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ABSTRACT

Turbulence on fine spatial scales enhances fusion reactivity, enabling ignition at lower temperature. A modified Lawson-like ignition criterion
is derived for inertially confined plasmas harboring turbulent kinetic energy. For some turbulent energy spectra, hot spots ignite at lower
energy density and smaller volume. While detrimental mixing effects typically accompany turbulence and obscure these advantages, targets
might be engineered to drive flow in regions where it is beneficial. The optimal length scale for this driving is identified, typically lying in the

micrometer range.
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Thermonuclear ignition requires that fuel be driven to high tem-
perature and density and be adequately confined so that heating by
fusion products exceeds energy losses. The classic Lawson criterion’
quantifies this requirement. Inertial confinement fusion (ICF) comes
with the complication that the hot fuel is typically disassembling even
while igniting, thereby losing energy to mechanical work in addition to
the radiation and transport present in magnetic confinement devices.
The ICF community has therefore developed several generalized
Lawson criteria (GLC) based on power balance,” ° on other thermody-
namic properties of the hot spot,”” or on related criteria such as the
positivity of the second time-derivative of the temperature.”
Alternatively, ignition may simply be defined as fusion gain exceeding
unity.'” Maximizing gain requires that compression expend minimal
energy per unit of fusion yield. Other than the necessary heating of
fuel ions, any process that increases energy losses, reduces confinement
time, or consumes compression energy therefore degrades gain.
Residual kinetic energy (RKE), the portion of the implosion energy
that remains in flows rather than thermalizing, is detrimental in all of
these respects.’' ' Success in reducing RKE has contributed to
improvements in ICF performance and to the achievement of
ignition'&l 0,17,18

However, this is not the full story. As a fast ion travels through
plasma containing small-scale turbulent fluctuations, its peculiar veloc-
ity varies with respect to the local fluid flows. A particle near the ther-
mal bulk in one region can end up further out on the tail if it travels to
another region with different flow. The result is a broadening of the

tail of the ion distribution and thus an enhancement to fusion reactiv-
ity."” This recently identified shear flow reactivity enhancement effect
(SFRE) can multiply reactivity severalfold under ICF-relevant condi-
tions.'”* Because fusion is driven by fast ions, whose mean free paths
are much longer than those of the thermal particles that determine vis-
cosity, a large reactivity enhancement is possible even when flow gra-
dients are weak and viscous dissipation is slow. It follows that some
turbulent kinetic energy (TKE) might, in fact, assist in ignition.

Such an advantage is not captured in the Lawson criterion"
pt > F(T), which is agnostic of TKE (p is the pressure, 7 is the con-
finement time, and F is a function of temperature T). Following the
form of Betti et al.," who define a parameter y such that ignition corre-
sponds to y > 1, this Letter introduces a new GLC for turbulent
plasma. The modified ignition parameter ¥ accounts for the SFRE
and is a functional of the hot-spot turbulent energy spectrum.
Remarkably, TKE on short length scales can increase y,; more effi-
ciently than thermal energy; TKE on longer scales is detrimental, as in
the conventional picture. Some non-igniting targets would instead
ignite if a portion of their energy were redirected into TKE. This class
of implosions, characterized by j4 > 1 > i, represents a new ICF
regime enabled by turbulence.

We first consider ignition of a typical isobaric hot spot containing
no turbulence, which is assumed for simplicity to be spherically sym-
metric. After stagnation, the hot spot expands against a surrounding
shell of cold, dense fuel (left side of Fig. 1). Some alpha particles, radia-
tion, and conducted heat escape the hot spot, but a portion of escaping
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FIG. 1. Replacement of thermal energy with TKE. The left panel shows a conven-
tional ICF hot spot (red) with little internal turbulence. On the right, some thermal
energy is replaced with TKE. Both hot spots expand into the cold shell (gray), but
the turbulent hot spot emits less radiation (blue arrows). The thermal reactivity of
the turbulent hot spot is lower, but the turbulent enhancement can be large.

energy is recycled through ablation of cold fuel."” Therefore, as an
approximation, we neglect heat conduction.””' In deuterium-tritium
(DT) plasma, the self-heating condition is

Qa > Qb"’Qw: (1)

where Q, = f,p%¢,S(T) is the power density due to alpha heating,
Qb = fop?B(T) is the radiated power density, and Q,, = p/7 is the
rate of mechanical work. Here, f, is the fraction of fusion power
deposited in the hot spot, f, is the fraction of radiated power
escaping the hot spot, and ¢, is the birth energy of alpha particles.
In terms of the hot-spot central temperature T, the reactivity
function S(T) is defined as

sr) = | 4% @

where (ov) is the fusion reactivity, T (r) is the spatially varying tem-
perature, and V is the hot-spot volume. The pressure, which is taken to
be uniform throughout the hot spot, is p = 2nT, where # is the ion
number density. We follow previous authors’” in approximating
S and B by power laws. With T in keV, the fit S(T) ~ SoT*2,
with Sy ~ 2.78 x 1072'keV2cm’®s™! and  ~ 3.26, is obtained
in the region 4keV < T < 12keV using the temperature profile
T(r)~ T(1—r?/R)*°/(1 - 0.15r/R*) where R is the hot-
spot radius’ The fit B(T)=~ ByT~2, with By~ 8.34x
107 %keV~lcm’®s7! and ffa 1/2, approximates the net radiation
(emission minus re-absorption) as uniform.” Then Eq. (1) yields the
ignition condition y > 1, where

1= (fxeaSOT‘%z —ﬁ)BoTﬁiz)Tp. (3)

When y > 0, alpha heating exceeds radiative losses; such a
plasma would ignite if it were not expanding. The minimum tempera-
ture Tig, for static ignition is

1
bBo \ "7
Tign = f > ) ’ (4)

aEaSO

[note that f, and f;, can depend on temperature, so Eq. (4) is not neces-
sarily an explicit formula for Tig]. The confinement time can be
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estimated” as T & CEgR/Vimp, where vy, is the implosion velocity and
we take Cp = 1 for simplicity. When y > 1, alpha heating overcomes
both radiative losses and expansion, so the plasma ignites. This work
does not consider subsequent burn propagation, which occurs when ¥
is large.”

Missing from all ignition criteria to date is an accounting for the
direct effect of turbulence on fusion reactivity, the SFRE introduced in
Ref. 19. Crucially, ions near the Gamow peak, where fusion reactions
are most likely to occur, have velocities much greater than the thermal
velocity vi. The mean free path of these fast ions is correspondingly
much longer than the thermal mean free path Ag,. In turbulent plasma,
where gradients may be weak on thermal-particle scales but strong on
fast-particle scales, nonlocal kinetic modifications to the ion distribution
function can significantly affect fusion reactivity. The SFRE is extremely
expensive to capture numerically ab initio, requiring high-resolution
viscous fluid simulations coupled to accurate fast-ion kinetic simula-
tions. Instead, Ref. 20 derived an analytical formula for the SFRE in low
Mach-number flows. Although this formula is generally an underesti-
mate, it offers a useful quantitative model for the purposes of this Letter.
Moreover, the restriction to low Mach number (flows much slower
than vy,) leads to the elegant result that the enhancement factor is sim-
ply a functional of the turbulent energy spectrum. [When the flow field
is decomposed into shear modes #(k), the first nonzero correction to
the reactivity is second order in #%, and the only terms with a nonzero
spatial average have the form # (k)i (—k)]. We are thus able to consider
the effect of turbulence without prescribing its exact structure.

Suppose that some of the thermal energy of a fusion plasma is
replaced with TKE. Holding the energy density and number density
constant, the temperature must decrease, as sketched in Fig. 1. The
flow is assumed to be isotropic and present only on scales smaller
than the hot-spot radius. For simplicity, the flow is treated as
divergence-free, although pressure fluctuations in compressible turbu-
lence could produce a small additional enhancement. The thermal
pressure is replaced by an effective pressure, which includes both ther-
mal and turbulent contributions.” Let p and # take the same values as
before, with p now denoting the effective pressure, and let 0 be the
ratio of TKE to thermal energy so that p = 2nT(1 + ). The “effective
temperature” is Ter = p/2n (absent turbulence, Ter = T). If the tur-
bulent flow field is decomposed into solenoidal modes on various
length scales, the contribution to the reactivity from each mode
increases with its wavenumber k. The reactivity is multiplied by an
enhancement factor ® & 1 + 2 [ dkE(k)G(k), where E(k) is the tur-
bulent energy spectrum and G(k) is derived in Ref. 20. Figure 2(a)
shows the DT, deuterium-deuterium (DD), and D*He reactivities” in
thermal plasma and in “turbulent” plasma modeled by a single shear
mode. The TKE per ion is T/2, implying 0 = 1/6 for DT and DD,
and 0 = 2/15 for equimolar D*He (because of its higher electron heat
capacity). Two cases are shown: a turbulent Knudsen number of 0.1
and the limiting case of asymptotically large k. In Fig. 2(b), the alpha-
heating power in equimolar DT plasma is compared to power radiated
by bremsstrahlung in thermal (6 =0) and turbulent (6 =1/6)
plasma, assuming f, = f, = 1. Here, the horizontal axis shows Tef,
meaning that turbulence corresponds to lower T. Nevertheless, Tig,
shifts lower due both to reactivity enhancement and to the decrease in
radiation. Per Fig. 2(a), a similar shift occurs for other reactions, which
could make ignition of D’He and DD plasmas more practical.
However, the remainder of this Letter considers only DT ignition.
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FIG. 2. (a) Thermal”” and turbulence-enhanced reactivities”’ for the DT
[T(d,n)*He], DD [D(d,p)T and D(d,n)°He], and D>He [*He(d,p)*He] reactions.
(Top panel: enhancement factor ®.) The turbulent energy is [, dkE(k) = T/2,
meaning 6 = 1/6 for DD and DT and 6 = 2/15 for D°He. (b) DT alpha heating
compared to bremsstrahlung at temperatures relevant to ICF.

Accounting for the reactivity enhancement, the alpha-heating
power can be written as Q, = f,p?¢,S(T)(1 + 0H), where based on
Ref. 20, we define

- ~ E(k) B T E(k)G(k)
H—L dkh(k)W, h<k)—%<6T>mc’ ©)

and the average is taken over the hot-spot volume weighted by the
reaction rate. Note that 0 = [~ dkE(k)/3T for DT plasma. Here,
E(k,r) is the local spectrum such that E(k) = fOR dranr®E(k,r)/V.
We approximate the distribution of TKE by the following simple
model. Assume that all TKE is concentrated within some radius 7y,
let the ratio of TKE to T be constant, and let the spectrum shift propor-
tionally to the density 71(r) = p/2T () so that denser regions support
finer-scale structures. In other words, E(k, 1) = E(kT (r1)/T (), r2)

pubs.aip.org/aip/pop

FIG. 3. Fit of h(k) with parameters described in Eq. (6). Reference data generated
from the “corrected utility function” of Ref. 20.

for radii r1, 7, < 7'max. Using the G(k) formula from Ref. 20 and fixing
Tmax = 0.8R for simplicity, 4 (k) was fit to the functional form

(kim)?
(kaw)* + m(T)

The parameters g ~ 31.52T %% and h; ~ 0.004T%%, with T
in keV, provide a good fit, as shown in Fig. 3.

Now, suppose that we introduce some turbulence into an ICF hot
spot. The ignition condition becomes y,4, > 1, where the modified
ignition parameter y,, 4 is

FexSoTg? vBo Tl
ey = | Bt (14 0H) —2—_ (1 +0M) |p, (7

and M estimates the increase in emission due to turbulent mixing of
high-Z material into the hot spot.'"* Note that f, and f, may also

vary with temperature and should be evaluated at T = T /(1 + 0).
We take f, = 0.3 and follow Ref. 2 to write

h(k) = ho(T) (6)

ée—ézz, 0<1)2,

fi=172 15 1 . ®)
EPTARTTY:E >1/2

where ¢ = 66.7(T~% + 0.0082)pR for pR in g/cm?. To isolate the
effect of the SFRE, we take M = 0. This does not imply that the mix
level is necessarily zero; rather, it assumes that mix does not increase
with the energy in the deliberately driven turbulence. This assumption
is likely incompatible with turbulence driven by perturbations to the
target surface,'*'>** but it may be reasonable for turbulence driven by
internal target structures and kept away from the boundary.

The modified ignition condition is displayed in Fig. 4 as contours
in the space of hot-spot areal density pR and effective temperature
Tefr. Each curve corresponds to flows on a scale L = R/m, where m is
a mode number and k = 2n/L. Apart from the physical significance
of driving high-mode perturbations, contours conveniently then
depend on pR rather than on p or R individually. All cases shown
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FIG. 4. Ignition contours yy,, = 1 for implosions with Vi, = 400km/s and Cg
=1 and with varying shear length scales. Here, 6 = 1/6. The thermal case
recovers the non-turbulent y. In the shaded region, where yy,, > 1 > ¥, ignition
requires the SFRE.

correspond to 6 = 1/6. With low-mode flows, ignition becomes easier
in some regimes (low pR, high T) and harder in others (high pR, low
T). The limiting L — 0 case shows the maximum enhancement for
0 = 1/6, corresponding to the saturation of G at high k. In the shaded
region, where x4, > 1 > y, ignition is possible with 6 =1/6 but
impossible without turbulence. This is true for two reasons: First, the
contour shifts downward when the SFRE exceeds the decrease in reac-
tivity due to reducing T; second, at low pR, reducing T shortens the
alpha-particle mean free path, permitting ignition of a smaller hot
spot.'” In the already-igniting > 1 regime, increased ¥, implies
faster ignition and higher yield.””*’

Evidently, turbulence is beneficial on some scales and detrimental
on others. A key question for ICF experiments is then the following: If
hot-spot thermal energy is exchanged for TKE with a spectrum E(k),
does the resulting system ignite more easily?

In principle, this question can be answered precisely only by
detailed simulations of specific experiments. However, one can seek a
useful estimate by asking how y,,, responds to a small amount of
added TKE. Considering for simplicity perturbations about a
turbulence-free state, the efficiency function ¥, (k) for driving energy
into mode k is defined as

1 (9 b)
k) = — ( Cturl
lpO( ) ‘X‘ 69 o

which, using Eq. (7), takes the following simple form:
hik) —o+ ¢+ B—¢p—M

- (Tign) 0=, —p+¢,
T

where sgn takes the sign (—1 or 1) of its argument, and
¢y = —Td(Inf,,)/dT. The behavior of ,(k,T) is shown in
Fig. 5(a) in a hot spot with p =100g/cm®, R = 50um, and

; &)

E(K)od(k—K'),0=0

Wo(k) = sgn(y) [ p— by — M +

)

(10)
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FIG. 5. (a) Efficiency functions for a range of temperatures and wavenumbers at
p =100 g/cm®, R = 50 um, and = = 50 ps. (a) v/, (without viscosity). The region
near y = 0 where Eq. (9) breaks down is shaded in gray. In addition to v, = 0,
contours of Yo = =1,10, 20, 50 are shown. (b) v, for four values of T; the 3keV
case is marked with a dashed line to highlight that y < 0. At the temperatures
shown, the peak of 7, corresponds to approximately kZy = 0.1.

7 =50ps. To the right of the ¥, = 0 contour (black dashed line),
exchanging some thermal energy for TKE is advantageous. This
advantage increases dramatically with k on sub-micron scales, reaching
values around i, ~ 50.

Viscosity becomes important on these short length scales, rapidly
dissipating TKE.”” Hence, the impact of TKE in high-k modes is
dampened because energy resides for a shorter time in these modes
before being converted to thermal energy. As seen in Fig. 5(a), driven
TKE has a larger effect at lower temperature. Rather than enhancing
reactivity throughout the burn, the SFRE can be put to advantage by
providing a “jump start” at early times, setting the hot spot on a more
favorable ignition trajectory. The lifetime of driven turbulence should
therefore be compared to the “ignition time” 7ig,, equal to 7/(y — 1)
when y > 2 (otherwise 7i5, = 7). To quantify the effect of viscosity, we
compute the dissipation time 7, viz.,

([t

'L'r’: =

<J~OO dkank? wxgﬂ 7

0

(11)
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where 7 is the kinematic viscosity and 7, is well approximated by
7, &~ 7937 k2 ps, with T'in keV and k in um ™!, for DT plasma at
p=100g/cm®. We define a wviscous efficiency function
W, (k) = min(1, 7, /tiga )i (k). This definition fails if the turbulent
cascade carries TKE too quickly to smaller scales. However, in the
regime of interest, the eddy turnover time is comparable to 7, (for
example, at T = 6keV, § =1/6, and k ~ 1 um™!, both are approxi-
mately 20 ps). Hence, although inexact, 7, gives a reasonable estimate
of the TKE lifetime. Figure 5(b) shows t, (k) at several temperatures
for the same parameters as in Fig. 5(a). Because of the k=2 dependence
of 7, 1, (k) has a peak at some kot (T), representing the wavenumber
at which TKE produces the largest time-averaged increase in ).
Driving flows on length scales near 2m/kop represents a concrete
design objective.

In practice, this driving could be accomplished using engi-
neered defects in the target, possibly accompanied by adjustments
to the drive profile. While such a design is beyond the scope of this
Letter, we reference here some theoretical and experimental work
supporting the feasibility of controlling ICF turbulence. Short-
wavelength perturbations on the inner DT ice shell of a cryogenic
target become Rayleigh-Taylor unstable during deceleration, gen-
erating flows;”"*® in fact, vorticity is seen to increase close to bang
time, > 7 demonstrating that flows can affect the burn without
being present (and subject to viscosity) throughout the implosion
duration. Vortex structures formed in the hot spot, and the point
of transition to turbulence, depend on the shell material,”” indicat-
ing some degree of control. However, instabilities at the surface
introduce mix that substantially degrades performance.'"'"**
Hence, while surface perturbations are easiest to control, mix
means that the net effect of such perturbations is unlikely to be
positive. A promising alternative is to drive turbulence in the inte-
rior of the hot spot using structured materials, such as wetted
foams.”” ’ Notably, ion kinetic effects, including a brief reactivity
enhancement, appear during the collapse of voids in compressing
foams,”* suggesting that present experimental capabilities are
suited to probing the regimes considered in this Letter, although
fine control over the driven flows will require substantial further
development. Fast ignition and shock ignition schemes,”” ** where
fuel is compressed at low temperature and then rapidly heated, are
particularly well suited to take advantage of the SFRE because vis-
cosity remains low during compression then increases during heat-
ing (cf. the “sudden viscous dissipation” effect’”*”*"). Moreover,
reducing the ignition temperature significantly relaxes energy
requirements in these schemes.'”*"**

This Letter generalizes the Lawson criterion to compressing tur-
bulent plasma, independent of any particular ICF design. The modified
criterion, %4, > 1, reveals a new ICF regime (Fig. 4) where ignition is
only possible by driving small-scale turbulence. These results apply to
unmagnetized inertially confined plasma, but qualitatively similar
effects may appear in magnetic confinement fusion devices. We
employed a 1D hot-spot model to focus on the new physics of the
SERE, but the conclusions generalize readily to more complex, asym-
metric hot spots; in fact, the efficiency functions ¥, and i/, are agnos-
tic of hot-spot geometry. Thus, while quantitative refinements to s,
might be proposed for specific systems, the present results elucidate
fundamental consequences of the partition between thermal and tur-
bulent energy in ICF plasma.
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