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ABSTRACT

We have developed a local, linear theoretical model for lower hybrid drift waves that can be used for plasmas in the weakly collisional
regime. Two cases with typical plasma and field parameters for the current sheet of the magnetic reconnection experiment have been
studied. For a case with a low electron beta (8, = 0.25, high guide field case), the quasi-electrostatic lower hybrid drift wave is unstable, while
the electromagnetic lower hybrid drift wave has a positive growth rate for a high-f, case (i, = 8.9, low guide field case). For both cases,
including the effects of Coulomb collisions reduces the growth rate but collisional impacts on the dispersion and growth rate are limited

(=20%).

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0052555

I. INTRODUCTION

Magnetic reconnection converts magnetic energy into plasma
thermal and flow energy via topological rearrangements of the mag-
netic field lines. Energy conversion processes during magnetic recon-
nection result in many free energy sources for waves and instabilities
near the diffusion region, such as strong gradients of the magnetic field
and plasma parameters. Among them, the lower hybrid drift wave
(LHDW) has been widely observed near the diffusion region in both
space (e.g., Refs. 1-7) and laboratory plasmas (e.g., Refs. 8-10). The
free energy source of LHDWs is the cross field current.'’ The large
density gradients near the separatrix can particularly be a free energy
source by inducing a perpendicular current via a diamagnetic drift.

LHDWs have been a candidate for generating anomalous resis-
tivity because it can interact differently with magnetized electrons and
non-magnetized ions, resulting in momentum exchange between the
two species (e.g., Refs. 7-9 and 12-16). For reconnection with a negli-
gible guide field, the fast-growing, short-wavelength (kp, ~ 1; k is the
magnitude of the wave vector k, p. is the electron gyroradius),

quasi-electrostatic LHDW (ES-LHDW) is found to be localized at the
edge of the current sheet”® due to the stabilization by the high plasma
beta ($)."” On the other hand, the long-wavelength (k,/p.p; ~ 1; p; is
the ion gyroradius), electromagnetic LHDW (EM-LHDW) that propa-
gates obliquely to the magnetic field exists in the electron diffusion
region.” However, extensive efforts via numerical particle-in-cell (PIC)
simulations'>'® show that the EM-LHDW does not play an important
role in fast reconnection and electron energization near the electron
diffusion region during antiparallel reconnection.

Recent observations by the magnetospheric multiscale (MMS)
mission show that the ES-LHDW can be generated inside or near the
electron diffusion region,” ” when there is a sizable guide field. The
ES-LHDW can drive electron heating and vortical flows® near the elec-
tron diffusion region. Moreover, the ES-LHDW is capable of generat-
ing anomalous drag between electrons and ions.”

Motivated by these observations, Yoo et al” have developed a
local, linear theoretical model that explains the dynamics of both ES-
and EM-LHDWs in the presence of a guide field. This model is based
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on collisionless closures for the electron heat flux with the assumption
of a gyrotropic electron pressure tensor. The results from the model
agree with the activities of the ES- and EM-LHDWs inside a current
sheet at the magnetopause.”

In laboratory experiments, such as the magnetic reconnection
experiment (MRX), the effects of Coulomb collisions on magnetic
reconnection and electron heating are not negligible. The classical
Spitzer resistivity, * for example, can balance the reconnection electric
field in the collisional regime and can even account for 10%-20% of
that in the collisionless regime.'”*’ This indicates that Coulomb colli-
sions may also affect the dynamics of LHDW  in laboratory plasmas.

These collisional effects on LHDWSs have not been considered
previously, even though LHDWs in the reconnection current sheet
have been extensively studied via theoretical analyses and numerical
simulations (e.g., Refs. 11, 14, 21-23). This paper provides the first
quantitative study of the effects of Coulomb collisions on LHDWs .
Through this model, we can address how the dynamics of LHDWs in
laboratory plasmas are different from those in collisionless plasmas
and when collisional effects become important. To include the effects
from collisions, we have advanced the previous models””* by using
closures of the electron heat flux, heat generated by collisions, and
resistivity that can be used for plasmas with arbitrary collisionality.”*°
For a self-consistent modeling of the heat flux and energy conserva-
tion, we also have allowed a first-order perturbation of the perpendicu-
lar electron temperature (T2;), which was set to be zero in a previous
model by Yoo et al.” Unlike previous models, the zeroth-order electron
temperature anisotropy is not allowed in the current model because
the available closures were developed under the assumption of isotro-
pic electron pressure at equilibrium. Except these changes, all other
assumptions are the same: we used a kinetic equation for unmagne-
tized ions, fluid equations for electrons, and a gyrotropic pressure ten-
sor for electrons.

This linear model can be used to quantify the effects of LHDW3s
on electron heating and reconnection dynamics in weakly collisional
plasmas; with measured wave amplitudes and quasi-linear arguments,
wave-associated anomalous terms and heat generated by collisions
with ions can be directly estimated. It should be noted that the wave-
associated heating power cannot be estimated by collisionless models.

In Sec. 11, we explain the theoretical model for LHDWs in a local
geometry. Then, in Sec. III, we numerically calculate dispersion rela-
tions of LHDW:  for two cases. The biggest difference in the two cases
is the value of electron beta, f3,. For the low-f3, case, which represents
conditions near the electron diffusion region during reconnection with
a strong guide field, the ES-LHDW is unstable. For the high-f}, case,
which represents conditions in the same region but with a negligible
guide field, the EM-LHDW has positive growth rates. In both cases,
collisional effects on LHDW's with typical MRX parameters are not
significant (<20 %). Finally, in Sec. IV, we discuss the results and pro-
pose future research.

Il. DERIVATION OF THE DISPERSION RELATION

Figure 1 shows the geometry of our local theoretical model for a
LHDW inside a current sheet. Here, the subscript 0 indicates equilib-
rium quantities. We chose the ion rest frame, and electrons have veloc-
ity (ueo) on the x-z plane. The equilibrium magnetic field is along the
z direction and the density gradient direction is along the y direction.
In this model, there is neither equilibrium temperature gradient nor
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FIG. 1. Geometry of the local theory for the LHDW dispersion calculation. We are
working in the ion rest frame with the z direction toward the equilibrium magnetic
field (Bo) and the y direction along the density gradient direction. Due to the force
balance, the equilibrium electric field Ey is also along the y direction. The equilib-
rium electron flow velocity ugy and wave vector k reside on the x-z plane. The
angle between k and By is given by 0.

ion temperature anisotropy. The equilibrium electron temperature is
also assumed to be isotropic, but anisotropy is allowed in the per-
turbed electron temperature. The wave vector (k) lies on the x—z plane
due to our assumption of negligible k,. Thus, our theoretical model is
local and valid only when the wavelength of the LHDW is much
smaller than the thickness of the current sheet in the y direction.”*

To balance the force associated with the pressure (density) gradi-
ent, there is an equilibrium electric field along the y direction. By using
the ion and electron force balance equations, the equilibrium electric
field E, can be expressed in terms of other plasma parameters. From
the ion force balance along the y direction, we have

d
engEy = T diyo = eng Ty, )

where 7y is the equilibrium density, Ty is the equilibrium ion tempera-
ture, and ¢ = (dng/dy)/no is the inverse of the density gradient scale.
From the y component of the electron momentum equation, we have

dﬂo
0 dy )
where w1, is the x component of the equilibrium electron flow veloc-

ity and Ty is the equilibrium electron temperature. Then, the equilib-
rium electric field is

—eng(Ey — teoxBo) = Te (2)

TiO

Ey = ——— uUe0xBo. 3
0 Too + Tio UeoxDo (3)
The inverse of the gradient scale is given by
B
e = €Ue0x Do ) ( 4)
Teo + Tio

Note that Egs. (3) and (4) are the same as those in the collisionless
model in Yoo et al.,” because the resistivity term is zero along the y
direction.
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All perturbed quantities have a normal mode decomposition pro-
portional to exp [i(k - x — wt)] with the wave vector k = (k1,0, k).
Here, the subscript 1 indicates perturbed quantities. For the dispersion
relation, Maxwell’s equations without the displacement current term
are used,

k x (k X E) = —ioy);. (5)

The displacement current term is ignored because the phase velocity
of the wave is much smaller than the speed of light.

Assuming the equilibrium ion distribution function to be locally
Maxwellian, the perturbed ion current density (J;;) is given by”*

o2 1" I
I = e 20 + k() z”Elyk} ©
where my; is the ion mass, vy = 1/2Tjo/my is the ion thermal speed,
{ = w/kvy, and Z({) is the plasma dispersion function. This is from a
perturbed Vlasov equation for unmagnetized ions. This means that any
dynamics slower than the ion cyclotron frequency have been ignored,
including collisional effects on ion dynamics. In our regime of interest,
the ion collision frequency is smaller than the ion cyclotron frequency.
The perturbed ion temperature can be also obtained, which is

le “ Z/// Z///
Til = E |:E1 . k(ZZ’ +T> lEl}, (k) (Z/ + 2 ) .

The perturbed electron current density J; is obtained from fluid
equations. This is different from the classical formulation of LHDWS,
where the kinetic (Vlasov) equation is used for electron dynamics (e.g.,
Refs. 17, 27, and 28). Since electrons are magnetized, a gyrotropic elec-
tron pressure tensor is assumed. In this case, the 3 4 1 fluid model (1,
w, pll, and p*; pll and p* are the parallel and perpendicular pressure,
respectively) is appropriate.”” In this fluid model, off diagonal terms of
the electron pressure tensor are ignored.

The first-order electron momentum equation is given by

(7)

imeng(® — K - tep)uep =ik - Py + eng(E; + ue; X By + uey X By)
+ e(Ep + ueg X Bo)ner — Ret, (8)

where P, is the perturbed electron pressure tensor and R, is the per-
turbed resistivity. The perturbed electron density 7, is given by the
electron continuity equation, which is

(0 =k uep)ner = (K- ey — igtdery ) 1g. 9)

To close the momentum equation, we need closures for P,; and
Re;. For P,;, we only need closures for p; and p!l, since we assume a
gyrotropic pressure tensor as mentioned earlier. To obtain p., and Pe1>
we start from the following kinetic equation:

afe+ er——(E—i-va = C(f.), (10)

where f. is the electron distribution function and C(f.) is the collision
operator. First, multiplying the kinetic equation with (v, — ;)
and integrating over the velocity space yield
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where
| = m, J (v — ter) fodv, (12)
ql = m J(v — ) (v: — Uer)fedv, (13)
cl = JC(fe)me( —u,)’dv. (14)
Similarly, multiplying the kinetic equation with m.[(vy — tie)” + (v

- uey)z} /2 and integrating over the velocity space yield

Ipe L L Ouex | Oiey i
at+v-(uepe)+v-qe+ O +(9y =C;, (15
where
1
ot = m. JE [ — ) + (4 — [ fdv. 16)

qj = M, J% [(vx — uex)2 + (v — ue},)z} (Vv —w)fedv, (17)

J () [( Ve — tee)” + (v, — uey)z]dv. (18)

Linearizing Eq. (11) yields

—iwp!1 + PuelynoTeo +i(k- uo)pﬁ1 +i(k - uer)npTeo
+ ik - q + 2ik) 110 Teo = C!I (19)

By using pel = ne1 Teo + 1o TeH1 and Eq. (9), Eq. (19) can be written as
ilw—k- uo)noTeH1 =ik- q1 + 2ikj tte1z0 Teo — C‘e‘1 (20)
Similarly, linearizing Eq. (15) yields
i(wo—k- uo)noTi1 =ik- qjl 4 ik | teixto Teo — Cll. (21)

We now need fluid closures for qel, i, C”l, and C4. First, the 3+ 1

fluid model gives us’

T. .
q =—x (p!vn +T.Vpl f7wﬂ Y vPei) +4z, (22)

MeWee

eBy/me, nH = Z(pH

earization, the x component of qel is

where . = pt)/3and Tl = pll /n,. After lin-

I 2T

=T 5, (23
e1x 3(Te0+TiO) el)v ( )

I L I

Ueox (T, T:) = renoteoy (T
€

no er( el 1) te’t0 er( el

where e = 2Te/3(Teo + Tio). For g, we derive a closure in
Appendix A, which can be written as

1__Z 14 Y
e mewcex |:< * pe
B Vpl + 8ol 22 Vptl +qiz. (24)
9 € 9 € € 9 € 9 € € ez~ "

After linearization, the x component of q; is

[ 2T
%‘f‘V' (uep!) +V q! +2% ! = C‘e" (11) qele:73(T0j>T_0)n0u60x(TeH17TeL1):7rten0ue0x(Tlll7TeL1)' (25)
z e i
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For q!lz and g, we employ a closure for plasmas with arbitrary

collisionality, which can be written as™

q!lz - gh!1 el’ (26)

elz_5 el 2 Oe1s

where

1. -
h!l = 751kHKhhn0Vte +lkHKhthe H

+ Kprito Teo (the1z — thinz) + iI_{hSVtenle‘p (28)
gl = —il;||Rhgn0vteT:1 — ii(HRMVten!l
+ RoRnO TeO(uelz - uilz) + ikasvtenlely (29)

Here, T}, = Te1 + 27T|e|1 /519, Vie = \/2Teo/me is the electron thermal
speed, and k| = k4. is the normalized parallel wave number. The
electron collision length is defined as A = i Tee, and the electron-
electron collision time 7, is given by

6\/57'53/2831 /meTjo/2

30
nget In Ace ’ (30)

Tee =
where In A, is the Coulomb logarithm for electron-electron collisions
and & is the permittivity of free space. In Eqgs. (28) and (29), K 4 rep-
resents a kernel function that is obtained from a 6400 moment solu-
tion.”” The kernel function K 45 has the following form:

KAB -

a/z;;
. ()

where the values of coefficients, such as g, o, and ¢ in Eq. (31), are given
in Table I in Ji and Joseph.”” For a negative k, Kas(k||) = Kas(—k)))
if o =0or =2 When o= 1, Kap(k|) = —Kap(— l_cu) These closures
are consistent with those of Hammett and Perkins™ in the collisionless
limit, and they become consistent with those of Braginskii’ in the colli-
sional limit.

The heat generated by the collision terms C!l and CJ also needs
a closure and can be written as

ch =2 Qel +5U, (32)

Cel1 = Qel ZsLllﬁ (33)

where Q. is the heat generated by colhslons and S is related to the
temperature anisotropy.”’ The closure for S is given by’

ARTICLE scitation.org/journal/php

where 1, is the electron-ion collision time and uy = u. — u; is the
relative flow velocity between electrons and ions. Assuming the ion
charge status Z; is unity, 7 is

6v/213/%e2 | /meTfo/2

T =
' noet In Ay

; (36)

where In A is the Coulomb logarithm for electron-ion collisions.
Linearizing Q. yields

MmMen Meh,
Qe =3——(Tip — Teg) +3——(Tiy — Ter)
ilei m;Tei
— Ueo - Rel — Uejl - ReO- (37)

We also need an expression for the resistivity. Since there is no tem-
perature gradient in the equilibrium quantities, the zeroth-order resis-
tivity Reo can be written as™

Mehg N | Mehgp N
Ry = —ol UeozZ — O L UeoxX. (38)
ei ei

. 26
For Z; = 1, the two coefficients are™”

ol = 0.504, (39)
1.46r + 1.06
O(L =1- 5 4r i 5 (40)
5 — 0.08155 +2.97r + 2.13

where r = W Te.. There are additional terms in R, since temperature
gradients exist in the first order. The parallel (z) component of Re; is™

o kiR L 3kKer >
= —jolInRR - 1-K
el VieTee 07 4 VteTee el ( RR)
nom 2K
T e (41)
ee VteTee

Equation (41) can be written as

R‘e‘1 = —1kH110yeZTe‘1 — ik”noyelzTell — (Mmeno/Tee) (1 — Krp)theirz, (42)

where
3 4K
I =3 R+ 2 Rop — K 43
Vez = 3 hR+ oR — 3kH (43)
2 _ 1 _ 4K
L RS
=-K +—. 44
Vez 5 hR — 5 Kor 3kH (44)

The x component of Re; is™°

Mmen Mmeld
1 1 e | Meledx . 1
Rel = —u uellx — 0 ————He1 — ZkLﬁ no Tel» (45)

ei ei

where * for Z; = 1 is given by™®

4- _ n k 8 _ npT,
Sh = SRIKns =T+ LR gl + N L 6.33r + 247 o)
T T VieT = 5 .
« * e £ 2.757% 4 3.99r2 + 53175 + 8.23r + 3.52
. ) 205 Kgs | 1)
Hetz — Uitz Tee Teel: Finally, the y component of R is given by R} = o mengleity /Tei.
) Here, the coefficient o for Z; = 1is™
The heat generated by collisions can be written as™ ere; the coefficien o ®
Men r(2.53r 4 0.81
Qe=3—""(T;—T.) —us - Re, (35) Y= ; 5 5) )
M;Tei r3 + 2.54r5 + 6.14r* + 7.35r5 + 11.22r + 4.09
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With these closures, the first-order momentum equation [Eq.
(8)] can be used to obtain the perturbed electron current density J.,.
Then, the Maxwell equation [Eq. (5)] can be written as

Dxx ny sz Elx
Dyx Dy D, ||E,|=0 (48)
Dy, Dzy D, Ey,

The detailed derivation of each component of tensor D can be found
in Appendix B.

I1l. COLLISIONAL EFFECTS ON THE DISPERSION

Dispersion relations for the lower hybrid drift waves are obtained
from |D| = 0, where |D] is the determinant of the tensor D; from this
equation, the normalized angular frequency Q is computed numeri-
cally for the given k and 0. Required input parameters are By, ny,
Teo, Ti0, Ueoz> and uegy. In addition, the ion mass has to be specified.

Compared to the previous collisionless model in Yoo et al., there
are two significant changes in the current model: the inclusion of the
first-order perturbation of the perpendicular electron temperature
(le) and the use of collisional closures. To understand the effects of
each change, we obtain dispersion relations from four different
models—(i) the collisionless model in Ref. Yoo et al,” (i) a model
with collisional closures but without T, (iii) the current model in the
collisionless limit 7., — 00, and (iv) the current model.

First, we obtain dispersion relations with typical plasma and field
parameters near the electron diffusion region of the MRX during
reconnection with a guide field; By = 180 Gauss, 1y = 2 x 108 em 3,
Teo = Tio = 10 €V, ueg, = —130 km/s, and 1o, = 50 km/s. Here, the
ion species is singly ionized helium. Justified by previous measure-
ments in MRX,'””" we assume that Z; = 1. With these parameters,
TeeWee = 157, P is 0.25 and Vj is 44 km/s. Note that uo, exceeds
Vs> which is a necessary condition for LHDWs to have large growth
rates.

Figure 2 shows dispersion relations from the four models. Left
(right) panels are contour plots of the real (imaginary) part of the
angular frequency as a function of kp, and 6. Here p, = vi¢ /o is the
electron gyroradius. From now on,  represents the real part of the
angular frequency and y represents the imaginary part. Both o and y
are normalized to the (angular) lower hybrid frequency, w;y. All four
models are qualitatively similar, showing strong growth rates
(y=0.6y) for the ES-LHDW. The ES-LHDW propagates almost
perpendicular to By (0 ~ 90°) with o < wiy. The peak growth rate
occurs at kp, ~ 0.7 and 6 ~ 91°. Here kp. ~ 0.7 corresponds to
A~ 0.6 cm. These similarities among the four models indicate that
the effects of Coulomb collisions on the ES-LHDW are limited for typ-
ical MRX parameters. Moreover, inclusion of T2 also has a limited
impact on the dispersion.

For a better comparison between the four models, the dispersion
relation and growth rate of the ES-LHDW are presented in Fig. 3 for
0 =91°. It is worth noting that including Coulomb collisions
decreases the growth rate 7. This is understandable since collisions
decrease the reaction of electrons to the external perturbation, such
that they reduce the positive feedback from the plasma. The change in
o is not straightforward but is related to frequency shift due to addi-
tional terms of w1, and ;.. For example, the parallel force balance

equation Eq. (B48) has the resistivity R!l, which adds additional terms

scitation.org/journal/php

in o, in Eq. (B50). These additional terms can cause a shift in w (note
that o, has a dependency on w via o).

It is interesting to see that including T2 in the electron dynamics
decreases both @ and y of the ES-LHDW. Interpreting this trend is
complicated, because T, impacts both the x and z components of the
electron momentum equation. For the x component, the first term
(ik nyT) on the right side of Eq. (B55), which is the perturbed per-
pendicular electron pressure gradient term, directly contains T3;. For
the parallel momentum balance of Eq. (B48), T2, affects TeHl via q!lx in
Eq. (23). The parallel resistivity [Eq. (42)] also has a term with T
(7ik”n0y§zTeLl).

The dispersion relation is calculated after setting 7L =0 to
remove contributions from T2} in the z component of the electron
force balance equation. As shown in Fig. 4, this change (green line)
decreases  and increases 7y, compared to the reference case with T
(red line). Changes in @ and 7 are not significant.

The change in w with le is caused by the ik, 1y le term in the x
component of the electron momentum equation. As shown in Fig.
4(a), without the term (magenta line), o increases significantly com-
pared to the reference case with le (red line). Removing the ik | ng le
term also increases y for most values of k. Again, these changes are
caused by the frequency shift due to the additional term with u.;y;
from Egs. (B35) and (B55), the inertial term effectively changes from
imeng (o — K - Ugp)herx o imetig( — K - teg — 0.5¢.L k| vie ) ters-

We have repeated the dispersion calculation for the EM-LHDW
that propagates obliquely to By. The plasma and field parameters used
for calculations are By = 30 Gauss, 19 = 2 X 102 cm™>, Tey = T
=10 eV, uep, = —50 km/s, and uep, = 130 km/s. Again, the ion spe-
cies is singly ionized helium and Z; = 1. With these parameters,
TeeWee = 26.2, [, is 8.9 and V, is 7.3km/s. These parameters repre-
sent typical MRX values near the electron diffusion region during
reconnection with a negligible guide field.

As shown in Fig. 5, dispersion relations from the four models
again qualitatively agree with each other; these models expect positive
growth rates for the EM-LHDW. Models without T2, have the maxi-
mum growth rate around kp, ~ 0.6 and 0 ~ 55°, while those with
T, have the maximum growth rate around kp, ~ 0.5 and 6 ~ 50°.
The wavelength with the largest growth rate is about 4 cm. In is inter-
esting to see that all models expect that the mode has frequency signifi-
cantly less than wpy in the ion rest frame. This agrees with
measurements in MRX and numerical simulations that show that
most of the power of the EM-LHDW exists below o

For comparison between the four models, @ and y as a function
of k for 0 = 55° are presented in Fig. 6. Similar to the ES-LHDW case,
collisional effects decrease 7 regardless of the existence of T in the
model. This is consistent with the aforementioned explanation; colli-
sions decrease the reaction of electrons to the external perturbation,
thereby decreasing the positive feedback. For the EM-LHDW, colli-
sions generally decrease  especially when T3 is not included in the
model (blue lines). Including Tel1 further decreases both @ and 7y for
this mode (red lines).

IV. SUMMARY AND DISCUSSION

In summary, we have developed a local, linear model of LHDWSs
that includes effects of Coulomb collisions and Teil. This model works
best for plasmas with weak collisionality. Without collisions, some
assumptions for the 3 4+ 1 model may not be valid, as the zeroth-order

Phys. Plasmas 29, 022109 (2022); doi: 10.1063/5.0052555
Published under an exclusive license by AIP Publishing

29, 022109-5


https://scitation.org/journal/php

Physics of Plasmas ARTICLE scitation.org/journal/php

0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.

FIG. 2. Dispersion relation of the LHDW with typical MRX parameters near the electron diffusion region with a high guide field. Left (right) panels show the real (imaginary)
part of the angular frequency as a function of k and 6. (a) Collisionles model without Tz;. (b) Collisional model without T:;. (c) Model with T in the collisionless limit
(tee — 00). (d) Collisional model with T} (the most complete model). The results from the four models qualitatively agree with each other; the quasi-electrostatic LHDW that
propagates almost perpendicular to By is unstable. The maximum growth rate appears around kp, ~ 0.7 and 6 ~ 91°. The growth rate of the mode decreases with the colli-

sional effects (b) and (d), compared to the corresponding collisionless cases (a) and (c).

zeroth-order resistivity Reo. If there are too many collisions, we
need additional first-order terms (eEy #e; and eEgy,1¢;) in the x and
tropic electron pressure tensor is assumed in this model. For colli- z components of the electron momentum equation [Eq. (8)]. From
sional plasmas, we need to consider the zeroth-order electric field Eq. (38), required equilibrium electric field components are given
along the x and z directions; for the zeroth-order electron force bal- by Ep, = —all Bytieo, /0eeTe and Ep, = — 0 By theoy /WceTei. From
ance, additional components of E, are needed to balance the Eq. (3), Eox/E, is given by

distribution function is not close to a Maxwellian. In addition, in the
collisionless plasma, agyrotropy can be developed, while a gyro-
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FIG. 3. 1D dispersion relation of the ES-LHDW for 0 = 91°. (a) w/wy as a function of kp,. Including the collisional effects (solid lines) increases the real frequency, while
models with T;; (red lines) have lower w. (b) y/ iy as a function of kp,. Collisional effects (solid lines) decrease y, compared to the results from the corresponding collision-

less cases (dashed lines).
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FIG. 4. 1D dispersion relation of the ES-LHDW for 6 = 91°. (a) /. as a function of kp, for four cases with collisional effects. The blue (red) line indicates the reference
case without (with) T;. If T2 is removed from the x component of the electron momentum equation (cyan line), o becomes significantly larger. Removing the contribution
from T2 in the z component of the electron momentum equation (green line), on the other hand, reduces w. (b) 7/ as a function of kp, for four cases with collisional

effects. Effects of T.; on y are not important, as all four cases show similar values.

Eor _ _ T 1 ~ ! (49)
Ey Teo + Tio WceTei

- )
DeeTee

because o) ~ Teo/(Teo + Tio) ~ 1 and te ~ Tee for Z; = 1. This
means that Eg, is negligible compared to E, as long as electrons are
fully magnetized (¢ Tee > 1), which is one of the basic assumptions
of this model. From a similar argument, Ey, is also negligible unless
|ttez| > |ueox|. For the two cases presented here, the effects of both
Ey; and E,, are expected to be minimal since |ueo,| ~ |teox| and
WeeTee > 1.

To verify this argument, we have calculated dispersion relations
of LHDWs after including two additional terms (eEoy#e; and eEg 1)

and have found that impacts from these terms are actually negligible.
The basic reason for not including additional components of Ey in the
current model is that including E,, may require an additional electron
flow component along the y direction, since there will be a corre-
sponding E x B drift of electrons, while ions are unmagnetized. This
means that collisions may impact the dynamics of LHDWSs by chang-
ing the equilibrium itself. A future work will address this effect in a
self-consistent manner. As the main purpose of the current study is to
study collisional effects on LHDWSs, we minimize other changes for
simplicity. The parallel component of the equilibrium electric field E,,,
on the other hand, can be easily added in the model without creating
complexity. Moreover, Ey, in the electron diffusion region during
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FIG. 5. Dispersion relation of the LHDW with typical MRX parameters near the electron diffusion region with a negligible guide field. Left (right) panels show the real (imagi-
nary) part of the angular frequency as a function of k and 6. (a) Collisionless model without T;. (b) Collisional model without T;%. (c) Model with T} in the collisionless limit
(tee — 00). (d) Collisional model with T;; (the most complete model). Again, the results from the four models qualitatively agree with each other; the electromagnetic LHDW
that propagates obliquely to By is unstable. The maximum growth rate appears around kp, ~ 0.5 and 6 ~ 50°. The growth rate of the mode decreases with collisional effects

(b) and (d), compared to the corresponding collisionless cases (a) and (c).

reconnection with a strong guide field may significantly exceed the
value required to balance the classical resistivity.”” In the future, we
will study the possible impacts of Ey, on LHDWSs with values mea-
sured in MRX during guide field reconnection.

With this model, we have calculated two sets of LHDW disper-
sion relations for typical MRX parameters. The first case uses parame-
ters from the electron diffusion region during reconnection with a
significant guide field, while the second one uses those with a negligi-
ble guide field. Due to the presence of the guide field, the first case has

a low electron beta (fi, = 0.25), such that the ES-LHDW is unstable
in that region. For the second case (5. = 8.9), on the other hand, the
ES-LHDW is stabilized by the high beta effect'” and the EM-LHDW is
unstable instead.

It will be interesting to study the critical value of 5, that deter-
mines whether the ES- or EM-LHDW is unstable. Initial studies show
that the critical value is determined by the value of 1,/ V4; for a rela-
tively low (~1) value of 1/ V4 like the first case, f§, also has to be
low (=0.5) to have the ES-LHDW unstable. For a high value (>10) of
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FIG. 6. 1D dispersion relation of the EM-LHDW for 6 = 55°. (a) /iy as a function of kp,. Models with T (red lines) have lower . The impact of Coulomb collisions on
w is negligible. (b)y/ 4 as a function of kp,. Collisional effects (solid lines) decreases 7, compared to the results from the corresponding collisionless cases (dashed lines).

Ueox/Va, on the other hand, the ES-LHDW exists at the higher
fe ~ 1. We plan to conduct a statistical study with data from MMS
and/or MRX, which will be compared to the results from the current
theoretical model.

Based on the two cases we have studied, collisional effects on
LHDWs in typical MRX current sheets are limited. In both cases,
including Coulomb collisions in the model decreases the growth rate.
However, the difference in y is relatively small (=20%). This is because
the wavelengths of LHDW s (0.5-5 cm) are smaller than the mean free
path of electrons (~10 cm) and electrons are fully magnetized
(ceTee > 1) for these parameters.

To further investigate how collisions may impact on the disper-
sion relation, we have artificially varied 7. and 7. For the ES-LHDW,
artificially high collisions significantly affect the dispersion relation
and the growth rate, as shown in Figs. 7(a) and 7(b). When the colli-
sions are enhanced by a factor of 5 (red dashed line), the real fre-
quency becomes larger for kp, > 0.2 than the reference value (blue
solid line). There is also a significant decrease in the growth rate for
kp. > 0.7. Changes in less collisional cases, on the other hand (green
solid and dashed lines), are minimal. With the reduced collision time
(Tee — 0.27¢), the mean free path (e i) becomes about 2 cm, which
corresponds to kp, ~ 0.2. This supports the insertion that collisions
have large impacts on modes with a wavelength comparable to the
mean free path (1 ~ 27TeeVie).

For the case of the EM-LHDW, the effects from collisions
become significant when collisions are enhanced by a factor of 5 or
more (Tee — 0.27¢ and 7 — 0.27¢). As denoted by the red line in
Fig. 7(c), the overall shape of the dispersion relation changes notice-
ably, when 7 is reduced to 0.27.. The mean free path with 0.27 is
about 2cm (the same electron temperature and density as the first
case), and the change starts around 0.2kp,. When .. reduces even
further to 0.17.. (red dashed line), the deviation from the reference
line starts around 0.1kp,. For both cases, there are also significant
reductions in y, as shown in Fig. 7(d) especially for kp, < 0.7.

This means that parameters for the two cases studied here are
actually in the weakly collisional regime and that the dynamics of

LHDWs are susceptible to collisional effects only when collisions are
strong. For example, if the base electron temperature for both cases is
3 eV, the dispersion relation from this collisional model will be vastly
different from that of the collisionless model.

Including T3} in the model has limited impacts on the dispersion;
it generally decreases the frequency and growth rate of LHDWs, but
changes in @ and y are less than 20% for both cases. These changes
mostly come from the additional pressure gradient term (ik | ny le) in
the electron momentum equation along the x direction. This limited
impact is related to the existence of Lorentz force terms along the per-
pendicular direction;” because of these terms, the electron force bal-
ance is less sensitive to the pressure gradient term along the
perpendicular direction.

It should be noted that the current theoretical model ignores the
global structure of the current sheet by assuming that there is no wave
propagation along the density gradient direction (y direction in Fig. 1).
To address the effects from the global current sheet structure, an
eigenmode analysis””* or numerical simulations”>** will have to be
carried out, which will be one of our future works. In MRX, where the
current sheet is actually broader (~10d; d. is electron skin depth),
this local approximation is generally valid, as the length scale along the
y direction is larger than the wavelength of LHDWs .

This model assumes that there is no equilibrium temperature
gradient across the current sheet. In MRX, electrons are locally heated
in the current sheet.””** However, inside the current sheet the temper-
ature gradient is rather small, compared to that of density. Therefore,
the effects of the temperature gradient are expected to be negligible.”*

This study will provide a theoretical framework for quantifying
anomalous terms and heating associated with LHDWs in MRX. With
the solved dispersion relation, we can express every fluctuating quan-
tity in terms of a measurable quantity. For example, the first-order
density perturbation [Eq. (B81)] can be expressed in terms of the fluc-
tuation in the reconnection electric field (0E,..) that can be measured
with a probe.*”” Then, the wave-associated anomalous drag term
D = —(0n¢0E.)/ (1) can be estimated by measuring SE;.. Here,
the assumption is that the linear relation holds, such that we can use
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FIG. 7. 1D dispersion relations with various collisionalities for the two cases. (a) w/wi as a function of kp, for the ES-LHDW case. When . is artificially decreased to
0.27¢ (red dashed line), which means that collisions are enhanced by a factor of 5, there is a significant increase in w when kp, > 0.4. The same change is also applied to
the other collision time, z¢;. The blue line indicates the reference value without any change in the collision time. (b)y/win as a function of kp,, for the ES-LHDW case. When
collisions are enhanced (red solid and dashed lines), there are noticeable changes in 7. (c)w/win as a function of kp, for the EM-LHDW case. When collisions are enhanced,
there are large changes in the dispersion. (d)y /iy as a function of kp, for the EM-LHDW case. When collisions are enhanced (red solid and dashed lines), the growth rate

with smaller kp, decreases notably.

1 ~ One. Furthermore, this model can provide direct estimates of
wave-associated heating in Eq. (35) via the same quasi-linear argu-
ment. This estimate cannot be done with other collisionless models. In
the future, we will establish quasi-linear calculations and conduct mea-
surements of LHDWSs in MRX to find out how LHDWs affect the elec-
tron and reconnection dynamics.
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APPENDIX A: DERIVATION OF THE HEAT FLUX
CLOSURE

From the kinetic equation in the (¢,r,w = v — V) coordinates
(V is the fluid velocity),

df 0 0
E*(W'VV)'a*wf+v’(wf)+afw'(Af)
q 0 . _
where
d 0
E25+V.V’ (A2)
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1 av
A= V xB A3
B+ g(V X B) - (A3)
For the p“ fluid equation, we need to obtain the closure,
q = Jd%mwﬁwf = q‘ z+ qH (A4)
1
q:h:Jd3vEmwzwf:hH2+hL, (A5)
where
q” Jd vmwif = ghu + 0oy (A6)
I \ 5 ’
1 2 1
:Jd3v5mwiw‘u(:gh” _EGH (A7)

have been obtained in Ji and ]oseph,ZS and the (ﬂ has been obtained
in Yoo et al.” Now we obtain

1 .
q = Jd%i mwi wf = qjz +q]. (A8)
Note that q* can be obtained from
hJ_—qL—Jd% mw'w, f = qu+qi. (A9)

We adopt the closure (transport) ordering d/dt ~ 0 and the linear
response theory, linear in thermodynamic drives, i.e., VT, Vp and
Vp .

We take the moments [ d*v3mw?w of the kinetic equation:

1 af d
J d3v mw wdl: 24 ignored by the closure ordering,

1
J a Vs mw*w(w - VV) - % f : ignored by the linearization,

(jotmen)

We should decompose wwww into orthogonal polynomials (see Ji
and Held") for the consistent truncation in the expansion of a dis-
tribution function.

Jdav%mwzwv S(wf) =V

w

=—= . (A10)
vr /2T/m
In terms of orthogonal basis
1
czcc:cz(cc—gczl)—i-—
7 1 1
=== cc——c2 cc—=cl) +=cY
2 2 3 3
7 1 5 15 2(5 15
—pl g0t 22 ) 2 (2222
e3P +3<2 2C+8) +3<26 8
7 5 3 5 5
__p2 L0 02 ) 22
o+ 2o S B (e -2) 43
7 2 5 5
— 2l L0 20y _2p0 12 All
p +2p +3p +( 3P +4 ; (A11)

scitation.org/journal/php

1 1 5 5
JdvzmwzwwfﬁzmvT[ p? —l—( 3p01+2)|]

71 2 Jr1 45 |
—— VI mvi=n
—22'r T4
7T +5T |
a2
2m 2m
7T T
=-—p-— (A12)
2m m

Hereafter — will be used to drop b terms, which will be nullified by
the bx operation,
3 1 1
V~7‘E:Eba”nu _EVTCH — —EVHH. (A13)

For the ;2 - (Af) term

av
dr

0 (1
Jdva~% (szw)f
= fJ.dvm(A~ww+%w2A)f
3
=-p-A-_pA
= 7A~nf§pA.

2
+ 2 (Af)

1
A:m[ «+q(VxB)]— mn(Vp+V~n). (A14)

[avgmtwd an) -

(A15)

All together V - (wf)
all =V - <f— +f—pl> ——(Vp+V-m)-m
*EP%(VPJFV‘“)
7 5
:—m(VT-n+TV-nl)—f—%(pVT-FTVpO)
1 5 1
—%(VIH'V"‘)'“—EP%(@(ﬂ'Ml)
7 1 5 1
= VT a+—TV -n+—pVT —— 1) - Al
sz n+m v 7t+2mpV mn(Vp+V n)-m, (Al6)
Jd3vlmw2w3~ (w x Bf) = —lde3v(w x Bf) ~i(w2w)

2 ow 2 ow
:f%mjd3v(w><Bf)~(2ww+wzl)
1 3,2
:—EdeVWWXBf
— _hxB, (A17)

Qs 1 5 0 _ N
JdVmew(‘?w (wxBf) =—Qh x z.

m

(A18)

The final equation becomes up to &(Q°)

(terms dropped by closure ordering) + all + (terms o b)
— OQh x z = (collision terms o b)

1
hlzﬁixall

Phys. Plasmas 29, 022109 (2022); doi: 10.1063/5.0052555
Published under an exclusive license by AIP Publishing

29, 022109-11


https://scitation.org/journal/php

Physics of Plasmas ARTICLE scitation.org/journal/php

1 5 1 5 1 2- 4 _ 2 -
- = . - . e ——(YV-7)- il
h, =—5bx {2 VT -a+ TV mt o pVT ——(V - 7) ”} qL—25k‘|Khh+ kHKha_§k||Kaa+gKhS+§KaS7 (B4)
(A19)

%% &
Cou :gKhR+KaR7 (B5)

Since we are interested in q, up to &(Q"), we consider only the

. . S 1- - 4 _ 1
CGL viscosity, which is ¢(Q") kHK;,h + —kHth - kaK,m - ths +5Kss, (B6)

qH - 25 3
3 1 _ 1_
n:inu bb—§| , (A20) CqL kHKhh"‘ kHth-f— k||Km,+ Khs 3K05, (B7)
3 1 2 1
V-n:iba“n“ —EVHH qL 5KhR_EK6R (BS)
— l Vi + bterms (A21) Here, tei1; = Ue1, — Uir, is the first-order relative flow velocity along
2 the z direction.
and With Egs. (7), (9), (37), (38), (42), and (45), Qe can be written as
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APPENDIX B: DERIVATION OF TENSOR D
Il =l 4 i O‘H'Eee Uepz 81 -
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2meT, _— _ Ui 80 Tee e, Uy
AL:— eeeT—(ikCL—CL)T z ee exT x
! M;Tej a H o Cu <0 Vte * 3‘L-eine <0 Vte
(B33)
With Egs. (B21) and (B22), Tlll and TZ can be written as
u
Tl =2l Ty + el T2 4l +A” (B34)
Vte
Th = b Ty 22 4 gl Bl ’iTe + AL, (B35)
Vte Vte
where
irge — el + et
a, = (ira. —cl)ey+eic (B36)
(iroce - EH) (iroe —ct) — alet ”
a0 (iroceffi)f ch(sz fc,,x) B
T T TN N (B37)
(zme — CH) (zroce CL) —cic ”
_ (zroce—ci—i-c”)
Cp=— i i , (B38)
(iree — ] ) (irne —e2) el
_ ==L L]
o (11’0(e c”) —Q—ch B39
T TN R (B39)
(1roce — c”) (1ro¢e CL) —cc ”
(iroce . EH) (k. — ) —
k= , (B40)

ux
(ircxe — EH) (iroe —ct) — E[cH
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N (zme — c“ +c < >E
= . B41
o (iroe = €| ) (irote — 1) = el -
el e L L7
The additional ion terms Ai‘ and A" can be expressed as
Al =l +d At (B42)
A =chAl +ia (B43)
where
o =l
) = e (B44)
(iroce — EH) (iroe —ct) — cch
=l
d = ‘L (B45)
(iroce - EH) (iroe —ct) — EﬂcH
ra
i= ) — (B46)
(zroce - CH) (iroe —ct) — Gn
izl
= iree — ¢ | 547)
(mxe — CH) (iroe —ct) — Eﬂzﬁ
The z component of Eq. (8) is
imeng (@ — K - ug)tle, = ika!1 + eng(Ey; + uoByy) — R!l. (B48)

From the Faraday’s Law (wB; = k X E;), By, = (k| E1. — k. Ey.)/o.
With Egs. (9), (42), (B34), (B35), and (B48), u.y, is expressed as

iOlezUelz = iCxzlUelx + Cyzllery + Aez + Agz, (B49)
where
kjvie | B 2i(1 - K
ter =g — e fall il g izl %
ce H
kv
il (1 tall 4 yllel +yjzz,f) 7 (B50)
aewce
_ kHVte _ 1-1 kL t
Cxz = 2wce Cux+/!zcux+VezCux+aewe (1+CH+VH C”+/ ) ’
(B51)
ek L
Gy = Zacew:e (1 +elHylel 4+ ch>, (B52)
A, = & kugy E1x cos 0 — E;, sin 0 ’ (B53)
Bo w B()
_ Ky ( I I 1 — Kge
A Al 1ol Al AL)fi iLz- B54
1z eB /z +Vez DeeTee Uilz ( )
The x component of Eq. (8) is
imeng(w — K - Uep) thex = ikL(noTeJi + Teonter) + eng(Enx
+ BOuely - ueOzBly) - ReLl. (B55)

With Egs. (9), (45), (B34), (B35),
expressed as

(B49), and (B55), te, can be

Phys. Plasmas 29, 022109 (2022); doi: 10.1063/5.0052555
Published under an exclusive license by AIP Publishing

29, 022109-13


https://scitation.org/journal/php

Physics of Plasmas ARTICLE

c kLV
VeyUely = (OlexUely — Aex — Aix — = © (Aez + Aiz)a (B56)
20lezWce
where ey Olexs and A., are
Coxek V2 CuCprkiv
Vey =14 Cnx szte zxCyz 1 Vie (B57)
207, 20, e
Enxkivtze szzxszVte
Olex = Xe — 5
20t 2, 20z MWee
kyvie | pell. ( 28 ) it Tee
- |t \1+— -, B58
2Wce 3 Cux kJ_Tei ( )
E kug, E 0 — Ey,sin0
Ay = —x Moz B1x COSU = 1 SIN T (B59)
Bo (] BQ
ikj_ ﬂiAl‘ ( Zﬂi) 1 aluilx
=— |— 1 A7 | ———. B60
eBy 3 + + 3 ! TeiWee ( )
Here, two dimensionless parameters are given by
] gt 2
c, it Teeld
G =142 ﬁ <1 +i) e (B61)
Kitave
_ ﬂLC < 2p )—L EnkaVte
Cox = 1+—])¢ . B62
= 3 U 3 ur OleMee (B62)

Similarly, the y component of Eq. (8) is

imeflo((l) -k uO)uely = enO(Ely - BOuelx - uerBlz + ueOzle)

+ e(Eo — ueoxBo)Vlel — R:l' (B63)
With Egs. (3), (9), and (B49), u.1, can be expressed as
Yegllels = —iOleyll +M(A +Ay) + Aey + Ay, (B64)
exHelx ey“ely zaeaezwce ez iz ey iys
where 7., %y, Aey, and Ay, are
3riek | Ueox ExzkH
Voy = 1 , B65
Vex * 26(ewce + aesz ( )
x 31l ¢,k
— i o _ TteEUe0x (1 + yz H>’ (B66)
WeeTei 20(ea)ca Olez€
Ay — h 3 E (t0x sin 0 + uo; cos 0)Ey, 7 (B67)
BO (@] BO
(XX
Ay = ——ujy. B68
iy OceTel ull}/ ( )

With Egs. (B56) and (B64), u1, is given by
Uery =i [ic;x (Aex + Aix) + C5, (Aey + Ayy) +iC5, (Aes +Aiz)} , (B69)

where

—1
Oex O,
C;x = (Vey - E; ey) ) (B70)
ex
ce o=t (B71)
yy yx ’yex ’
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(B72)

Ce _ Ce (szkLVte+

Zan wCC

3rteaexk\|u50x)

zyexaeaezwce
Similarly, ue, is given by

Uerx = iC (Aex + Aix) + C3,(Aey + Ayy) +iCE,(Acz + Asc), (B73)

where
lex
C:, = (/ex - e: = > : (B74)
ey
c =c (B75)
xx xy,y ’
31k u OeyCoxk 1 V)
Ce _ C;y tel|| Uox eylzxl 1 Vie ) (B76)
Zo‘eaezwce 2"/ey°(ezwce
Then, te;, can be written as
Uer; = iC5, (Aex + Aix) + C;,(Aey + Ai},) +iC:,(Ae; + Aiz), (B77)
where
1 C, G,
c = —a—+c"; + y; iy (B78)
€z €z €z
c, = _ GG | O ZC;", (B79)
an an
. CS ¢, CS
Cy=—"T 2 (B8O)
(74 €z

The final goal is to obtain the perturbed current density of
electrons, which is given by J{ = —engue; — eueonte;. Thus, an
expression for ., is required. From Egs. (9), (B69), (B73), and
(B77), ne; is given by

kng .
T k- Ueo [’Cle( ex T Aix) + C}//C(Aey +Ay) +iCF (Aez + Aic) |,
(B81)
where
Cf=CS sin0 + Ce/k+ C, cos 0, (B82)
C; = C;,sin0 + Cj e/k + C, cos 0, (B83)
C; = Cy,sin0 + Cje/k + C;, cos 0. (B84)

Now, we are ready for computing the dispersion relation. Equation
(5)is

KiEvx — kLK Erz — ioopgJie = 0, (B85)
K*Eyy — iopyliy = 0, (B86)
K\ Ey; — ki kjEy — iopg)iz = 0. (B87)

By multiplying by d? (d; = c/wy; is the ion skin depth; w; is ion
plasma frequency), the above equation can be written as
K? cos?0E,, — K? sin 0 cos OE;, —

B
Q=27 =0, (B8S)
eny

B
K2Ey, — iQ="],, =0, (B89)
eny
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B
K?sin0F,, — K®sin 0 cos OE, — iQ—>J;, = 0, (B90)
eny
where K = kd; and Q = o/ . _

From Eq. (6), each component of iQB]J} /eny is

iQB, 7" sin 0 .
: 0]1x ={ZExw+ 2 sind (Eu sin0 — i%Ely +Eqzcos 6> , (B91)
IQBO

e Ny = (ZEy, (B92)
iQB 7" cos 0 .
: 0] =z, 2 (Elxsme - i%Eu +E, cos 6) . (B93)

From Egs. (B73) and (B81), i}, /eny is given by

iJ$ )
ﬁ = C(Aex + Aic) — iC5 (Aey + Ayy) + Cl(Aec + As),  (B94)

where CZ = C, + kueoxC¢ /(w0 — k - ug), C;; =G, + kueo,cC;,e /
(0 —k-uy), and CZ = C, + kuegxCS /(00 — k - ugp).
from Egs. (B77) and (B81), iJ§,/eny is given by

iJs

i = Co(Aex + Aix) —
where C7, = C;, + kueo:C¢ /(0 — k- ue), Cf = C) + kueo:Cyf/
(0 —k-ue), and CZ, = C¢, + kueo,C/(w — k - ue). Since there
is no y component in o, i]fy /eng is simply

Similarly,

iCZ(Aey + Ayy) + CoL(Aez + Are),  (B9S)

1]1},

o~ iC (Aex + Aix) + C) (Aey + Ayy) +iC), (A + Asz).

(B96)

In terms of dimensionless parameters, QByAcx, QByA.y, and QByA.,
can be written as

QBerx = (Q - KUeOz Ccos H)Elx + (KUeOZ sin 9)E127 (B97)
QByAey = [Q — K(Ueoy sin 0 + U cos 0)]Ey, (B98)
QByAe; = (KUey 08 0)Ey, + (Q — KUy sin 0)Ejy. (B99)

Uy = ue/Va and Vi = By/\/lgming = dig is the Alfvén speed.

With Eq. (7), Ai; in Eq. (B54) is

7l . R Z///
Aiz:zmdiriz ll”ﬁ”{ k(zz’+—>
eny eny BQ 4

Z///
!
—iE, (k) (Z . )] (B100)
where three dimensionless parameters are given by
I
+ Ci ) Teek) U
i = 220 1 )kt (B101)
31’-610‘)(35
e =gl (2l —gl ) (T kyvee | i(1—Kge)
Cizz = {ciz (zkchu Cow ) €5, zkHc cCu che+ ot
(B102)
cur = (c!‘z + € ) MeTee cOs 9. (B103)

m;Tei

Here, two additional parameters c and ¢;; are defined as
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= (1+9L)e] +vied, (B104)
= (L+L)el + el (B105)
Similarly, A;, is
R Z///
A =t Dy g The T { E, -k(zz’ +—)
eny eny By 4
Z///
iE 7/ B106
—1 ly (k) ( + 4 ):|7 ( )
where three dimensionless parameters are given by
= 4o+ (EL‘C + €L ) Teek | Ueon B ot 7 (B107)
3TeiWee TeeWce
_ kv
fn = [ L (il <) +¢ (k)5 - ccb,)} qut . (B108)
I ino
Tur = 2(cp, + €k ) MeTee sin . (B109)
mM;Tei
Two additional parameters ELL and ¢i- are
QB 2p
G =50 + (1+— &, (B110)
_ _ 2
cﬁzi l‘l+( ﬁ)u (BI11)
The last ion term is A, = (ax/wcerei)]}y/eno.
Equations (B88)-(B90) can be written as
Dy ny sz Ex
D, Dy, Dy ||E,|=0. (B112)
sz Dzy Dzz Elz
Each component of the tensor D is
Dy =K? c0s*0 — C(Q — KUy, cos 0) — CZ KUsy cos 0
. 7" sin?0 . (7" cosOsin 0
—C;x(CZ-FC )— i
2 2
. Z///
- CLQ sin0<2z’ +T)’ (B113)
Ce’ (z+icy 3 1Q — K(Ueox sin 0 + Ueo cos 0)]
ce ei
e\ . (Z'sin0  [e\ . (Z'cosl
n X Z///
+ l(%) Cor (Z, + T) » (B114)

Dy, = — K?sin 0 cos 0 — C*. KU, sin 0 — CZ (Q — KUegy sin 0)
) Z// ) Vz// 20
—C., Cz sinfcos0 — C,, ({Z + %)

i Z///
— CipQcos (22’ + T) , (B115)
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Dy =— i[C;x(Q — KU, cos 0) + C;.KUeoy cos 0]
g (7" sin*0 i (ZVcosOsin0
. Z//I
— iCyrQsin 9(22’ + T) , (B116)
2 iC;yOCX e :
Dy, =K*—|[1- o CZnyy[QfK(erxsm 0+ Ueg, cos 0))

e\ 4 (Z'sin0 [e\ ; (Z'cosO (&) ( , Z’”)

) (k) O~ (k> . (k) G2+ )
(B117)

Dy, = — i[C;xKUeOZ sin 0 + CE,(Q — KUgy sin 9)]

{Z" cos? 6))
2

{Z" sin 0 cos 0

. i i
71ny ) - ’Cyz (CZ+

. Z///
— iC}‘,TQ cos ) <2Z’ + T) , (B118)

D, = — K?sin 0 cos 0 — CZ(Q — KUep, c0s 0) — C& KUeg, cos 0

; 7" sin%0 - (7" cosOsin 0
—Clzx(§Z+C : ) —at -
. Vi
— C;TQ Sil’l(‘)<22/ + T) s (B119)
aX
Dy = CZ/ P Z+ iCﬁ} [Q — K(Uegy sin 0 + U cos 0)]
cetel
e\ 4 (ZVsin0  [e\ ; (Z'cosO
H(F) e (e
) g
+ i(f) CrQ (Z’ +*), (B120)
k 4
D, =K?*sin?*0 — C/ KUs, sin 0 — CZ(Q — KUe, sin 0)
. Z// . Z,, 29
-C, Cz sinf0cos0 — C., (CZ + C%)
. Z///
- CGrQ 6089(22’ + 7), (B121)
where
Cyi(x =1+ C;;Eixx + Cilzzizxy (B122)
C;icz = C;;Eixz + C;;Eizza (B123)
CaicT = Cy it + CoCir, (B124)
C)ilx = CCinx + €, Cizx, (B125)
C,, = CyCixz + Gy Cizz, (B126)
C)i/T = G Cixr + C),Cocr, (B127)
Cizx = C;ICEDCJC + C;;Eizm (B128)
Cizz =1+ CZcEixz + C;;Eizz: (B129)
Clp = Coicuer + Colticr- (B130)
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APPENDIX C: COMPARISON WITH CLASSICAL
MODEL

Since the current model has been established independently,
benchmarking with the classical model is desirable. Here, we used
the well-known model by Davidson et al.'” For this benchmarking,
we set both k| and e, to be zero as in the classical model.

As shown in Fig. 8, the results from both collisional (blue line)
and collisionless (red line) models do not agree with results from
the classical model (black line). In particular, our models expect an
almost linear dispersion relation, but @ increases slowly for small
kp, in the classical model. Another interesting difference is that the
peak growth rate occurs around kp, ~ 0.6 in our models, while it is
around kp, ~ 1 in the classical model. This discrepancy is not due
to the choice of our heat flux closures; there is not much difference
between our two models, which shows the insensitivity of the dis-
persion to pZ;. Moreover, the dispersion relation is independent of
plel1 when k| = 0. We also have confirmed that this discrepancy is
not due to the inclusion of the perturbed ion current density, which
is ignored in the classical model.

We note that the basic set of equations used in the classical
model by Davidson et al.'” is different. The biggest difference is that
Poisson’s equation is used in the classical model, while we used
Faraday’s induction law. To understand the cause of this discrep-
ancy, we have developed another model to calculate the dispersion
relation. In this model, we follow the basic equations of the classical
model, while using our results for the perturbed density and current
density.

In our geometry, the first-order equations in Davidson et al."”
can be written as

ity

Ey — mhy =0, (C1)
ie
Eix + Py (mg — ne) =0, (C2)

where A = w/(ck), which is from the displacement current. This
contribution is ignored, since the phase velocity of LHDW:S is much
smaller than the speed of light (|A?| < 1). We have confirmed that
the dispersion relation is insensitive to the inclusion of A”.

For Jiy, ni1, and ne1, we use the results from our models. The

perturbed ion density is given by”*
. Noe .
ny = lmzl(kElx — lSEly). (C3)

For the perturbed electron density, we will use one from the colli-
sionless model for simplicity, as there is not much difference
between two models. We also assume that Tey = Tjp. With k| =0
and ue, = 0, ne can be expressed as’

kﬂo . N n kuer
7((” — kueOX)BO |:1CxElx + Cy (1 - o )Ely:| 5 (C4)

~1
1— ch +L 8k12/t2e + kuteox +l kz‘;tze + EUe0x :
20 \ w2, e 2\ Wz, O

(C5)

Ney =

where

" ¢
Ci= (oceJrk)
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FIG. 8. Dispersion relation for the case of the ES-LHDW (Te = Ty = 10 eV, ne = 2 10™ em~2, By = 180 Gauss, gy = 50 km/s, singly ionized helium). (a) Dispersion
relation for four cases. The blue and red lines indicate results from collisional and collisionless models, respectively. The green line denotes the case derived here with
Poisson’s equation and perturbed quantities in the collisionless model. The black lines indicate the results from the classical models."” (b) Growth rate of the ES-LHDW for all

cases.
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(Ce)
The y component of the perturbed ion current is**
AL ()
ly — mom ly-
The y component of the perturbed electron current is”
ieny | . kteo
J5, = B {zC;‘Elx +Cy <1 — w") El},} , (C8)
where
C; _ (1 + Kt ) . 0(2 +L Sthze ktteox
20leWce 20 \ W2, Wee
-1
LV e
o (e g B (C9)
2\ g, Wee
o K*v2 l— o4 1 ekvZi  kiteos
7 2002, ¢ 20 \ @2, O
-1
41 (kz?ze 8”3"")} . (C10)
2\ ws, Wee
With Egs. (C3), (C4), (C7), and (C8), Egs. (C1) and (C2) can be
written as
DyyEy, + DyxEi, =0, (C11)
nyEly + DyEix =0, (C12)
where

D, =1 —Kz(ff A% —I‘(’z(’lInggx) Y (C13)
Dy = — % (C14)
O SR

2 cn
Pec=1- dezi;%,i , wg(; TCzéerx) ’ (€16

where /p; = /& Tio/€*ny is the ion Debye Length. The dispersion
relation can be obtained by setting Dy, D, — Dy, D, = 0.

The dispersion relation from this simplified model (green
line) agrees with the classical model, as shown in Fig. 8(a). This
means that the discrepancy is due to the use of Poisson’s equation,
where the Faraday induction term is ignored. With the parameters
for the ES-LHDW, f. is about 0.25, which means that perturbed
magnetic field due to the perturbed plasma current may not be
negligible. This argument is supported by observations in labora-
tory and space,”'’ where magnetic field fluctuations exist
when there are strong electric field fluctuations associated with
ES-LHDW.

It is interesting to see that the growth rate from the simplified
model is considerably lower than that from the classical model, as
shown in Fig. 8(b). This difference is likely related to the lack of a
rigorous modeling of the heat flux in this simplified model.
Although the magnitude is different, both models show that the
peak growth rate is around kp, ~ 1.

This comparison shows that the use of electron fluid equations
is acceptable for dynamics of LHDWs. It should be also noted that
only our models include full electromagnetic effects, since the
induction term is included. These effects are important when f is
not negligible.
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