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‘ 1.1 spectral constraints

1.1

spectral constraints

1. In addition to the physical-force-balance constraints, namely that [[p + B?/2]] = 0 across the interfaces, additional angle con-

straints are required to obtain a unique Fourier representation of the interface geometry.

. Introducing the angle functional: a weighted combination of the “polar” constraint; the normalized, poloidal, spectral width

[Hirshman & Meier, Phys. Fluids, 28, 1387 (1985); Hirshman & Breslau, Phys. Plasmas, 5, 2664 (1998)] the poloidal-angle origin

constraint; and the “length” of the angle curves
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where 7 labels the interfaces, and

TYo — Loy
Oio = 22 + 12
v oo 2B+ 25
;=

(R, +22,)
Li = V[Ri(0,0) — Ric1(0,Q)]2 + [Z:(6,C) — Zi—1(6,0)]2,

and where j labels the Fourier harmonics. The «;, (;, v; and ; are user-supplied weight factors.

The polar constraint is derived from defining tan © = y /2, where

z(0,0) = Ri(0,0) — Rio(C),
y(0,¢) = Zi(0,0) — Zio(C),

and where the geometric center of each interface is given by the arc-length weighted integrals,
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and cos © = z/1/x? 4+ y2 has been used to simplify the expressions and to avoid divide-by-zero.

Only tangential variations will be allowed to find the extremum of F,
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from which it follows that the variation in each Fourier harmonic is
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5. The variation in F' is
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where, for the stellarator symmetric case,
X, = Zj(m§ — M;) R, ; cos(m;0 — n;(), (16)
Y, = Zj(m? — M;) Z; ; sin(m;0 — n;(), (17)
and
AR’L = 7 aC) - Ri—l( 7()3 (18)
AZz = Zz eac - Zi—l eac ) (19)
6. The spectral constraints derived from Eq.(15) are
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7. The poloidal-angle origin term, namely v; (Z;(0, () — Z;0) Zi 6(0,¢) is only used to constrain the m; = 0 harmonics.

8. The construction of the angle functional was influenced by the following considerations: (i) The minimal spectral width constraint
is very desirable as it reduces the required Fourier resolution, but it does not constrain the m = 0 harmonics and the minimizing
spectral-width poloidal-angle may not be consistent with the poloidal angle used on adjacent interfaces. (ii) The regularization of
the vector potential and the coordinate interpolation near the coordinate origin (see elsewhere) assumes that the poloidal angle
is the polar angle. (iii) The user will provide the Fourier harmonics of the boundary, and thus the user will implicitly define the
poloidal angle used on the boundary. (iv) Minimizing the length term will ensure that the poloidal angle used on each interface
is smoothly connected to the poloidal angle used on adjacent interfaces.

9. A suitable choice of the weight factors, a;, §;, v; and §;, will ensure that the polar constraint dominates for the innermost surfaces
and that this constraint rapidly becomes insignificant away from the origin; that the minimal spectral constraint dominates in the
“middle”; and that the minimizing length constraint will be significant near the origin and dominant near the edge, so that the
minimizing spectral width angle will be continuously connected to the polar angle on the innermost surfaces and the user-implied
angle at the plasma boundary. The length constraint should not be insignificant where the spectral constraint is dominant (so
that the m = 0 harmonics are constrained).

10. The polar constraint does not need normalization. The spectral width constraint has already been normalized. The length
constraint is not yet normalized, but perhaps it should be.

11. The spectral constraints given in Eq.(20) need to be differentiated with respect to the interface Fourier harmonics, R;; and Z; ;.
The first and second terms lead to a block diagonal hessian, and the length term leads to a block tri-diagonal hessian.

12. Including the poloidal-angle origin constraint means that the polar angle constraint can probably be ignored, i.e. a; = 0.
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