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ABSTRACT

The Rotamak is a proposed thermonuclear fusion device which employs rotating magnetic fields (RMF) to generate an azimuthal current to
produce a field-reversed configuration. The efficiency of the currents that produce the field reversal by RMFs was debated some 40 years ago.
The debate revolved around whether the currents would incur dissipation by the conventional Spitzer perpendicular resistivity, or whether
some other relation between current and dissipation would be more appropriate. By employing an electron-ion pitch-angle scattering model,
we find that the dissipation is non-Spitzer in nature. However, curiously, there appears to exist a regime where the power dissipated to

maintain the current becomes vanishingly small.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0070425

I. INTRODUCTION

The Rotamak is a proposed device for thermonuclear fusion
which uses a rotating magnetic field perpendicular to an axial mag-
netic field driving an azimuthal current.” The azimuthal current gen-
erates an axial field that tends to cancel the imposed axial magnetic
field. This cancellation allows a field-reversed configuration (FRC)
which has certain advantages for confining plasma. Experimental
examples of this concept include the works of Hugrass et al.,” Slough
and Miller," Furukawa et al.,” Guo et al.,* and Cohen et al.”

The accepted picture for the generation of the azimuthal current
is that highly magnetized electrons are tied to the magnetic field lines,
so the electrons will rotate with the transverse rotating magnetic field
(RMEF). On the other hand, ions are not so magnetized, so they are left
behind, thus leaving a net azimuthal current. This discrepancy
between the electrons and ions is characterized by the two dimension-
less parameters for each species,
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where g and m are the charge and mass of the particle, B, is the fixed
axial field, B, is the rotating field strength, and o is the angular

frequency of the RMF. Due to the difference in mass between electrons
and ions, it is possible to achieve large values for p,, w, while having
small values for p;, w; to achieve this net azimuthal current.

The aim of this paper is to determine the power dissipated in the
plasma as it is driven by the RMF to form the azimuthal current. In
the considerations here, the RMF is assumed to penetrate the plasma
fully, so that it is simply given as the vacuum rotating field. The matter
of field penetration, though not considered here, will of course be of
concern in a realistic setting.” However, even with this simplification,
the power dissipated is still not trivially calculated.

For our discussions, it will be useful to define the dimensionless
efficiency parameter & relative to the classical Spitzer resistivity,
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where P, is the power dissipated, Jy is the azimuthal current, and

eVei

N = " indicates the classical Spitzer resistivity with electron-ion

collision frequency v,;, which is defined later in Eq. (31). The contro-
versy of efficiency of current drive by rotating waves revolves around
how large/small this parameter is. The larger this parameter is, the
more efficient the current drive.

Hugrass and Klima” ' originally argued that as long as the RMF
field strength |w,|>>1>> w; is observed, then the electrons will
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undergo “flux preserving motion”"” which effectively allows us to pic-

ture the electron fluid as frozen-in and rotating near-synchronously
with the rotating field, while the ion fluid remains static. This, com-
bined with a sufficiently low electron-ion collision rate relative to the
gyrofrequency in relation to the rotating field (ie., allowing a few
orbits to occur before a collision event), Hugrass-Klima arrived at an
efficiency cap of

Enx =1, (3)

which would be consistent with the picture of an electron fluid being
dragged along with the RMF incurring Ohmic resistivity. Equality
would only hold as the “slip” between the RMF and electron fluid rota-
tion went to zero.

Fisch and Watanabe'* instead suggested that the picture of tying
electrons to field lines in calculating an Ohmic-like power dissipation
is an oversimplification. Taking into account that the electrons in a
rotating field have coherent oscillatory energy, much greater than the
average drift energy, could lead to larger randomized energy and
power dissipation. That the electrons can have a large oscillatory
energy is based simply on solving the equations of motion between
collisions,”” " which have analytic solutions. They found that good
azimuthal current generation only occurs in the w? > |p,| > 1 elec-
tron regime (with both ion quantities being small), and that its corre-
sponding efficiency of

é'ij:|— <1, (4)

‘|
is far smaller than the classical Spitzer picture, suggesting that the rota-
mak concept may be impractical for current drive.

Hugrass disagreed with this method. His main criticism of
Fisch-Watanabe was that their single particle orbit theory failed to
take into account the relation between momentum and energy transfer
during collisions as outlined by Klima.'"'* This would mean that one
cannot simply conclude that the oscillating part of the electron orbits
would all be lost due to collisions. On top of this, Hugrass’ also criti-
cized the fact that Fisch-Watanabe did not consider all possible initial
conditions in their analysis, instead opting to pick a specific orbit to
represent the whole system.

In this paper, we follow the single-particle approach of
Fisch-Watanabe but apply a more complete single-particle analysis, in
which all electrons orbits are considered and undergo multiple sto-
chastic isotropic pitch-angle scatterings with a fixed background of
ions. Hence, instead of associating an oscillatory energy with an aver-
age single electron (as was done in Fisch-Watanabe), we actually con-
sider the properties of many electrons over many collisions. We find
that, in contrast to Fisch-Watanabe, that neither the use of a single
representative average orbit nor the assumption of the oscillating
energy being dissipated captures the actual power dissipation.

In considering multiple collisions and working in the
w2 > [p,| > |w,| > 1 regime to guarantee good current generation,
it will turn out that a collection of electrons tends to a preferred
speed-radius ratio, the dynamics of which determining short-term
expansion-cooling/contraction-heating within a few collision times.
After the system of electrons has settled into this preferred state, there
will only remain very slow heating and expansion, resulting in a high
current drive efficiency which greatly outperforms the Spitzer resistiv-
ity with an efficiency of
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& = |pe| > 1. (5)

In the first section, we begin by re-deriving and solving the equations
of motion for a single particle in an RMF. Second, we introduce an
electron—ion scattering model which treats electron pitch-angle scat-
tering as instantaneous events which conserve energy and isotropize
velocity. Considering all possible initial conditions, in the third section
we calculate analytically how the average radius and speed of a large
population of randomized electrons evolves under these collisions and
compare this result with direct simulation. We then recover the overall
long-term heating rate and azimuthal current, from which we can
derive a novel resistivity law. We will find, in fact, a regime in which
the power dissipation is far less than what either Fisch—-Watanabe or
Hugrass-Klima would predict.

Il. SINGLE PARTICLE ORBITS IN A ROTATING
MAGNETIC FIELD

A. Equations of motion

We will first re-derive the equations of motion found in the Fisch
and Watanabe paper'” of a particle in an RMF with an axial magnetic
field. A rotating magnetic field, B, that is constant in the z-direction
can be described as

B = B (cos (wt) x + sin (wt) y) + By 2, (6)

where B, is the magnitude of the rotating magnetic field, B, is the
constant axial magnetic field in the z-direction, and  is the angular
frequency of rotation.

We can find the RMF’s consistent E-field by using the Maxwell
equations in a vacuum in SI units, two of which read

V-E=0,

7
V x E= —8tB ( )

Assuming no static E-field in the background this implies
E = wB, (xcoswt + ysinwt) z. (8)

However, there are two more Maxwell equations. The first is about the
zero divergence of the magnetic field V - B = 0, which is respected.
The other (vacuum) Maxwell equation,

1
V x B =5 0E, ©)
C

is not respected. In order to satisfy the Ampeére-Maxwell law correc-
tions need to be made to the electromagnetic fields on order of
(wr/c)? in relative size, where r is the radial distance to the z-axis. We
will work in the non-relativistic limit and ignore these corrections.

The Lorentz force equation on a particle of mass m and charge q
gives

mt = qE 4 qr X B, (10)
where we use the dot notation for the time ¢ derivative. This gives us
yBy — zB, sinwt

i
5 :% ;5630 + zB, cos wt . 11)
z Bla(xsina)tfycosa)t)

We introduce the dimensionless parameters, 7, p, and w, which are
defined as
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T = wft,
_ B
mw’ (12)
B
o BB
maw

where p and w correspond to the axial field strength and RMF ampli-
tude respectively as outlined in Eq. (1), and 7 to the angle swept in
time. For example, for the PFRC-2,””"" for electrons we get p, = —8.9
x10% and w, = —4.4 x 10'. For protons, the parameters are p;
=48x 107" andw; =2.4 x 1072,

Using 7 for the dot derivative notation now (and not time #), we
can rewrite

% yp —zwsint
j | = dfxp+zwcosr ) (13)
z w%(xsinr—ycosr)
The last equation can be integrated to give
z = w(xsint — ycost) + ¢, (14)

with integration constant c,. The form of the equations above suggests
trying a rotating coordinate system,

U= XCOoST+ ysint,

) (15)
¥ =ycosT—xsint,
U =XCoST+ ysint+ v,
. e (16)
?=ypcosT—xsint — u,
it =Xcost+ ysint+2v + u,
y (17)

V=ycost—Xsint—2u +v.

After some algebra, this leads to a system of linear differential equa-
tions in the rotating coordinates u and v

ii—(p+lu=Q2+py,
V—(p+1—w)v=—(2+p)i+ wc, (18)
2 - _WV+C27

which are the same set of equations of motion described in Fisch and
Watanabe."*

B. General solution to the equations of motion

The linear system, Eq. (18), has two frequencies of oscillation,

ag, =%(1 +(p+1) +w2)i%\/(p+2)2(p2 +2w2) +wh, (19)

where a2 corresponds to the — sign, and a? to the + sign. For stability,
we require that a% > 0, which leads to the stability condition,

(1+p)Q+p—n?) >0, (20)

which has to be satisfied for both electrons and ions. Now stray-
ing from the original paper,'* we now wish to look at all possible
initial conditions for particles, without making any assumptions
on what a typical orbit looks like. For notational convenience, we
define
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_atptl
T a,(p+2) '
To convert from our rotating coordinates (u,i,v,v,Zz) back to

Cartesian coordinates, we use matrix T(t), which is the inverse of Egs.
(15) and (16),

@1

cosT 0 —sint 0 0
—sint cost —cost —sint 0
T(t) = | sint 0 cosT 0 0 (22)
cost sint —sint cost O
0 0 0 0 1

For the general solution in rotating coordinates, we define matrix V(7),

S0, Co,S1,C1 = SinayT, cosayT, sina;t, cosa;r,

S, C s c 0
0 0 1 1

apCo —apSo apcy —as 0
w

Vir) — Aoco —Aoso Arc —Ajs; 5 1

(0) = —p-

76{0A0$0 7&0A0C0 7&1A131 7a1A1C1 0

*WAQCO WA()SO 7WA161 WA]S] > 1

L —p—1]

Before using information from initial conditions, we can show that
orbits are uniquely defined by five time-independent parameters

Has Ups Koy Kps Cz»

x u Ha
x it Hp
y| =10 v [ =TOVO| ke |. (24)
):’ V Hp
z z [

These orbit parameters can be derived from the initial conditions at an
arbitrary time o,
Ha
Hg
ne | = (T(w)V(w)™
Hp

Cz

(25)

NN N R R

=T

where 7, can also be interpreted as the initial phase of the RMF.
Putting the two equations together, we have the final solution of all
possible orbits,

G(t, 79

Ny

T(1)V(2)(T(20) V(%)) (26)
G(Tv TO) (27)

) =70

C. Stability for both electrons and ions

NN R R
NN R

We need to ensure that both electrons and ions simultaneously
respect the stability condition in this electron orbit regime. Because
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ions are much heavier than electrons, we can arrange for the situation
where

Pe < —1,
pit+1> Wzgv
where p, denotes the value of p for electrons and p; for ions. Note that
only electron orbits can live in this w? > 1 regime while keeping both
electron and ion orbits stable. Attempting to put ions in the same

regime results in unstable electron orbits. We can now calculate the
restriction this imposes on the magnitude of w,. Using the ratio

(28)

mi/qi 3
R=-—-—""""=0(10"), 29
—py (10°) (29)

then p; = —p. /R and w; = —w, /R, so
pe < —1,
lwe| < Rm~
This leaves plenty of room for a strong w,.

I1l. SCATTERING
A. Motivation

(30)

Fisch and Watanabe'* calculated a single particle dissipation
model with very specific initial conditions and assumed that all of the
oscillating energy in an orbit is dissipated via scattering. We instead
keep track of the net work done by the RMF on an electron orbit
between two collision events for all possible orbits and consider a
sequence of scatterings.

B. Electron-ion scattering

Building on the previously derived single particle motion, we will
introduce an electron-ion scattering model. In this type of collision, in
the ion frame of reference, electron kinetic energy is conserved, but
momentum is not. The electron-ion collision rate is given by"*

k

Vei = 3,
V3

_ 4nZe*n, In A (1)

 (4mg)? m?

where 7 is the particle number density of the plasma, v is the speed of
an electron in the ion frame of reference, and In A is a correction due
to long-range Coulomb interactions in the plasma, and can be taken
asIn A ~ 10 for a wide range of plasma conditions. Note that the elec-
tron’s scattering cross section, and hence collision rate, decreases with
v. In practice, an approximation we will make is that v,; is constant
between collisions.

For our model, we will treat electron-ion collisions as instanta-
neous events which conserve electron kinetic energy and scatter them
isotropically. This is similar to the prescription for some Monte Carlo
simulations. We will then use this collision model to calculate the
effects on the entire population of electron orbits.

IV. RESISTIVITY FROM ELECTRON-ION COLLISIONS

The majority of the kinetic energy of the single electron orbits is
not necessarily contributing to the azimuthal current, and the direc-
tion of their motion varies greatly over a single pass around the central
axis. In fact, we will show that the azimuthal current contribution
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from a single electron is almost completely uncorrelated with its initial
azimuthal velocity. Hence the effects of isotropic scattering from elec-
tron-ion collisions cannot be treated as resetting the azimuthal current
contribution of electrons, because in the w2 > |p.| > |w,| > 1
regime the majority possible orbits an electron could occupy will
observe near synchronous drift with the RMF.

We will also show the existence of a subset for attractor orbits
into which pitch-angle scattering will quickly drive electrons within
the first few collision times. These attractor orbits will be integral in
describing the dynamics of heating/cooling and expansion/contraction
of the electron orbit population.

A. Work done on a population of electrons

Since we know the exact path an electron will take given its initial
conditions, we can calculate the net work done by the RMF on the
electron between times t, and fy + At between two collision events,
which can only be done by the RMF’s associated axial electric field

To+AT

AW = —wmewzj u(wv — ¢,)dr, (32)

To

where 7, can either be interpreted as the nondimensionalized initial
conditions’ starting time 7o = wfy, or as the initial phase of the RMF
relative to the x-axis at time f= 0. Substituting our expressions for u
and v from Eq. (24), we recover

T0+AT
AW = — wzmewZJ

To

dt {Ao,uAuB €0s2a9T + Ay ficip €Os 24, T

1 1
+EAO(Hi — 1) sin 2ayT + EAI(:UZC — u}) sin2a;t

+ A1l picSocr — ArptapSost + A1l ot — AlfigHpCost
+ Aolctiasico — AoficipsiSo + Aolpiacico — AolpHpCiSo

+e ff:f—;)fwl (Haso + pgco + pest + pper) |- (33)
This expression is periodic in nature (since the two frequencies a, and
a, are different), so the exact time at which the electron undergoes its
next collision dictates whether the RMF will have performed overall
positive/negative/zero work on it. Thus, we can conclude that in the
absence of collisions, the RMF on average dissipates no net power on
the electrons, which is to be expected from a closed-orbit solution.
Hence, any overall heating must be due to collisions promoting elec-
trons into higher-energy orbits.

We now seek to rigorously calculate the work done (and hence
heating) on a population of electrons due to the presence of stochastic
electron-ion collisions. To recover a useful expression for deriving
resistivity of the plasma, we are interested in the expected work done
by the RMF on a large randomized population of electrons. By assum-
ing collisions are only electron-ion, and that they pitch-angle scatter
electrons elastically and isotropically, we can recover the expected
work done on electrons before a scattering event with this type of ran-
domized velocity initial conditions along with uniformly random ini-
tial x, y coordinates. We will denote this averaging by (...).y (ie.,
averaging over velocities due to multiple collisions ¢ and averaging
over positions due to multiple particles N). Using Eq. (33), we can con-
cisely write this average as follows:
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To+AT
(AW) .y = —wzmewzj dru'U(7)p, (34)
To
+
where g and u' are defined as Haden (s
Hp)eN (1
n= ﬂC)c,N ) (ﬂT)T = <ﬂC ; (35)
D) en (up
CZ)C,N <Cz
and the symmetric matrix U(t) is given by
[ 1
Agsin2apt  Agcos2agt  Aysocr + Agcesi  Agcocr — A1ses) (I;er)/"‘i s
W2 —p—
1
2U12 —AO sin 2(10'[ A]C()Cl — A050$1 —A050C1 — A1C051 (12)—'_71))/“1(30
W2 —p—
1
= 1 36
2 2U13 2U23 A1 sin 2a1‘z: A] Ccos 2(11‘[ Msl ( )
w—p—1
1
2U14 2U24 2U34 7A1 sin 2a1‘z: (IZ)+7)/.WC1
w—p—1
| 2U;s 2Uns 2Uss 2Uss o |
[
At
We now use Eq. (25) and the fact that all odd quantities and their (AW),_y = —w*ma*p’ J dtU(7) |p
combinations of the initial condition velocities average out to zero ' 0
(e.g. (Xy).n = 0) to calculate the expected work done under colli- At
sions. These restrictions on the initial conditions can be written in the = —wm,ax(0)" (s7H)" J dtU() | s~ (x(0)")"
form of a diagonal matrix X in the non-rotating frame, 0
- - At
1 _ -
5,3 o 0 0 0 = —wrm,0* Tr[(L dt U(r))S 1X(S I)T] , (39)

1
xx'=|0 0 Erg 0 0 |, (37)

L 37

where 7, and v, indicate the radius and the w-normalized speed of the
electron immediately after the collision event, and x and x" are defined as

where § = T(0)V(0). This equation describes a stochastic process
where the collision-particle expected initial speed after collision 7+ 1
is determined by the randomized time between collisions At,, and the
initial radius and speed after collision #,

<V(2),n+1>c,N - <V(2)An>c,N
= Te[(U(An) - U O)S X G| (R)ee (40)

where 7, = (v5,) /(15 1) > and U™ (), X'(y) are defined as

T1
(x ox U(n) - U'(w) =~ | o)
. . T
x . 10 0 0 0]
xw)= || » &'@) =[P (38) 02 0 0 o
v V)en 5 37 (41)
; ; 0 0 1 0 O
<Z — Z>c,N — X’(y) =X, + g"/XZ = 2
Without loss of generality we can set 7, to zero. This is because 1, indi- 0 0 0 37 0
cates the starting phase of orbits relative to the RMF immediately after 5
a collision n, the effects of which we have already averaged out with 0 0 0 O EV

our (...)y particle averaging. Using these equations along with the
inverse V matrix all evaluated at tp = 0, we can find the collision-
particle averaged orbit parameters in terms of the collision-particle
averaged initial conditions, along with taking advantage of the fact
that g and p' are time-independent between collision times.

The last thing we need to complete this calculation is writing the sto-
chastic process for the radius squared r§ ,, which we can also recover
from the general orbit solution and performing collision-particle aver-
aging like we did for the work done by the RMF,
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2
w
(1) = (taso + Hpco + Hest + iper)’ + (MAAOCO — fpAoso + fcArcr — UpAis + ¢ "’2*717*1)

= (AP = K(A) ~ KO = (R )on = (Te[((8%) ~ KO)S X)) +1 ) s 82

where the symmetric matrix K (7) is given by

st + Alc %(1 — A})sin2apt  sos1 + AgAicocr  Soc1 — AgAices WZMLA—;&
Ky, &+ Als? oSt — AgAisocy  cocy + AgA;ses: Wz—i\’i;\)os_ol
Kis Kas st + Al % (1— A7) sin2ar7 WZW_Ai;CI_I (43)
Kis Ko Kas &+ A2 Wz_ivi/;ls_ll
- Kis Kas Kss Kys (Wz_wzp_l)z_

Note that the diagonal elements of K survive under t-averaging, unlike the U matrix. We can now write the full stochastic process over the entire
electron population for rZ and v with Egs. (40) and (42) in the continuous random variable At,,,

e = (Te[ (U7 (Acy) = U)X G ™)T] +5,) ().

(44)
Ganlex = (STe] k() — KO)s X706 +1)

Because many electrons will be colliding with ions at different randomized times, we can average this stochastic process over At to get the overall
expected changes in electron radius and speed. In essence, we seek to recover the following deterministic process,

i) aeen = (Tr[(U°(87,) = U ()08 X)) +2) () acen

(45)
(Rt acen = (%Tr[mmn) — K(0)) S X (1) (5] + 1) (7 ) pce

where 7, = (V) ac.en/ (To.n) ac.cn- To perform this averaging, we will need to know how A, is distributed. For a given electron temperature, the
continuous random variable Az, is exponentially distributed

P(At,) = Je A,

A=V o, (10

where v,; indicates the electron—ion collision rate. It is distributed this way because the probability of an electron undergoing a collision in
the time interval [At,, At, + d(At,)] and no earlier is equal to the product of e #A™ (the probability that no collisions occur for Az, amount
of time) and 4d(At,) (the probability of a collision occurring in the subsequent interval [At,, At, + d(At,)]). Note that we will be treating
v,; as constant in time for this calculation, which is not true, in general, since it scales with v~3. However, we will find that in the collisionless
limit (i.e., allowing electrons to complete at least a few orbits on average before a collision event) that this approximation holds as shown in
Figs. 1 and 2. The integrals involved in this averaging are notably in the form of Laplace transforms, so we can write the expressions as
follows:

WBretdacen = (T2 20U () = U @)DS K ()™)T] + 22 ) (b
1 , T (47)
Gardscen = (ST 240K - KOIS X () ()] 1) (e

In the low collisionality limit 2 = v,;/®w < ay, i.e., when orbits are allowed to perform at least a few cycles before a collision event, the random var-
iable A1, gets so large that the time of the previous collision no longer affects the process. Working in this limit yields
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Ao 0 @do — ahy 0 1 (p+1)/w
2ay a? —a} aw?—p—1
A apAy — a1 A,
0 " 2a0 © Ta=a 0
0 1 0
2 Ay — apA A 1 1
lim /. Z[U*(s) — U*(0)](4) = — = | 120~ %0 0 AL 0 1 +l/w )
=0 2 ai —ag 2ay awr—p—1
Ag — ;A A
0 “007“;1 0 _A4 0
ay) —ag 2a;
1 (p+1)/w 0 1 (p+1)/w 0 0
aw? —p—1 aw?—p—1 (48)
- o
~(1— A} —AA 0 A
2( 0) 0411 szfpfl
1
0 ——(1-AY 0 —1 0
lim 2 Z([K(s) — K(0)](1) = AoA 1(1 A?) 0 A
-0 N o 2 ! "Wop—1
1
0 -1 0 —-(1-A4AY) 0
—w —w
A A 0 0
‘w2 —p—1 'w—p—1

Combining Egs. (47) and (48) gives us a full analytic expression for
how the entire electron population heats/cools and expands/contracts
under electron-ion pitch-angle scattering, which we can use to derive
how the entire system heats/cools and expands/contracts under
collisions.

B. y.-attractor orbits
The form of Eq. (47) implies the existence of a preferred speed-
radius ratio,

<V(2),n>A1,c,N

Voo = lim (49)

n—oo <r0,n>Ar4,c,N '

that the system of orbits is attracted to after each particle undergoes a
few pitch-angle scatter events. Using Eqgs. (47) and (48), we find that
in the low collisionality limit this fixed point is determined explicitly
by

2 2
gkz"/ic + (kl 75142)’))00 — U = 0,

ki = Tr[ lim 2 Z,[K(s) — K(O)](/I)S"Xi(S’l)T] , (50)

1
2 /-0
u; = Tr Bim 2L JU(s) — U*(O)}()»)S”X,-(S’I)T} )
—0
where X; 429X, = X'(7). This gives us a quadratic equation for 7
which in our case always gives a unique solution,

2
2 2 8
_—<k1—§u2)+\/(k1—5u2) +§k2u1

oo 4
—k
3k

Y

(51)

The attractor orbits characterized by 7, dictate the overall heating/
cooling of the population of electrons. If the electron population starts
at y > 7., the electrons will undergo rapid cooling and expansion in
the first few collision times in order to reach 7., and the opposite will
occur when y < 7. In a real experiment, we would expect the plasma
to initially be cold, hence the plasma would start at y < y_,. This
model predicts that the electrons would undergo rapid heating and
contraction of orbits for the first ~10 collision times in order to reach
Vso- Once the equilibrium y. is reached, there remains only a slow
heating rate given by

1 3
Pp = 7goomew2neyei<v(2)4n>A1‘c‘N = 7goo”eTeVei(Te)7
2 ; 2 52)

Te[limy o £ Z4[U*(s) — US(0))(A)SX (7,057

8o = Yoo

This power dissipation rate is derived by multiplying the increase in
bulk electron kinetic energy density per collision i g.n.m.w?
(V5 ) Ac.c.v» calculated with recourse to Eq. (40), with the electron-ion
collision rate v, We can refer to g, as the y-equilibrium heating/
expansion rate as both (g ). . and (v§ ), .n grow by a factor of
(14+g-) per collision in the y = y., regime, i.e., they both grow slowly
but geometrically,

<r§ n)AI £.N(1 + gOO)Whn’

m—n

<V(2),n>Ar,aN(1 + gOO) ’

(53)

where collision count 7 is sufficiently large such that the system has
already reached the y =y, equilibrium. In the limit of [p,|>> 1,
|we| > 1, as shown in Fig. 3, 7 and g, reduce to
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FIG. 1. Shortterm evolution of electron orbit population radius (rZ ) Acen and
squared speed- radlus ratio y, under collision n for electron machine parameters
pe = —1.0 x 10%, we = —1.0 x 102, initializing with zero speed. The blue line
represents the analyt|c result from Eqs (47) and (48) while the orange and red
points indicate the numerical results from direct simulation of 10000 particles
undergoing stochastic isotropic pitch-angle scattering with a constant and ~v—2
collision rate respectively, both with a mean collision rate of 0.1 w. This demon-
strates that the approximation made in Eq. (46) is valid in this regime. Note that 7,
levels off to a predetermined constant 7., (pe, We) = liMy_.cc (V3 ,) Acen/
<r0 ) Az DY rapidly heating electrons and contracting their orbits, which all occurs
within ~10 collisions per electron. If electrons were instead initialized with a high
energy such that 5 > 7., then the system would instead undergo rapid cooling
and expansion in the first few collisions.

_ 3lpel
o=
4 (54)
ST
which yields a power density dissipation rate of
6
PD neT Vet(Te) (55)
5lpe]
Note that the heating rate expression overall scales with T /2 and

intriguingly scales inversely with the background magnetic field
strength By, indicating a very slow heating rate that is independent
from the RMF field strength B, assuming it is sufficiently strong.

C. Azimuthal current and resistivity of a y..-population
of electrons

The azimuthal current density Jy is given by

ARTICLE scitation.org/journal/php

FIG. 2. Long-term gradual electron heating (and expansion) after the asymptotic
7o IS reached from both the analytic result in Egs. (47) and (48) and direct numeri-
cal simulation with the same parameters used in Fig. 1 (except for using only 1000
particles rather than 10000 for the v~ collision rate). In this regime, the electron
orbits undergo slow heating and expansion at a predetermined rate go. (pe, We) as
defined in Eq. (52).

Jo = 7enew<97’>A1,c,N7 (56)

where 0 indicates the normalized azimuthal angular velocity such that
0 = 1 would indicate perfect synchronous drift with the RMF. We
currently do not have an analytic expression for (Ar) Aven> Since it

FIG. 3. Overall asymptotic speed-radius ratio 7., = lim,_. <v§ ) Acen/
<r0 ) Acen @nd heating/expansion rate g of electron orbits undergoing electron-
ion pitch-angle scattering plotted agalnst varying electron machine parameters p,,
we. We find that as long as we are in the p, > 1, we > 1 regime [while obeying
the stability condition in Eq. (20)], the expressions found in Eq. (54) are valid.
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involves a non-trivial time integral which is then averaged over isotro-
pic initial conditions,

. 1 (T Xy — yx
0r = ( lim = di——=) . 7
< >AI,C,N <T"°O TJO \/m>cl\f 7

However, we can instead calculate this quantity numerically by initial-
izing many particles with randomized isotropic positions and veloci-
ties whose initial conditions follow the y.., speed-radius constraint in
Eq. (51). In the w? > |p,| > |w,| > 1 regime, this quantity comes
out to be approximately

<9r>Ar,c,N ~0.7 <r>ArAcAN ~0.7 <r2>A17c7N7 (58)

which indicates a good overall synchronous drift with the RMF for all
orbits in this regime.

We also find that the average azimuthal velocity cannot be
approximated by the product of the average azimuthal angular velocity
and radius,

<9r>Ar,c,N % <9>A1‘5‘N<r>At‘c‘N' (59)

Thus, it is misleading to characterize the current-generating capacity
of an orbit based on its time-averaged azimuthal angular velocity
alone. To get a better idea of the required machine size to contain these
orbits, we also calculated the expected maximum radius of an orbit in
relation to its time-averaged radius as

(rmax)AwN ~~ 1'3<7>A‘E7C,N ~ 1.2,/ <r2>A‘L‘7C,N' (60)

With these numerical calculations, we can now solve for the azimuthal
current density in terms of parameters we know analytically,

]0 ~ —0.7 en. <r2>A’[,C,N

2 i
= 70.7\/;\pe| /enew\/m

_ en
— lpe T2 =7 T (61)
me

Q

We can then substitute this expression back into the previous equation
and recover the power dissipation law,

Pp/J; ~ L2 Msps (62)
Pl

which is much smaller than both the Fisch-Watanabe'* and

Hugrass-Klima resistivities.'”'* The non-dimensional prefactor in

front of our equation is vanishingly small, which tells us that current

drive ought to be very efficient in this w? >> |p,| > |w,| > 1 electron

regime, vastly outperforming the Spitzer resistivity.

V. DISCUSSION

The very large current drive efficiency, essentially a mammoth
current drive efficiency, as summarized in Eq. (62), is certainly nonin-
tuitive. In the regime in which it is large, it is even larger in the regime
in which the perpendicular magnetic field is large, namely, where
|pe] > 1. In fact, the current in this limit appears to be essentially dis-
sipationless, even while remaining finite. One might seek, therefore, to
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compare this phenomenon with current drive efficiencies associated
with other methods.

The original thinking advanced in the rotamak literature was that
the current drive would be related to the momentum input by the
wave'*"'* much like advanced by Wort in the so-called peristaltic toka-
mak."” In that picture, the azimuthal current is supported by azi-
muthal wave momentum. Thus, in this picture, since, for the same
current, the energy input is proportional to the square of the velocity
of the current carrier, while it is lost every collision time of the elec-
trons, the law for energy dissipation becomes essentially the Spitzer or
Ohmic resistivity. The same reasoning leads to other methodologies of
pushing the bulk (thermal) electrons, but not the bulk ions, such as by
low frequency waves™’ or neutral beams.”’ However, in these other
current drive mechanisms, including those featured in the peristaltic
tokamak, as well as of course the Ohmic current drive mechanism, the
current is driven in the direction of the magnetic field.

Here, the same reasoning is used to derive current drive efficien-
cies for current driven perpendicular to the main magnetic field.
However, driving current perpendicular to a magnetic field is thought
to be harder than driving current parallel to a magnetic field, whereas
by Eq. (62), it appears to be easier to drive current perpendicular to a
magnetic field. So the question arises, what might be the mechanisms
to make current flow with less dissipation?

First, note that the classical resistivity perpendicular to a magnetic
field is a factor of two more than the resistivity parallel to the magnetic
field. This increases the dissipation compared to the Ohmic dissipation
in driving currents parallel to the field, rather than explaining why the
dissipation should be less. Although the picture of calculating the dissi-
pation as though an electron fluid was simply dragged azimuthally
was challenged by the initial single particle approach,* which sug-
gested that the large motions perpendicular to the azimuthal dragging
of the electrons needed to be considered, taking those motions into
account suggested more dissipation, rather than less dissipation, as
found here.

Second, note that, in seeking much less dissipation, in the case of
current drive efficiency parallel to a magnetic field, the smallest dissipa-
tion occurs when waves are arranged to resonate only with the super-
thermal electrons, such as by lower hybrid waves” or electron cyclotron
waves.”” In both cases, it is not necessary that wave momentum drives
the current; rather it is essential that the electrons carrying the current
be substantially superthermal, so that they collide less. In principle, the
efficiency can be made even larger by arranging the wave-particle reso-
nance conditions such that electrons are pushed in a direction close to
their constant energy surfaces.”* However, as higher efficiency is sought
in this manner, fewer electrons can be found that meet the necessary
conditions, so, in practice, there is a limited amount of current that can
be driven at very high efficiency. In any event, these methodologies per-
tain only to driving current parallel to a magnetic field.

Thus, to summarize, in the case of driving current parallel to the
magnetic field, the picture is that particles receive an instantaneous
push, and that results in current that lasts until a collision destroys
that current. The efficiency can then be optimized by arranging for
that current to last longer or for the energy required in the push to be
less. The current lasts longer if the electrons carrying the current are
faster. In all cases, the push is to higher energy, but the push requires
less energy either if the electrons being pushed have less velocity in the
direction of the push, or if the push is along constant energy surfaces.
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In contrast, in driving current perpendicular to a magnetic field,
such as in a rotamak, the current only exists while the wave excitation
persists. There might be a push, but the current lasts only during the
push itself; no current persists until destroyed by a collision as in the
case of driving current parallel to the magnetic field. This situation is
more analogous to the case of alpha channeling, where charge is
pushed by waves across the magnetic field”” In the case of alpha
channeling, which generally involves pushing ions across the field
rather than electrons, there is the opportunity to extract energy from
the particles (thereby amplifying the wave) even as the current is
driven. The utilization of the particle’s own kinetic energy suggests the
appearance of a high efficiency in driving this current. However, the
kinetic energy is released only because the particle is diffused by the
wave in space to a position of lower phase space density, in the energy-
configuration space. The alpha channeling effect also occurs in a rotat-
ing plasma, where some potential energy can also be released to drive
the perpendicular current.”” However, in the case of alpha channeling,
whether in a rotating plasma or a non-rotating plasma, it is imprecise
to define a steady state current drive efficiency, since the plasma itself
is expanding rather than in steady state.

The fact that the rotamak orbits uncovered here both suggest
very high current drive efficiency, but require a concomitant expan-
sion of the plasma, suggests that the high efficiency case here might be
analogous to the apparent high efficiencies in driving currents across
magnetic fields through the alpha channeling effect, which also require
plasma expansion while appearing to be highly efficient. However, the
rotamak drive is different in that it is not a resonant effect targeting
only a select group of particles. Also, in the presence of the rotating
magnetic fleld, the magnetic field direction itself changes, so current
that is perpendicular to the axial magnetic field is not exactly perpen-
dicular to the instantaneous magnetic field. Moreover, it still remains
mysterious why the efficiency is so high when the axial magnetic field
is made stronger.

There are caveats to this high efficiency. First, the very high
efficiency comes with the caveat that, as in the case of alpha
channeling, it is not quite a steady state efficiency. It requires the
plasma to expand, even if not so much. Second, the rotating field is
assumed to penetrate the plasma fully, even in the very high effi-
ciency regime where the axial field is made very large. The details of
that penetration could affect the apparent current drive efficiency.
For example, analogous to the case of currents driven by alpha
channeling, bringing power from outside the plasma to drive the
current (the boundary value problem), as opposed to damping
waves interior to the plasma (the initial value problem), can result
in very different currents in the plasma.”” This difference occurs
because the nonresonant particles that support the wave also can
carry current. In some cases, this current can be substantial. A third
caveat is that the collisions here are implemented as though each
electron has a fixed energy between collision events. In fact, over an
orbit, the electron energy varies. To the extent that electrons change
their energy substantially in the wavefield, this approximation may
need revisiting. Finally, it should be observed that if substantial cur-
rent is generated, to the extent that the applied axial field is substan-
tially canceled, then the conditions for efficient current generation
would be violated.

On top of this, we also assumed a uniform axial field By, which
made electron orbits integrable. When a more realistic field is used,
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electron orbits can become chaotic as they reach the boundaries of the
confining field, even without the presence of an RMF.” That leads to
very different non-integrable motion than what we have found here.
Thus, it is not clear whether any effects found in this paper, such as
the surprising low dissipation effect, would survive in full FRC field
geometries. However, we do surmise that our low dissipation result
would apply to electron orbits that stay away from any boundaries
which would induce stochasticity even in the absence of collisions.
Hence there may be a class of electron orbits which survive for long
enough near the z=0 midplane which drive a sufficient azimuthal
current and magnetic field in the —z direction. In any event, whether
or not the model here pertains to practical laboratory experimental
geometries, the low dissipation effect uncovered within the idealized
geometry remains surprising.

Despite these caveats, we are left in Eq. (62) with a mysterious,
enormously high current drive efficiency, even if it requires assuming
a penetrating driving field, even if a small amount of plasma expansion
makes the driven current not quite steady state, and even if stochastic-
ity inducing boundary conditions that occur in realistic geometries are
neglected in the straight confining magnetic field geometry that we
consider here.

VI. CONCLUSION

Using a single-particle motion picture with repeated stochastic
electron—ion pitch-angle scattering, we have found very specific
requirements for machine parameters on the electron orbits
w2 > |p| > |w.| > 1, where the power dissipation required to
maintain an azimuthal current becomes vanishingly small ~7,/|pe|
despite the presence of electron—ion collisions. This power dissipation
can be significantly less than what either Fisch and Watanabe'* or
Hugrass and Klima” '* would predict.

We have also found that collisions drive the system of electrons
to a unique preferred speed-radius state y., initial deviation from
which (under the previously specified machine parameters) will cause
rapid expansion-cooling or contraction-heating to reach y,, = 3|p.|/2
within roughly 10 collision times, after which only very gradual
o 4/(5|pe|) heating and expansion takes place.
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