Dissipative Closures for Statistical Moments, Fluid Moments, and Subgrid Scales in Plasma Turbulence

Stephen Andrew Smith

A Dissertation Presented to the Faculty of Princeton University in Candidacy for the Degree of Doctor of Philosophy

Recommended for Acceptance By the Department of Applied and Computational Mathematics

November 1997

© Copyright by Stephen Andrew Smith, 1997. All Rights Reserved

Abstract

Closures are necessary in the study physical systems with large numbers of degrees of freedom when it is only possible to compute a small number of modes. The modes that are to be computed, the resolved modes, are coupled to unresolved modes that must be estimated. This thesis focuses on dissipative closures models for two problems that arises in the study of plasma turbulence: the fluid moment closure problem and the subgrid scale closure problem.

The fluid moment closures of Hammett and Perkins (1990) were originally applied to a one-dimensional kinetic equation, the Vlasov equation. These closures are generalized in this thesis and applied to the stochastic oscillator problem, a standard paradigm problem for statistical closures. The linear theory of the Hammett–Perkins closures is shown to converge with increasing numbers of moments.

A novel parameterized hyperviscosity is proposed for two-dimensional drift-wave turbulence. The magnitude and exponent of the hyperviscosity are expressed as functions of the large scale advection velocity. Traditionally hyperviscosities are applied to simulations with a fixed exponent that must be arbitrarily chosen. Expressing the exponent as a function of the simulation parameters eliminates this ambiguity. These functions are parameterized by comparing the hyperviscous dissipation to the subgrid dissipation calculated from direct numerical simulations. Tests of the parameterization demonstrate that it performs better than using no additional damping term or than using a standard hyperviscosity.

Heuristic arguments are presented to extend this hyperviscosity model to threedimensional (3D) drift-wave turbulence where eddies are highly elongated along the field line. Preliminary results indicate that this generalized 3D hyperviscosity is capable of reducing the resolution requirements for 3D gyrofluid turbulence simulations.

Acknowledgments

My thesis advisor Greg Hammett has been a great role model as I attempt to enter the world of science. Greg’s clear, physically motivated pictures of the process that we study taught me not only about plasma turbulence, but also the importance of communicating scientific ideas in an understandable fashion. I have watched Greg work during difficult times for Fusion, on a project that has generated a significant amount of controversy. Greg has demonstrated that it is possible to engage in fairly heated scientific debates in a professional and respectful manner.

Prof. Steve Orszag provided very useful guidance in our investigations into subgrid models for drift-wave turbulence. I learned a great deal about neutral fluid turbulence from a course and seminar that he taught. Many aspects of this thesis have benefited from countless discussions with Dr. John Krommes. He has taught me a great deal about plasma turbulence, closure theory, and how to write scientific prose.

Fellow graduate students (now research scientists) Bill Dorland and Mike Beer explained many of the details of the gyrofluid model to me. Mike and Bill made working in gyrofluids a pleasurable experience socially as well as scientifically. I’d like to thank Mike for going over my thesis.

Dr. Alexei Chekhlov graciously provided a 2D Navier-Stokes pseudospectral code that was modified for use in this study. Dr. John Bowman suggested the transformation from the stochastic oscillator problem to the Vlasov equation that is used in this thesis.

I’d like to thank my parents, David and Lindsay Smith, and my sister Karen Aiken for their support and encouragement and their patience with someone who’s still in college eleven years after finishing high school. Thanks to Barbara Sarfaty for all her help the past six years, and for making me feel at home at the Plasma Physics Lab. Pat Mueller was very helpful with my arrival and short stay in Fine Hall. I can’t imagine better program administrators than those two. John Wright deserves special recognition for suffering as my roommate for the past three years. Many friends made the six years in Princeton a fun experience, Hans, Ryn, Charlie, Mark, Kim, Katie and Keith Herrmann, Hilary Oliver, Jon Menard, Theresa Luhm, Richard Levien, Andrea Fraser, Alex Patelis, Phil Snyder, Bob Heeter, Joy Siegel, the friendly people at Lockhart and 2D (especially Steph and Pete), Tobin Munsat, Not-So-Big Steve and Beth, Mehmet Artun, David Coster, Peter Liu, Ed and Andrea Chao, Ernest Lo, OA people, wall people, the South Americans, Tadashi, Nadia and friends, and Cold Fusion the hockey team. For five years I didn’t have a car here and got a lot of rides from a lot of people. Bill, Mike, Ernest, Joel Walker, Cait Crawford, Jon and John, were a significant help in this respect.

Most of the computations were carried out on a Cray YMP at the National Energy Research Supercomputer Center, Lawrence Livermore National Laboratory. This work was supported by the United States Department of Energy Contract Nos. DE- AC02-76CH03073, DE-FG02-93ER54204, and by a graduate fellowship from the Natural Sciences and Engineering Research Council of Canada.

To Mom, Dad, Karen and Carolyn.

vi

Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

1 Introduction 5 1.1 Closures in One Dimension . . . . . . . . . . . . . . . . . . . . . . . . 7 1.2 Subgrid-Scale Closures in Two Dimensions . . . . . . . . . . . . . . . 8 1.3 Extension to Three Dimensions . . . . . . . . . . . . . . . . . . . . . 9

2 Moment Closures in One Dimension 11 2.1 The Plasma Dispersion Function . . . . . . . . . . . . . . . . . . . . 13 2.2 The Stochastic Oscillator Problem . . . . . . . . . . . . . . . . . . . . 14 2.3 Review of Closure Techniques . . . . . . . . . . . . . . . . . . . . . . 15 2.3.1 Realizability and the Approximate Distribution . . . . . . . . 17 2.3.2 Taylor-Series Approximation . . . . . . . . . . . . . . . . . . . 18 2.3.3 Cumulant-Discard Approximation . . . . . . . . . . . . . . . . 19 2.3.4 Padé Approximations . . . . . . . . . . . . . . . . . . . . . . . 21 2.3.5 Random-Coupling Model . . . . . . . . . . . . . . . . . . . . . 23 2.3.6 Hammett–Perkins Closure . . . . . . . . . . . . . . . . . . . . 24 2.4 Orthogonal Polynomials . . . . . . . . . . . . . . . . . . . . . . . . . 27 2.4.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 2.4.2 Orthogonal Polynomial Expansion . . . . . . . . . . . . . . . . 28 2.5 Orthogonal Moments of the Stochastic Oscillator . . . . . . . . . . . 30 2.5.1 Equivalence to b^n Moments . . . . . . . . . . . . . . . . . . . 30 2.5.2 Exact Solution . . . . . . . . . . . . . . . . . . . . . . . . . . 31 2.6 Approximate Response . . . . . . . . . . . . . . . . . . . . . . . . . . 34 2.6.1 Form and Asymptotics of the Approximate Response . . . . . 35 2.6.2 Two-Point Approximation . . . . . . . . . . . . . . . . . . . . 37 2.7 Convergence of the Two-Point Approximation Closure . . . . . . . . 38 2.7.1 Gaussian Case . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 2.7.2 Spring Response . . . . . . . . . . . . . . . . . . . . . . . . . 45 2.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 2.9 Implication for Statistical Closures . . . . . . . . . . . . . . . . . . . 52 vii viii CONTENTS

3 Landau Fluid Equations 53 3.1 Fluid Moments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 3.2 Vlasov Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 3.3 Hermite Moments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 3.4 Nonlinear Aspect of Moment Closures . . . . . . . . . . . . . . . . . . 60 3.5 Cumulants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4 Nonlinear Tests of One-Dimensional Closures 65 4.1 Plasma Echoes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 4.2 The Echo in Closed Moment Systems . . . . . . . . . . . . . . . . . . 71 4.3 Relation to Perturbation Expansions . . . . . . . . . . . . . . . . . . 74 4.4 Limitations of Moment Equations . . . . . . . . . . . . . . . . . . . . 77 4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5 2D Drift-Wave Model 79 5.1 Model Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 5.2 Physics of the Saturated State . . . . . . . . . . . . . . . . . . . . . . 82

6 Eddy Viscosity and Hyperviscosity 89 6.1 Large Eddy Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . 91 6.1.1 Smagorinsky Eddy Viscosity . . . . . . . . . . . . . . . . . . . 92 6.1.2 Kraichnan’s Eddy Viscosity . . . . . . . . . . . . . . . . . . . 93 6.1.3 Numerical Eddy Viscosity . . . . . . . . . . . . . . . . . . . . 94 6.1.4 Heuristic Scaling of the Eddy Damping Rate . . . . . . . . . . 96 6.1.5 Hyperviscosity . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 6.2 Hyperviscosity as a Model for Eddy Viscosity . . . . . . . . . . . . . 98 6.3 Tests of Damping Models . . . . . . . . . . . . . . . . . . . . . . . . . 101 6.4 Resolution Requirements . . . . . . . . . . . . . . . . . . . . . . . . . 107 6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

7 Extensions to Three Dimensions 111 7.1 3D Hyperviscosity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 7.2 Numerical Tokamak Project Test Case . . . . . . . . . . . . . . . . . 114 7.3 Long-Wavelength Instability . . . . . . . . . . . . . . . . . . . . . . . 115 7.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

8 Conclusions 121 8.1 Moment Closures in One Dimension . . . . . . . . . . . . . . . . . . . 121 8.2 Subgrid-Scale Closures . . . . . . . . . . . . . . . . . . . . . . . . . . 123 8.3 Future Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

List of Figures

2.1 Plasma Dispersion Function . . . . . . . . . . . . . . . . . . . . . . . 14 2.2 Stochastic Oscillator Response . . . . . . . . . . . . . . . . . . . . . . 24 2.3 Response with Hammett–Perkins Closure . . . . . . . . . . . . . . . . 25 2.4 Underlying Probability Distributions . . . . . . . . . . . . . . . . . . 39 2.5 Linear Convergence for Gaussian Case . . . . . . . . . . . . . . . . . 42 2.6 Approximate Response Functions for Gaussian Case . . . . . . . . . . 43 2.7 Poles of the Approximate Response for the Gaussian Case . . . . . . 44 2.8 Scaling of Distance of Poles from Real Axis . . . . . . . . . . . . . . . 45 2.9 The Semi-Infinite Mass–Spring System . . . . . . . . . . . . . . . . . 46 2.10 Finite Mass–Spring System With Closure . . . . . . . . . . . . . . . . 47 2.11 Linear Convergence for the Mass–Spring Distribution . . . . . . . . . 48 2.12 Approximate Response Functions for Mass–Spring System . . . . . . 49 2.13 Poles of the Approximate Response for Mass–Spring System . . . . . 50

4.1 Illustration of the Plasma Echo: Part I . . . . . . . . . . . . . . . . . 66 4.2 Illustration of the Plasma Echo: Part II . . . . . . . . . . . . . . . . . 67 4.3 Time Response of the Plasma Echo . . . . . . . . . . . . . . . . . . . 68 4.4 Mass–Spring View of the Echo . . . . . . . . . . . . . . . . . . . . . . 70 4.5 Plasma Echo With Short Interaction Time . . . . . . . . . . . . . . . 72 4.6 Error in Modeling Echo Response . . . . . . . . . . . . . . . . . . . . 73

5.1 Contours of potential for saturated 2D turbulence . . . . . . . . . . . 83 5.2 Particle flux for 2D drift-wave model . . . . . . . . . . . . . . . . . . 84 5.3 Saturated Spectrum for 2D Drift-Wave Model . . . . . . . . . . . . . 85 5.4 Linear Growth Rates for 2D Drift-Wave Model . . . . . . . . . . . . . 86 5.5 Production of Conserved Quantity for 2D Drift-Wave Model . . . . . 87

6.1 Calculated Eddy Viscosity . . . . . . . . . . . . . . . . . . . . . . . . 95 6.2 Heuristic Picture of Shear . . . . . . . . . . . . . . . . . . . . . . . . 97 6.3 Hyperviscosity Power . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 6.4 Hyperviscosity Magnitude . . . . . . . . . . . . . . . . . . . . . . . . 100 6.5 Convergence of 2D Spectra at Moderate Turbulence Levels . . . . . . 101 6.6 Convergence With No Added Dissipation . . . . . . . . . . . . . . . . 102 6.7 Convergence Using Smagorinsky Eddy Viscosity . . . . . . . . . . . . 103

2 LIST OF FIGURES

6.8 Convergence With Parameterized Hyperviscosity . . . . . . . . . . . . 104 6.9 Convergence of Flux (Weak Turbulence) . . . . . . . . . . . . . . . . 105 6.10 Convergence of Flux (Moderate Turbulence) . . . . . . . . . . . . . . 106 6.11 Convergence of Flux (Strong Turbulence) . . . . . . . . . . . . . . . . 107 6.12 Calculated Eddy Viscosity at Low Resolution . . . . . . . . . . . . . 108 6.13 Simulations at Low Resolution . . . . . . . . . . . . . . . . . . . . . . 109

7.1 Shearing of an Eddy in Three Dimensions . . . . . . . . . . . . . . . 112 7.2 Numerical Tokamak Project Test Case: Convergence in Number of Parallel Grid Points . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 7.3 Numerical Tokamak Project Test Case: Convergence in Number of Poloidal Modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 7.4 Critical Gradient for Long-Wavelength Instability . . . . . . . . . . . 115 7.5 Poloidal Spectrum for Saturated Long-Wavelength Simulation . . . . 116 7.6 Heat Flux for Long-Wavelength Simulation . . . . . . . . . . . . . . . 117 7.7 Subgrid Damping Rate for Long-Wavelength Simulation . . . . . . . 118

List of Tables

2.1 Orthogonal Polynomial Definitions . . . . . . . . . . . . . . . . . . . 28 2.2 Orthonormal Systems for Various Densities . . . . . . . . . . . . . . . 29 2.3 Two-Point Approximation Closure for a Gaussian . . . . . . . . . . . 41

3.1 Stochastic Oscillator vs Vlasov Equation . . . . . . . . . . . . . . . . 57

4 LIST OF TABLES