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LETTERS

FIELD REVERSAL BY ROTATING WAVES and the consistent electric field

N.J. FISCH (Plasma Physics Laboratory, Princeton
University, Princeton, New Jersey, United States
of America), T. WAT AN ABE (Institute for Fusion
Theory, Hiroshima University, Hiroshima, Japan)

ABSTRACT. Rotating waves have been suggested as a
means of generating currents that, in turn, can produce a
compact-torus configuration. The practicality of this scheme
is assessed with regard to stability and power requirements.
The method of generating current is compared to other
methods of non-Ohmic current drive.

1. INTRODUCTION

The 'Rotamak' [ 1 ] is a conceptual device that
employs rotating magnetic fields to produce a
compact-torus configuration in a mirror device. The
fields rotate in the plane perpendicular to the mirror
axis in the so-called toroidal or 0-direction. The
expectation is that the fields cause electrons to rotate
synchronously to drive a toroidal current. The
toroidal current, in turn, creates an axial magnetic
field which can cancel the original magnetic field,
leading to field reversal and the compact-torus
configuration. Recently, an experiment [2]
recorded very substantial production of current in this
manner and there were indications that the desired
compact-torus configuration had been achieved.

The idea of producing electric current by rotating
waves originated with Blevin and Thonemann [3] and has
been expanded upon in several other papers [4—7 ].
The fundamental principle guiding all relevant theo-
retical and experimental work is that, in the presence
of a rotating field, electrons may be tied to the
magnetic field lines when ions are not, so that the
field causes a synchronous rotation of electrons rather
than ions. It is supposed that this will occur provided
cjc i <̂C OJ <$C CJCC , where w is the frequency of the
rotating field and cjci and coce are, respectively, the
ion and electron gyro-frequencies in this field. To be
specific, it is commonly assumed in the above-referenced
literature that, in the presence of an imposed magnetic
field,

E = (0, 0, wB x coswt + wBy sinwt) db)

where the vector components are given, respectively,
in the rectangular co-ordinates x, y and z (z is the axial
co-ordinate), electrons will follow the rotating field (if
collisions are infrequent enough) so that a toroidal
current

J,, =-nerw (2)

B = (B coswt, B sintot, B ) (la)

will be generated, where n is the electron density,
e the electron charge, and cylindrical co-ordinates
(r2 = x2 + y2 ,6 = cos"1 x/r) are useful to describe
the current. The evaluation of this claim, expressed
by Eq.(2) and fundamental to the Rotamak concept,
is the main aim of this paper.

Our approach is to follow the exact particle
motion in the given fields. It resembles other
analyses [8—12] of the rotating-field problem which
employ slightly different boundary conditions and
concentrate on the localization of particles rather than,
as we shall do, on the current generation and power
dissipation. In particular, we wish to define the role
played by the axial magnetic field in inhibiting particle
motion transverse to it and to place this mechanism of
current generation in the general context of non-Ohmic
current generation methods, for example, in terms of
its efficiency.

Solving exactly the equations of motion in the
applied fields given by Eqs (1) and (2) will allow us to
describe accurately the plasma, including current
generation and power dissipation. This description
will be exact in the limit of vanishing plasma density,
where the additional fields consistent with the plasma
motion may be neglected. An actual Rotamak is, of
course, far more complicated because of the fields asso-
ciated with the motion of dense plasma; so the rele-
vance of our findings must be qualified.

Having presented this caveat, we observe that the
principle behind the Rotamak — that Eqs (1) and (2)
alone imply Eq.(3) — is incorporated in the present
study. It is, therefore, if not conclusive, then at least
more than likely that some important qualitative
features of the Rotamak, including the law governing
power dissipation, may be verified by thoroughly
examining the limit in question.
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The paper is organized as follows: In Section 2, we
shall derive the general solution to particle motion in the
fields described by Eqs (1). In Section 3 the important
parameter regimes are identified and appropriate limiting
cases of the general solution are considered to find
useful expressions for the generated current. In
Section 4, a resistivity law for this mechanism of
current generation is derived. In Section 5, we state
our conclusions and evaluate our findings with
reference to the Rotamak concept.

i.e. a set of linear differential equations with constant
coefficients. Accordingly, a general solution may be
written with

U = A COSOJ T + A COSU T
I I 2 2

+ A sinoo x + A sino) T
3 1 <• 2

(6a)

2. GENERAL SOLUTION

We adopt the following normalizations in solving
for the single-particle motion: r = art, X = x/a,
Y = y/a, Z = z/a, w = qB/mcj and p = qB0/mo>,
where a is the mirror radius and q/m is the charged-
particle charge-to-mass ratio. The Lorentz force law
then becomes

v = D sinw T + D sinco x
1 1 2 2

+ D COSU) T + D COS03 X
3 1 i» 2

(6b)

where the characteristic frequencies are found from
the quadratic

X = -wZ s i n x +

Y = wZ cosx - pX

(3a)

(3b)

' 1 , 2

2+w2+w2+l±± / [ 2 + w 2 + l ] 2+w 2 +l ] 2 +4 (w 2 -p-

(7)

Z = w(X s inx - Y cosx) + c.
The first thing to note from Eq.(7) is that particle

(3c) motion is governed by a stability criterion

where dots indicate differentiation with respect to r
and the force law has been integrated once in the
z-direction, defining cz as a constant of motion.

It turns out that the set of Eqs (3) is tractable in the
rotating co-ordinates u, v, where

u = X cosx + Y sinx

v = Y cosx - X sinx

(4a)

(4b)

In these co-ordinates, the equations of motion reduce
to

(w 2 -p- l )<0 (8)

which is both necessary and (as is easy to show) suffi-
cient for stability. When inequality (8) is not satisfied,
particle orbits become unbounded in time. For ions,
we expect w2, p2 <$C 1, so that motion is always
bounded. For electrons, however, we expect w2,
p2 ^> 1, so that we may say that, for stability, we
need either of the two sufficient criteria:

w

or

(9a)

u - u = (2+p)v (5a)
p < - 1 (9b)

v + ( w 2 - p - l ) v = - ( 2 + p ) u + we.
The general, detailed solution to Eqs (5) is hardly

(5b) needed; we shall, however, provide the solutions to
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the initial conditions Y = Z = X = Z = 0, X = X0

and Y = Vo, which are sufficient for our purposes.
The solution is given by Eqs (6) with A3 = A4=D3

= D4 = 0 and

A =

A =

(U) "

1

- DX
0

CO 2

2

- 1)X
0

+ (2 -

- 0 3 2

1

+ (2 H

f- p)V
0

1- p)V
0

(10a)

(10b)

In view of inequality (11), let us first consider the
limit of weak rotating fields, i.e. |p | » w2. Note that
orbits are always stable in this regime since condition
(9a) is satisfied. In this limit, we find after some
straightforward but tedious algebra that

R2 = X2 + V2 = u 2 + v 2 = X 2

o
(12)

and the normalized toroidal velocity is found to be

D = -

D = -

u (2 + p) 1

(a) 2 + p + 1)
—2 A

oj (2 + p) 2

(10c)

(10d)

The solution is linear in the initial conditions so, of
course, even more complicated but less revealing
dynamics could be described. In the next section,
we shall take the relevant limits to extract useful
information from this solution.

3. LIMITING CASES

To concentrate on the relevant parameter regime,
we note that, for practical densities and temperatures
in fusion applications, we can expect, if the current
generated is, in fact, given by Eq.(2), that the synchro-
nous electron velocity, Vg = aco, should be much
smaller than the electron thermal velocity, vTe. Note
also that, by assumption, ions will be confined radially
by the steady axial magnetic field only. Thus, we can
also expect that the ion Larmor radius in the steady
field should be less than the radius of the mirror
device, a. It follows then that ae/a « 1, where ae is
the electron Larmor radius in the steady field. From
the two inequalities given above regarding electrons,
we can deduce that

v6 s Re = 24JCX
X W

(13)

Note that the time-averaged VQ is only Xow2/2p, which
implies that 0 <SC 1, since w2/p <£. 1 by assumption.
This means that the electrons, while moving in the
direction of field rotation, do considerably lag behind
when the axial field is strong. This result is satisfying
because of the intuitive expectation that a strong axial
magnetic field should inhibit particle motion transverse
to it. Note also that the electron current is considerably
less in this limit than the expectations in the literature.

A more generous electron current is, however,
obtained in the opposite limit, w2 ^> |p | ̂ > 1, with
stability achieved now only when inequality (9b) is
satisfied. In this limit, to leading order, we find

U = X COSfiT
0

V " X O*

v = -9 2- sinwx - — X sinfix
w w2 °

(14a)

(14b)

where we employed the notational convenience
£l2 = — p. Thus, we can calculate, also to leading
order in 1/w,

R = X Icosfix (15a)

>> 1 (11)

Even if field reversal is achieved, the above inequality
should be true everywhere except in a very narrow
region near the point of reversal.

- xjcosflx

(15b)

where the second term on the right-hand side of
Eq.(15b) will vanish upon time-averaging. It follows
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then that in this limit, on average, 0 = 1 , which means
that the electrons do, indeed, synchronously follow
the rotating magnetic field, and the current is, indeed,
correctly given by Eq.(2). This is the current-drive
scheme envisaged for the Rotamak concept; in the
next two sections we shall, however, raise some
questions regarding its practicality.

4. RESISTIVITY LAW

Non-Ohmic current-drive schemes have been found
[12] to obey the resistivity law where the power dissi-
pated is proportional to the current rather than to the
current squared, as is the case in Ohmic current
drive. The proportionality constant then serves as a
measure of efficiency in comparing various schemes
of driving current.

To find the power dissipated in driving current by
means of the present scheme, we must first find the
extent of coherent oscillation in energy between the
electromagnetic fields and the electrons. The randomi-
zation of this energy through collisions results in elec-
tron heating. The power dissipated is then given as
the product of the oscillating energy and the collision
frequency.

From Eqs (3) and (4), we can write

dW _ d X2 + Y 2

dx
— = -w2uv (16)

where W represents the normalized particle kinetic
energy. In the important limit w2 >$> |p | ~^> 1, where
the current generation is effective, we can use Eqs (14)
and (16) to find that the oscillating part of the kinetic
energy is given, to highest order in 1/w, by

AW = |X V | + | p X
0 0 0

(17)

In the event of collisions, this sloshing energy becomes
randomized every collision time so that the dimensional
power dissipated may be written as

P• - v nm(aa)) 2AW
o

(18)

where vQ is the collision frequency of thermal electrons.
(In view of the approximate nature of the considera-

tion here, we shall identify v0 with the electron-ion
collision frequency. This means that we shall somewhat
underestimate the power dissipation since electron-
electron collisions are actually effective in the
randomizing process, too. For our purposes here,
this degree of accuracy is sufficient.) Using now
Eqs (2), (17) and (18), and noting that we can expect
Xo ~ 1, and Vo ~ vTe/acj, we find the important
dimensionless quantity

1 + a /a .
<< 1 (19)

where the normalized current and power dissipated
are given, respectively, by

j = JQ/env
Te

Pd=

(20a)

(20b)

The inequality in Eq.(19) was written on the basis of
the expectations discussed in Section 3.

Note from Eq.(19) that the power dissipated is
indeed proportional to the current generated, not to
the square of the current generated. Hence, dis-
cussions [2] of Ohmic dissipation in connection with
this scheme of current generation are misleading.

It is now possible to compare the efficiency of this
method of current-drive with other non-Ohmic methods.
There are several other mechanisms that can achieve
J/Pd in the range of 10 to 50. Thus, from Eq.(19),
we see that the present scheme is by orders of magni-
tude less efficient than other schemes. This compari-
son is not, however, entirely fair because the present
scheme generates current transverse to an axial mag-
netic field and the other schemes generate only parallel
currents. The only measure of importance is, of course,
whether sufficient current can be generated with
tolerable power dissipation for a given application,
which here is to generate the reversed-field configura-
tion. For fusion reactor application, this measure
would be P/Pf, the ratio of wave power dissipated to
fusion power generated. The calculation of this
quantity, which was identified [13] in tokamak reactor
applications in connection with other forms of current-
drive, is beyond the scope of this paper. Nonetheless,
we should think, on the basis of the relatively low
values of J/Pd given by Eq.(19), that the level of power
dissipation is likely to be a problem for 'Rotamak'-type
reactors.
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5. CONCLUSIONS ACKNOWLEDGEMENTS

The salient findings from the single-particle analysis
presented here include the verification of our intuition
that an axial magnetic field does indeed inhibit motion
transverse to it. Yet regimes where current may be
generated through synchronous and stable electron
motion were also identified. Although the identifica-
tion of these regimes is consistent with the feasibility
of the Rotamak scheme, the apparently large power
dissipation associated with the current generation calls
the economic practicality of such schemes in
question.

In addition to the problem of power dissipation in
attaining the reversed-field configuration, it should
not be overlooked that the stability of particle motion
is threatened just when such a configuration is
attained. The stability condition (9b) implies a
sense to the generated axial magnetic field relative to
the background axial magnetic field. For electron
motion, the case under consideration, these fields are
in opposite directions. Thus, a decrease in the axial
field strength is consistent with stable orbits. However,
when the decrease is close to reversing the field direc-
tion, orbits are already de-stabilized.

The above reasoning may not apply to practical
situations where inhomogeneous axial magnetic fields
occur, representing more complexity than is allowed
for in the problem that has been solved. What may be
concluded, however, is that the picture of 'Ohmic'
current generation by tying electrons to rotating field
lines is an oversimplification, and that both orbit
stability and power dissipation may be more trouble-
some to the Rotamak scheme than was thought
previously.
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support of the United States Department of Energy
through Contract No. DE-AC02-76-CH03073.
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