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Powerful x-ray pulses might be compressed to even greater powers by means of backward Raman
amplification in ultradense plasmas produced by ionizing condensed matter by the same pulses. The pulse
durations contemplated are shorter than the time for complete smoothing of the crystal lattice by thermal
motion of ions. Although inhomogeneities are generally thought to be deleterious to the Raman
amplification, the relic lattice might, in fact, be useful for the Raman amplification. The x-ray frequency
band gaps can suppress parasitic Raman scattering of amplified pulses, while enhanced dispersion of the
x-ray group velocity near the gaps can delay self-phase-modulation instability, thereby enabling further
amplification of the x rays.

DOI: 10.1103/PhysRevLett.99.205001 PACS numbers: 52.38.�r, 41.60.Cr, 42.55.Vc, 42.65.Re

New mJ x-ray laser technologies [1–3] might produce
attosecond laser pulses of intensities (power densities)
comparable to the laser intensities currently pursued by
the MJ optical laser technologies [4,5]. The currently
projected durations of powerful x-ray pulses are of the
order of 100 fs. There are proposals to reduce the output
pulse to durations somewhat shorter than a femtosecond,
though in the process much reducing the pulse energy [6].

Efficient compression of powerful x-ray pulses to even
shorter durations might be accomplished by means of
backward Raman amplification (BRA) in plasmas, as pro-
posed in [7]. This proposal relied on highly uniform plas-
mas. However, plasmas produced by the sudden ionization
of crystals may be less uniform, because thermal ion
motion would not smooth the ion lattice within the ultra-
short x-ray pulse durations. For instance, for a 0.3 fs pulse,
the ion temperature needed for the lattice smoothing would
be about A keV, where A is the atomic weight of ions (A �
1 for hydrogen). Such ion temperatures are not readily
achievable, since it is the electron plasma that is primarily
heated by the x-ray pulses, and the energy exchange be-
tween electrons and ions is relatively slow. Neither does
the longer-scale electric field produced from the pondero-
motive evacuation of the electrons smooth (rather than just
deform) the lattice, and a pulse of 0.3 fs duration is 1000 Å
long.

As long as the ion lattice survives in some form, the
electron concentration follows the lattice patterns, and the
respective modulation of the x-ray refraction index will
affect x-ray propagation and interactions. This Letter
shows that rather than to try to smooth out the relic lattice
structure one might exploit it.

To see the possible effects of the relic crystal lattice on
x-ray BRA, consider an ideal lattice giving rise to a peri-
odically modulated plasma. The major differences between
uniform and periodically modulated plasmas are associ-
ated with x-ray frequency band gaps, caused by Bragg
scattering, and enhanced dispersion of the x-ray group
velocity near the bands. The dispersion might, in fact, be
used to manipulate short laser pulses, like Bragg gratings

can be used in optical fibers (see, say, [8] and related
references). We show that this enhanced dispersion may
increase the Raman pulse amplification by delaying the
development of the self-phase modulation instability
(SPMI), which limits the BRA [9]. The pulse is stretched
during the dispersion-dominated stage. It could be recom-
pressed by means of a complementary lattice, similar to
how this is accomplished for optical pulses in chirped pulse
amplifiers (CPA) [10]. The ballistic pulse recompression
occurs as an explosive process (in contrast to the slowing-
down BRA), and so can outrun the SPMI.

A further way to exploit the relic lattice is to use the
associated x-ray frequency band gap for suppressing the
parasitic Raman scattering of the amplified pulses, which
also limits the BRA [9]. The typical near-gap dispersion
law is shown in Fig. 1. For the gap center downshifted from
the amplified pulse by the plasma frequency!p, the Stokes
components of the pulse get into the gap and cannot
propagate in such a system. The suppression of the near-
forward Stokes generation increases the allowed amplifi-
cation distance. The suppression of the backward Stokes
generation allows longer pulses of the same intensity. For
thin enough pulses, plasma channels might guide the laser
pulse and thus avoid side scattering.
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FIG. 1 (color online). The typical near-gap dispersion law. For
the gap center downshifted from the pumped pulse by the plasma
frequency !p, generation of Stokes components is suppressed.
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To see quantitatively what advantages might thus accrue
due to the relic lattice, consider equations for backward
Raman (or Brillouin) amplification, taking into account the
dispersion of the group velocity and the nonlinear propa-
gation effects of the amplified pulse:

 at � caaz � V3fb; ft � �V3ab�; (1)

 bt � cbbz � �V3af� � {c0bbtt=2cb � i{Rjbj2b: (2)

Here a, b, and f are envelopes of long pump pulse,
counterpropagating short pumped pulse, and material
wave, respectively; subscripts t and z signify time and
space derivatives; ca and cb are group velocities of pump
and pumped pulse (the material wave group velocity is
zero in appropriate reference frame); c0b is the derivative of
the pumped pulse group velocity over the frequency; V3 is
the 3-wave coupling constant (real for appropriately de-
fined wave envelopes); and R is the nonlinear frequency
shift constant (due to the Kerr or relativistic electron
nonlinearity). The dispersion and self-nonlinearity are
taken into account only for the pumped pulse (which is
shorter and grows to intensities greater than that of pump).
The encountered fresh material waves do not have enough
time to exhibit dispersive effects associated with the relic
crystal structure within the short pumped pulse duration.

For transient BRA of x rays in plasma, a and b repre-
sent space-time envelopes of the vector potentials of
the pump and pumped pulse, respectively, in units of

mec
2=e � 5 � 105 V, f

����������������
!=2!p
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is the electrostatic field

of the Langmuir wave in units of mec!p=e �

c
�����������������
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ne�cm�3�
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V=cm, !a � !b � !� !p,

!a �!b � !p (here!p is the true resonant plasma eigen-

mode frequency), ca � cb � c, V3 �
����������������
!!p=2

q
, R �

!2
p=4! [11]. The pumped pulse duration is larger than

!�1
p , but shorter than the time for plasma ions to be moved.

The near-gap dispersion law is �!2 � �2 � �k2c2
o, where

co � d!o=dko � c (!2
o � k2

oc
2 �!2

p). For �!� �, the
near-band dispersion law simplifies to c�k � �!�
�2=2�!. Then, cb � c	1��2=2�!2
, and c0b=cb �
�2=�!3. For the suppression of parasitic Raman scattering
of the pumped pulse, as depicted in Fig. 1, �! � !p and
c0b=cb � �2=!3

p.
As long as the dispersion and cubic terms in (2) are

negligible, the solutions of Eqs. (1) and (2) are well known.
At the linear stage of a long pump pulse backscattering
instability [12], the maximum of initially short seed-pulse
moves with the speed cb=2 and increases exponentially
with the growth rate a0V3, where a0 is the nondepleted
pump amplitude. The pulse stretches, since the front moves
with the speed cb. This stage ends when the pump deple-
tion becomes appreciable. Then the nonlinear �-pulse
regime [13] is established. The pulse maximum, moving
with a superluminous velocity, approaches the pulse front,

so that the pulse contracts. The area under the pulse enve-
lope does not change.

As the pulse grows and contracts, its evolution slows
down, while the time for dispersion and self-nonlinearity to
manifest shortens. When these effects become important,
the �-pulse regime ends. Dispersive effects in stimulated
3-wave backscattering were studied previously for regimes
where dissipation is important and stationary propagating
solitons are relevant [14], which differ from the amplifica-
tion regimes of interest here. Yet, since the �-pulse dura-
tion is much shorter than the pumping time, the quasistatic
approximation, at � cbaz, is applicable for the pump
pulse. Then, basic equations can be reduced to the form

 

~a � � ~b ~f; ~f� ��~a~b�; ~b���~a~f� � {~b��� {Qj~bj2 ~b;

(3)

with Q � 2R	ca � cb
=V2
3c
0
b, by the substitution

 

� � 	t� z=cb
	V3a0

2=3	2cb=c0b


1=3;

� � �z	V3a0=cb
4=3	c0b=2
1=3; f � a0

���������������������
1� ca=cb

q
~f;

a � a0 ~a; b � a0	2cba2
0=c

0
bV3


1=3
���������������������
1� ca=cb

q
~b: (4)

Remarkably,Q does not depend on the pump amplitude a0.
As seen from Eqs. (3), the dispersion and nonlinearity are
of same order in the �-pulse regime, if jQj � 1. For jQj �
1, the dispersion could not possibly stop SPMI. For jQj �
1, the dispersion would prematurely stop the pulse com-
pression much before SPMI could develop. For jQj � 1,
the dispersion and nonlinearity become important simulta-
neously at �� 1, precisely as the greatest possible �-pulse
compression is reached. Note that for the uniform plasma
dispersion, c0b � c!2

p=!3, the nonlinearity is stronger than
the dispersion, jQj � 2c!p=!2jc0bj � 2!=!p � 1, so
that an enhanced dispersion is really needed to produce
an effect before the SPMI develops.

The numerical solution of Eqs. (3) (obtained by complex
version of Crank-Nicholson implicit scheme [15]) exhibits,
after the �-pulse regime completion, for jQj & 1, a self-
similar pulse stretching at constant intensity. The pulse
quanta spread with their relative group velocity, while the
pulse intensity remains constant due to the new quanta
coming from the pump. The respective self-similar solu-
tion (obtained below) appears to be a good approximation
to the numerical solution as illustrated by Fig. 2. After
pulse stretching a few times, the nonlinear WKB approxi-
mation can be used. Taking ~a � a1e

i�, ~f � f1e
i�, ~b �

b1e
i� with real continuous phases �, �, � and amplitudes

a1, f1, g1, one gets from the first two of Eqs. (3) in zero-
order WKB approximation:

 ���f1b1=a1; ���a1b1=f1; �������=2: (5)

A small mismatch between the left and right sides of the
last relation enters into the first-order WKB-approximated
equations for amplitudes a1 and f1. When the phase mis-
match is excluded from the amplitude equations, just one
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relation between a1 and f1 follows therefrom, namely, the
conservation law a2

1 � f
2
1 � const � 1.

Further, the six unknown functions can be expressed in
the terms of only two as follows:

 a1 � cos	u=2
; f1 � sin	u=2
; (6)

 �� � b1 tan	u=2
; �� � b1 cot	u=2
; (7)

 �� � �� ��� � �2b1 cotu: (8)

Substituting the above expressions into the complex Eq. (3)
for ~b, one gets two real equations for the remaining two
unknown functions,

 	b2
1
� � 2	b2

1�� 
� � 	cosu
�=2; (9)

 �� � �2
� � 	b1
��=b1 � sinu=2b1 �Qb

2
1: (10)

The term 	b1
��=b1, small in the WKB applicability range,
can be neglected. Then, the equation set (8)–(10) gets a
new symmetry that allows the self-similar substitution � �
�=� and

 b1	�;�
�G	�
; �	�;�
��B	�
; u	�;�
�U	�
;

(11)

leading to the following ordinary differential equations
 

G � �1
2B� tanU; �	G2
� � �2	G2B�
� �

1
2	cosU
�;

cosU � B���B� � B� 	B�
2 �QG2�: (12)

The ordinary differential equation (ODE) set (12), still
complicated, can be dramatically simplified by the
Legendre transformation w � �	� B, 	  B�, which
gives, for ~w  w� 	2,

 cosU � 		 ~w�QG2
; sinU � �2G cosU=	;

	cosU
	 � 2� ~w		G2
	 � 2G2�:
(13)

When w		
 � ~w� 	2 is known, B	�
 is restored by the
inverse Legendre transformation � � w	, B � 	w	 � w.
Values of G and ~w are linked by an algebraic equation,

 	4G2 � 	2
	 ~w�QG2
2 � 1; (14)

that can be used to reduce (13) to a single 1-order ODE for
G as a function of the new independent variable 	,

 

�
dG
d	

�
2
�
		2 � 4G2
3=2 � 1

4�Q		2 � 4G2
3=2
: (15)

The physically relevant solution of this equation has maxi-
mum at 	 � 0 and looks at small 	 as

 G �
1

2

�
1�

	2

1�
���������������������������
	11� 2Q
=3

p �O		4


�
: (16)

This solution, transformed back to the variable �, is pre-
sented in Fig. 2 by dotted line, for Q � 0. It is comple-
mented by cases Q � �4 in Fig. 3.

For larger �, short wavelength modulations appear at the
flattened top of the pumped pulse. The instability is ana-
lytically tractable, and it starts between � � 20 and � �
25, for jQj & 1, as illustrated by Fig. 4. The allowed
amplification distance zM and the output pulse total dura-
tion �t (corresponding to �� � 6 in Fig. 2) can be deter-
mined from the formulas (4) for � and �	� 20
. Thus, by
expressing c0b in terms of Q, one has

 zM�
20cb
a4=3

0

�
Qcb

	ca�cb
RV
2
3

�
1=3
; �t�

120

a2=3
0

�
	ca�cb
R

QcbV
4
3

�
1=3
:

For BRA in plasmas, these formulas for zM and �t read

 zM�
20	4jQj
1=3c

a4=3
0 !p

; �t�
1:7�
	nm
�fsec

jQj1=3	100a0

2=3
: (17)

Note that the allowed amplification distance is larger in
more rarefied plasmas, where !p is smaller. However, the
plasma should be dense enough to avoid an excessive
Langmuir wave breaking (which reduces coupling of the
pump and pumped lasers). Near the wave-breaking limit,
!p � !	4a0


2=3, formula (17) for zM turns into

 zM � 10	jQj=4
1=3
=�a2
0: (18)
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FIG. 3 (color online). Self-similar solution for several Q’s.
Note simple analytical formula for Q � �4.

−4 −2 0 2 4
0

0.2

0.4

0.6

0.8

1

ξ=ζ/τ

W
av

e 
in

te
ns

iti
es

Temporary (τ=20) and self−similar solutions

← 4b
1
2

f
1
2 → ← a

1
2

solid: temporary, Q=0

dashed: temporary, Q=1

dotted: self−similar, Q=0

FIG. 2 (color online). The self-similar solution is an attractor,
for � � 20, and it is not very sensitive to Q, for jQj & 1.
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Since the pump is completely depleted, the energy ac-
quired by the pumped pulse within the distance zM is equal
to the energy of the 2zM-long pump pulse, i.e.,

 E � 2�a2
0	mec

2=e

2zM � 3:7jQj1=3J=�
	cm
�: (19)

For Q � 1, this fluence exceeds by 10 times that in the
uniform plasma. For 
 � 1 nm, the fluence E �
37 MJ=cm2 is acquired within the amplification distance
zM � 2� 10�7a�2

0 cm. For a0 � 0:03, the amplification
distance is 2 �m and the output pulse duration is 0.8 fs.
This pulse could possibly be recompressed back to the
10 times shorter duration of 80 as. Note that for the
efficient BRA, the seed-pulse front should be as short as
the output pulse.

In summary, although inhomogeneities are generally
thought to limit the resonant Raman amplification, it is
shown how relic lattice effects can, in fact, be exploited to
enhance Raman compression in the x-ray regime, opening
up the possibility of generating attosecond x-ray pulses in
plasmas produced by irradiation of crystalline solids. The
analytical theory for the stimulated backscattering has
been developed, taking into account the dispersion of
group velocity and the nonlinear propagation of amplified
pulses. For x-ray BRA in plasmas with relic crystal struc-
ture, the optimal value of the x-ray frequency band gap is
found to be ��!2

p=!. At this value, the enhanced dis-
persion stabilizes the SPMI precisely upon reaching the
greatest possible pulse compression in the �-pulse regime.
The band gap can also suppress the generation of parasitic
Stokes components of the amplified pulse. After comple-
tion of the �-pulse regime, the pulse can stretch and
acquire the fluence 10 times larger than in the uniform
plasma, before the new kind of instability, found above,
develops. The stretched pulse can be recompressed back to
the shortest duration by the complementary lattice, similar
to the CPA technique, giving the potential to generate by

this method x-ray pulses of 40 MJ=cm2 fluences and 80 as
durations.
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FIG. 4 (color online). Short wavelength instability develops at
� > 20 when the pumped pulse top would become otherwise too
flat.
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