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In a magnetic mirror fusion reactor, capturing the energy of fusion-produced alpha particles is essential to
sustaining the reaction. However, since alpha particles are born at energies much higher than the confining
potential, a substantial fraction are lost due to pitch-angle scattering before they can transfer their energy to the
plasma via drag. The energy of lost alpha particles can still be captured through direct conversion, but designing
an effective mechanism requires a description of the energies and times at which they become deconfined. Here
we present analytical solutions for the loss velocity, energy, and time distributions of alpha particles in a magnetic
mirror. After obtaining the Fokker-Planck collision operator, we asymptotically solve for the eigenfunctions of

WKB the Legendre operator to reveal a closed-form solution. Our framework applies to any high-energy species, for
any applied potential and mirror ratio R > 1, making this work broadly applicable to mirror devices.

1. Introduction

Magnetic mirrors have experienced a recent resurgence due to the
introduction of sheared-flow stabilization [1], new high-field supercon-
ductors [2,3], and more efficient methods of sustaining electron temper-
atures in tandem mirror end-plugs [4]. These advancements have paved
the way for a new generation of axisymmetric mirror experiments in-
cluding multiple-mirror (MM) traps [5-8], the Centrifugal Mirror Fusion
eXperiment (CMFX) [9,10], and the Wisconsin High-field Axisymmetric
Mirror (WHAM) [11,12].

Magnetic mirrors represent a promising alternative to more conven-
tional magnetic confinement schemes like tokamaks due to their relative
simplicity, steady-state operation, lack of driven current, differential
confinement features, and high g values [13,14]. Unlike tokamaks, how-
ever, mirrors have an open field line configuration and thus rely on
conservation of the first adiabatic invariant M = W, /B [15], along
with a combination of applied and ambipolar potential differences ®
between the midplane and ends to keep particles confined [16]. Large
end losses, together with loss-cone instabilities from the resulting popu-
lation inversion [17], call into question whether the temperature of the
plasma and fusion power density can be sustained on useful timescales.

Centrifugal mirrors [18-25] have addressed some of these doubts.
These experiments apply a radial electric field to the plasma via end
electrodes or alternative methods [26], inducing an E x B drift around
the central axis of the mirror [27-30]. The resulting rotation can reach

supersonic speeds and produces a centrifugal potential well centered
at the midplane [20,21]. This applied potential, in addition to demon-
strated suppression of loss-cone instabilities [22,31], makes centrifugal
mirrors an exciting prospect for magnetic confinement fusion. Never-
theless, a careful examination of energetic particle losses is necessary to
evaluate the viability of magnetic mirror confinement.

Alpha particles, or He-4 nuclei, are produced in both deuterium-
tritium (DT) and proton-boron-11 (p-B11) [32] fusion reactions, car-
rying a significant fraction of the fusion power in each case: 20% and
100%, respectively. A substantial population of highly energetic alpha
particles is expected to greatly influence plasma temperature, fusion
power density, transport, and stability [33]. The role of alpha parti-
cles in fusion power balance involves two competing effects. On the
one hand, accumulation of alpha particles is typically deleterious to fu-
sion reactions. This is because they initially provide free energy that
drives instabilities [34,35], then transfer that energy to electrons en-
hancing bremsstrahlung radiation [36,37], and ultimately force reactant
species to share the available pressure. These effects serve to undermine
confinement, hemorrhage free energy, and decrease the effective fusion
cross-section [33]. This is especially undesirable for aneutronic reac-
tions which have naturally smaller cross-sections [38—40]. On the other
hand, if alpha particles are allowed to leave with their birth energy,
it might be difficult to energetically sustain the reaction. A proposed
solution to simultaneously address these concerns is alpha channel-
ing [37,41-44], where wave interactions are leveraged to expel alpha
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particles while transferring their energy to fuel ions. Any residual energy
could be captured via direct conversion [45] as they leave. Describing
the loss energy and time spectra of alpha particles is the first step to-
wards enacting such measures.

Energetic particle losses in a magnetic mirror have been previously
examined by Ochs et al. [16], who presented a covariant Fokker-Planck
equation and associated timescales for relativistic tail electrons, by Pas-
tukhov [46], who obtained expressions for collisional losses of electrons
in a two-component plasma in the large potential limit ® > kT, and
by Najmabadi et al. [47], who derived a collision operator and simi-
lar expressions in the modest potential limit ® < kzT'. However, these
efforts do not consider fast ion species like energetic alpha particles.
Fokker-Planck codes have been used to describe fast-ion losses [48-50],
but these studies are entirely numerical. Killeen et al. [51], and more
recently, Egedal et al. [12] have considered semi-analytical solutions
of fast-ion losses in the low-collisionality limit. They obtained results
through spectral decomposition in terms of the unknown angular eigen-
functions of the Fokker-Planck model, which were computed numer-
ically for the changing boundary conditions. However, understanding
which system parameters define key features of alpha particle loss be-
havior and gaining insight into how we might use them to our advantage
requires robust scaling relations and closed-form solutions.

We derive here a fully analytical closed-form solution describing the
loss of alpha particles in a magnetic mirror with arbitrary applied poten-
tial, in the low-collisionality and modest potential limits, for any mirror
ratio R > 1. We employ the Wentzel-Kramers-Brillouin (WKB) approx-
imation [52] and Fourier analysis to asymptotically solve for Killeen
and Egedal’s unknown angular eigenfunctions and eigenvalues, com-
pose from them a solution, and demonstrate agreement with a Monte-
Carlo simulation.

This solution condenses all of the information regarding alpha par-
ticle losses into a single expression, the Green’s function solution for
the distribution function. From this function, one can derive the proba-
bility distribution functions (PDFs) for the loss velocities, energies, and
times for any initial distribution of alpha particles. These PDFs shed light
on many difficult questions including optimizing direct conversion ef-
ficiencies, tuning device parameters such as mirror ratio and potential
strength, and determining the various fates that particles meet, such as
deconfinement via pitch-angle scattering or thermalization via drag.

We find that the nature of our loss spectra is determined by a handful
of dimensionless parameters with readily interpretable physical mean-
ings, which can be manipulated externally through choice of device
parameters. Our results show that for both DT and p-B11 scenarios, even
a modest rotational potential succeeds in trapping and thermalizing a
substantial fraction of the initially confined alpha particles. This sug-
gests that differential confinement is an important consideration when
designing a reactor based on centrifugal mirror confinement, and that
even a small applied potential affects the power balance of the reactor
significantly.

The outline of the paper is as follows. We begin in Sec. 2 by re-
viewing the definition of standard mirror coordinates and deriving the
hyperbolic trapping boundary for a mirror with potential ®. In Sec. 3,
we discuss the various fates that alpha particles meet and provide ap-
proximate expressions for their relative proportions or “loss fractions”
Fl(i_”i) . In Sec. 4, we present the classical non-relativistic Rosenbluth for-
mulation [53] of the Landau collision operator [54] and derive from it a
Fokker-Planck partial differential equation (PDE) in mirror coordinates
to describe all nontrivial loss behavior. In Sec. 5, we find a numerical
solution to this PDE via Monte-Carlo methods. In Sec. 6, we propose
an ordering of timescales that allows us to solve our PDE by separation
of variables and obtain an analytical Green’s function solution for the
distribution function f(t,x, ¢). In Sec. 7, we integrate this distribution
function to obtain the remaining number density as a sum of eigenmode
populations with characteristic decay rates. In Sec. 8, we derive the loss
velocity and time PDFs from the number density solution and general-
ize our Green’s function solution to any initial velocity distribution. In
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Fig. 1. Mirror Phase Space. Here we see the projection of velocity phase space
into the (x,x,) = (xp, xy/1 - 1?) plane. The regions on the left and right rep-
resent the loss cone, which in the presence of a confining potential becomes
the hyperboloid described by |u| > u,(x) (Eq. (3)). The upper region given by
| 1] < p,(x) corresponds to confined particles and the circular region around the
origin corresponds to potential-trapped, thermalized particles. The bottom half
of the picture is perfectly symmetric and has been omitted for clarity.

Sec. 9, we present expressions for the mean loss energy and time due
to pitch-angle scattering. In Sec. 10, we generalize our loss fractions for
any initial velocity distribution. In Sec. 11, we compute the equilibrium
distribution for a steady-state delta source. In Sec. 12, we outline the ap-
plication of our model to relativistic alpha particles and tail electrons.
In Sec. 13, we present our conclusions.

2. Trapping condition & phase space

Consider a fast ion species ‘@’ confined in an axisymmetric centrifu-
gal magnetic mirror with mirror ratio R = B,/B,, subject to applied
potential &, = ®, — ®,,, where subscripts m and e denote the midplane
and ends, respectively. This potential will typically be a combination of
centrifugal and ambipolar electric potentials. Then conservation of en-
ergy between the midplane and ends of the device can be used to derive
a trapping condition as follows. We choose to work in standard mirror
coordinates [16], which are isomorphic to spherical coordinates with
azimuthal symmetry corresponding to gyrotropicity,

XEU/U”M, u=v, /v, tan(pEvy/Ux (€8]
where normalized velocity x is the radial coordinate, pitch-angle y =
cos 0 corresponds to polar angle § with v, = v, ¢ is the gyrophase an-

gle, and v,;, , = /2kgT,/m, is the alpha thermal velocity. Let us denote
the kinetic and potential energies W ;, ®. Then the boundary between
trapped and untrapped occurs precisely when W, =0.

Wit + W + @y = Woy + W + @, 2

We can use conservation of the first adiabatic invariant to substitute
R=B,/B, =W,, /W, and obtain,

()
xrzn =Rx’2n(1 - u2)+ A ; — Up(x) =

B'ta

€))

where we have defined x, = \/®,/kgT,. This trapping boundary in mid-
plane coordinates corresponds to a hyperboloid in R3, which we can
further simplify by realizing gyrophase angle is irrelevant to confine-
ment and taking a 2D cross-section at ¢ =0 as shown in Fig. 1.
Throughout our analysis, we will consider all particles of this fast ion
species to experience the same constant potential ®@,. In the centrifu-
gal case, this corresponds to neglecting shear in the rotational velocity
profile of the reactor, which presents an alternative loss channel where
particles diffuse radially and then exit in a region with lower effective
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Fig. 2. Loss Fractions. Shown here for n,, particles are the fractions of the ini-
tial uniform distribution in u that are born deconfined (blue), leave gradually
via pitch-angle scattering (green), and end up confined as part of the resulting
thermal distribution (orange).

confining potential [22]. This assumption is valid for a sufficient com-
bination of the reactor radius being many times the Larmor radius and
drag dominating over pitch-angle scattering, as shown in Appendix J.

3. Loss fractions

Let us consider an isotropic population of n, alpha particles born at a
single velocity x = x(, as shown in Fig. 4. This corresponds to a uniform
distribution across pitch-angles u € [—1, 1] as shown in Fig. 2, where we
can estimate the fractions of particles that are lost from the mirror in
various ways over time. Let us denote,

i. — never confined: born in loss cone with |u| > p,(xg)
ii. — gradually lost: deconfined via pitch-angle scattering
iii. — retained: slowed and trapped by the potential

Suppose now that we knew how many of our initially confined parti-
cles remained in our distribution at a given value of x, described by
our number density n(x|xy) (Eq. (36)) normalized to Ay = nyu,(xg).
Then we could immediately estimate loss fractions,

i ny — i
F(xo) = On © = 1= uy(xo)
0

—n(x, |x0) iy 0)< n(xflx())> @
ny 7l

0

Fl(u) (xg) =

n(x Ix())

Hp(x0)

n(x, |x0)

Fl(m) (xg) =

We know the loss energy and time of particles in F[(” since they roughly
leave the mirror at their birth energy and time, and we can approximate
for weak parallel diffusion that those particles making it to F, Ui pever
leave the mirror at all since they are confined by the potential. What hap-
pens to those particles in F,(”), which are gradually lost between birth
and when they would otherwise be trapped by the potential, remains to

be seen.
4. Landau collision operator

Making the conventional assumption that all collisions occur at
the midplane, or equivalently that our mirror potential is a square-
well [13,46], we model our distribution function as living in the con-
fined region illustrated in Fig. 1 with homogeneous boundary condi-
tions and evolving solely due to collisions such that df,/dt=0f,/dt =
(afa/at)call'

We present the non-relativistic Landau collision operator [54]
for a highly energetic ion species (alpha particles) colliding with
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Table 1
Projected Values for DT & p-B11 Scenarios.

DT Parameters & Transport Coefficients

n, 0.3-10" em™ T, 35Mev 7 21143's
ny 485108 em™ T, 15 keV ¢ 129.16 s
n, 485-10% em™ T, 15 keV z, 23333
n, 1.03-10% em™ T, 15 kev Zs 38195
A 24.686 A 20.355 Z,  140.14
Ay 24934 A 21017 Z¢  16.369

p-B11 Parameters & Transport Coefficients

n, 0.3-108 em™ T, 29Mev 7 22.953 s
n, 825-10% em™ T,  300keV ¢ 187.90 s
ng 145-10% cm™ Ty 300 keV Z,  9.6667
n, 1.61-10% em™ T, 150kev  Zf  2.3616
hyp 25150 Aee  23.454 Z\ 91924
g 24.530 Ape 24144 Z¢ 01222

Maxwellian distributions of other less energetic, slower ions (deuterium,
tritium/protons, boron-11) and less energetic, albeit faster, electrons.
We obtain the following exact tensor PDE in Cartesian velocity coordi-
nates from the Rosenbluth formulation [53] in Appendix A using the
identities in Appendix B,

of, d 9fa
a_ 9 (i1 D, 5
o ap < afat au> 2

where the advection vector a[fa, and diffusion tensor “D,, are given for
Xy =0/ vy, error function erf (x), and special function slp (x) = erf (x) —

xerf’(x) [55] by,
dzny ( Z,Z,e* :
> sIp (x) ab-? ) )
a

- m,
v — C
a 2 ab { m 4re,

b

= C T _ sl oo sl
D, =y Cu vl - oo erf(x,) P(zb) + v_: P(be) )
7 2 v3 2xb V- x;

Transforming to standard mirror coordinates (Ux,Uy,UZ) - (x, 4, ) as
shown in Appendix C, and converting the resulting tensor equation into
a scalar one as shown in Appendix D, we obtain the following PDE,

of, 19 o slp(x) \ 9f,

0t_x2dx[{ fhﬂm }f+{22’3ha xﬁ }()x]
1 Ca slp (x) 0 N7 1 f,

+ F{; ZU?h’a (erf(xh)— 2x§ )} [ﬂ [(1 —H )ﬁ] * 1 —u? 0¢?

)

where symmetry in gyrophase makes the last term vanish. In the case of
alpha particles ‘@’ colliding with species b € {i, e}, we consider the limits
x; > 1 and x, < 1, subject to constraints v, ; K vy, ;X < vy ,. For a DT
scenario (Table 1) this corresponds to validity regime 0.1 < x 5.6, so
we shall restrict x, € [0.1,x,]. Expanding in the appropriate limit for
each species and considering trace alphas n, < n;,n, we have,

0f, 1 0 1 af,
i a__ 1 0O i e 3 (2 e 2 a
0 T X ox (7i+2jx*) 1+ (x+Zix )% ®
1 1 d 2 0f,
Z’ +Zix—— | — |1 -p)=—
23( ¥ 22>0u[( Sy
where our transport coefficients are given by,
( ) l_ anZ Zbﬂllmeb T:T_([)
(471'6'0)2 & om T3ha m,T,” ° " Z‘i
. dzet 3\/_neZ Age m,T, 1/2 z¢
(7 ) ) 3 = (C)]
Gre? e, \ml) g
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4 meTa5 1/2
7= Tz ZyaTalmy . 3y ”E<m3T3 )
= 2 Bl 2
! Dvte W Zy dap T/ my ! Dvte W2y Aap T/ My
4 meTg 1/2
Zi _ Zb;&e nbzg’labTa/ma _ mneiae< mZT(, )
1= 2 CL= 2
quﬁe "bZ,, AapTp/my, Zb;&e ”bzb AapTp/my,

Their approximate values are summarized in Table 1 for DT and p-
B11 fusion scenarios, along with the projected reactor parameters and
Coulomb logarithms (Appendix E) used to compute them. Parallel (]|)
and perpendicular (L) here refer to velocity and pitch-angle, respec-
tively, not orientation relative to the magnetic field. The given ion and
electron timescales r(")’e are for parallel diffusion due to each species,
with 7, being the slowing down time.

Examining our coefficients, we observe that at high energies, elec-
tron drag and ion pitch-angle scattering are the dominant processes for
DT, while for p-B11, both drag and pitch-angle scattering are mostly due
to ions.

Considering x; ~ (1) for the overwhelming majority of particles,
parallel diffusion can be neglected in both cases since it is the 2nd order
process in x and has a small coefficient. Let us further define Z, 1) =
Zli\ + Z|‘|’x3, Zy(x)=Z' + ZSx - 1/2x2 to obtain the Fokker-Planck
advection-diffusion equation,

9fa | 1 0/, ) 2.9/4
== =v(x)— |(1 — u}) == 10
St Ty (P =V (= ) 10)
with parallel advection velocity v(x) = -Z 1) / ‘r(")xz corresponding to

frictional drag, and collision frequency v(x) = Z, (x)/ 216):3 character-
izing pitch-angle diffusion due to successive scatterings.

Our problem has now been reduced to an initial value problem of a
scalar PDE in (2+1) dimensions where we must solve for the distribution
function f,(t, x, i) subject to initial condition f,(0, x, y).

5. Numerical verification

Before we begin our analytical calculation, we should first find a nu-
merical solution of the advection-diffusion equation (Eq. (10)) which
can be used to benchmark our model. To this end, we employ Monte-
Carlo simulations comprising n, = 10° particles sampled uniformly be-
tween y € [—1,1] at x = x;, in line with the setup described in Sec. 3.
This will also allow us to better understand the physical dynamics that
Eq. (10) represents.

Since Eq. (10) is already in conservative form, the time-evolution
rules for an individual particle can be directly obtained, and since X and
fi are orthogonal, we can further treat these behaviors independently
from each particle’s point of view. In X we have deterministic advection,

7] .
aft" + Vi (fo(0%) =0 ‘;’1—’[‘ =0(x) an
However, in ji we have stochastic diffusion. For y =cos®,
0f, d 2.9/4 0f, 2

= — (1 - = \Y% 12
o V(x)d” [( u )0,4 > v(X)Vyf, (12)

which is the classic heat equation with constant (in #) diffusion coeffi-
cient. The response to a single particle, or delta-distribution 6(6 — 6,)),
is given by the heat kernel,

1 _(0-09)?
f0,0)=6(0—-0y) - f(1,0) = ————e HOr 13)
dv(x)t

Then we can think of d6 = 0 — 0, as a random variable distributed as the
heat kernel at each time step [51]. Our evolution rules are therefore,

dx, =v(x,)dt - x,,; =x, +dx,
a4
do, ~ N'(0,2v(x,)dt) — 6, =6, +db,
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Fig. 3. Monte-Carlo Particle Trajectories. Shown here are the trajectories of
ny = 10° alpha particles initially isotropically distributed at x = x,, undergo-
ing deterministic advection and stochastic diffusion as dictated by the Fokker-
Planck Model in Egs. (10), (14) for a DT scenario with x,=1,x,=0.1, R=5.

Fig. 4. Density Shell Model. Here we see a thin shell of initially confined den-
sity 7, advecting inwards from initial radial coordinate x = x,, while diffusing
in angle and leaking through the trapping boundary into the loss cone (hyper-
boloid). Near the origin, we see the circular trapped region established by the
rotational potential, where a (possibly vanishing) fraction of the distribution be-
comes confined.

The individual particle trajectories generated by this random motion
are shown in Fig. 3. Monte-Carlo results will be given for comparison
with our analytical model for various parameters in a DT scenario in
Figs. 7, 8, 9, 10. Now let us proceed with our analytical calculation.

6. Fokker-Planck solution

Considering precisely the same setup described in Sec. 3, we have as
our initial condition the infinitesimally thin shell of density 7, starting
at x = x( as shown in Fig. 4. Since we neglect parallel diffusion, particles
comprising the shell should advect towards the origin together, with
the entire confined distribution at radius x = x(¢) at any given time.
This also implies that in a more general situation, particles beginning
at different values of x = x, evolve independently of one another. Then
we can understand that the response to this infinitesimally thin shell is
essentially the Green’s function solution to our problem. We solve for
this Green’s function solution with the understanding that it can later
be integrated over any initial velocity distribution to yield fully general
results for both the loss fractions and loss distributions (Sec. 8-10).

We limit our search to approximately separable solutions f,(t, x, 4) =
g(t,x) h(u|puy(x)) where we use the fact that our bounding hyperbola
4, (x) varies slowly relative to pitch-angle diffusion to categorize the
dependence of h(u|u,(x)) on x as weak. Then Eq. (10) becomes,

1 |98, 10 Lo | _ ol __
v(x)g 0t+x26x (x U(x)g)]_ u[(l M)au]_ ’ (15

where we’ve defined separation “constant” —A(u,(x)) to obtain the fol-
lowing pair of equations: advection and pitch-angle scattering loss,
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9gg 1 0 /> -
i + 2 ox (x U(x)g) + Av(x)g =0 (16)

and shaping of the distribution in pitch-angle by the diffusive character
of scattering and the moving boundary conditions,

[(1 )ah] —Jh an
ou

From the advection equation we easily obtain g(#, x) via method of char-
acteristics as shown in Appendix F. We find that for the initial condition
of a delta shell distribution at x = x(, namely g(0, x) = 6(x — x)/ x(z),

t

B~ X | - / A (O V(x() dit as)
0

g(ts X) - (t)2

where our characteristic advection path is given by,

x(t)= [+ ) e =] n=(z))z0) 19

In h(u|pu,) we have an eigenvalue problem of the Legendre operator
(Eq. (17)). Its prototypical eigenfunctions, the Legendre functions of the
first and second kind, do not satisfy our moving homogeneous boundary
conditions so we instead employ the eikonal WKB approximation [52],

h(ulpy) ~ €5V, s(uluy) = 2 €25, (ulpy) (20)
n=0

which when substituted into Eq. (17) yields,
ot . 12

—2u (=) = (L= )= = =4 @
\/E € €

As shown in Eq. (18), higher eigenvalues correspond to those eigen-

modes with higher decay rates, which naturally dominate our loss spec-

tra. If we suppose then that our eigenvalue contributes at the highest

order, 4 ~ O(1/¢), our dominant balance is,

12
(=L ~ i > sg~+Vesin ™y (22)
€
And at O(1/+/e),
1
—ip isy
1_M2+g~s1—>sl~—ln(l—ﬂ) (23)

Let us first find a solution in the Geometrical Optics (GO) approxi-
mation [52,56], h ~ e'%/ Ve, The Physical Optics (PO) approximation
h ~ &%/ Ve+s1 shown in Appendix G represents a negligible correction.
Then,

h(uluy) ~ a(yy) cos (\/Esin‘lﬂ) +b(uy) sin (\/Esin—lﬂ) (24)

Our boundary conditions A(+p,|u,) = 0 allow two nontrivial solutions,

o (k+ 172222 Iy
/15() = $, hg) ~ COS < AZ) sinfl,u>

a#0,b=0—
(sin Mb)z

(25)
k2 n?

m, I’l;{ll) ~ sin < /1;{”) Sin_1ﬂ>
S1 Hp

It is worth noting that we have found an orthogonal set of eigen-
functions with associated eigenvalues which can be used to construct
asymptotic solutions to any eigenvalue problem of the Legendre opera-
tor with homogeneous boundary conditions on the interval y € [—pu;, 1]
(or p € [0, up]), for any u;, < 1. Then, our general solution for f(z,x, u)
is a linear combination of these two solutions,

a=0,b#0- A" =

t
(@) (i)
1 X —//l vd, f/l vdt
S —x)) )) [akhz)e 0 bhe 0 (26)
k=0

S x, u) ~ T
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Fig. 5. Asymptotic Eigenfunctions of the Legendre Operator. Shown here are
the first five even orthogonal eigenfunctions of the Legendre operator with ho-
mogeneous boundary conditions in the Geometrical Optics WKB approximation
(Eq. (32)).

Fig. 6. Evolution of the Angular Distribution Fa,w=x2fa,x, n)/6(x —x(1)) vs
y. Here we see the uniform distribution normalized to 7, diffuse in pitch-angle
while obeying homogeneous boundary conditions at y = +4,(x(f)) over times
t €[0,1,] where x(t,) = x, (Eq. (44)), for x, =1,x,=0.1, R=2.

All that remains now is to determine our coefficient functions a; (u,)
and by (u,). If we start with a confined delta shell in velocity, uniformly
distributed in angle, then our initial condition is,

6(x = xq) H(uy— |ul)

0, = 27)
fQ0,x, 1) =iy 2 2

where H (x) is the Heaviside step function. However, if we blindly match
our coefficients with Eq. (27), we find that our solution does not con-
serve particles. This is because as y;(x) changes, the eigenfunctions
themselves evolve and their coefficients must evolve with them. Our a;
and b, are functions of y,(x) and require more information to be fully
determined. If we further impose that, in the absence of pitch-angle scat-
tering, particles are conserved and the distribution remains uniform, we
have,
lim £t %, 0) = g Sx — x()) Hp = Iul) (28)
x(1)? 2p

The difference between fixing our coefficients with Eq. (27) and letting
them evolve according to Eq. (28) is a factor of i (xq)/u,(x), precisely
diluting the distribution to compensate for expansion of our domain in
1, thereby preventing the spurious creation of particles.

Then, defining z = sin™! 41/ sin™! i, and renormalizing a, by — 4y, b,
by 7y /2u, we can match our coefficients between Eq. (26) and Eq. (28)
via,
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Fig. 7. Shell Number Density vs Normalized Velocity. Shown here are the re-
maining number densities n(x|x) for an isotropic delta shell distribution start-
ing at x = x, as projected by the S and DE models to 500 terms together with
the Monte-Carlo simulation results for a DT scenario with ny = 10°,x, = 1 for
(x,,R)€{0.1,0.3,0.5,0.7,0.9} x {2,5,50}.

M

[a) cos ((k + 1/2)nz) + by sin (kz2)| = ¢(2) (29)

k=0

where since we do not have a constant term available for matching on
the LHS, we periodically extend the RHS beyond our interval to be the
even square wave ¢(z) with average value zero,

_JLzel-1L,1]1 ¢z+4n)=¢(z)
¢(Z)_{—1,ze(l,3], VneZ 30)

Since our ¢(z) is now even, we can immediately discard all the b,. The
a, can be found via Fourier’s trick,

2
a, = 2"70 / d(z)cos (k + 1/Dxz)dz, b =0 @1
b
0

Since only g, # 0, our eigenvalues and eigenfunctions of interest are,
(k+1/2)*z?
(sin™' 1, )2
as shown in Fig. 5. Substituting our eigenfunctions (Eq. (32)) and coef-

ficients (Eq. (31)) into our spectral decomposition (Eq. (26)), we obtain
the Green’s function solution for the distribution function,

A =

. hy(ulpy) ~ cos (\/ﬂ_ksin"lu) (32)

8(x—x(t) Huy = [u)) v 2(=DF
(@ x, 1) ~ g x(t)? 2y ,; (k+1/9)x
t
. cos (\/Z sin~! ,4) expl = / Ay (x(0) v(x(0)) dt (33)

0
which neatly encapsulates all the information about alpha particle
losses. Its time evolution is shown in Fig. 6. It is worth noting that the
above procedure could be repeated for any desired initial distribution
in pitch-angle. One has only to rematch the Fourier coefficients 4, and
Ek to the new function ¢(z) in Eq. (29).

7. Number density eigenmodes

At any given time, our remaining density is simply,

o pp(x)

n(t) E/ /f(t,x,u)xzdﬂ dx 34)
0 —pp(x)

which yields,
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Fig. 8. Shell Number Density vs Normalized Time. Shown here are the remaining
number densities n(t|x,) for an isotropic delta shell distribution starting at x =
X, as projected by the S and DE models to 500 terms together with the Monte-
Carlo simulation results for a DT scenario with ny = 10%,x, =1 for (x,,R) €
{0.1,0.3,0.5,0.7,0.9} x {2,5,50}.

t
2
® — [agvd A 2A/1—my
n(t|xq) ~ E nf)k>e 0 R =2 _V >

0

: 35)
=0 A= Ty sin~ py

where we’ve written x = x(1), 4, = pp(x), Ax = A (up), v = v(x) for
brevity. Then we can interpret our result as the distribution being com-
posed of an infinite series of eigenmode populations ng‘)(ﬂb) with ‘decay’
or loss rates equal to the time-integrated product of their corresponding

eigenvalue and the pitch-angle scattering frequency. If we now use our
characteristic bijection #(x) < x(¢) (Eq. (19)), we obtain,

X0

_ / 3, 21 dx (36)

(o)

k
n(x|xg) ~ Z ng )exp
k=0

“Z,(x) 2x

In the zero potential limit ®, = 0, our trapping boundary (Eq. (3)) be-

comes p(x) = ppy = v/1 —1/R, and in the case where Z (x) ~ Zi
which is almost always true, we obtain the simple scaling relation,

o 3 3\ P/6 i

3x2+n zZ

(k) X" 70 — 1

n(xlxg) ~ ) ny () | = —=5——= s B = Ailipo) = 37

0 1;)0 b0 xgx3+'13 k = Ak Hpo Z|I|

similar to that obtained by Egedal et al. [12] Eq. (14)-(15) but now with

explicit forms for the eigenmode populations (Eq. (35)), eigenvalues

(Eq. (32)), and full set of critical exponents g, (Eq. (37)). Correspond-
ingly, the remaining density, as a function of time, scales as,

. 3 o B /6
n(tlx) ~ 3 1 () <1 - (e”u’/fo - 1)) (38)
k=0 X0

The relative importance of drag and pitch-angle scattering can therefore
be roughly evaluated by examining the ‘confinement parameter’,
VAYIA
L7
¢

— (39)
-

(sin™" ppo)

with higher ¢ corresponding to increasing dominance of scattering
over drag. The lower this parameter, the more particles are eventually
trapped for a given potential. Our models are thus,

Dynamic Eigenmode (DE) — Egs. (35), (36)
Basic Scaling (S) — Egs. (37), (38)

The predicted remaining number densities n(x|x() and n(t|x,) are dis-
played in Figs. 7, 8 along with the Monte-Carlo results. We observe
outstanding agreement, particularly for x > x,.
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Fig. 9. Normalized Loss Velocities PDF. Shown here are the normalized loss
velocity PDFs p,(x|x,) (Egs. (41), (42)) for an isotropic delta shell distribution
starting at x = x,, as projected by the S and DE models to 500 terms, normalized
on the interval x € [x,, x,], together with the Monte-Carlo simulation results for
a DT scenario with ny = 10%,xy=1,x,=0.1, R=5.

Fig. 10. Normalized Loss Times PDF. Shown here are the normalized loss time
PDFs p,(t|x,) (Eq. (43)) for an isotropic delta shell distribution starting at x = x
as projected by the S and DE models to 500 terms, normalized on the interval
t € [0,1,], together with the Monte-Carlo simulation results for a DT scenario
with ny = 105,x0 =1,x,=0.1,R=5.

For the DE model (Egs. (35), (36)), we observe a small non-physical
rise in n(x|x,) (Fig. 7) as x = x, due to brief violation of slowly vary-
ing p,(x), asymptotic breakdown of our dominant balance (Eq. (22))
as y, — 1, and at small x, excessive —1 /2x2 contribution to Z (x),
representing breakdown of our limit of the Landau collision operator
(Eq. (8)). There is also a very slight error associated with approximating
the infinite sums to a finite number of terms. In any case, the break-
down is only substantial at small x < 0.1 where our limit of the Landau
collision operator is no longer valid. The typically minute increase can
therefore be dismissed as a normal symptom of an asymptotic model.

If one desires a strictly non-increasing function, one can simply infer
n(t|xg), n(x|xq) to be constant beyond their minimum value. Alterna-
tively, we could naively evaluate our amplitudes at ng‘) (1p(x¢)) as for
the basic scaling.

8. Loss probability distributions

We can now compute the probability distribution functions (PDFs)
of normalized velocities x at which alpha particles become deconfined.
We are concerned here only with those particles that leave gradually
via pitch-angle scattering, not the substantial fraction that are born de-
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trapped, nor those that ultimately become trapped by the potential. We
therefore consider x € [x,,x(]. The distribution of x values at which
particles leave is of course proportional to how many particles are leav-
ing when the distribution is at a given value of x. We normalize our
distribution to unity such that it is a proper PDF,
dn/dx
—n(x, | o)

For the general model (DE) this becomes,

VIi-# 7,

po(xlxg) = x € [x, %] (40)

oo

pa(xlg) ~ 20 i (41)
fig = n(xq|x0) & Ak — 1| pay sin™! pyyy XZ)(x)
' *0
M+l sinly, 2u/ 1y 3, 2100 dx
Ay —1 > | 2w+ 122 [P ¥Z,00 2x
up/ L= py X
while our basic scaling (S) yields,
© 3 3\ Pk/6
po(xlxg) ~ Z 0 (ﬂbo) ﬁkn /2x ﬁ Xg+ 1 42)
* XAt \ 3+

Every other PDF is just a change of variables away now via p,(y) =
px(x(y)ldx/dyl,

Px(v/Vipqlx0)

py(vlxp) = 2 UE [Ug, Uy 4 %0]
th,a
Px(VE/Egp lx0)
pe(Elxg) = ——~— 2 E € [®,, Eyp 0x2] (43)
2 EE,,W
Zy(x)
P(tlxg) = ——px(x|x0), 1 €10,1,]
%
where x = x(¢) for the PDF in time and,
N TR
x(t)=Ex, = t,(x))==In| — . (44)
3 x3+n3

These PDFs are given explicitly for the basic scaling in Appendix H as an
example. The normalized velocity distributions p,(x|x() and p,(¢|x,) are
displayed in Figs. 9, 10 along with the Monte-Carlo results. We observe
outstanding agreement, particularly for x > x,.

Now recall that these probability distributions (Eq. (40)-(43)) were
derived merely for a shell of particles originating at x = x, or in other
words for a given value of x\ € [x,, o). We can understand then, that
these are really conditional probability distributions and extend our def-
initions to understand what happens in a more general plasma where
particles begin with a distribution of x,, values. Then we may write,

px,xo(x’x()) :Px(xlx())pxo(x()) (45)

to obtain the joint probability distribution. Furthermore, we can obtain
the overall spectra of all lost particles by integrating over our distribu-
tion of initial normalized velocities, and compute expectations for any
quantity q(t, x, v, E) = g(x).

(o) (o]

pe(x) = / Pry (s X0)dxg, (g(0) = / q(x) py(x) dx (46)
0 0

We have built up a highly generalized framework for analyzing the
loss spectra of fast ion species in a magnetic mirror. Once the Green’s
function solution for the distribution function (Eq. (33)) has been ob-
tained, one can derive the remaining number densities (Eq. (35), (36)),
determine the loss velocity and time distributions (Egs. (40), (43)) and
extract all relevant information about fast ion losses of the plasma in
question (Egs. (45), (46)).
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Fig. 11. Mean Loss Energy (E) vs x,, R. Shown here are numerically inte-
grated estimates of the mean loss energy (Eq. (47)) based on the DE model to
500 terms vs the potential coordinate, x,, and the mirror ratio, R, for a DT sce-
nario.

9. Mean loss energy & time

Now, suppose we wanted to find the mean loss energy. Using Fu-
bini’s theorem to interchange the integrals, and omitting regions where
I’x(x|xo)l’x0(xo) =0,

0o X

(E)D = E,p, / / X2 py (x]%0) Py, (%0) dx dxg (47)
xa Xa

Similarly, we can compute the mean loss time using our bijection be-
tween x(t) < #(x) (Eq. (19)),

o X 3,3
G _ Ts 1 No*m dxd
(= 3 n X3+ px(X|x0)pr(x0) Xdxo 48
Xa Xﬂ

The exact integrals in Egs. (47), (48) can easily be carried out numer-
ically with a few lines of code to obtain reasonable estimates for the
mean loss energy and time for any initial alpha particle distribution.

An isotropic delta distribution in velocity space is a good approxi-
mation for the strongly peaked alpha particle birth spectrum of a DT
fusion reaction. Integrating over solid angle to obtain p, (v,) and per-
forming a change of variables p, (xo) = p,,(vg)ldvy/dxg| we see that
the following distributions are equivalent,

. 6(Vg = Up.g)
F@g)= =" o py (x0) =8(xg = 1) (49)
47[00

We give plots of (E)( and (£)() vs key parameters (x,, R) for a DT
scenario in Figs. 11, 12.

10. Generalized loss fractions

Similarly, we can now compute the loss fractions (Fl(';“'-)) for an
isotropically born population of alpha particles which are (i) never con-
fined, (ii) gradually lost, and (iii) retained, not just for the delta shell
described in Sec. 3, but for any initial velocity distribution Px, (xg)»

oo

(F) = [ 000 ) (50)

Xa

Considering again the example of a delta distribution of alphas (Eq. (49))
for a DT scenario, we use the DE model (Egs. (35), (36)), which seems
to predict n(x,|x,) extremely well as shown in Fig. 7, to obtain the
predicted loss fractions F[(i_iii) (Eq. (4)) shown in Fig. 13. It is worth
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Fig. 12. Mean Loss Time (1) vs x,, R. Shown here are numerically integrated
estimates of the mean loss time (Eq. (48)) based on the DE model to 500 terms
vs the potential coordinate, x,, and the mirror ratio, R, for a DT scenario.

Fig. 13. Loss Fractions vs Applied Potential. Shown here are the loss fractions
FI(';”") (Eq. (4)) of particles which are (i) never confined, (ii) gradually lost, and
(iii) retained, as estimated by the DE model (Eq. (36)) vs the potential coordi-
nate, x,, for mirror ratios R=2,5,50, for a DT scenario.

noting that producing simple plots like Figs. 11, 12, 13 with numerical
solutions would involve exceedingly high time-complexity. Each point
(x,» R) would require a full Monte-Carlo simulation with ng ~ 10° parti-
cles. Using the DE model (Egs. (35), (36)), even to 500 terms, is several
orders of magnitude faster and significantly more straightforward.

11. Steady-state distribution

Our time-dependent solution for the loss spectra of an arbitrary ini-
tial distribution of alpha particles is certainly instructive. However, the
more realistic situation in a fusion reactor is alpha particles being con-
stantly produced by reactions until some steady-state is reached. This
corresponds to isotropic delta shells being produced at x = x, at gen-
eral start time ¢ = ¢, with rate v;, and can be obtained directly from our
time-dependent Green’s function solution (Eq. (33)) by integrating from
the distant past up to the present time,

t
feq(xuu) = /f(f—’o’x,ﬂ) Vh df() (51)

which as shown in Appendix 1.1 yields,
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Fig. 14. Equilibrium Distribution Function f,,(x, ). Here we see the equi-
librium distribution function (Eq. (52)) in (x, u) coordinates for an isotropic
confined delta source at x, = 1 for x, =0.1, R=35 in a DT scenario.

Fig. 15. Equilibrium Distribution f,,(x, #) in Phase Space. Here we see the equi-
librium distribution function (Eq. (52)) in (x",x 1) coordinates for an isotropic
confined delta source at x, =1 for x, =0.1, R=>5 in a DT scenario.

ooy =i 7. A0 =) Hty = 11D ¢ | 2DF
W CTIMETEOR T 2wy & k1D
X
. Z,(%) dx
~cos<\//1—ksm ﬂ)exp —//lk 7,0 e (52)

where H (x) is the Heaviside step function, 4, are our eigenvalues from
Eq. (32), and n, = fiyv, is the rate of particle production. The equilib-
rium distribution (Eq. (52)) is shown in Figs. 14, 15.

This is entirely equivalent to considering our advection-diffusion
equation (Eq. (10)) in steady-state with a constant source outputting
7, confined particles per second isotropically at x = x),

1 9 9 ofe
2ox (x2v(x)feq) = v(x)a [(1 _#Z)a_ﬂq] +.5y

g = 96— x0) Huy — |u)
h =Ny 2 21y

(53)

and considering f,, = g(x)h(u|pu(x)) to solve by separation of variables,
as shown in Appendix I.2. The time-dependent method is more powerful,
however, since v, can be amended to depend on time.

12. Applications
The primary application of this work is modeling alpha particles

in centrifugal mirror fusion reactors. Projected parameters for the DT
scenario from Table 1 in a reactor based on CMFX [10] are (x,, R) ~
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(0.16,6) as shown in Appendix J. However, our model should in prin-
ciple apply to any highly energetic charged species across standard,
tandem, and centrifugal mirror devices.

For example, Ochs et al. previously derived a set of equations describ-
ing a similar model for relativistic tail electrons, see Eq. (16)-(24) [16].
It is worth noting that their Eq. (16) is of the same form as our scalar col-
lision operator (Eq. (8)) and can be rewritten in terms of our transport
coefficients for normalized velocity x = v/v,, , as,

i0fe _ 10 r)? dfe)

07 T XZox 2% ox

@ (i 1\ _2%]
+2x3 (Zl 2x2>0/4 [(1 M)du

where the Lorentz factor is given by,

Yy =/1+2xx2,  y=kgT,/m,c? (55)

Considering gyrotropicity and neglecting parallel diffusion, we obtain
precisely our advection-diffusion equation (Eq. (10)), except that now
we have,

(y(x)zz;'lfa +
(54)

20 =71 Z). 20 =7(x) <Zi - ﬁ) (56)

and our trapping boundary is amended to be [16],

x2 xx2
1—%<1—;<7(X)—T>> (57)

where x, = 1/®,/kgT, and ®, is the potential experienced by electrons.
The model is otherwise equivalent and a complete analytical description
readily follows.

In fact, a solution can be found following our method for any colli-
sion operator that can be placed in the form of Eq. (10). This approach
will be most accurate when parallel diffusion and sheared rotation loss
are negligible, and the trapping boundary varies slowly relative to pitch-
angle scattering. For instance, if one wanted to consider relativistic
effects for alpha particles, one could simply amend the collision operator
in the appropriate limit [57], employ the relativistic trapping boundary
(Eq. (57) with x, — x,), and neglect parallel diffusion. A variation of
this model could even be used for mirror-trapped high-energy particles
in a stellarator [58,59].

Hp(x) =

13. Conclusions

We have thus developed a framework for analyzing the losses of
energetic alpha particles in a magnetic mirror subject to any applied
potential ®, < kpT, with mirror ratio R > 1. We have identified the var-
ious confinement possibilities that an alpha particle might experience
after being produced in fusion reactions and obtained analytical expres-
sions for the fractions of particles that meet each of these fates. The only
nontrivial possibility is becoming gradually deconfined through a se-
ries of pitch-angle scattering collisions, which we have analyzed using
a Fokker-Planck model of the non-relativistic Landau collision opera-
tor. In solving this Fokker-Planck model, we have discovered a set of
orthogonal asymptotic eigenfunctions of the Legendre operator for ho-
mogeneous boundary conditions on symmetric intervals with amplitude
less than unity. We have used these eigenfunctions to obtain the first
ever closed-form solutions for the time-dependent and steady-state dis-
tribution functions, the remaining number density at a given normalized
velocity and time, and the PDFs of the loss velocities, energies, and times
of alpha particles. Using these PDFs, one can compute the loss statistics
of all related quantities for any initial velocity and angular distributions.
We have verified that all of these calculations are valid in the proposed
regime by comparison with Monte-Carlo simulations. The general ap-
proach presented here should work for any fast-ion species produced by
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any fusion reaction in a magnetic mirror subject to any applied poten-
tial between the midplane and ends. It can be trivially amended to work
for relativistic alphas and tail electrons as well. Our model should pro-
vide a solid basis for analyzing ion-beam experiments at existing mirror
facilities and eventually the loss spectra of highly energetic particles in
magnetic mirror fusion reactors.
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Appendix A. Rosenbluth potentials

We present a non-relativistic model of the collision operator for a
highly energetic ion species (alpha particles) colliding with Maxwellian
distributions of other less energetic, slower ions (protons and Boron-
11/deuterium and tritium) and less energetic, albeit faster, electrons.
From the Rosenbluth formulation of the collision operator we have,

of, - o 4rny ( Z,Ze
<ata> ==X Vi Jup Cur=— (Z—
coll b m; €

212
) Aab
- Cu 1= N
Jab_ 1+_ fav Hb_ _V (faVDVBGb)
ny, my, 2

where the Rosenbluth potentials G(7), H (D) are given by,

6= [ 1@o-vwr, wo= [ L

7|
And our Maxwellian bulk distributions are given by,

2kpT,

my

1@ = n—e_”2/”12h.b ,

Y 3 Uthp =
h.b

Our first Rosenbluth potential is then given by,
U
G(0)= Y 3 /lv—v 'hbd
Choosing spherical coordinates such that 0 = vz,
2w 2\ 2
|7 =0l =Vuv'2+ 02 =20'vcosd = <1——cos9+—)
v v?

Substituting into our integral we have for x, = v/v,

1272
G() = 3/273//(0'2—21)1)'0050+U2)1/2e U o 2do! dQ
s 0

10
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G(D) = nyo, [L\/_e"‘% + <x,, + %) erf(x,,)]
T b

Similarly, we compute our second Rosenbluth potential,

_UIZ/UZ
n e th,b
H@) = —2 / —
T Vb o= 0]
Substituting our expression for |J — U'| as before,
(s
—1/2 /27,2
H®@®) = 7//(u’2—200’c039+02) 2 s 241/ d Q2
23/203
thb g

N
H()= Terf(xb)

Now that we have our Rosenbluth potentials, we can evaluate the fol-
lowing related quantities,

\/_ X§+<xb+2ixb>erf(xb)]>
e +<1— ! )erf(xb)]
vlvE s T\

m | 1 e 1 -
R,
H—iﬂ e;:i + (2372 - l>erf(xb)] i

v*1 - 00 +
3

slp (x;) @]

3 2
1
Xp

2
+ <i2 - 1>erf(x,,)] oo
b

H—%e’“

ny

V.H@) =V, (n—berf(xb)) ~| ViH@®)=~"tslp(x,)
1% 1%

Now we can substitute in our expression for J4/?,

J [ 0 My 1 —2n,0 L
Jar= fow <1+—)slp(xb)+— fa< slp(x,,)>+Vfa.VVG
my 2 3
[ Slp(xb) 1+ %{ 01— - [ fF(x,) - slP(X;,):| + 5_13 slp(jx,)) } -ﬁf“]
v 2x2 v
Ua_ 9 -
o5 " 96 Cpp [{ p Slp(xb)}fﬂ(v)

1) *1-0p slp(x,,) o sIp (x;) 0f,
+5{T[ - 20 S L 2]
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Fig. 16. Slope Function slp (x). Here we see the slope function slp (x) plotted
vs x. Its domain is the real numbers R and its range is (-1, 1). It approaches
horizontal asymptotes at y = +1 as x — +oo and has a saddle point at the origin.
It is the numerator of the Chandrasekhar function G(x) = slp (x)/2x2.

where throughout we’ve defined the “slope” function slp (x) by,

slp (x) = erf (x) — ixe‘"2 = erf (x) — xerf’(x)
V4

(oo}
1)k x2k+3 3 5 7
~ A (')7X~i<x__x_+x__ >(x<<1)
Vr & Kek+3)  z\3 5 14
- & (=DFQk =N -
S /S RO Y B P
XA/ j=—1 (2x) \/;

It is displayed in Fig. 16. This special function can curiously also be
written in the following forms,

)it ()

1 2
slp(x)= — /e" dt+ —
\/— dx
T

—X

X

Then we have in general,

_4zxny, ZaZbe2 2 _
Can=—5 Aaps Xp=0/Uyp

m? 4rey
a -
4,2 Y Cup§ 2 slp (xy)
> myv3
— C 21— 55 1 7o sl
D, = Cap ) 07100 erf(xb)—SP(xb) +ESP(X17)
n 2 v3 2x% v3 xi
a N = 9
<;0> :%'(UAafa-'-UDa'ij)
! coll 00U 0v

Appendix B. Useful vector identities

The following vector identities were useful in evaluating the Rosen-
bluth potential objects in Appendix A.

Vo=2 15| ¥,5=1
v
%U:%w.ﬁ:%(a B) 2 (Vi 5+ V- D)
=—Ql-p=2- %uzg
= (1 = 12 1,2 32,2 2 = 2 - =
V;,(—):V;(u-ﬁ) = (5-0) 7 (V- 5+ V8- D)
1%
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df ., _dfv
V- = —V=—
5/(©) do' doo
ﬁa(f[;’)—é.i<fv é )—é_ 9 +f% é
U _’0vi kk_’()[k ()Ui k
Va(f0) =V fi+f1
= _ . 0 R of Ty, .
V,-(fT) =eia_ui (fTi ) = <a_u,.T"’ +fa_u, 0ik€;
Vs (fT)=Vf T+ f(V3-T)
= N A 0 o
Vs (va')zeiE -(furru€)
< +fa +f )5 é
= U0y ] Uk k€
P v, av; )
=Vsf 00+ f(Vy- D)o+ fi-1
Vs - (fO0)=Vyf - 00 +4fD
T = w8 - Ty &8 = w, Ty 5,8 = w Ty
T =Ty - w0, = Tjuw,;3;&, = Tyy108, = w Ty,

-

-

el

le:Tkl_’lZ)'T:

Appendix C. Tensor transformation to mirror coordinates

The coordinate transformation from Cartesian velocity coordinates
U= (UX,Uy,UZ) to standard mirror coordinates X = (x, u, ) was per-
formed as follows. Our coordinates are defined by,

xEU/Um,a’ u=v,/v, tan(psvy/vx,

which can be rewritten as,

[12 & 12 4 12
e v, (Y
> s U= , @ =tan o
th,a 2 2 2 x
VR
Then we can observe,

v v
X =xV1-p2cosp, —
v

Uth,a tha

X =

=XU

v
=xV1—-pu2singp, —=
v

th,a

Through straightforward differentiation, we obtain the Jacobian matrix,

V1—p2cosqp —HEBL i /1 — y?sing
90 viow
— =v — 2 __xusing )
0% tha| V1 — p?sing —m x\/1—p?cosg
u x 0

And since 0% /05 = (00/0%)~!,

V1—p2cosg

1—p?sing u

0xX 1 Vi—2 -2 . 1-42

0 o L | VI o5 VI iy 12

ov U!h,a —sing COs @ 0
xV1-u? xV1-u?

The transformation rules for contravariant and covariant indices dictate
that,

m 3.n
)?Tmn=ax ox" ij X

= — ﬂ o
ovi ovi ’ -

mn T gxm gxn
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Then,
3 ox™ 5 .k ox™ 0x" 5ii R o' o ;
xXqm — L)A X mn — 2222 _Upij X v B
vk ovi ovi 8mn = Gxm gxn - Bii
- ——1 - = . :
where we call g < g, and g < g"". Taking "g=1- %;; = 6} we
obtain,
; T

o OV v _ (00 (00 3.om -
g =gemow —\ox) \oz) ¢ e

1 0 0 1 0 0
X 2 x2 X _mn _ 1 1—142
Emn Uth,a 0 17”2 0 > 8 - U2_ 0 x2 (1)

0 0 X(1-uh w00 s

where g = det(® gmn) = ufh’ax4 - \/E = vfh’axz. We previously obtained
the following exact expressions in Cartesian velocity coordinates,

A= T

_2 ab{

To make our lives easier,

T
X 50 slp (x
< efey) - p(2b>>+u_§ p(zb)}
2xb v X,
[— 2 —— ——
2 - 7= v:’1-00 U0
aE)/U,UDaE— ﬂ,y anb{

C, slp (x) 1
E f - = E
>~ 2v <er ) 2x2 >’ﬂ b

b
Performing our transformations we obtain,

V1-p2cose

2 2
slp (xb)} slp(x) = erf(x) — —=xe™*
\/_

5 sIp (Xb)}

C,p slp(xp)

3 2
2v xy

(1_]

iyl 1—ulsing u v
5 @ NI V1=2 2 X
XAg A ATk cosp —EV I 1=u sin ¢ L= v,
}AS Uth,a X sin @ )éosq) 6 .
¢ xV1-pu? xV1-u?
x(1 — u?)(cos? ¢ + sin? ) + xp? x B
=7 | (1l =4 = (1 = uP)(cos? g +sin’ @) | =7| 0 | > *4, =7
—cos @sin + sin @ cos @ 0

which makes sense since X = 0X/d0 - 0. With the diffusion tensor we

must be a bit more delicate,

= (03 = [(oz\" [o% P1-o5 5\ (%)
Diy={=)- "Dy (=) =\ )\ —+7 )| 5=
a0 a0 00 a p 00

where we can identify, using what we learned above,
-1
0% 0% o7\ [o3\" ov\" [ ov =
1 =)\=)=||= —= )| = @)
Fpi Fpi au dv 0x 0x
(%)= (wz)T “[(3) -7
Z)m(Z2)=x-|[=) 0| =x-%
av dv dv

Then in terms of our defined constants,

—mn

g

Substituting them, we obtain,

o _ L0 [ r(3is 455, %%
= e Ve (e )|

where the advection vector *A, and diffusion tensor * D, are given for
Xp =0/ U p bY,
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x2

myx 2
slp(xp) ¢, slp(x) =erf(x) — —=xe
mbx3 \/—

T

—1

2 2 —-—
v, x°g —XX sl =2 g]
th,a ' erf(xb) _ p(>2<;,) n X_;C P(be)
X 2xb X x;,

Appendix D. From tensors to the PDE

Our tensorial advection-diffusion equation is given by,
0 - = 0
fa_Li ﬁ(anfa‘i‘xDa' a{—?)]

a g0
where for simplicity, we can once again take,

) .
. _—mn v X"g —Xx ¥
Um=yx, p, = -2 +=
a
Then,
S e
P v, x?g XX 22| 9
fa L% \/E }/}fa_i_ th,ai_‘rﬁ . j:a
ot ga a ﬁ 0x
1 ——
Andsmceu ~xg =Xx%+ (= ap+ oo/ — u?
af, 1 0 - A= Hap+op/(0 - p?) 56:?) 0fa>]
=— =" + +=)-
=y [Vl ( z 7)
of, 1 0 of S 1 2.~ 0f, @ Of, Xx 0f,
= — = - (1= 1— —
o X ox [X X ot R T 90 ) T ox
9 i) 0?
fo_1 0|55 x 0/, +1i(1_ﬂz)fa L 9
ot x2?0x p ox a |ou ou 1—u? 0¢?

Substituting our constants a and f,

9dfa 1 9 b My C,x slp(x,) | 97,

ot _;a |:{Z fham_SIP(xb)}f +{szha Xi } 0x]
1 C, 3 slp (x;) 9 o % 1,

A {; 203, (erf(xb) 2x2 >} [0# [(1 ) ou * 1— 12 dg?

Until now our theory has been completely general and exact. Now let
us consider the case where our ion species a is faster than the other ion
species, but slower than electrons, i.e. v>> v, for b# e and v < vy ,.
To explore this regime, we’ll need the following asymptotic expansions
of our special functions,

(1 1 3 15 -
¢ T3 + e 1+0 ¢
\/7_5 Xp 2xb 4xb be Xp
- 11
€ _(2x+—-—+
N Xy 2x;
slp (x - -
P(b)Nl_L_{_e b f 1 ~1—L+(9 e b
2x§ \/; xi 2x§ xz

2x§
3 5
2 X %
erf(xb) ~ ﬁ <xb - ? + ﬁ

x> 1

erf(x,) ~1—

Slp (x,) ~ 1 -

erf(x;) —

x, <1
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x2 0x

ofq

Cab

3
2Ulh,a

Expanding in the appropriate limits for each species,
C m, 4X
ot
C,px C,x 4x 3}
+{Z a3b iz+ a3e e } afa:|
b7 Wiha Xy 200a 3V7 X

9 9, 19,
o ol [ e e s

ou ou 1—py? op
where we have neglected same species collisions since we have trace

bite fha”’b 63\/_
C 4x
{5 (i)
3\ & 2 ) 20}, 3/
alpha particles n, < n;, n,,

3
9 C, m c,, Mg,
T D E el AR Bl S 2
I xtox bre Uiha M KRVE Utha MU e
2
Cc, U C v 0

+1 [{2 zab ;h,b}l_"_{ 4 tha }xz] fa]

2 b#e U;h,a Urh,g x 34\/7 U!ha th,e ox

4 C Uth a

4L [{Z Ca }_{Z Cas Vin
3 3 3 2

2x be Vina bZe Vina Viha

Pf

L x
2x2 3

N I RN 19/,

[014[(1 ”)0u]+1—u20¢2

And dividing through by the coefficient in front of the (0 f,/dx)/2x term

b2 U,M Uthe

we have,
0fs 1 0 1 af,
i a_ 1 @ 7i Ze 3) <_ V4 2) “Ja
"0 x2 0x ( (i Jat x T dx

1 1 P 501, 1 9/,
+—(Z +Zx- = ) | = |a-DH=2] +
23< 22)[6/4 [( M)GM 1—u? 9¢?

where our transport coefficients are given by,

(i)' = 4re an222)'ah m,T,
0 (4rmey)? bote m2 ?ha myT,
(-1 = Amet i <_'"eTa->l/2
(4rmeg)? mgvfh,a m,T,
2, Mg
iz ZiseZydavye Ty Z2 30T,/ my
= T, 2
YoceZy Aap ZbTZ Yoo W Zy AapTp/my
Ay, e (meTa)m A (—”’eTf )1/2
Ze= 3yr C 4 me \maT. 3ya TN mT]
= = 2
Yt Zy Aabm T Dvze " Zy AapTy/my
2
7l = Dibte W Zj Aap B Dbt M Zj AapTa/ Mg
= — =
2 g
Yote ”bZMabWTi Yoo M Zy AapTy/my
_4 y) m,T, 1/2 na m T Tz 1/2
o miteGn)  srrliE) g
L1 T, =
ke " Z5 Aab :ZTZ Zb#e nyZ; AabTb/mb 0

We compute the Coulomb logarithms 4,4 in Appendix E. We solve the
PDE in the main text and Appendix F.

Appendix E. Coulomb logarithms - classical model of collisions

The Coulomb logarithm for classical collisions of charged particles
of species a, § is given by,
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projectile

Fig. 17. Rutherford Scattering. Shown here is the deflection of one charged
particle off another, with impact parameter b and corresponding scattering angle
6 [60].

— D
Aaﬁ=lnAaﬁ=ln Hl_ﬂ
/2

where the Debye length A is given by,

-1/2
na? \
Y

eokpT,

w(2

and the sum is taken over all species y. The large angle impact parameter
for collisions of species a with species f, namely bi’jz can be derived as
follows. Consider the setup shown in Fig. 17 for one charged particle
deflecting off another. The Lagrangian is given by,

1 o 1 2 0 qa49p
L==-M_,R + - +r0°) — ——
2 b Zm“ﬂ(r re) dreyr
where,
- m,r,+mgyr
F=f, -7y R=—— L7
my +my
mymg
M ;=m,+m
af My +mg ap “ p

Euler-Lagrange Equations yield,

i<%)_%_)m r—qaqﬂ
dt\oi)  or T 2

4 % =9t —l= mnﬂrzé? = const.
dt \ 0¢ dp

Defining u = b/r we obtain Binet’s equation,

d?u

d*u 4ﬂ€0[lbU(2)
de?

+u=-—cota, tana=

da4p

whose general solution is given by,

u(0) = Cjcosf+ C,sinf —cot

Imposing boundary conditions (u,u’,6,) = (0,—1,7) —>
we find,

(u’ef) = (07000)

0=-C; —cota = C; =—cota

-1=-G, =G, =1

0=—cotacosf,, + C,sinf,, —cota
0 sin 6 2y}
tan<;’°> =——= =cota= aiﬂz
2 1+4cosf 47F€oMb"ﬂU0

Then, for the case 6, = 7 /2 we have,
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tan (£> R /NN “ﬁz I U/
4 4”501417[221% =/ 47r€0maﬁ<v(2)>

The only remaining unknown is an estimate of the mean squared relative
velocity (u(z)), which we can compute as follows. The relative velocity is
defined as,

> _ - - 2 - N - -
Vo = Uy — Up = Uy = (Uy — Up) - (U, — Up)

If we choose some given direction for o, the direction of Uy can be
described by a relative pair of random variable angles (0, ) € [0, 7] X
[0,27). In that case,

2

Y%

=2 4 2
=0, + Vg = 20,05 cos 0

2r ®

<ug>=$//(ug+u§—2uauﬂcose)sin9d0d(p
0 0

2
(ug) = % [% (ui + U; —2v,0p cosG)

20,05,

] [ ]
2 2 2
ey =—— v, +vgl° = v, —v
<0> SUHUI; [vg p| 128 ﬂl

Assuming without loss of generality that v, > vy, and taking v,, v, ~

Uth,as Uthp Where vy, , = ‘/2kBTy/my,

2 2
(U5) = Vi

(vg) [8020ﬂ+80av?}] - +ufh,ﬂ

- 8u,p

where the symmetry in a, § retroactively makes our assumption about «
being faster irrelevant. The boxed equations now constitute a complete
set sufficient to determine the Coulomb logarithm 4,; for any pair of
species a, f in SI units.

Appendix F. Method of characteristics

Consider the advection equation,

ag 1 o 2 _
a + ; e (x U(x)g) + Av(x)g =0
where,
Z(x) Z,(x)
(x)=— !_l > v(x) = 2l[ 3
0 TyX
Define G(t, x) = x2v(x)g(t, x),
G G
o + U(x)g =—-Av(x)G

Consider characteristic paths X (T') satisfying,

dXz/dT

iy2

/ —7oX
VARIVAD €

— e _, Ti 1/3
X(T;0)= [ AT
where C € R is a constant of integration labeling one of infinitely many
characteristic paths satisfying d X /dT = v(X). Let us choose the path
C, that passes through (X, T) = (x, ), namely that for which X(¢) =x,

X(t:C,) = =x

e i 1/3
[8—32”0—0*)/10 _ 713] /
Ti

0
C* =t+ 3—9 1n(x3 +7’]3)
I
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Then our characteristic path of interest is,

ey i 1/3
X(T3t,3) = [ + ) 2400 _ g3

Now let us define &(T) = G(T, X(T)) with dt/dT =1,
d% _0G  dX G _

L=+ = (X)®
dT 0T dT oX
T
Z(T) =% (0)exp| — / MupX TN VX(T))dT | = G(0)e <™
0

And by definition then,

G(T, X(T)) = G(0, X (0)) ¢
And in turn,
X0 v(X(©0)
X(T)? v(X)
And at (T, X(T)) = (¢, x),

g(T,X(T) = 20, X(0)) e~

_XOP+4’

8(t,x)= — (0, X(0))e™*®
x3 43

Consider the delta shell initial condition,

o(x — xg)

0,x)=
80, x) 2

Then,

X0 473 5XO) = x)
S A e S (O

where we can observe that,

e,/ i 1/3
X(0)= |3 + 93 %7 - ,73]

And that therefore,

X+ 8XO) = x0) _ szt1/ey 3 (2) ~ %)
x3 + 53 X(0)2 z(x)?
where,
X2 A2
(x)?
Then we can use the property of the delta function,
o(x —x;)
FAEN]

e /i 1/3
3Z\It/10—;13] - 7Z(x)=

z(x) = [(x3 + r]3) e

=Y
itf(x;)=0

where z(x(#)) = x,. Then our trajectory is given by,

— e Ti l/3
x(t) = [(xg+l13)e 32/ _,13]

And our delta function can be rewritten,
7 8 (20 —x) _ Y b 5(x = x(1)) _ 5(x— x(1)
z(x)? z(x)2 |2/ (x(®))] x(1)?

Putting it all together we are left with,

t

O(x — x(t
st = e - [amexamvxayar
0
And finally, we use the delta function and observe that X (T';t, x(t)) =

x(T') to perform a routine change of variables in the integral and obtain,
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t

S = XW) oy - / Ay e V() di
0

g, x) = —— s

which makes perfect sense since our original equation is conservative in
the absence of pitch-angle scattering v(x) = 0, and our solution should
therefore be a moving delta function, with velocity v(x), appropriately
scaled by the Jacobian of our space x? to conserve particles.

Appendix G. Physical Optics (PO) approximation
Our general distribution in pitch-angle is given by,

(il y) ~ acos(VAsin™! ) + bsin(\/isin*‘y))

1
(1= u2)l/4 (
Our boundary conditions h(+p,|u,) = 0 allow two possible solutions,
cos <\ / Ag) sin_1y>

(k+1/2P°7> )

a#0,b=0- "=

(sin™! )2 Tk (1= p2)l/4
; (i) i =1
sin| 4/ 4, ’sin y>
a=0b£0— AW o KT i —< ‘
’ Ko sin 2’ K (1—ud)t/4

Then, our general solution for f(t,x, y) is a linear combination of these
two solutions,

t -
~[iOvar

e P
2 [akhz)e 0
k=0

If we start with a delta shell in velocity, uniformly distributed in angle,
then our initial condition is,
£00,% 1) = iy 5(x 2X0) H(ﬂ; D)

X Hp
where H(x) is the Heaviside step function. However since a and b are
functions, we will need more information to completely define them. If
we further impose that in the absence of pitch-angle scattering, particles
are conserved and the distribution remains uniform,

. _ 80— x(0) H(up — uD)
lim £(t,x, ) = Ay D 2

(x —x(1))

P —/’A(”)vdl
F@x,m)~ P ]

(in) k
+bch, e ©

Then, defining z = sin”'u / sin’lyb, ¢ = sin’lyb and renormalizing
ay, by — a, by by iy /2u;, we can match our coefficients via,

Z [a, cos ((k + 1/2)mz) + by sin (kxz)| = /| cos({2)| ¢(2)
k=0

where since we do not have a constant term available for matching on
the LHS, we periodically extend the RHS beyond our interval to be the
even square wave ¢(z) with average value zero,

[1zel-L1
¢)= {—1, ze(1,3],

Since our ¢(z) is now even, we can immediately discard all the b,. The
a, can be found via Fourier’s trick,

Pz +4n) = ¢(2)
VneZ

2
a, = /\/ |cos($z)| p(z)cos ((k+1/2)wz)dz, b, =0
-2

which can be rewritten,

1 2

a =/w(z)dz —/w(z)dz, w(z) = /| cos(¢z)|cos((k+1/2)xz)

0 1
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Putting everything together we obtain,

ay cos (\//lk sin’1y>

Ay 8(x = x(1) §
X 2uy,  x()r &

t
- exp —/ik(ﬂb(X(I))) v(x®)dt |, |l < pp(x)
0

Then at any given time our remaining density is simply,

oo pp(x)
n(t) = / / Ft,x, w)x*dudx
0 —pp(x)
which yields,
L Hp(x) t
n(t) ~ ;—:b ,;) ék/cos (\/Zsin_lu) dy exp —/Akv(x)dt
T = p(0) 0

where our eigenvalues of interest have, just as in the geometrical op-
tics approximation, turned out to be 4; = /12') , and we’ve written x =
x(1), py = py(x), Ay = Ay (up) for brevity. Carrying out our integral in y,

- t
2 @I, (x)exp (—/ Akv(x)dt>
0

. Hp(xg) k=0
n(t|xq) ~ g bﬂ 0 -
’ Z ﬁk’y('xo)
k=0
where,
o cos(y//lk sin_lu)
Iﬂ(ﬂb)E/Wﬂfﬂ

~Hp
And using our bijection between x(t) < #(x),

)

)y
n ﬂb(x()) k=0
n(x|xy) ~ iy

X0
N Z,(x)d
a1, (up) exp (‘ [ 7o zf)
X
(s

X g (o) T, (1y(x0))

Hp

In the zero potential limit ®, =0,

© 3 B Br/6
> A (ppo) , (ppo) <§_3X(3)T’73> Zi
L~ k=0 0 1
n(x|xg) ~ fg p s B = }‘k(”bo)?
2 ﬁk(Mbo)Iﬂ (ﬂbo) I
Correspondingly,
[e4) i ﬁk/6
R 3 37¢ i
2 (o)L, (ko) <1 - 1—3 (e 1% _ 1))
n(tlx) ~ i = p -
kZO ﬁk(ﬂbo)l,,(llbo)

Appendix H. Probability distributions

We compute the probability distribution functions (PDFs) of normal-
ized velocities x at which alpha particles become deconfined. We are
concerned here only with those particles that leave gradually via pitch
angle scattering, not the substantial fraction that are born detrapped,
nor those that ultimately makes it to the circular region around the ori-
gin and are trapped by the potential. We therefore consider x € [x,, x¢].
The distribution of x values that particles leave at is of course propor-
tional to how many particles are leaving when the distribution is at a
given value of x.
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X0 X0
d
/px(x|x0)dx 3 / ﬁ dx = nypy(xg) — n(x,|xg)
Xﬂ Xa

We chose to normalize it to unity as a proper PDF,

dn/dx
pulalig) = = x € [x. %y

o — n(x,4lx0)”

For the basic scaling (S), we obtained the loss distribution on x € [x,, x|
in Eq, (42), rewritten here for convenience,
)ﬁk /6

3 3

<x3 xp+n
3 53 3
Xy X7 +n

Performing a change of variables v = v, ,x — p,(v) = p,(x)

oo

(k)
p(xlxg) ~ Z ny (ko) i’ [2x
& Ay — n(xglxp) X3+

dx
dv

Px(V/ Vi, o)/ Vo and defining vy = vy, ,xq and v, = v, ,x, we have on
v € [vg, 0],

(o]

JECENEDY

k=0

k 3,3
o (uyy)  Ben’vy, /20

iy — n(x,4|xg) v3 + '73U13h "

3,.3.3 Br/6
¥t Uth,a)

<U0” R

Performing a change of variables E = E,hyax2 — pp(E) =p(x) ‘ 5—;

Py <‘ / Ef,a ) where E, , = kT, = mavfh’a/Z and defining

Ey= E,h’axé we have on E € [®,, Ey],

1 Epa
2Eipq E

k 3 23/2 3/2 3 =3/2 Br/6
pe(Elxo) i ”E))(ﬂho) B By JA4E (g3 BT+ E Y
E o)~ =~ )
5 o —n(xalxo) E32 + pE)2 \ E)* B2 + pE)

dx

t

dx

Performing a change of variables p,(t) = p,(x) where

—Z”(x)/'r(’l)x2 we have on 1 €[0,7,]

k Br/6
(thxg) ~ A i ny o) gt (Dt \*
X)) ~ X
Dy 0 233 = ﬁO _ n(xalxo) X3+ 773 xg x3 +773

where we write x = x(¢) for brevity and again,
_ages s 1/3 , 1/3
x(t) = [(x(3)+113)e 3Z\II/TO_;13] s nz(lel/Zﬁ)

and we’ve defined,

i 3,3
o, (i
e 31,3
3Z x3+n
In shorthand, we can write in full generality,

II
P/ vy 41X0)

x(t)=x,—1,

py(lxg) = , VE [1g, 0]
th,a
Px(WE/[Epqlxp)
pp(Elxg) = =22 Ee[a,, Ey]
2\/EE,,
Z”(x)
p(tlxg) = 2 px(xIxg), 1 €[0,1,]

0
where again x = x(¢) for the PDF in time.

Appendix I. Steady-state model
Our steady-state distribution can be derived by two methods. The

first is generalizing our time-dependent Green’s function solution for
the distribution function in the long-time limit, which we will refer to
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as the time-dependent solution. The second is once again solving the
Fokker-Planck PDE by separation of variables in steady-state (d/0t = 0)
with an appropriately defined source-function .S},. We will refer to this
as the source function solution.

L1. Time-dependent solution

Our steady-state scenario corresponds to isotropic delta shells being
constantly produced at x = x, for start times ¢, € (—oo,?] with rate v,,.
It can therefore be obtained directly from our time-dependent Green’s
function solution (Eq. (33)) by integrating from the distant past up to
the present time,

t
Seq(x, )= /f(f—to,x,y) vy diy

Let us once define the angular distribution Fa, ) =x2ft,x, 1) /8(x —
x(1)) to express,

t

Fogeo ) = /

—00

o(x —x(t—1y) A
Wf(’ — 1o, M) v diyy

We will have to use the property of the delta function,
o(x —x;)
-0 [z (x)

)=

irz(x;)

so let us define z(t;) = x — x(t — t). Then,
N x?) + 113
x3 + 3

x(t —tg)3 + 1
T,x(t — 1y)?

T\'
—1
3

2t =0—>15=t—
and correspondingly,
Z(tg) =~

Then our delta function becomes,
8(x — x(t —1y)) oty — 1)
=T
x(t —15)? T x(t —to)3 + 1

And we can easily observe that for any function q(t,),
t

/ 8(ty — 15)q(ty)dtyg = q(tg) H(t — t7)

—o0

Observing finally that,

H(t—t5)=H(xg—x), x(t—tj)=x

and defining the confined particle production rate 7, = #iv,,, we obtain
the equilibrium distribution,

_ o HCg =) Hy = k) o | 2(-DF
Seq(x, 1) =1y 7 P 21, Z{) x(k+1/2)
X0
o Z,(x) dx
-cos /A, sin”! ) - [ =5
cos( Kk SI T H | eXp k Z,(x) 2x
X

Now let us see if the source function solution agrees.
L2. Source function solution

Recall our advection-diffusion equation (Eq. (10)),

of,
ot

19 9 9/,
S5y (Ko0f) = V)5 [(1 ) o ]
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where v(x) = —ZH(x)/r(")xz, and v(x) = Zl(x)/276x3. Then in steady-
state, with a constant source outputting 7, confined particles per second
isotropically at x = x),

10,5 9 0feq
-9 =v)Z |- S
7 o (x*0(x)fog) V(x)aﬂ [( o +Sh
5 u 00 pp(x)
S, =i, (xx—zxo) (Mzbﬂ_b lul) _)/ / S, dudx =,
Xq —pp(X)

Then let us proceed by separation of variables f,,(x, u) = g(x)h(u|p(x)).

For x # x,

1 0 (2 _
x2v(x)g 0x (x U(x)g) -

10,
hou

We separate this into the following two equations,

N
u)a”]— Apyp)

% (xzu(x)g) = —/l(yb)x2v(x)g

9 NN
an [(1 U )a“ =—A(up)h
= x2v(x)g.

Our equation in g(x) is a separable ODE. Let us define G(x)
Then,

X0

dG

dx

=296 1 G =

v(x)

G(xq)exp —/i%d

X

which after transforming back to g(x) becomes,

ex —/( ) Zu) dx
P M7, 2x

g(x)= g(xo)

where we have used the definitions of v(x) and v(x) in Eq. (10). We can
figure out what g(x() = g(xa) is by integrating over our source function
in our original steady-state equation,

xp+e xp+e xp+e
0

/ E(xzu(x)feq)dx :/v(x)ﬁ(feq)xz dx +/th2 dx
xXg—€ Xg—€ Xo—€

In the limit as € — 0,

2 Xo+e ny _ "lh‘f(i)
x“v(x)g = - 8(x))=5—"5;
[ xo=¢  2py(xg) 0 ZMb(Xo)Zﬁ

Since this only holds for x < x,, we have in total,

X0
p—//l
X

where H(x) is the Heaviside step function. Our equation in h(u|u,) is
the same eigenvalue problem of the Legendre Operator with homoge-
neous boundary conditions presented in the main text (Eq. (17)). In the
GO approximation,

ﬂh“'é
2;4b(x0)Zﬁ

H(x - xp)
x3+n3

Z1 (%) dx
Z”(x) 2x

glx)=

h(ulpy) ~ a(py) cos (ﬂsin_lu) + b(py) sin (\/Esin‘%)

Our boundary conditions A(+p,|u,) = 0 allow two solutions,

. 1/2)272 -
a;éO,b=0—>A(’)=M,h ~ COS A(’)sin_lu
k 1oy ok k
(sin™! 1)
, 2.2 —
a=0b#0- 2D =K 7" 4 _gin (/1% sin" y
k L1k k
(sin™" pp)

Then our general equilibrium solution is,

17

Physics Letters A 552 (2025) 130631

(11) Z) dx

(l) Z) dx f
k [H 2%

npT k 4” 2x+b h(u)

s H(x() x) Z [ h(l)
2pup(xg) X3+
Let us impose initial condition,
ity H(uy(xg) = |pl)
xg +n3 2up(xp)

Seqx, )=

lim_f(x,pu) =
X—?xo

such that the angular distribution does not affect our normalization due
to the source. However since our g, and b, are functions of y,, we will
need more information to completely define them. If we further impose
that in the absence of pitch-angle scattering, particles are conserved and
the distribution remains uniform, we have,

H(xy—x) H(u, — |uD)
X3+ 2py

lim f(t,x, u) = nyz
v—0

Then, defining z = sin~! ¢/ sin™! i, and renormalizing a, b, — 4, b, by

ity H (xo — X)/2p,(x> + #°) we can match our coefficients via,
' [ cos (U + 1/2)z2) + by sin (kzz)] = ¢(z)
k=0

where since we do not have a constant term available for matching on
the LHS, we periodically extend the RHS beyond our interval to be the
even square wave ¢(z) with average value zero,

#(2) = {

Since our ¢(z) is now even, we can immediately discard all the ;. The
a, can be found via Fourier’s trick,

1,ze[-1,1]
-1, ze(1,3],

d(z +4n) = ¢(z)
VnezZ

hhTS H(XO

2y, P /¢(Z)COS((k+1/2)7rz)dz b, =0
b

a, =

Then we obtain for 1, = A0,

Iy =i 0= Hty = D v | 21K
R = )
X0
Z
.cos(y//lksin’ly)exp " ll((;c))gi
X

which is precisely the same result obtained by the time-dependent solu-
tion method. The time-dependent solution is more powerful, however,
since vj, can be amended to depend on time.

I.3. Particle confinement time

Now that we have confirmed our expression for the equilibrium dis-
tribution, our confinement time can be estimated via,

/f Ji ff d 00 Hp(x)
v v
T, ~ a - eq_.Ni/ /feqx2d/ldx
—/<%) di [ SkdD i
ot ) con Xq —pp(x)

Substituting our expression for feq(x, uw),

X

i Ti 2(-1* 21
e ﬂ'(k+1/2)x x3 413 21,

X P Hp(x)
- exp —//1 ll((;())[;;c /cos( Aksin_1u> dﬂdx]

—Hp(x)

Performing the integral in pitch-angle we have,
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X0

T, . ~T 2(_1)k x2 L
¢S & | mk+ 1/2) | x3+#32u,
Xa
X P
? Z,(x) dx || 22k +1/2)sin TRVARTH AV
-exp| — [ A Z o — dx
10 2x a2k + 1/2)2 — (sin™" )2

In general then, our confinement time becomes,

X0
(o)
e Y [ Sew
c N - X3+}”3
k=0
Xa

X0
_/,1

X
ZSil‘l_lﬂb l—ﬂi/ﬂb

22k + 1/2) — (sin~ pup)?

We can rewrite this using Egs. (35), (36),

Z,(x) dx
*Z,x) 2x

dx

0 o (k) B
T, ~T, / x? e exp —//1 Z,() dx dx
) BB = iy k Z,(x) 2x
Xq x
Xo
/ x?  n(x|xp)
T, ~ T, ——dx
X+ Ay
xﬂ
And finally, integrating by parts,
_ o
In(x3 4+ ) n(x|xg) / In(x3 + %) dn/dx d
T.~7| | —————| - | ———————dx
¢ 3 Ay |, 3 fig
L a  x,

We can recognize the loss velocity PDF p, (x|x,) (Eq. (40)),

_ln(xg +71%) n(x,|ngy) ln(xfl +77)
3 -
3

X0
g = n(x,|xp) / In(x* + 1)
3
Xa

A 3

d
iy Py (x]xp) X]

Using the definition of our expectation value (Eq. (46)),

n(x,|ngy) Té 3 3
— L = In(x> +
fig 3Zﬁ g+ )

g = n(x,|xg) <E InGe + n3)>(ii)

g 3
R 34 ,3\\@ 34,3
g — n(x,1xg) [ 7, Xg+n Xg+n
iy 3 x3+n3 x3 43
And finally recognizing ()" (Eq. (48)) and ¢, (Eq. (44)),
F/(ii)<t>(u) +%

F + B

T
T, ~ gs ln(xg +7%) —

n(x,|ng) 21
iy 3

Ag — n(x,4]xo) (1) 4 ”(xalx())t
ﬁo 7l

Te ™~ a

where we can understand that this calculation misinterprets those parti-
cles that make it to x = x,, as being “lost” as =7, to eliminate our FI(”’)
contributions. Then,

Te ™ (t>(ii)

Interestingly enough, we recover the same result as the mean loss time
even though we are here concerned with a steady-state source. This is
because our source is equivalent to a cascade of density shells produced
with frequency v, = 11, /i, each with mean confinement time (#)(, so
their ensemble also has confinement time ()¢,
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L4. Energy confinement time
The energy confinement time is similarly given by,

X0
TENTS/

Xa

4.2
x* /x5 n(x|xg)

dx
x3 +n3

fig

Let us define,

X0

4
X

cx)=s | ——dx

() /x3+n3

X

Then we can once again integrate by parts to obtain,

7, F{c0)® + Fctx,)

S
TE N —
> ———
X5 F" + Ef

which yields,

(e

2
X0

Tg ~ T

Correspondingly, we recognize 7 ~ E;, /P to find,

| 2 | ii
Pfis ~ My Eth,ax()’ Eim ~RpT Eth,a <C(x)>(”)

where Pg is the power produced by the alpha particle source and E
is the confined internal energy between x € [x,, x| in steady-state.

int

Appendix J. Sheared rotation loss

In the main text we assumed that all particles of our fast ion species
‘a’ experience the same potential @,. In a centrifugal magnetic mirror,
this potential is a combination of centrifugal and ambipolar electric po-
tentials.

) ambi
D, = O° + OO

The ambipolar electric potential is the result of differences in charge
mobility between ions and electrons, and produces an outward elec-
tric field. If we neglect corrections from the increased rate of electron
scattering, which should be relatively small in the high-Mach-number
limit, then this process continues roughly until the bulk ion and elec-
tron potential-to-temperature ratios equilibrate [10,16]. For T, ~ T},

(I);” + (D?mbi — (DZ) + q)zeimbi

Since m, /m; <1 we can neglect ®? and since g, = —¢;, their ambipolar
potentials are equal and opposite,

ﬂq)ambi ~ q)'flmbi ~ _lq)c_" ~ _l ﬁ(bm

qa a 1 2 1 2 ma a

Then the total potential is proportional to the centrifugal potential,
m:

<I>a~<1—1 ’q")qf;
m,q;

The centrifugal potential depends on r, the radial position within the
reactor, as follows,

1
Y(r) = Emgcu(r)zr2

Typically the plasma in a centrifugal mirror will be approximately an-
nular and concentrated near some radius R, ~ R/2 where R, is the
reactor radius, and experience a more or less uniform potential ®,(R,.).
It is easy to see from our expression, however, that the centrifugal po-
tential drops to zero at r =0, and also at r = R, if a no-slip condition
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@(Ry) =0 is imposed at the walls due to charge exchange and neutral
drag. Therefore, it is conceivable that particles could diffuse a distance
R /2 across the magnetic field lines to either of these regions with lower
confining potential, and exit the reactor more rapidly than our treatment
in the main text suggests [22]. We will argue that the timescale of this
cross-field diffusion process is much too long to seriously impact our
results, using elementary transport theory.

Cross-field diffusion is characterized by the length scale Al ~ p;
where p; is the Larmor radius, and timescale At ~ 7.,; where 7. is the
collision time. In this case, the collision time is precisely the timescale
for pitch-angle diffusion, which we have found in the main text to be
| ~1)/Z}, by the definition of Z' . We also know the timescale of our
problem to be #, (Eq. (44)) which for reasonable parameter values is an
O(1) multiple of the slowing down time 7, ~ 16 /Z¢. From the theory
of Braginskii transport across the magnetic field then, we have that the
timescale of radial diffusion 7 scales as,

(R/2? , R Zj
N N S T DT
L

40y Z)
which far exceeds the timescale of our problem when there is a suf-
ficient combination of the reactor radius being much greater than the
Larmor radius, R, > p; and drag dominating over pitch-angle scatter-
ing, Z ﬁ >Z7Z ’l Both of these conditions should hold in a centrifugal
mirror designed to confine a fusion plasma.

Sheared rotation loss and other non-uniform potential effects can
also be explicitly considered through careful extension of the Fokker-
Planck equation (Eq. (10)), distribution function (Eq. (33)), and loss
boundary (Eq. (3)) to depend on r, the radial position of particles within
the reactor.

TRD

Projected confining potential

In Table 1 of Schwartz et al. [10], we see projected parameters for
a DT centrifugal mirror fusion reactor based on CMFX. They consider a
Mach number of M =4.5 and mirror ratio R = 6 for a 50/50 DT plasma.

Based on their definition of the Mach number in Eq. (2.2),
m;»* R2

max
T,

e

M2

For a 50/50 DT plasma, m; ~ 2.5 and ¢; = 1, and our alpha particles
have m, =4 and g, =2.

8 bi bi
Y = gtbl‘.", e e

Based on our previous discussion we can relate the centrifugal and am-
bipolar potentials,

(ngbi ~— l o
! 2

i
Then our total potential is given by,

3
57

Recalling our definition x, = 1/®,/T, we have,

- bi _
D, =Y + PP =

) 3p®» 3T, m,a)sz 3T

x2 —__a_""i _ “7e max _ e 2
@ T, 5T, 10T, T, 107,
Using our projected species temperatures from the DT scenario in Ta-
ble 1,
3 15 keV
2= 2 (s
410 \ 3500 keVv
Thus, our projected parameters are (x,, R) ~ (0.16,6).

) (4.5) = 0.026036 — x, ~ 0.16

Data availability

No data was used for the research described in the article.
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