and d; are Lagrange multipliers used to enforce the combined gauge and interface boundary condition on the inner
interface,
ii. e; and f; are Lagrange multipliers used to enforce the interface boundary condition on the outer interface, namely \/gB-Vs =
b;
iii. a and § are Lagrange multipliers used to enforce the constraints on the enclosed fluxes; and
iv. v and 0 are Lagrange multipliers used to enforce the condition on the enclosed currents.
2. In each plasma volume, the constraints on the enclosed currents are not required, and the boundary condition on the outer
interface is b = 0.
3. In the vacuum volume (only for free-boundary), we may set ;1 = 0 and the constraints on the enclosed fluxes are not required.
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1.7 energy and helicity integrands
1. The integrands are
VgB-B = + (M Acoi1+nilooir)

— 2 (miAc o+ nilo o)
+ (myAcein +nilgein)

— 2 (miAcoir+nidooi)
— 2 (miAcoir+niAooi)
+ 2 (miAc¢ein+niAgein)
+ 2 (miAc¢ein +niloein)
+ 2 (MmiAcoii+nidooin)
+ 2 (MmiAcoii+nidooin)
— 2 (MmiAceii+niAoeii)
— 2 (MiAceii+niApei)
+ Ac et
+ 2 AC,@,Z,I
+ A¢ oil
- 2 AC,e,il
- 2 A{,e,z,l
- 2 Ac oil
- 2 A¢ oil
+ Aé’,c,zl
+ 2 A@,e il
+ Apoil
\/§ A-B = - AC,e,i,l A97€7j’p Tl/ Tp COS 5
— Al Ao, T[T, cosa;
— Acoii Avejp T] T, sina
— Acoil Avoip T/ T, sing
+ Apeig Acejp 1] T, cosa;
+ Agein Acojp T T, cosoy
+ ApoiiAcegp T T, sina;
+ ApoiiAcosp T) Ty sine

(mjAcojp+1540.00)
(mjAcejp 15 A0.e,jp)
(mjAcejp+1jA0e,jp)

Acye,jm
AC-,oﬁ,j,p
Aéﬁe,]}p
Ao,

Aﬁ,e,jyp
flﬁ.u.j.];
Ab.ejp
4"10‘0‘_/.‘/7

Acedp
AC-,O“j,p
Aco0,5.p

A@,e,j,p
A6.0.5.p
AO,e,j,p
;’1(.)_“”]»1,

Age.jp
‘40»’%/‘-/’
flﬁ.(}.j.p

COS &
S
COS ¢
S111 Oéj

COS (¢
S Qv
COS ¢
S111 Oéj

Tl Tp gss
T‘l Tp gss
,Tl Tp gss

CZ—‘l T;/; Jso
/Tl T;I; Jso
irl T,ﬁ Jso
Tl T;; gs6

Tl T;/; gs(
T T;,/; gs(
Tl T; gs(
T T;; 9s¢

T T, oo
T) T} goe
T, T, goo

1 Ty Goc
T Ty, Goc
1) T}, goc
T Ty, Goc
T/ T}, 9e¢
T/ T}, gec
1) T} ge¢

cos «;
Cos «;
sin «;

COos
Cos a;
sin ay;
sin o

coS o
cos «;
sin «;
sin o

COS (4
coS o
sin o

COS
Cos ;
sin o;
sin o

COos
Cos ;
sin oy

COS (¢
S111 Oéj
SN ¢y

COS v
SN &y
COS (v
sin vy

COSs v
SN &
COS (v
sin vy

COS ¢
SN ¢
S1Il (v

COS
S
COS
S1Il v

COS (¢
S v
S111 Oéj
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1.8 first derivatives of energy and helicity integrands with respect to Ay,

1. The first derivatives with respect to Ag . ;; and Ay ., are

0
0Ap i

aAQ,e,i,l

0
641(}_1)././
0
afl().o,i./

/de~B

/dvA~B

/de~B

/dUA~B

+ 4+ + I

+ o+

2 n,;
2 n;
2 n;
2 T,
2
2 n,;
2
2 n;
2
2
2
2
AC,eJ,p
Acop
Aéyeyjyp
AC,O,J'-,p
2 n;
2 n;
2 n;
2 n
2 n;
2 n;
2
2
2
2
2
2
AC&MJ
A¢ojp
AQe»j,p
A(:OnjaP

(mjAcojp+nito.;,) [ds T, T, $did¢ ges
(mjAcejptnjdocp) [ds TiT, $dodC gss

Acejp
Aco,p

fds Tl T]g ﬁdadc ng

(mjAC-O-,j,P + nj ‘-l().u.vj,/)) fds Tp z}/ #d&dc gsq

A9-,e,j-,p

Jds T, T, $fdod¢ ge

(mjAcejptnjdocip) [ds T, T $dodC g

[ ds
[ ds
[ ds
[ ds

Ag,0,5.p
Agegp
Aco.5p
Ae,e,j.p
AlH.u.j.p

T Ty $fdodc
T, Ty $§dod¢
T/ T, #dodc
T/ T, $dodC

[ds 1) fasac g
fds TI/’ 1}/ #d@d( Joc
[ds T/ T $dodc gec
[ds T/ T §dodc gec

COS (v COS
SN &v; COS &y
COS (v; COS O
cos o sin o

(mjAcojp+niio, ;) [ds TyT, $$didC ges
(mjAC&,])P +njA9.,e,j,p) fds T; Tp ﬁded{ Jss

AC,eJ’,p
Acjoip
AG,e,j,p

A'l("/.o,‘/_/v

de Tl T;zg #d@dC gsé
[ds T, T $$dod¢ ggp
[ds Ty T, §dodC gs
[ds T T $fdod g

(mjAcojpt+njloo;,) [ds T, T $dodC gs
(MjAcejp+njloesp) [ds T, T] §dod¢ gy

Jds
[ ds
[ ds
[ ds

Acep
AC,O,J'-p
AG,e,j,p
Ag.op

T) Ty $§dodc
T, T, §fdodC
T) T, $pdodC
T) T, $dodc

fds Til/7 Tl/ #deC ggg

ds T/ T #dod¢ gy
fd TZI) Tl' ﬁd@d g X
Jds T, T $$dodC gec
[ds T[T, $d0dC gec

cos o sin qy
sina; sinq;
sinq; cos a;
sina; sin a;

COs
sin ay;
sin oy
sin o
cos o
sin oy;
sin o
sin «;
COS O
sin
Cos a;
Cos ay;

Cos
Cos ;
Cos (y;
COoS ay;
COoS y;
COs
COS
sin
COS (v
sin
COS o
sin «;

and A""ll‘)an.i./

sin o;
S1n Oéj
COS Oéj
S1n Olj
COS v;
COS ij
COS ;
S &Yy
COS (4
COS (;
COS Oéj
S1n Oéj

cos
sin
COS Qi
sin a;
Cos
sin
sin «;
sin «;
sin o
sin o
sin a;;
sin o
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1.9 first derivatives of energy and helicity integrands with respect to A..;; and A.,,;

1. The first derivatives with respect to A¢ . and A¢,;; are

O0A¢ eil

sy

0
814(,() i,l

)

0
aAC,o,i.l

/dvA-B

/de~B

/dvA~B

+

|+

+ o+
DN DNDNDNDNDDNDDNDDNDDNDDND N

my;
my

my;

m;
my
m;

AQ,e,j,p
4'1().()‘/‘/)
Aﬁ,e,j,p
Ab,0,j,p

m;
m;
m;
m;

m;

my;

DN NN NNDNDDNDDND NN N

A@,e,j,p
Apojp
A(’ye-,j,p
Alﬁ_n.‘j./)

(mjAC,O-]',P +n; ‘40-0»'/-/)) fds T, T; #dﬁdC Jss
(mjAcejp+njd0.cjp) [ds TiT, $ddC gss
(mjAcojp+njtoo;,) [ds T, T #d0dC g.e

AC,eJ,p

fds Tl T;; #d@d( gs@

(m]‘Acye,j)p + njAe’e’j’p) fds Tp Tl/ ﬁd&dg‘ Js0

[ ds
[ ds
[ ds
[ ds

AC,O-,J'-,p
AG,e,j,p
Ab.ojp
AC,eJ’,p
AC,O-JZ,}?
AG,e,j,p

"1(‘/,(),‘/.[7

T{ T, §fdod¢
T} T, $dodC
T, Ty $fdodc
T, Ty $fdodc

fds T; TZ; ﬁd@d(j Jsc¢
[ds T T, $d0d¢ ga
fds Tl, T]; ﬁdﬁdc doo
fds Tl/ T[/) #d&d{ Joo
fds Tl/ TZI) ﬁd@dc Joc¢
fds T/ TI; ﬁd@dc Joc¢

COS (v COS
cos qy; sin
COS (¢ COS (v
sina; cos ay

(mjAcojp+niloo;,) [ds TiT, $d0dC gss
(mjAceip+njlocip) [ds TiT, $$d0d( gss

AC@MJ
AC,o,j-p

fds Tl Tyg ﬁd@d( §s@
[ds T, T, $dod¢ Ggo

(mjAcojp+njloo,,) [ds T,T §d0d¢ gse
(MjAcejp+1jA0.e)p [ds T, T] $dOdC gso

Jds
[ ds
[ ds
[ ds

A@,e,j,p
«Lm.‘,:,,
Ag,e.jip
ACvU,j-p
AO,eA,j,p

4'104).‘/.1;

T{ Ty gfdod(
T T, $fdod¢
T T, $fdodc
T! Ty $fdod¢

[ds T, T, $dfdS gs
fds T; T;:; #d@d( Js¢
de TI/7 ,Tl/ #d@d{ Joo
fds T/ TZ; #dedc Joe
fds T/ T:l; #d@dc Joc
fds Tl/ T:é ﬁd@dg Joc

sin; cos oy
sina; sin oy
cos o sin q;
sina; sinaq;

cos o
sin a;;
COS O
sin «;
sin
sin o
sin ay;
sin o
COoS ay;
COos (y;
COoS (;
COos a;

cos «;
COS @;
COoS
CoS «;
cos aj
sin
cos o
CoS o
Cos v
sin oy
sin ay;
sin o

sin oy
Sin OZJ'
COS 3
COS @
COS (;
S1n ij
COS aj
S1I1 v
COS Qi
Sin Oéj
COS O[j
Sin Oéj

Cos
sin a;
Cos Qi
sin
sin o;
sin ay;
CoS Qi
sin a;
sin oy;
sin
Cos
sin v
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1.10

second derivatives of energy and helicity integrands

1. The second derivatives wrt Ay ., (stellarator symmetric) are

0 0 /de-B

aAeaE;j:P aAO,e,iJ

0 0
dv B -
a‘”‘().u.j./} aA@,e,i.l / !

0 1o}
dv B -
aACﬁ,j,p aA(),e,i,l /

0 0
dv B -
aA(,(}.j.[} aAQ,fi,’i,,l /

0 0 /
dv A -
6A97e,j7p aAH,e,i,l

0 0
dv A -
84 lH_().‘/./) 8149,6,7,"] /

0 0
dv A -
9A,. aAe,e,i,z/ !

2Jp

0 0
dv A -
314@0.].[) 8/49,:1,1',,1 /

+ +

+ +

2 n;
2 n;
2
2
2 n;
2
2 n;
2
2 n;
2 n;
2
2
2 n;
2 n;
2
2
0
0

m;

[ ds
[ ds
[ ds
[ ds

[ds
[ ds
[ ds
Jds

[ ds
[ ds
[ ds
[ ds

[ ds
Jds
[ ds
[ ds

T, T, $dod¢ gss sina; sina;
T, T) $$d0d{ gc sino; cosa;
T, T $dod¢ gsc sina, cosa;
1) T, $$dOd¢ gee cosay cosa;

T, T, $$ddC gss coscay sinay !
T, T] $dOd¢ gsc cosay cosa;
T, T} $$dOd¢ Ge¢ sinoy sina;
T T} $$dOd¢ Gee cosa; sinay !

T, T, $d0d¢ gss sina; sina;
Ty T, $$dbd¢ g sina; cosa;
T, T/ $dfd¢ gsc sina; cosa;
T) T} $$dOd¢ goc cosay cosa;

T, Ty $d0d¢ gss cosa; sina; !

T ng $fdld¢ gso sincy sina
T, T] $d0d¢ gsc cosa; cosa;
T, T] $$d0d¢ Goc sina; cosa;

T, Ty $§dfd¢ cosay cosa;
T) T, $dod¢ cosay cosa;

T, Ty $$dod¢ sinay cosa;
T) T, $$dfd¢ cosa; sina; !

(24)

(27)

(28)

(29)

(31)



1.11 second derivatives of energy and helicity integrands
1. The second derivatives wrt Ay, ;; (non-stellarator symmetric) are
1o} 0 /
dvB-B =
aA@,E,j?p 8419.(>.i./

0 0
dv B -
afl().m.j./} afl().u./.l / !

0 0
dv B -
0A¢ ejp 040001 / !

0 0
dv B -
aA(,(}.j.[} 841(“).,‘/ / !

0 0
dv A -
8A97€,j7p aAlﬁ.n././ /

0 0
dv A -
841&0.‘/./) 841(4.0./,/ /

0 %)
dv A -
8AC7e;j7p a‘ 1("/,().1./ /

0 0
dv A -
aAC,o.j.p 8“/)4:./] / !

++ 4+ +

Uz
n;

NN NN

ng
ng

NN NN

n;
Uz

NN NN

%
%

NN NN

m;

[ ds
[ ds
Jds
Jds

[ ds
[ ds
[ ds
[ ds

[ ds
[ ds
[ ds
[ ds

[ ds
[ ds
[ ds
[ ds

T, T, $d0d¢ gss cosa; sina; !
T, T) $$d0d{ gsc cosa; cosa;
T, T $dod¢ gsc sina; sina;
T, T} $$d0d¢ Ge cosa; sinay !

T, T, $$dOd¢ gss cosay cosa;
T, T; $ddC Gec cosa; sinay !
T, T $dod¢ gsc cosay sina; !
) T) $$d0d¢ gee sinay sina;

T, T, $d0d¢ gss cosa; sina; !
T, T) $§dfd¢ Gep cosa; cosa;
T, T $d0d¢ gs sina; sina;
T, T} $$d6d¢ go¢ cosay sina; !

T, T, $d0d¢ gss cosa; cosa;j
T, T, $$d0d{ gep cosa; sina; !
T, T] $$dfd¢ gs coscj sinay; !
T, T) $d0d¢ Goc sina; sina;

T, T, $§dfd¢ coscy sinay !
T) T, $d0d¢ sino; cosa

T, Ty $$dod¢ sina; sina;
T) T, $dod¢ sino; sina;

(32)

(35)

(39)



1.12

1. The second derivatives wrt A¢ ., (stellarator symmetric) are

0 0

dvB-B
aA@,e,j,p aAC,e,i,l /

0 0

dv B -
a‘”‘().u.j./} aA(,e,i,l /

0 0
dv B -
aAC,e,j,p 8A§,e,i,l /

(941 /
dv B -
314(4,0,3‘.[1 ¢.e,il

0 0

dv A -
8149;673}1) aAC,e,i,l /

0 0

dv A -
a"l().o,v/./; aAC,e,i,l /

0 0

dv A -
814(,6,]’,;0 8Ac,e,7i,l /

0 0

dv A -
8AC,0,‘j.,p aA(,e,i,l /

+ +

4+ + o+

2 m;
2
2 m;
2
2 m;
2
2 m;
2
2 myg
2 my;
2
2
2 m;
2
2 m;
2

—
QU
V2]

m;

[ ds
[ ds
[ ds
[ ds

[ ds
[ ds
[ ds
[ ds

Jds
[ ds
[ ds
[ ds

[ ds
[ ds
[ ds
[ ds

second derivatives of energy and helicity integrands

T, T, $dod¢ gss sina; sina;
T, T} $d0d¢ gsp sina; cosa;
T, T) $$dOd¢ g sina; cosa;
T{ T, $$dOdC gGoc cosay cosay

T, T; $$dfd¢ gss cosay sinay !

T, T)
T

$$dOd¢ gso cosay cosay
#dOdC gse sinay sin o

T T) $$d0d¢ go¢ cosay sinay !

T,
T,
T, T/
T

T, T,

T, 1]
T,
T, T, $$d0d¢ Gop cosa; sinay !

$dld¢ gss sina; sina;
$dod¢ gep sina; cosa;
#dodC Gsp sinay cosa;
$dodC goe cos oy cosay

$dld¢ gss cosay sina; !

$$dod¢ gso cosay cosay
$dOd¢ geo sina; sina;

T) T, $dod¢ cosa; cosa;
T, Ty $$dOd¢ cosay cosa;

T T, $dfd¢ cosa; sina; !
T) T, $§dd¢ sin oy cos oy

(40)

(43)

(45)

(46)

(47)



1.13

second derivatives of energy and helicity integrands

1. The second derivatives wrt A, ,; (non-stellarator symmetric) are

0 0 /de-B

aAO,e,j.,p aA(,o,q‘Tz

0 0
dvB-
a‘”‘().u.j./} aAC.O,i.Z / !

0 0
dv B -
aACﬁJ,p aAC.o.i,l /

0 0
dv B -
aA(,(}.j.[} aAC.(),’i,,l /

0 0 /
dv A -
8A9>€7j:17 aAC,o,’i.l

0 0
dv A -
afl(}.o,v/./; aA(,(},’i.l /

0 0
dv A -
8A4761jﬁp 8AC,O.'i,l /

0 0
A-
DA DAcons / dv

+ +
N N NN

m;

m;

myg

m;

NN NN

m;
m;

NN NN

m;
m;

NN NN

~—~
Q
)

m;

[ ds
[ ds
[ ds
J ds

[ ds
[ ds
[ ds
[ ds

[ ds
[ ds
[ ds
[ ds

[ ds
[ ds
[ ds
[ ds

T, T, $d0dC gss cosa; sina; !
T, T $dod¢ gsp sina; sina;
T, T; $$dOd¢ g cosay cosa;
T T, $$d0d¢ Go¢ sina; cosay

T, T, $$d0d¢ gss coscy cosa;
T, T $dod¢ gsp cosay sina; !
T, T, $$d0dC gsc cosa; sinay !
1 T;; $fdd¢ Goe sinay sina;

T, T, $d0d¢ gss cosa; sina; !
T, T) $§dfd¢ Gep cosa; cosa;
T, T/ $d0d¢ gsp sina; sina;
T, T] $$d0d¢ Geg cosay sina; !

T, T, $d0d¢ gss cosa; cosa;
T, T, $$d0d¢ gso cosay sinay !
T, T] $$d0d¢ gep coscy sinay !
T/ T) $dOd¢ Gop sina; sinay

T) T, $d0d¢ sina; cosa
T, T $fdld¢ cosa; sinay !

T) T, $dod¢ sino; sina;
T) T, $§dfd¢ sinay sina;

(48)

(51)

(53)



1.14 constructing Beltrami fields
1. The energy, W = [dv B - B, and helicity, K = [dv A - B, functionals may be written

1
a; Aij a; +a; Bij; + 5 i Cij ¥;

1
a; Dij aj+ai By s + 5 ¥ Fij 4

where a = {Agcii, Acre ity A0.0.005 Ac.oils feis fo,i} contains the independent degrees of freedom and v = {Ayy, A, }.
2. The matrix elements are computed via

0*wW *W *W
=A4A;;, = B, — =
0a;0a; 0a;0; 0Y;0Y;

Cij

3. The energy functionals can also be represented as

W:
K:

N[0 —

ma03aa.h Tast modified on 2016-02-10; 'SPEC subroutines; MRxMHD website;
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