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Abstract. Experimental devices for the study of the physics of high beta (β & 4%), low aspect ratio

(A . 4.5) stellarator plasmas require coils that will produce plasmas satisfying a set of physics goals,

provide experimental flexibility and be practical to construct. In the course of designing a flexible coil

set for the National Compact Stellarator Experiment, several innovations have been made that may

be useful in future stellarator design efforts. These include: the use of singular value decomposition

methods for obtaining families of smooth current potentials on distant coil winding surfaces from which

low current density solutions may be identified; the use of a control matrix method for identifying

which few of the many detailed elements of a stellarator boundary must be targeted if a coil set is to

provide fields to control the essential physics of the plasma; the use of a genetic algorithm for choosing

an optimal set of discrete coils from a continuum of potential contours; the evaluation of alternate

coil topologies for balancing the trade-off between physics objectives and engineering constraints; the

development of a new coil optimization code for designing modular coils and the identification of a

‘natural’ basis for describing current sheet distributions.

1. Introduction

Experimental devices for the study of the physics
of high beta (β & 4%), low aspect ratio (A . 4.5)
stellarator plasmas require coils that will produce
plasmas satisfying a set of physics goals, provide
experimental flexibility and be practical to construct.

In the first stage of stellarator design, baseline
plasma configurations with attractive equilibrium
physics properties are identified using a fixed bound-
ary configuration optimization procedure originally
developed by Nührenberg and Zille [1]. Here the
plasma boundary shape is varied, with assumed cur-
rent and pressure profiles and toroidal flux in the
plasma, so as to best satisfy chosen stability and
transport goals. There remains the complicated task
of designing a flexible coil set that can provide mag-
netic fields which support the reference equilibria and
which allow a wide range of interesting physics exper-
iments around the design configuration. In the course
of designing a coil set for the National Compact Stel-
larator Experiment (NCSX), we have made several
innovations that we expect to be useful in future stel-
larator design efforts. Although NCSX is a quasi-
axisymmetric (QA) device, the methods described

here should be applicable to any low aspect ratio
stellarator design.

2. Current sheet coil improvements
using SVD

The NESCOIL code [2] has been an important
coil design tool for larger aspect ratio stellarators,
and continues to be used in the design of NCSX. A
coil winding surface (CWS) is chosen that encloses
the plasma and has realistic coil to plasma separa-
tions. A current potential Φ(u, v) representing a sur-
face current distribution j′ = n̂′ ×∇Φ(u, v) is then
sought such that the normal component of the mag-
netic field vanishes in the least squares sense at the
plasma boundary (n̂ and n̂′ are unit normals to the
plasma and coil winding surfaces, and u, v are the
poloidal and toroidal angles per field period on the
CWS). Once the potential has been determined, dis-
crete coils are obtained by selecting an appropriate
set of contours of Φ and interpreting each contour
as a filamentary coil carrying an amount of current
that is proportional to the change in potential mid-
way between the chosen contour and its two chosen
neighbours. Problems can be encountered with this
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Figure 1. SVD scan for LI383 current sheet solutions with saddle topology showing the trade-off

between B fitting error Berr and maximum current density Jmax as the singular value cut-off is

increased.

standard NESCOIL procedure when it is applied to
a CWS distant from the plasma: numerical difficul-
ties are associated with ill-conditioning of the induc-
tance equations, which relate the Fourier components
of the current potential to the normal component of
the magnetic field at the plasma boundary, and these
can result in excessively large current densities in the
current sheet solution. To overcome this problem and
to obtain smooth current potential solutions we have
implemented a singular value decomposition (SVD)
[3] method for solving the inductance equations. By
varying the number of singular values retained in the
SVD solution, a family of current sheet solutions is
obtained which represents a trade-off between the
fitting error (related to the accuracy of reconstruct-
ing the target plasma from the coils) and engineering
criteria such as coil complexity and current density
[4].

In general, the current potential on a prescribed
CWS enclosing a chosen plasma can be written as
the sum of a secular and a periodic contribution [2]:

Φ(u, v) = ctu + cpv + (Cont.)

+
∑

m=0,M,n=−N,N

Φmn sin 2π(mu + nv). (1)

Non-zero secular coefficients ct and cp correspond to
coil topologies with net poloidal and toroidal cur-
rents (e.g., stellarator modular coils or axisymmetric
poloidal field (PF) coils). A saddle coil design with
ct = cp = 0 is being considered for NCSX. In this
option the toroidal flux requirements of the plasma
would be provided by tokamak field coils providing
a 1/R toroidal field. The saddle coils would provide
the required stellarator transform.

Figure 1 shows the results from the calculation of a
family of current sheet solutions with saddle topology
for a candidate NCSX plasma, LI383 (〈R〉 = 1.73 m,
〈a〉 = 0.40 m, β = 4%, Ip = 150 kA, BT = 1.2 T).
A CWS with a coil to plasma normal separation dis-
tance varying between 18 and 25 cm was used. The
inductance equations, LI = b, relating the Fourier
coefficients I = {Φmn} of the current potential to
the normal component of the magnetic field b =
{(B · n̂(u, v)i} on the plasma boundary, were solved
using the SVD method. The b data were evaluated
on a 64×64 mesh of points on the plasma boundary,
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uniformly spaced in u and v. The maximum poloidal
and toroidal mode numbers used in the Fourier rep-
resentation of Φ were M = 8, N = 8, which led
to row and column dimensions for L of Nb = 4096
and NΦ = 144, respectively. NΦ = 144 approximate
solutions of the inductance equation were obtained
using the following procedure: for j = 1, ..., NΦ, all
but the largest j singular values are set to zero for
the calculation of the pseudo-inverse [3] of L. Once
the pseudo-inverse has been calculated, the solution
vector I for the given value of j is determined by
standard back-substitution. For j = NΦ, the solution
is identical to the standard NESCOIL least squares
solution. For j < NΦ the solutions are further reg-
ularized by the SVD cut-off, allowing a trade-off
between accuracy of solution and maximum current
density of the current sheet. The accuracy of solution
is characterized by BRMS

err and Bmax
err , the RMS and

the maximum normal components of the magnetic
field error on the plasma boundary normalized by
the local total magnetic field. BRMS

err in particular is
a measure of how well the current sheet solution can
be used to reconstruct the shape of the target equi-
librium, and in practice we find that BRMS

err . 1% is
required for accurate reconstruction of QA configu-
rations. From Fig. 1 we see an essentially monotonic
dependence of the fitting errors on the number of
singular values retained. However, the dependence of
the calculated sheet current density Jmax on j is non-
monotonic. By selecting the particular current sheet
obtained by retaining 126 finite singular values, and
using this sheet for cutting coils (Section 4), the cur-
rent sheet density is reduced by 10% compared with
that of the standard least squares NESCOIL solu-
tion. In other cases, reductions of up to 50% have
been achieved. Such reductions lead to a significant
increase in allowed flat-top time for the coils.

3. Control matrix method for
sensitivity analysis

The ability to control kink stability and quasi-
axisymmetry is a key element of the proposed NCSX
experiment. As reported previously for an early can-
didate QA configuration named c82 [5] (with similar
physics properties to those of LI383) it was found
that increasing/decreasing the outboard indentation
of the plasma cross-section at the symmetry plane
v = 0.5, relative to the baseline indentation, stabi-
lizes/destabilizes external kink modes. Furthermore,
specific coil groups were identified which could per-

form this kink mode control. However, as the kink
growth rate was varied substantial departures from
quasi-axisymmetry developed. To determine which
combination of coil currents can independently con-
trol the kink stability and QA, it is helpful to under-
stand the specific plasma shape changes which affect
these physics properties. Control matrices [6] provide
this information.

Consider a plasma configuration Z which is asso-
ciated with a set of M targeted physics properties
P . For example, Z can be taken to be the set of
N Fourier components which describe independent
displacements of the plasma boundary. The physics
parameters can be quantities such as iota and various
measures of QA transport and stability, for example,
χ2

T =
∑

m,n6=0 B2
mn/B2

00 on one or more chosen flux
surfaces in the plasma, and χ2

K = λ2
Kink . Expanding

P (Z = Z0+z) = P (Z0)+p about a particular con-
figuration Z0 one has to first order a matrix equation

p = C0z (2)

with C0 ≡ C(Z0) the control matrix at the design
point Z0. This may be inverted using the SVD theo-
rem [3] C0 = UΣVT , with U and V unitary matrices
and Σ a diagonal matrix of singular values σi. Taking
the particular basis set πi=1,M in the target P space
to be the set of unit vectors with 1 in the ith position
and 0 elsewhere, one has the corresponding set of ξi

displacements in Z space

ξi ≡ C+
0 πi (3)

with C+
0 the pseudo-inverse of C0. The ξi physi-

cally represent displacements which change a single
physics parameter, such as the kink mode growth
rate (i = K) or QA transport (i = T ), leaving the
other parameters unchanged. The N − M vectors
vi (i = M + 1, . . . , N) spanning the null space of C
(which change the configuration without modifying
any of the Pi) are the orthonormal set formed by
those columns of V with i such that σi = 0. These
are also important, permitting one to find different
stellarator boundaries with the same physics perfor-
mance, but different engineering properties, giving
flexibility for improved coil design. Figure 2 shows
results from a calculation of the displacement vec-
tors ξT,K for a member of the c82 family of config-
urations. A notable success of the CM calculation
is the manifestation of ξK as the outboard indenta-
tion at the v = 0.5 plane, as observed empirically. If
stellarator coils can exactly reproduce this boundary
displacement, there will be no modification of the
QA-ness.
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Figure 2. Poloidal cross-sections at toroidal symmetry planes of a c82 plasma bound-

ary (solid curves), and the boundary perturbed by 0.002ξQA,K and 0.01vQA,K . The

perturbation amplitudes used here were chosen for viewing purposes only.

4. A genetic algorithm for cutting
discrete coils

Once the current potential Φ(u, v) has been cal-
culated from NESCOIL, a set of discrete coils can
be obtained by selecting Nc appropriate contours of
Φ and interpreting each as a filamentary coil. In the
limit as Nc →∞ the discrete coil system reproduces
exactly the magnetic field of the current sheet. For a
practical coil system, however, we must choose a coil
set with the following minimum set of properties:

(a) The number of coils should be small, to allow
for heating and diagnostics;

(b) The reconstruction errors (measured by how
well the boundary conditions b = 0 are sat-
isfied at the plasma boundary) should satisfy
BRMS

err . 1%;
(c) The maximum coil current should be small

(<20 kA/cm2) to minimize resistive dissipation
which limits the flat-top time of the magnetic
field.

Various algorithms have been explored for choosing
the optimum set of contours to consider as coils.
Among these, a genetic algorithm (GA) [7], which
is an adaptive search and optimization method that
simulates the natural evolution processes of biolog-
ical organisms, has been found to greatly improve
our ability to find coil designs which realize the coil
design targets (maximum current density, coil com-
plexity, etc.).

Genetic algorithms work with a population of
‘individuals’, each of which represents a possible solu-

tion to the optimization problem. An individual is
assigned a ‘fitness’ according to how well it satis-
fies the optimization targets. In the present appli-
cation, an individual is defined to be a particular
subset of potential contours, and the fitness mea-
sure is a linear combination of BRMS

err and Imax
c .

The fittest individuals are allowed to reproduce by
cross-breeding, thereby producing a new generation
of individuals (population of new solutions) that con-
tains a high proportion of the best characteristics of
the previous generation. In this way, over successive
generations, good characteristics are spread through-
out the population and the most promising areas of
the search space are explored. The GA incorporates
‘mutation’ during evolution, which encourages find-
ing the global, rather than a local, minimum state.

Full details of the GA applied to the problem
of cutting stellarator coils are presented in Ref. [8].
Here, we simply demonstrate the usefulness of this
coil cutting algorithm in obtaining discrete saddle
coils for the c82 plasma configuration, by comparing
results using the GA with those from the conven-
tional algorithm, which chooses Nc contours equally
spaced in Φ, having equal currents in each of the
coils. To achieve BRMS

err ≤ 1% with equally spaced
contours, it was found necessary to have Nc = 13
coils per half-period. This gives a corresponding max-
imum coil current density of Imax

c = 14.7 kA/cm2.
Table 1 shows the results from a sequence of GA runs
assuming different values of Nc and targeting a linear
combination of BRMS

err and Imax
c in the cost (fitness)

function. The GA is seen to reduce the number of
required coils by a factor of 3 while achieving equal,
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Table 1. Comparison of mean and maximum fitting

errors at the plasma boundary, and the maximum coil

current density for various numbers of coils per half-

period

Method Nc BRMS
err (%) Bmax

err (%) Imax
c (kA/cm2)

Equi-Φ 13 0.95 7.0 14.7

GA 7 0.52 2.8 14.2

GA 6 0.61 3.8 12.7

GA 5 0.77 5.7 13.2

GA 4 0.92 5.0 14.2

V
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Figure 3. Contours of current potential obtained by the

SVD method of Section 2 form the coil pool for the GA.

The particular coils selected by the GA for Nc = 4 are

shown as bold lines.

or somewhat lower, values for the targeted quanti-
ties. The coil contours selected by the GA are shown
as bold lines in Fig. 3.

5. Alternate coil topologies

Plasma configurations and conformal saddle coil
designs for NCSX were initially generated on the
basis of maximizing the use of existing assets
from the PBX tokamak. In particular, the required
toroidal flux was supplied from the 1/R field of the
tokamak toroidal field (TF) coils. For the c82 plasma
configuration, this resulted in high current densities

X

Y

Z

X

Y

Z

Figure 4. Option with saddle coils and a 1/R back-

ground toroidal field. Circular PF coils are included for

equilibrium flexibility.

in even highly optimized saddle coil designs (e.g.,
see Table 1). Alternate coil topologies have been
explored around the c82 plasma configuration in
parallel with the development of alternate plasma
configurations. The goal is to identify the key char-
acteristics of each topology, including plasma prop-
erties (performance, flexibility and surface quality),
practicality of machine construction, access, perfor-
mance (toroidal field and pulse length) and cost, with
a view to reducing engineering difficulties. The coil
topologies considered include saddle coils with 1/R

background TF coils, saddle coils with L = 3 back-
ground coils, and modular coils. For comparing the
options on an equal footing, a simple coil selection
strategy was used: saddle and modular coils were
obtained from equipotential contours of the current
sheet potential, retaining the minimum number of fil-
amentary coils needed to reduce the Bnormal fitting
error at the plasma boundary to BRMS

err = 1%. As
demonstrated in Section 4, such a strategy results in
the need for a larger number of saddle coils than the
GA.

The 1/R background field option features verti-
cal TF coils and circular PF coils for equilibrium
flexibility and inductive current drive, and is shown
in Fig. 4. Saddle coils are located in a monolithic
shell (the CWS) that surrounds the plasma surface.
This option maximizes the use of existing assets from
the PBX tokamak, which should translate into a
significant cost benefit. Locating the saddle coils in
machined grooves in the monolithic shell provides
precise positioning with minimum deflections. The
main detraction of this option is the rather high
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Figure 5. The L = 3 background coil option with sad-

dle coils. The coils shown include three circular (tilted)

interlocking background coils, three circular (vertical) TF

coils, one pair of circular PF coils and the conformal sad-

dle coils.

current density in the saddle coils, which limits the
peak field and pulse length. Access is marginally sat-
isfactory, being limited mainly by the PBX TF coils
and support structures, rather than the saddle coils.
The PBX TF coils limit the plasma to a narrow range
in aspect ratio. New TF coils would relax the aspect
ratio constraint and improve access, but at increased
cost.

Several alternatives to a 1/R background coil
topology such as that of the PBX option have been
explored. The one that was most effective in reducing
the current density was the L = 3 option shown in
Fig. 5. This option features three circular L = 3 coils,
three circular (vertical) TF coils and one pair of cir-
cular PF coils for equilibrium control. The L = 3
coils are tilted interlocking coils that enclose the
major axis and the plasma. Although the coils are
planar and circular, they form a true helical winding
around the plasma, closing on themselves after one
poloidal and one toroidal circuit about the plasma.
Conformal coils are located in a monolithic shell as
in the PBX option. The L = 3 coils are very effec-
tive in reducing the maximum current density in the
saddle coils when compared with that of the 1/R

background TF option. Reductions of greater than
60% have been achieved. There are two disadvan-
tages to this option. First, the presence of saddle coils
near the outboard midplane restricts access for neu-
tral beam injection. Second, with so few background
coils, there is a large stray field in the vicinity of the
neutral beams. Future explorations of this topology
would be needed to address these issues.

Modular coils were also considered (see Section 6
for a design method for modular coils based on opti-
mization). A full set of PF coils would be added for
flexibility and inductive current drive. A supplemen-
tary TF set might also be required for experimen-
tal flexibility. Modular coils have been used on W7-
AS and HSX and are planned for W7-X. Low stray
fields obviate concerns about neutral beam compat-
ibility. Reductions in current density of about 50%
have been achieved relative to the 1/R background
TF option, perhaps avoiding the need to pre-cool to
below ambient temperature. Modular coils are typi-
cally located further away from the plasma (except
inboard), providing more space for flexibility with
the plasma shape. The modular coils required to
reproduce NCSX plasmas are different from existing
modular coils, having a larger toroidal excursion and
sharper radii of curvature. The main disadvantage to
modular coils lies in the large number of unresolved
technical issues related to coil fabrication (minimum
radius of curvature and twist), assembly, support and
alignment. Access for heating and diagnostics is also
a concern.

6. COILOPT: A code for designing
modular coils

The coil design techniques discussed in previous
sections have focused largely on the use of sad-
dle coils with a background toroidal field. Modu-
lar coils provide both poloidal and toroidal mag-
netic field components and pose additional design
issues. Unlike saddle coils, no acceptable modular
coil designs based on conformal winding surfaces
have been found for compact stellarator configura-
tions: magnetic field errors for a reasonable num-
ber of coils are simply too large. This results from
a trade-off between current density, which requires a
relatively close plasma–coil spacing, and ripple errors
that favour large plasma–coil separations.

To address these issues, COILOPT, a coil opti-
mization code, was developed [9]. The primary differ-
ence between this and similar codes such as ONSET
[10] is in the representation of the coils. Coils lie on
a winding surface with (typically) the toroidal loca-
tion being given as a Fourier series in poloidal angle.
The winding surface is described by the usual Fourier
series in the poloidal and toroidal angles for R and
Z, namely,

R =
∑

Rmn cos 2π(mu + nv) (4a)
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Figure 6. Modular coils calculated by COILOPT for

the LI383 configuration. There are seven coils per period

and four unique coils.

Z =
∑

Zmn sin 2π(mu + nv). (4b)

The toroidal position of a coil on this surface, the
winding law, is given by

v(u) = v0 +
∑

k

[ak cos(2πku) + bk sin(2πku)]. (5)

This representation leads to a coil set that depends
on, typically, of the order of a hundred independent
parameters for the winding surface and the coil wind-
ing law. This is a factor of 10–100 less than the num-
ber of parameters that are required to describe a coil
set composed of a set of short segments. As a result of
this reduction in the number of independent param-
eters, coil designs can be produced using a few hours
of IBM RISC6000 time.

The optimization uses the Levenberg–Marquardt
algorithm [3]. In addition to targeting the magnetic
field error BRMS

err , measures of plasma–coil separa-
tion and coil–coil separation are used to control cur-
rent density. Similarly, measures of coil curvature and
length are used to control the variation of the wind-
ing surface and to produce coils acceptable from an
engineering standpoint. Allowing the winding surface
shape to vary during the optimization is the key to
the successful application of COILOPT. A modular
coil set developed by COILOPT for the LI383 con-
figuration is illustrated in Fig. 6. The current density
in the copper is about 12 kA/cm2, in the range that
would permit coils to operate at room temperature.

7. Integrated plasma–coil design
methods

The traditional methodology for the plasma–coil
system design is based on a two stage approach. In
the first stage, a plasma configuration is identified by
the fixed boundary plasma optimizer. This provides

a target boundary surface and normal distribution
of B on the plasma surface derived from currents
flowing in the plasma volume. In the second stage,
coils are sought with which an attempt is made to
match the normal magnetic fields on the specified
plasma boundary. Once the coil geometry is deter-
mined engineering figures of merit, such as current
density and minimum radius of curvature, are anal-
ysed. If these are unsatisfactory, the configuration is
modified and the process is repeated. Iteration usu-
ally leads to a solution that meets a set of engineering
requirements.

In the NCSX design we have had success incor-
porating some engineering constraints into the fixed
boundary plasma optimizer, a procedure which
greatly improves the efficiency of the two stage coil
design process. For example, use of NESCOIL at each
major step of the physics optimizer provides input to
an auxiliary ‘penalty’ function which measures the
magnitude of Jmax , the maximum current sheet den-
sity, and C, the current sheet ‘complexity’ [11] (math-
ematically the enstrophy of the current potential, a
measure of the lumpiness of the current potential).

Additional penalty function strategies are being
developed [12] which relate to issues of plasma con-
trol. The basic idea is to penalize configurations
developed by the optimizer which require short wave-
length magnetic fields for their reconstruction. At
some level, it is clear that such fields at the plasma
surface cannot be relevant to the global physics
properties of the plasma. If arbitrary independent
plasma deformations are allowed by the fixed bound-
ary plasma optimizer, one cannot guarantee that the
plasma shape output by the optimizer will avoid a
dependence on these short wavelength fields. If these
fields are required by the specific target shape and a
coil set is designed to include provision of these fields,
detailed control of the plasma shape can become
problematic: changes in short wavelength fields at
the plasma surface require substantial changes in cur-
rent in distant coils because of the rapid attenuation
of such fields. Thus, it is worthwhile to consider the
addition of a penalty function to the plasma opti-
mizer which eliminates the possibility of designing to
a configuration that requires small wavelength fields.

Given a CWS upon which a current sheet distri-
bution is to be calculated, a physics based complete
set of functions, called ‘natural’ functions [12], can
be identified with the following properties:

(a) They are eigenfunctions of an in-surface
Helmholtz operator whose elements depend only
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on the winding surface geometry. A surface
current distribution can be expanded in this
complete set of functions.

(b) Each function is labelled by an associated eigen-
value which tells us how rapidly the magnetic
field strength due to that distribution of current
decreases with distance from the surface.

(c) The lowest order natural functions have the
smallest eigenvalues and decay most slowly with
distance from the surface. Figure 7 shows a con-
tour plot of a low order natural function, includ-
ing a comparison with a related NESCOIL sine
basis function.

We are presently exploring various methods for
constraining configuration shapes such that their
associated current sheet solutions can be fitted
exactly with only low order (i.e. small eigenvalue)
natural functions, say the lowest Nf ≈ 50 or so. This
can be done within the context of free or fixed bound-
ary optimization codes. For example, once a CWS
is defined, the natural function current distributions
can be calculated and a free boundary optimizer can
vary the Nf coefficients of the natural functions to
minimize the physics penalty functions (measuring
quasi-symmetry, stability and other physics or engi-
neering measures such as current sheet complexity).
Alternatively, in a fixed boundary optimizer, for each
step that the plasma configuration changes shape a
CWS can be generated, and the associated natural
functions calculated. A penalty function can then be
evaluated representing the failure to fit the calcu-
lated Bnormal at the plasma boundary with the low-
est Nf of these functions.

8. Conclusions

In the course of designing a coil set for NCSX,
we have made several innovations that we expect to
be useful in future stellarator design efforts. These
include:

(a) The use of SVD methods for obtaining families
of smooth current potentials on distant coil winding
surfaces from which low current density solutions can
be selected for cutting coils (Section 2);

(b) The use of a control matrix method for iden-
tifying which few of the many detailed elements of
a stellarator boundary must be targeted if a coil set
is to provide fields to control the essential physics of
the plasma (Section 3);

1
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Figure 7. In the upper frame, contours of a low order

natural function for the LI383 winding surface are shown.

In the limit of infinite aspect ratio, this function corre-

sponds to the m = 1, n = 1 NESCOIL sine basis function

shown in the bottom frame.

(c) The use of a GA for choosing an optimal set
of discrete coils from a continuum of potential con-
tours (Section 4), allowing a reduction in the required
number of coils;

(d) The evaluation of alternate coil topologies for
balancing the trade-off between physics objectives
and engineering constraints (Section 5);

(e) The development of a fast new coil optimiza-
tion code for designing modular coils (Section 6);

(f) The identification of a natural basis for describ-
ing current sheet distributions which guarantee the
avoidance of problematic short wavelength magnetic
fields (Section 7).
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