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ABSTRACT

In a rotating magnetized plasma cylinder with shear, cross field current can arise from inertial mechanisms and from the cross field viscosity.
Considering these mechanisms, it is possible to calculate the irreducible radial current draw in a cylindrical geometry as a function of the
rotation frequency. The resulting expressions raise novel possibilities for tailoring the electric field profile by controlling the density and

temperature profiles of a plasma.
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I. INTRODUCTION

In many technologies that rely on rotating plasmas, the cross
field conductivity is of great practical concern. Usually, the rotation is
produced by imposing an electrical potential difference perpendicular
to a magnetic field; the resulting fields and power dissipation depend
critically on the plasma conductivity. However, a large cross field con-
ductivity drives up the cost of maintaining E x B rotation. For
instance, the viability of mass filters based on rotating plasmas as a
replacement for chemical separation techniques is partly dependent
on power efficiency.” ” Other examples include fusion schemes that
rely on rotating plasmas,” > where the efficiency is similarly limited
by the cross field conductivity.

In some of these applications, it is required to have very specific
control over the rotation profile (i.e., the shear). Achieving this control
is a nontrivial problem; past efforts in linear devices have often focused
on biasable annular end electrodes.””*" Another possibility is through
waves, or stationary perturbations,”’ although this has not yet been
attempted experimentally.

A recent paper by Rax et al.”* analyzed the cross field conductiv-
ity in a plasma undergoing solid-body rotation. The present paper
addresses general rotation profiles, supplementing Rax et al.”* as well
as previous considerations of plasma conductivity in a rotating plasma
with general rotation profiles, where the effects of shear have also been

addressed.”*** In particular, we find that sheared rotation modifies the
form of the inertial conductivity discussed by Rax et al. and results in
additional viscosity-dependent effects. Importantly, the radial current
calculation presented here suggests that control over the radial temper-
ature profile could help to control the rotation profile even without the
use of end electrodes.

This paper is organized as follows: in Sec. II, we derive the basic
drift equations for ions and electrons in a rotating plasma. We then
proceed to order terms based on smallness parameters. The two small-
ness parameters rely on the ion-electron collision frequency and the
plasma rotation frequency, which are small compared to the gyrofre-
quency. We also assume that radial pressure gradients are small com-
pared to the radial electric forces. In Sec. III, we write the governing
equations of the system in nondimensional form and identify the
dimensionless parameters that determine their behavior. In Sec. IV,
we identify the contributions to the radial current arising from plasma
viscosity, inertia, and particle sources. We apply these relations in
Sec. V to show how sources and sinks might be used to control the
rotation profile. In Sec. VI, we compare the results derived here with
previous derivations in the literature, and we discuss how alternate vis-
cosity models, for example, those used to describe rotating turbulent
plasma, might be incorporated. In the Appendix, we provide two deri-
vations of the Braginskii viscosity components in a rotating plasma.
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Il. CLASSICAL CROSS-FIELD CONDUCTIVITY IN A
ROTATING PLASMA WITH SHEAR

Consider the two-fluid momentum equations for a plasma with a
single ion species of charge Ze and mass m;,

0

pr (minyv;) + V - (mngvivi) = Zen;(E+v; x B)

—Vpi =V -1 + Ry + mys; v
(1)

%(meneve) + V- (menevev,) = —en(E+ v, X B)

—Vpe =V -1, + Re + mes. vy <.
(2)

Here, m, is the electron mass, pj. = 1. Ti are the scalar pressures,
7;\. are the viscosity tensors, and R; and R, are the ion-electron and
electron-ion friction force densities. If there are sources or sinks of
charged particles (corresponding, e.g., to neutral ionization), their
source rates are denoted by s;,, and the velocities of the particles being
added or removed are denoted by V. Using the density continuity

equation, the LHS of Egs. (1) and (2) can be rewritten as

) dv,
a (msnsvs) + ' (msnsvsvs) i msnsd_‘; + MsVSs, (3)
where d/dt is the advective derivative 9/0t 4 v, - V.

Equations (1) and (2) can be rearranged, after taking the cross
product with b = B/B on both sides, to get expressions for the com-
ponents of v; . that are perpendicular to b,

_ExBi(Vp,»—i-Vm,-)xlA) R, x b

Vil

B2 n,-m,-Qi n,-m,-Q,-
lLdv, -  s(vi©—wv)x b
7 A RV 4
Qi dt x b * I’I,‘Q,‘ ’ ( )
_ExB (Vpe+V~ne)xi)+RexiJ
Vel = B2 nem.Q, 1ML,
_Ldve g st ove) xb 5)

Q, dt 1.9, ’

where Q; = Z;eB/m; and Q, = — eB/m,. Starting from the left, these
flows are the E x B drift, the diamagnetic drift, the viscosity drift, the
frictional drift, the polarization drift, and a drift due to particle injec-
tion whose physical origin is analyzed in Sec. IV C. If |Q,| > v,;, the
friction force densities are”

_ 3n,viVT, X b

R; = nimvie(v, — i) 20, ) (6)
3n,05 VT, X b
Re = nemel/ei(vi - ve) + La (7)
2Q,

where v;, and v,; are the ion-electron and electron-ion collision
frequencies.

Consider an axisymmetric plasma with B = Bz, E = E7, and all
gradients in the 7 direction. In the steady state, the velocities in the #
and 0 directions can be written as

e Ry — (V- m5)p + mss (V55 — vsp) @)
. IRIKOR [1 + (T’US())//T’QJ '
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and

U():—E‘l- P; +(vn)r_ RSV
: B nmQ, nmQ, nmld

/ 2
_ SS(U::C — US’) _ Uy + Uso (9)

1,0, Q. Q.

where the prime denotes a derivative with respect to . The bracketed
part of the denominator of Eq. (8) and the last two terms of Eq. (9)
come from the advective part of the total derivative dv,/dt and corre-
spond to the fictitious forces in a rotating frame.

In a strongly magnetized plasma, the ion-electron collision fre-
quency is much smaller than the ion gyrofrequency, and so € = v;,/€;
is a small parameter. In many rotating plasmas of interest, the ratio
0=E/(rBQ;) of the rotation frequency to the gyrofrequency is also
small. Consider a double ordering in ¢ and ¢, similar to the one

used by Spitzer,” where we denote a term of order 6"¢” by the tuple

(n, m), as in vgg'm)

Assume that p’/neE ~ O(5). This assumption is convenient,
and it is reasonable in many cases,”'” but an analogous calculation can
be carried out for a stronger or weaker pressure force. It will also be
useful to pick an ordering for the viscous forces. This will be discussed
in greater detail later on, but for now, take the # component of
(V- 7,)/eniE to be O(6%) and the O component to be O(d%).
Finally, since the continuity equation suggests vy ~ Rs;/ng for a
characteristic scale length R, it makes sense to order s;/n,Q
~ O(usré/us(g'o)). This will end up being O(5%€).

To zeroth order in ¢ and €, Eq. (8) requires that v;, and v,,
vanish and Eq. (9) shows that the azimuthal motion is determined by
the E x B drift,

©00) _ (00 _ E
Vg =l T T g (10)

The next order in ¢ includes the diamagnetic drift and an F x B drift
associated with the centrifugal force and evaluated using v Sgo ,

(1,0) JiA 1 E?
- . 11
Yst nemQs  Q, rB? (an

Equation (11) can be used to get the leading-order nonvanishing radial
velocities from the general expression in Eq. (8),

ng) _ T,»u,»ez (_ZTe;L; —ﬁ)+(1 +Z;m) @E_22+ 32T
miQi T,- pe p,— m; T,‘ rB ZT,
(12)
and
) 1,1
o = o, (13)

This velocity, together with the steady-state continuity equation,
governs classical particle transport: At this order, there are radial
drifts due to azimuthal friction, but they are ambipolar in the sense
that they do not produce net radial current, only a net radial mass
flow.

To the next order in J, the radial motion is
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, 0.0
oD — _ o 8(rv£9 )) _(V-m),

s rQ or nsm Qg
- 0,0 2,0
+ Ss (Us() — UEO )) VSS’AD(G ) (14)
/NN Q,

The first term on the RHS of Eq. (14) is the nonambipolar radial
motion resulting from the interplay between frictional and inertial
effects; intuitively, it is the Coriolis F x B drift that results from the
next-lowest order radial flow. The second term is the F x B from
the azimuthal viscous force. The third is an effective F x B due to the
momentum flux from particle sources and sinks. The last—which will
not produce net charge transport at this order—is an ambipolar fric-
tional flux resulting from higher-order corrections to vy, including
those due to (V - ;). The expression AUEJZ"O) is the difference between
the ion and electron azimuthal flows of O(5°).

It is necessary to verify, since the relative size of € and J has not

been specified, that the current is not sensitive to this ordering. vgf )

and vﬁ? k) Vanish for all k since there are no radial flows that could

compete with o8V in the inertial part of Eq. (14). There could con-

ceivably be other orders contributing to Avf)z'()) in Eq. (14), but the
resulting flows do not contribute to the leading-order current or parti-
cle flux anyway.

Moreover, no term other than viz"") will produce the leading-
order current. When constructing a nonambipolar radial flow, one fac-
tor of J is needed to produce any differential azimuthal motion and a
second factor of J is needed to make the drift due to Ry in Eq. (8) not
be intrinsically ambipolar. Without one factor of €, there is no friction
force to begin with. As such, there is no need to worry about competi-
tion from, e.g,, O(5°) or O(5¢?) radial flows; the leading-order current
comes from the motion described by Eq. (14).

With that in mind, the current j, = nee(v(z’l> @1

o — vy ') can be

written as
S nimivfrl’l) 8(rv§2’0)) B nemevgi’l) 8(ru£?,‘0))
Ir rB or rB or
(Vem)y (V-me)y
B B
mis( —op”) | msle =)
B B

So far, the generalization of this calculation to the case of multiple ion
species would largely be trivial; the friction would have to include
interactions between all pairs of species, and the thermal friction takes
a slightly different form for particles of general mass; but, otherwise,
the calculation would be the same. However, it is possible to simplify j,
in the case of a single ion species by making use of the small mass
ratio. Dropping anything of O(m,/m;) and defining n=mn; + 7,
Eq. (15) is

. (V-m)y N Zen;Tivie 1 O(rE/B)
= B mQ r Or
m; B2 3ZT) ZT.p., p!

T, rB* 2T, T; pe pi

. msi(vy + E/B)

B . (16)
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This can be separated out into several terms, with different scalings
and behaviors, as we will discuss in Secs. I1l and I'V.

I1l. CONSERVATION EQUATIONS AND
NONDIMENSIONALIZATION

In order to relate our sources of charge and current to the den-
sity, temperature, and rotation profiles in the system, we use the parti-
cle and charge conservation equations. In a cylindrically symmetric
system, in the limit where axial losses and gradients are small com-
pared to their radial counterparts, these are given by

10
S = ;5 T’I’liUI(rLO)7 (17)
10
75 — 5,) = —— 11, 18
e(Zsi — se) W) (18)
Integrating, we obtain

Si(r) = ™Y, (19)
C(r) = 1jr, (20)

where we have defined the integrated source functions
Ss(r) = J sr'dr, (21)

0
C(r) = eJ (Zs; — s )r'dr’. (22)
0

In order to understand the relationships between the different
current terms, it is useful to introduce a number of dimensionless
parameters. To that end, let R be the radial device size, B, be the on-
axis field strength, and ny, Ty, and #;,, be the characteristic density,
temperature, and Braginskii perpendicular viscosity (discussed in
Sec. IV), respectively. The frequencies are defined as

ZeB,
Qjp = ¢ ’ (23)
m;
C Z%*m 2 nylog A
Vieo = ;_,/2—0{;3/;7 (24)
3(2n)” “edm; T,
Z*e'nglog A
v = 008 (25)
! 12m32em! > 12
) [T T
Wrhio = 2hi ﬂ, (26)
r R
(0.0)
v E
Wrot = - _—= . (27)
r rB

Here, log A;, and log A;; are the Coulomb logarithms. Note that oy is
the only frequency here with a radial dependence, as it represents a
dynamical variable which will be solved for.

Finally, define the total integrated source rates for particles and
charge Sy = S;(R) and Cy = C(R). In terms of these constants, the
total number of ions and charge per unit axial length added to or
extracted from the system per unit time are 275, and 27C,
respectively.

This collection of parameters can be used to construct the nor-
malized variables listed in Table I. These variables are characteristically
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TABLE |. Normalized variables used throughout this paper, based on quantities in
Egs. (22) and (23), as well as Eq. (33). Horizontal lines delineate coordinate varia-
bles, specified profiles, and finally dynamical variables which are solved for. The vis-
cosity 7 falls in the final category due to its density-dependence.

Parameter Definition
7 r/R

B B/B,
T_; TS/TO

5: S,‘(?’)/SQ
C C(r)/Co
ﬁs ns/”O
(brot wrot/wthio
1 i1 /Mito

O(1) by construction (at least in the case of an approximately sonic
flow, for @ o).

Substitution of these variables into the continuity Eq. (19) and
charge conservation Eq. (20), using the velocity in Eq. (12) and the
current in Eq. (16), as well as the Braginskii transport coefficients,”
yields several dimensionless constants, listed in Table II. These param-
eters determine the characteristic sizes of the relevant particle fluxes
and currents in the systems, as a function of the typical gradients.
They depend on the relation between the source terms S, (for par-
ticles) and C, (for currents), on the number of particles Nj in a cylin-
der of area p2), and on the relevant collision frequencies.

In terms of these parameters, our nondimensionalized continuity
equation becomes

 na T ZT.0:5 &b, z _, 3720 T
Ps =il | (LIl Ob ). (1, 20Ny 20T
7B T, p. P m; 27,

(28)

Here, the LHS represents the charge added to the system, whereas the
RHS determines the response of the system to the added charge.
Because all tilde quantities (other than @,) are O(1), the dimension-
less constant P determines the strength of the system response. If the
normalizations are chosen appropriately, if the flow is not substantially
supersonic, and if the gradient scale lengths of the various parameters
are not small compared to R, then Eq. (28) implies that P is not larger
than O(1). This means that we cannot drive fluxes that are too large
through our system without creating extremely large gradients, which
will likely lead to instabilities and anomalous transport. Thus,

TABLE Il. Dimensionless parameters which characterize the solution. Here, Ny
= ngp? is the number of ions per unit length in a cylinder of area; p2: this quan-
tity appears repeatedly as an important characteristic of the system. A is a numer-
ical constant, A = 3/10v/2.

Parameter Definition Interpretation
P So/ (NoVieo) Particle outflow
I Co/[A(pi/R)(ZeNovino)] Current

Q A Wieo Vo Inertia/viscosity

scitation.org/journal/php

P =< O(1) mathematically formalizes the requirement for smooth, sta-
ble solutions with device-scale gradients.
Current conservation takes a similar form

IC — ;(jviscous + jinertial + jsrc> ) (29)
We will explore each of these terms in detail; the final result is given in
Eq. (43).
IV. PHYSICAL MECHANISMS OF CROSS-FIELD
CURRENT

The various terms in Eq. (29) describe cross field currents that
come from three distinct physical mechanisms. Subsections IV A-IV
D discuss their physical origins and relative sizes.

A. Viscous current
The viscous current is a radial F x B drift resulting from the azi-
muthal viscous force (see Fig. 1)
jviscous _ (V i ’II)()
r B :
If © = 3", 7, is the Braginskii viscosity,” then keeping the contribu-

(30)

tions from the leading-order flow V00 = Uig'o) ()0,

10|, 0 Uig‘o)
(V‘”s)af—r—zg {r '7515< ) (1)
10|, 0 vgg,o)
(Vo) =—55 {7 (B ( )| (32)
where the relevant viscosity coefficients are
31/,‘,‘]),‘ 0.511/36175
o vibi — 22 VePe 33
Nin 10\/5912 He1 ﬂgg ( )
_p b (34)

’7"3_29,- Ne3 20,

The mass dependence in these coefficients means that it is generally
safe to set T = ;.

3. v (V- -7a)e0 x B

a,visc
2. (V- 7a)o 0,27

/ E
" \@ B
e Sheared v((lo’o)/r

FIG. 1. This schematic illustrates the physics of the viscous current. Shear in the
leading-order azimuthal flow (1) leads to a viscous force with a component in the
azimuthal direction (2), whose sign will depend on v, (r) and #; (r). The resulting
O(5%) F x B flow carries a current (3).
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The azimuthal viscous force results in a radial F x B drift, which
carries ion current. This current has the behavior that one would intui-
tively expect from a viscosity: it acts to relax shear in the E x B flow. It
is somewhat suppressed because it is a collisional finite-Larmor-radius
effect. The radial viscous force comes from the gyroviscosity. Its form
is very similar to that of its azimuthal counterpart, but (perhaps coun-
terintuitively) it is substantially larger—in the case of the ions, by a fac-
tor of 10Q;/3+/2v;; ~ 2/e. Its contribution to j, is nonetheless small
compared to the contribution of the azimuthal viscous force since the
current associated with this large azimuthal effect is ordered down
by a factor of O(ed) from the original azimuthal drift, as discussed in
Sec. IV B. In other words, (V - m), is more important for conductivity
calculations because its F x B flow is nonambipolar to start with,
whereas (V - 7), can only drive current indirectly through inertial
effects.

In terms of dimensionless variables, the viscous current can be
written as

: 1 0 3~ 8wrm:|
1Scous — 35
J* 75 a~{ T (35)
When using the Braginskii viscosity, define 7 =%/ 7B and

Ni1o = N1 /1. There are two classes of rotation profiles that make the
viscous current vanish. The first consists of any solid-body rotation
profile. This is straightforward; without shear, the viscous force van-
ishes. The second class of profiles can be defined by

8(:brot _ D
o Pi

(36)

for any constant D. These profiles are closely related to the irrotational
vortices often found in neutral fluids. The intuition behind Eq. (36) is
much the same: There is viscous stress everywhere, but that stress pro-
duces no net force on any particular fluid element away from the ori-
gin, where these profiles are generally not physical (see, e.g., the text by
Kundu et al.”’)

B. Inertial Current

The inertial current can be written as
Anertial __ Zen T; l/ze 1 B(VE/B)
' m CmQ ST T or
ZT.p,

ﬁE_Z 3ZT£ _—tre & (37)
Ti T’Bz 2T1 T,' pe p,‘ ’

Physically, this current can be explained in terms of a series of F x B
drifts. Temperature gradients and differences in the centrifugal
and diamagnetic drifts between species [vf)S 0 Eq. (11)] produce a
0-directed friction between species. This fr1ct1on force leads to a radial
F x B drift [v,s1 b , Eq. (12)]. This initial radial flow does not carry net
current, but the motion results in an azimuthal Coriolis force, which
depends on the mass and therefore affects the ions far more than the
electrons. The F x B associated with this Coriolis force is the flow
which carries the leading-order radial current. This sequence of effects
is shown in Fig. 2.

scitation.org/journal/php

5 v o F., xB

a,mmer

3. Vgl’l) X Rab x B 4. Fco;j

:1. Vt(zLO) # v}()l,())

FIG. 2. This figure shows the physics behind the inertial current. Differences in local
velocities v“ ¥ between different species (1) lead to azimuthal friction forces (2).
These produce ambipolar radial drifts 052’1) (3) which in turn produce azimuthal
Coriolis forces (4). The resulting Coriolis F x B drifts U(z " (5) carry the current.

addition, the densities and temperatures are constant, the current can
be written as

snertial __ 2Zen Vle

]‘r 7'2 Q3 B3 (38)

This expression is equivalent to the nonlinear Ohm’s law described by
Rax et al.”

In terms of dimensionless variables, the inertial current can be
written as

73 oS B(r wmt)
B2 OF

jinertial (39)
The inertial current vanishes whenever @ o 1/ #2. The Coriolis
force can be understood as a mechanism that enforces the conserva-
tion of angular momentum during radial motion; these profiles have
flows with uniform angular momentum, so it makes sense to find that
they do not have Coriolis F x B drifts.

C. Particle injection current

In a region where there are particle sources or sinks, there is an

additional current

B
The v} term comes from the momentum injection due to sources
and sinks, and the E/B term is inertial in the sense that it comes from
the left-hand side of Egs. (1) and (2).

However, this current can be explained more intuitively in terms
of single-particle dynamics.”"**”” Consider a particle placed in crossed
E = Ex and B = B fields with some initial velocity vo = v:0% + v,0y
and position ry = xox + ypy. In the limit of locally constant fields, it
will gyrate about an x-coordinate that is shifted from its initial position

In the limit where @, is constant and where particle injection Xgyro = Xo + m (Uyo + E) . (41)
effects can be neglected, the inertial current is the only current. If, in qB B
Phys. Plasmas 26, 082309 (2019); doi: 10.1063/1.5115788 26, 082309-5
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Thus, there will be a current resulting from the fact that particles move
from their initial to their average position as they are added to the sys-
tem, which results in Eq. (40). When v{j° = 0, this has been termed
the “pickup current”*” or “mass-loading current.”***’

This current can be written in terms of dimensionless param-
eters as

JT = Q9P 5 3 . (42)

The dependence on S/ follows from the reliance of this mecha-
nism on the local value of s;.

D. Comparing the currents

Substituting in the expressions for the components of 7, Eq. (29)
becomes

7B OF oF
S 8(?2d)mt) oS (d)rot wsrc)
- QP Lé; oF oF B )
Qis
0— 10V2vi (44)
3Vii
and 7 is
vz G (45)

3 (pi/R)(ZeNoviig)

Equation (45) gives some insight into the relative sizes of the different
currents. Depending on, for instance, the shape of @, any of the
mechanisms can be dominant. However, suppose that all gradient
scale lengths are on the order of R. Recall that, in many cases,
P ~ O(1). When the currents are written in terms of dimensionless
O(1) quantities, the inertial and particle injection currents are
attached to a prefactor of Q, which is small compared to 1. If 7 is also
small compared to 1, then any current may dominate. If Z ~ O(1),
then the viscous current likely dominates. If 7 is large compared to 1,
then the aforementioned assumption about the gradient scale lengths
is probably invalid.

We can estimate the total current drawn by the machine by bal-
ancing the two sides of Eq. (45), yielding Z ~ @y, and solving for
2nCy. This gives

3 i N
2nCy ~ = (@> ZeNoViigWrot, (46)

52 \ R

and so

21Cy o R 1 m B\
11A/m 10 cm (mp> 1kG
2
no lOgA,‘,‘ ~
x (1014cm*3) ( 10 )w“’t' (47)
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V. CALCULATING ROTATION PROFILES FROM OHM'S
LAW

In a system with defined sources and sinks of charged particles,
the steady-state total current through the system can often be written
easily in terms of those sources and sinks. That information, combined
with the appropriate Ohm’s law, can be used to extract other useful
information about the system.

Suppose the particle sources and sinks are known, so that S;(r)
and C(r) = ZeS;(r) — eS.(r) are specified. Suppose the particle sources

have vf" = 0. Invoking Ohm’s law and the continuity equations and

simplifying,

— QP#S @y = IJ #C(¥")B(¥')dF'. (48)
0

=3~ ~1/
T W

This has a general solution for

; (eQP Ji 6 Js

X CNOmt|;_:1 +IJ ds P ;,C(;’,)B(?,)d?/
1 $1(3)

(49)

0

for a boundary condition imposed at R.
For example, suppose B is constant in space and w(R) = 0. For
some o > 0, suppose C = Cy(r/R)* and S; = Sy(r/R)”. Then,

1§171d§
1 —exp (—QP L 56 )} : (50)

The case of uniform volumetric particle injection is given by o = 2.
The case in which all particles are injected at r=0 is given by o = 0.
Note that

B 1~o<—1d~
B a+zJ~S~(§)S P <1
e S 1 (51)
“OPat2 P> 1,

consistent with the intuition from Sec. I11.

Now, consider a scenario in which B, 1;, and C have arbitrary
shapes, but where §; is not much larger than Z;S; — S,. In this case,
the orderings described in Sec. II come out slightly differently; if
the ambipolar flow is not much larger than the nonambipolar flow,
then the inertial current will be small compared to the viscous cur-
rent. For example, if the system has a radial flow of electrons but
no net flow of ions, then (using the same boundary condition as
before),

7

o} :éJ #C(7)B(¥)dF' (52)

t ~
o 7 0

=2

and
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S O P
rot — —IJ 3—J FE)B(F ). (53)
#5°1(8) Jo

There are practical contexts in which it is important to control
the rotation profile m(r). For example, the double well mass filter
concept relies on a rotating plasma with a particular shear profile.”’ It
may be possible to control shear with end electrodes, but the calcula-
tions in this section suggest an additional strategy: that the viscosity,
temperature, and particle input profiles can be used to control W (7).
Viscosity depends on the density and temperature profiles as

Ny o< n? Ty 12, there may be contexts in which these are easier to
manipulate than the electric field itself.

T(r) / T(0)

1.4 A
1.2 1

1.0 A

0.8 A
0.6 1
0.4 1

0.2 1

00 02 04 06 08 1.0
normalized wyot

0.12 A

0.10 A

0.08 A

0.06 A

0.04 A

0.02 A

0.00 A

0.0 0.2 0.4 0.6 0.8 1.0
r/R

Suppose some sufficiently sophisticated heating system could be
used to specify T(r). Then, Eqs. (28), (33), and (49) determine n(r),
11;1(r), and @y (7). Figure 3 shows several numerical solutions in the

case of uniform particle and charge injection (S = 7#* and C = —7?).
If a particular (1) were desirable, it might be possible to tailor T(r)
to get that profile.

However, there are limits to what can be done with T(r) alone.
To see this, consider the following expression, which follows from Eq.
(48),

#C(#)B(¥)dF". (54)

1.2

1.0

0.8 A

0.6 A

0.4 1

0.2 1

0.0 A

00 02 04 06 08 1.0
n(r) / n(0)

1.5

1.0 A

0.5 A

0.0 A

0.0 0.2 0.4 0.6 0.8 1.0
r/R

FIG. 3. This figure shows several profiles of T, n, wr, and #;; which are consistent with the particle and charge transport equations; here, T(r) was specified and the other con-
sistent profiles were computed numerically. Curves of the same color correspond to the same scenario.
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For instance, if @/, is to change its sign at 7 without 7 becoming sin-
gular, @, (7) must be equal to —(Z/QP)( |, #CBd#')/(7*S). In
fact, for the simple volumetric sources used in Fig. 3, it is possible to
show analytically that all solutions for . must be monotonic.
Nonetheless, even for this very simple choice of sources, an experi-
mentalist with good control over T(r) could achieve a wide range of
density and rotation profiles.

VI. DISCUSSION AND SUMMARY

We described the motion of charge across magnetic field lines in
a sheared rotating system and offered physical descriptions of the key
terms in our derivation. We also suggested that sufficient control over
the temperature and density profiles should allow control over the
rotation profile ().

Note that the form of Ohm’s law presented here can be related to
expressions in a number of places elsewhere in the literature. Rax
et al.”” analyzes a case which does not include shear. Their expression
for Ohm’s law includes an inertial current consistent with the one
derived here, but because they studied solid-body rotation, they do not
include the viscous current. The review by Rozhansky™* includes
expressions for the viscous and mass-loading currents that agree with
the ones derived here. He discusses inertial currents in general but
does not derive the Coriolis-driven inertial current that appears in a
rotating plasma. The current edition of the book by Helander and
Sigmar23 includes a nice derivation of the inertial current, but their
treatment of the viscosity (in the case of an axisymmetric rotating
plasma) does not agree with the one presented here, essentially because
of a mismatch between Eq. (31) and their Eq. (5.12). The derivation of
Eq. (31) is given in the Appendix.

Other treatments of this problem have generally not considered
the gyroviscosity, which produces (V - ), as per Eq. (32). In many
situations, this is not a major problem. After all, for the ordering used
in this paper, (V - ), does not contribute to the leading-order current
despite the fact that it is substantially larger than (V- n),.
Nonetheless, there is some value in being aware of this term. For
instance, for a plasma approaching the Brillouin limit, § will no longer
be small and the gyroviscous (V - 7), will no longer necessarily be
suppressed relative to Vp (although the form of the viscosity tensor
might need to be revisited in that limit).

This derivation was done for a quiescent plasma. However, some
models for anomalous transport provide prescriptions for alternate
forms of the viscous force density V - 7. To the extent that the rest of
the bulk behavior of the plasma is unchanged, it is possible to substi-
tute alternate viscosities into results like Eq. (16) or Eq. (49) to under-
stand how to control current flow or rotation profiles in turbulent
regimes.

A number of authors have written about models in which (in an
appropriate regime) anomalous transport produces something that
looks like cross field classical transport but with a higher effective colli-
sion frequency.”’ > Rognlien and Ryutov called this “pseudoclassical
transport.””

Finn et al. studied cross field transport for the case of stochastic
field lines.”” Their work suggested a viscosity coefficient

B\ 2
nig= m,-n,-(%) lecs. (55)

scitation.org/journal/php

Here, B is the magnitude of the nonaxisymmetric field fluctuations,
£, is the turbulent correlation length (often the connection length),
and ¢, is the sound speed. There are laboratory observations in which
this viscosity model appears to accurately describe momentum trans-
port.34 In such a case, Eq. (49) describes how w,o (1) reacts to the sup-
pression of or increase in turbulence.

There is no guarantee that an anomalous viscosity should respect
the same ordering as the Braginskii viscosity, either for (V - ), or
(V- m),. If either of these is very large, then the expression for the
inertial current might need to be reconsidered.

There are a number of other contexts in which the cross field
conductivity described in this paper would have to be modified.
Cross-field dynamics can turn out quite differently in plasmas with
significant ion-neutral collisions, weak magnetization, or more
complicated geometries.”'”*"***>~*% In the regime where this cal-
culation does apply, it suggests some novel techniques with which
the rotation profile might be controlled. Neutral beams, pellet
injection, and electron injection can help shape the rotation profile
by changing P and Z. Moreover, charge transport is substantially
temperature-dependent, and so heating or cooling particular
regions of the plasma can change ,o(r). These techniques might
be used either in place of more conventional techniques for rota-
tion control or as a supplement to them.
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APPENDIX: THE BRAGINSKII VISCOSITY IN A
ROTATING PLASMA

This paper uses Eqs. (31) and (32) for the components of V - 7
when v = v(r)0. This Appendix will present two approaches to cal-
culating these components from Braginskii’s viscosity expression,”
which was originally given in Cartesian coordinates.

1. Viscosity in arbitrary orthonormal coordinates

When we wish to include viscous effects while working
with curvilinear coordinates, we encounter a problem: Braginskii’s
viscosity tensor [Eqs. (4.41) and (4.42)] is not expressed in a coordinate-
invariant way, although the later, low-flow-ordered transport
equations relevant to tokamak physics included more adaptable
expressions.”' " This part of the Appendix will express the origi-
nal Braginskii viscosity in a tensorial way that is easy to adapt to
many coordinate systems.

We will start by reviewing the original form of the Braginskii
viscosity matrix. The proper covariant expression should then be
the tensorial expression which reduces to this expression. Finally,
we will explain how our results provide an easy recipe to calculate
the Braginskii viscous force in an arbitrary orthonormal coordinate
system.

Our notation will follow, e.g, Carroll's book on general
rela'[ivity."l " Thus, the covariant derivative is denoted as
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VvV =0,V + I, V. (A1)

Here, I, , is the Christoffel symbol, given by

1,
Ui = 58" (0u8o: + 008 — 0iu)- (A2)

In addition, we will adopt the convention of using v’ to refer to the
conventional (orthonormal-basis) velocity and u' to refer to
the generalized velocity, which is a proper (contravariant) vector in
the appropriate coordinate basis. This will be important in the 0
direction in cylindrical coordinates since

do

0

=— A

W= (A3)
do

0 _

v r—dt (A4)

Whether we write o' with upper or lower indices has no signifi-
cance; however, an upper vs lower index on u’ denotes a different
object (vector vs one-form). For a diagonal metric, these quantities
are related by

Vi = v = ui/\/gi. (A5)
Similarly, we will adopt the convention of using h' to refer to the
orthonormal magnetic field unit vector and b’ to refer to the contra-
variant vector.
The Braginskii viscosity matrix is given by
Tab = _Vloowab —m lwah - nzzwab
113 W + 11 W, (A6)

where

1 1
W =3 (b~ 500 (hmhn )W (A7

lwuh =0 Wyndy + = h Wonhnd s (A8)
W = 5 1 Winhahy + hahyy, Wm,,énb, (A9)

W = 3 (5;” Wi nbkh — Eamihk Winndiy), (A10)
Wap = hahim W€ nsihk — Eamihi Wonhuhy. (A11)

Here, h; is the ith component of the magnetic field unit vector, d;; is
the Kronecker delta, € is the Levi-Civita symbol, 5L = 0 — hihj,
and Wj; is Braginskii’s traceless rate-of-strain tensor, glven by
o o 2
Wi = oot o =30V v, (A12)

In the above definitions, repeated indices are summed over, even if
they do not appear in upper-lower pairs. (Note that, in contrast to
Braginskii, we have moved the matrix label for ‘W, to the left hand
side of the symbol, to make it clear that this is not a tensor index,
but rather a label to a specific tensor.)

Now, we need to find the covariant generalizations of the
various quantities that appear in Egs. (A7)-(A12). Make the
substitutions

scitation.org/journal/php

0 == Vi, (A14)
Vo= (A15)
h; = b, (Al6)
€k => ik, (A17)

where ¢ is the Levi-Civita tensor (rather than symbol), defined by

ek = V/ |gl€ijk- (A18)

This implies that (SJ‘ will become gj; — b;b;. It will be conve-
nient to define a tensor ﬁ,] (following the notatlon from the study
by Krommes*’) by

By= — eb. (A19)

Making these substitutions and raising indices where necessary
(since only an up-down pair of indices can be summed over), Egs.
(A7)-(A12) become

0 3 1 1 n
Wa == | baby — =g buby — = gun | W™, A20
b=5 b= 3 8ab 38 (A20)
IW“I’ = (@fménih 15aibb””bn) Wmn7 (A21)
Wap = (5L byby + 85, bab) WM (A22)
3Wﬂh = 75 (&fmﬁnh - nb am)Wm” (A23)
4Wub = _(babmﬁnb + bbbnﬁum)wmnv (A24)
and
2 k
W,'j = Vjui + V,‘Mj — gg,»jvku . (A25)

Equations (A6) and (A20)-(A25) completely define the viscous
stress tensor, in a manifestly covariant way.

Now that we have the stress tensor, we can calculate the vis-
cous force. The generalization of the tensor divergence is again
given by the covariant derivative. Let F be the conventional force
vector and f be the force vector in covariant notation. Then,

F=V n=-f =V, (A26)
where
=Vl = g + Th,7% + T, . (A27)

Our conventional vector components are finally given by converting
this back from a contravariant vector (noting that g; is diagonal by
assumption),

F = /gf" (A28)

This gives a clear prescription for calculating the viscous force in an
arbitrary coordinate system. The sums can be carried out fairly
straightforwardly in a symbolic math language such as Mathematica.

1. Start with the metric g;; that defines the coordinate system, and con-
struct the inverse metric g”.

2. Construct the Christoffel syrnbols I, via Eq. (A2).

3. Convert velocity vectors v and magnetlc field vectors h' to covariant
one-forms u; and b; via u; = v*, /g
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4. Construct the viscosity tensor given by Eqs. (A6) and (A20)-(A25).
Indices are raised and lowered by applying the metric and inverse
metric, e.g., W™ = g™ W',

. Calculate the contravariant force according to Eq. (A27).

6. Convert the force back to orthonormal coordinates via F' = Vil i

wu

This method was used to calculate the viscous forces used in
the text, using the metric for a cylindrical coordinate system,

1 0
g=|0
0 0

(A29)

- o o

In Appendix 2, we explicitly calculate the forces in an alternate way,
by converting the velocity vectors to Cartesian coordinates for sub-
stitution into the original Braginskii viscosity matrix. The results
agree.

2. Calculation in Cartesian coordinates

A straightforward way of calculating (V - n), and (V - n),
directly from Braginskii’s result is to first compute the Cartesian
components of V - 7 and then to convert the result into cylindrical
coordinates. In this section, we will use the index notation but
assume a Cartesian coordinate system. Braginskii has

ng 8Uﬁ 2
Wy = — — =043V - A30
off 696/; + axa 3 of \4 ( )
and
Tzz = —Hon (A31)
Wi + W, Wi — W,
Txx = — 1o = 2 2 m = 2 2 7]3ny, (A32)
Wi + W, w,, — W
Ty =y~ — M o Wy, (A33)
Wi — W,
Ty = Tyx = _’71ny + 13 %7 (A34)
Tz = Tlzx = 7”]2sz - 774Wy27 (A35)
Ty, = T = —1, Wy, + 1y Wi, (A36)
Ifv= v(r)@, then,
Beve = -2 + 2o, (A37)
r r
2 2
ey = r—zv’ + il (A38)
2 52
0y vy v — 5 (A39)
X X
v, =2 r{ : (A40)
and V - v = 0, and so
X X
Wxx—z( r—fu’+—f ) (A41)
R 22
Wy = W, = " A 3 J v, (A42)

scitation.org/journal/php

Xy Xy
Wyy =2 (r—2 U, — r—3 U) s (A43)
Wi =W, =0. (A44)

Then, we can evaluate the components of 7. Let @ =v/r. Note that
 is sometimes used elsewhere to denote the vorticity V x v; these
are equivalent in the case of solid-body rotation, but not for general
rotation profiles.

n, =0, (A45)
CU/
Tixx = —Tyy = [Vll(zxy) - ﬂa(xz _yZ)} 77 (A46)
2 2 o'
Ty = My = [—1y (22 = *) — n3(2xp)] - (A47)
T, = Ty — 0. (A48)
The necessary derivatives of these components are
87{906_ |: ’ @7 / x(xz_yz)]g
ox L or s r r
w/
+ [ (2y) = n5(2x)] —
x (0
+ [m(2xy) = na(2* = 1))~ <7) . (A99)
Omy _ { C 27y *yz)} o4
By ot T
60/
+[=m (2x) =3 (2p)]—
DAY
+ [=m (2xy) + 3 (¢ —yz)}% 7) : (A50)
anx)’i |:_ / )’(xz—)’z)_ / zx_yz:|2/
oy “h r Sl
wl
+[m(2y) = n3(2x)] —
o'\’
Jr[*’71("2 -y - ’73(2’5}’)]% 7) ) (A51)
Omye [_ , x(xz—yz)_ , 2x2 }2/
ox ! r Sl
w/
+[=m(20) —ns(2)]—
x (o
+H=m o =y = ns(29)] (7) : (A52)
The components of V - 7 can be written as
(V- TC)X = Txx T Ty, (A53)
(V : ﬂ)y = Tyyy + Tlyx.xs (A54)
and
x(V-n). +y(V-n
oy KT BEHT ), s
r
—y(V-n), +x(V-n
(V-m), = Y )r ( )y. (A56)
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All that remains is to evaluate the following:

(V-n), =yno —xnzo

4
+Z o' — ad nye'
r r
o o
+yriy T —X1N3 T/ (A57)
(V-n), = —xmo — yrsof
4x 4
- ’71“’/ -2 ’7360,
r r
w/ ! w/ !
—xrn, (7) —yri; (7) . (A58)
Then, in cylindrical coordinates,
(V-n), = —rijo —4ns0' — r*n3(o /1) (A59)
= -y = 3ny0" — rny0” (A60)
1
=—3 (FPa'n,), (A61)
1
(V-n), = —r—z(r3w’nl)'. (A62)

The azimuthal expression is the same as the radial expression, just
replacing #; with #,. It can be rewritten as

B 7] la(rv)} an, 0 (v
W"%—‘”la[; or | "o Tar\s)

(A63)
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