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Simulation Study of Electron and Proton Whistlers in the Ionosphere
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Electron and proton whistlers are studied in a time-dependent numerical experiment. By adopting
the multi-fluid wave model, we investigate the propagation of whistler waves in the mid-latitude
ionosphere. Our numerical results show that proton whistlers appear on the dynamic spectrum as
rising tones, which start after the reception of a short electron whistler, asymptotically approaching
the proton gyro-frequency. The time histories and the dynamic spectra of the electric fields at
di↵erent altitudes are presented. A polarization reversal is found to continuously occur at the
crossover frequencies as the altitude increases. Our simulation confirms that the proton whistler
and the electron whistler are left- and right-handed circularly-polarized waves, respectively.
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I. INTRODUCTION

The inclusion of multi-ions in the plasma facilitates the
propagation of left-handed circularly-polarized (LHP)
waves for the band of frequencies below each ion gyro-
frequency. Smith and Brice [1] found that between two
adjacent ion gyro-frequencies there is a frequency, called
the crossover frequency (!cr), where the mode becomes
linearly polarized, and both the LHP and right-handed
circularly-polarized(RHP) modes are exchanged beyond
the cross-over location. Thus, when the frequency ap-
proaches !cr, polarization reversal occurs.

In the ionosphere, polarization reversal provides a
mechanism by which upgoing electron whistlers can
become proton whistlers. Proton whistlers are dis-
persed forms of lightning impulses observed in the iono-
sphere, and appear on the dynamic spectrum as rising
tomes asymptotically approaching the local proton gyro-
frequency (see, e.g., [1] and [2]). Barrington et al. [3] and
Gurnett and Rodriquez [4] observed similar phenomena
near the helium gyro-frequency, which they called a he-
lium whistler.

The polarization reversal and the mode coupling of
electron and proton whistlers have been discussed by sev-
eral workers [5–7]. According to Gurnett et al. [2], strong
mode coupling exists when the RHP electron whistlers
are split into both RHP and LHP waves, both of which
appear simultaneously in observations (we use their def-
inition of mode coupling hereafter). Gurnett et al. [2]
were able to explain the polarization reversal of proton
whistlers at !cr in a collisionless model. They also sug-
gested that collisions should be important in mode cou-
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pling to explain the occurrence of both electron and pro-
ton whistlers. Recently, Ferencz [8] suggested that ion
cyclotron whistlers may occur in the case of longitudi-
nal propagation, as well as oblique propagation, without
assuming any kind of polarization reversal or mode cou-
pling when waves start at the mid-altitude ionosphere.
An experimental study of polarization reversal and mode
coupling of electron and proton whistlers was performed
by Rodriquez and Gurnett [9]. They considered five
types of whistlers: polarization reversal and no coupling
(type C1), polarization reversal and weak coupling (type
C2), strong coupling (type C3), no polarization reversal
and weak coupling (type C4), and no polarization rever-
sal and no coupling (type C5).

It is purpose of this letter to report on the first nu-
merical simulation of electron and proton whistlers in a
time-dependent manner. By adopting a multi-fluid nu-
merical model, we reproduce whistler waves. With the
group travel time calculated analytically, our simulation
results show how electron and proton whistlers propa-
gate in the mid-latitude ionosphere. We also compare
our results with those of previous observational and the-
oretical studies.

II. DISPERSION RELATION

Figure 1 shows the dispersion relation in the presence
of helium ions when k? is constant, where k? is the
wavevector perpendicular to the background magnetic
field ( ~B0). In this figure, the three branches of the disper-
sion relation are referred to as class I, II, and III. Class I
waves have frequencies below the helium gyro-frequency
(!cHe), and they are LHP waves. Class II and III waves
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Fig. 1. Dispersion relation of plasma waves in the presence
of He ions (here NHe/Ne = 0.4). The solid curves and the
dotted curves denote LHP and RHP waves, respectively. Note
the polarization reversal at ! = !cr.

have frequencies !cut(II) < ! and !cut(III) < ! < !cH,
respectively, where !cut(II) and !cut(III) are the cut-o↵
frequency of LHP Class II and RHP Class III, respec-
tively, and !cH is the hydrogen gyro-frequency. Since
we assume a finite wavevector (k) in our simulation, the
cut-o↵ condition is reduced to n2

k = 0. The crossover
frequencies are the frequencies at which the refractive
indices of two characteristic modes become equivalent.

The polarization reversal at !cr is visualized in Fig. 1.
The solid and the dotted curves denote LHP and RHP
waves, respectively. For Class II, the LHP mode branch
beginning at !cut(II) becomes a RHP mode at !cr. Class
III waves consist of the LHP mode for !cr < ! < !cH

and the RHP mode for ! < !cr. In the ionosphere, the
polarization reversal of Class III waves becomes impor-
tant in the generation of proton whistlers.

III. MODEL

In a cold plasma, linearized plasma waves can be de-
scribed by Maxwell Equations and the Equation of mo-
tion for a single particle of species j:

~r⇥ ~E = �@~b

@t
, (1)
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~J +
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@ ~E
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X

j

Njqj
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where ~E, ~b, ~V , and ~J represent the perturbed electric
and magnetic fields, the velocity, and the current den-
sity, respectively. We adopt a box model which is based

on that of Kim and Lee [10]. The ambient magnetic
field and the inhomogeneity are assumed to lie in the
z direction. We limit ourselves to harmonic variations
in the x direction (perpendicular to the magnetic field),
and all waves are proportional to exp(ikxx), where kx is
the given x direction wavenumber. Since hydrogen and
helium ions have predominant concentrations in the top-
side ionosphere, we assume an electron-hydrogen-helium
plasma. To save computing time, the proton-to-electron
mass ratio is assumed to be 100. In this model, fre-
quencies are normalized to !cH (⌦ = !/!cH), time is
normalized to tcH = 1/!cH, and length is normalized to
�cH = c/!cH. We assume the maximum altitude to be
Lz = 70�cH in this model. The simulation is run from
t = 0 to t = 2638tcH. An impulsive input is assumed for
Ey at z = 0 during 0 < t < 1.76tcH, which is similar to
a lightning impulse at the ground. For convenience, we
assume a single wave vector kx = 1.07/�cH, which can
include the e↵ect of slanting propagation with respect to
the magnetic field such as in the mid-latitude ionosphere.
The boundaries are assumed to become perfect reflectors
after the impulsive stimulus ends.

We focus on the e↵ect of crossover. The crossover
frequency between hydrogen and helium gyro-frequencies
is given by

!cr = ↵!2

cHe
+ �!2

cH
, (5)

where ↵ = NH/Ne and � = NHe/Ne. Since !cr is a↵ected
by the ion concentration ratio shown in Eq. (5), to inves-
tigate wave properties between two ion gyro-frequencies
easily, we assume that B0 and Ne are constant and that
the ion concentration parameters ↵ and � vary along
the z direction. Figure 2(a) shows the ion concentration
parameter profiles assumed in this study. The relative
concentration of hydrogen increases as the altitude in-
creases in the z direction. Using the ion density profiles
in Fig. 2(a), the normalized crossover (⌦cr) and cut-o↵
frequencies (⌦cut) have been plotted as functions of the
altitude in Fig. 2(b). ⌦M denotes the maximum of the
crossover frequency. In this figure, the shaded region rep-
resents the cut-o↵ for LHP waves. Thus, near ⇠=0, Class
II LHP waves with ⌦ in the range ⌦cHe < ⌦ < ⌦cut(II)

cannot propagate while LHP Class II waves with ⌦ in
the range ⌦cut(II) < ⌦ < ⌦cr and LHP Class III waves
with ⌦ in the range ⌦cr < ⌦ < ⌦cH can propagate to
higher altitude.

IV. GROUP TRAVEL TIME

The group travel time (⌧) of a proton whistler from
the source of the lightning impulse to a satellite is given
by the line integral

⌧(!) =
Z

s

1
vg

ds0, (6)
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Fig. 2. (a) Ion concentration parameter profile, ↵ =
NH/Ne and � = NHe/Ne. (b) The normalized crossover (⌦cr)
and ⌦cut frequencies. ⌦M denotes the maximum of ⌦cr

Fig. 3. Group velocities of Class II and III waves as func-
tions of frequency. The solid and the dotted curves denote
LHP and RHP waves, respectively.

where vg is the group velocity along the ray path s. The
group velocities and the integral in Eq. (6) are based on
the ion concentration profile in Fig. 2. Figure 3 shows
the group velocities of Class II and III waves for various
↵. In that figure, the dotted and the solid lines rep-
resent RHP and LHP waves, respectively. The vertical
lines denote the crossover frequencies for each ↵. The
group velocities become zero near the cut-o↵ frequencies
for Class II and near !cH for Class III. The group veloc-
ities of LHP waves are much smaller than those of RHP
waves in Fig. 3. The RHP waves have minimum group
velocities around !cr, which correspond to the maximum
group velocities of the LHP waves.

Figure 4 shows the computed group travel time (⌧) as a
function of frequency at ⇠ = 17.59 and 35.17. We assume
that the source is given at ⇠ = 0 around ⌧ = 0. The
helium cyclotron wave and the electron and the proton
whistlers appear in Fig. 4, and they correspond to Class

Fig. 4. Computed group travel time (⌧) at ⇠ = 17.59 and
35.17.

I, II, and III in Fig. 1, respectively.
Class I waves represent the helium cyclotron waves at

⇠ = 17.59. This mode starts near the end of the elec-
tron whistler and shows a rise in frequency. Since the
group velocity of Class I is much smaller than the group
velocities of Class II and III, helium cyclotron waves do
not appear at ⇠ = 35.17. Class II shows the fractional-
hop electron whistler for ⌦ > ⌦M. Class III shows the
electron and the proton whistlers. The proton whistler
appears simultaneously with the electron whistler. The
band gap between the two electron whistlers of Class
II and Class III is caused by the crossover frequency
range, which is given by ⌦cr = 0.73 and 0.59 at ⇠ =
17.59 and 35.17, respectively. Where the crossover con-
dition is satisfied, the wave polarization changes from an
electron RHP whistler to a proton LHP whistler. Since
LHP waves have a group velocity with a maximum at
⌦cr, they start immediately at the local ⌦cr and show
a rise in frequency. Since the RHP Class III waves are
converted into LHP Class III and since RHP Class II
waves having ⌦ < 1 cannot propagate to higher altitude,
a frequency gap of electron whistlers occurs. These com-
puted group-travel-time curves for the electron and the
proton whistlers are in good quantitative agreement with
the previous analytical results [2].

V. NUMERICAL RESULTS

Time histories of the electric field at a line of grid
points along ⇠ were recorded. Figure 5 presents the time
histories of Ex at ⇠ = 5.86, 11.72, 17.59, 23.45, 29.31,
and 35.17. In Fig. 5, it is evident that the dispersion pe-
riod (length of the wave train) grows significantly with ⇠
and that the delay time interval increases monotonically
with ⇠. Figure 6 shows the dynamic spectra of Ex, ER,
and EL at ⇠ = 17.59, and 35.17, where ER and EL

are the RHP and the LHP electric field components [11]
defined as

ER = (Ea
x + jEa

y )/2, (7)
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Fig. 5. Time histories of Ex at ⇠ = 5.86, 11.72, 17.59,
23.45, 29.31, and 35.17.

Fig. 6. Dynamic spectra of Ex, ER, and EL at ⇠ = 17.59
and 35.17.

EL = (Ea⇤
x + jEa⇤

y )/2, (8)

where the asterisk denotes the complex conjugate. Ea

is an analytic signal defined as Ea = Ex(y) + jẼ, where
Ẽ is the Hilbert transform of E. The Hilbert transform
is equivalent to a kind of filter, which gives di↵erential
phase shifts (± ⇡/2) according to the positive and nega-
tive sense of rotation. To obtain the dynamic spectrum,
we Fourier transformed the time series at each location
(Fig. 5) with a period of �t.

The dynamic spectra of Ex in Fig. 6(a) are found

to correspond to the computed travel time of Fig. 4 in
timing and frequency. Ex shows a fractional-hop electron
whistler and a proton whistler. Figure 6 suggests that
polarization reversal occurs at the local ⌦cr; thus, the
frequency gap of electron whistlers appears in the range
⌦cr < ⌦  ⌦M . Our results are found to be consistent
with type C1 of Rodriquez and Gurnett’s classification
[9].

The helium cyclotron waves are shown at ⇠ = 17.59
in Fig. 6. Since we assumed the boundary to be a
perfect reflector, the reflected electron whistlers appear
only in the dynamic spectrum at ⇠ = 0. In Fig. 6,
ER shows the electron whistler while EL shows the pro-
ton whistlers and the helium cyclotron wave. It is evi-
dent that the electron whistlers are RHP waves and the
proton whistlers are LHP waves. Smith [12] separated
whistler mode waves into RHP and LHP components by
using the Ogo 6 satellite. Those experimental polariza-
tion measurements are consistent with our results.

In both Figs. 4 and 6, the unique RHP mode is
found near ⌦M and comes from the polarization rever-
sal of Class II LHP modes between ⌦cut(II) < ⌦ < ⌦M

in the beginning. In the lower ionosphere is the LHP
wave cut-o↵ region between the helium and the hydro-
gen gyro-frequencies; thus, unlike other LHP and RHP
modes above, this branch is not found in observations.

VI. SUMMARY AND DISCUSSION

The frequency spectrum of a proton whistler is ex-
plained by considering electromagnetic waves in the iono-
sphere of multi-ions. By adopting the multi-fluid nu-
merical wave model, we reproduced electron and proton
whistler waves in the mid-latitude ionosphere. Even if
we adopt a simple ion concentration profile, our numeri-
cal results are strongly consistent with those of previous
observational and theoretical studies. Our results also
confirm that proton and electron whistlers are LHP and
RHP modes, respectively.

There are several limitations in our study presented
here. We assumed that the electron density was con-
stant in altitude. Inhomogeneities in the total electron
density should be important in coupling and mode con-
version among the di↵erent wave modes. However, we fo-
cused on the e↵ect of crossover in this paper. We showed
how polarization reversal occurs with a crossover condi-
tion between electron and proton whistlers. Our results
should help us understand and di↵erentiate the polariza-
tion reversal in observations from mode coupling which
can be caused by several factors such as nonconformity,
finite temperature, and collisions.

In Gurnett et al.’s definition of mode coupling [2],
strong mode coupling may split the RHP waves into
two circularly polarized waves at the local crossover fre-
quency. According to their definition, there is no mode
coupling in our results owing to the fact that we as-
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sume no collisions among multi-ions and electrons in our
model. Since our model is based on the collisionless fluid
model, our results should be supplemented by the e↵ects
of collisions [2], cyclotron damping [13], and warm plas-
mas [14]. These subjects will be left as our future work.
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