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Abstract

Effects of the magnetic geometry on the properties of kinetic microinstabili-
ties such as that driven by a gradient in the ion temperature are explored. A
module that calculates the required metric coefficients in axisymmetric geom-
etry is described and released for general use. The scaling of heat transport

from the ITG instability with the elongation of the plasma is found.

I. INTRODUCTION

2 and in

Several authors have considered the effects of shaping on microinstabilities®
particular on the ion-temperature-gradient-driven (ITG) mode, which serves as the focus
of the present paper. In addition, the problem of finding the necessary metric coefficients
for more general systems (helically symmetric, rather than axisymmetric) has previously
been solved.®*. Our contributions are to make available to the community a numerical
code/module which produces the metric coefficients required to perform microstability and
turbulence calculations in ballooning® or field-line-following coordinates,®” and to document
the scaling of the nonlinear I'TG thermal flux with plasma elongation according to gyrofluid
simulations. We also present scans of maximum growth rates vs. shape parameters and

an evaluation of the Rosenbluth-Hinton effect with finite inverse aspect ratio, finite radial

wavenumber £, p;, and non-circular cross-section.



II. BACKGROUND
A. General geometry

Our development closely follows that of Beer, et al.” Since the divergence of the magnetic

field is zero, one may use a Clebsch formulation:®
B =Va x V. (1)

To represent an equilibrium magnetic field composed of closed surfaces, it is sufficient to
define® a = ¢ —q(v)0—v (2,0, @) and 1) = W. Here, 0 and ¢ are the physical poloidal
and toroidal angles, respectively, ¥ = (27) 2 [, drB-V# is the poloidal flux, ¢(¥) = d¥r/d¥,
Uy = (27) 72 [, drB - V¢ is the toroidal flux, and dr is the volume element. The quantity v
should be periodic in # and ¢.

It is convenient to define a new angle ( = ¢ — v. With these definitions, Eq. 1 becomes
BO = VU x V(C]9 — C),

where the subscript on B is included to emphasize that we are concerned with the equi-
librium, unperturbed magnetic field. The field lines are straight in the ((,#) plane, and
are labeled by «. Useful coordinates are therefore (p, o, 8), where p(¥) determines the flux
surface, o chooses a field line in that surface, and € measures the distance along that field
line.

In an axisymmetric system, one may also represent the magnetic field as
Bo =1(¥)V¢ + VU x Vo, (2)

where I(¥) = RBy. We will find it useful to take advantage of this representation, although
not necessary.
In the ballooning or field-line following limit, we assume that the perturbed quantities

vary as

A = A(6) exp (i9)
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where bg- V.S = 0. This takes into account the fact that the perturbations tend to be slowly
varying along the field line, and allows for rapid variation across the field line.?

The latter condition implies
(VaxVV¥)-VS=0

which, in turn, implies S = S(a, ¥). To make contact with the ballooning approximation
and with field-line following coordinates, one may choose S = ng (a + ¢fy), where ng is some
(large) integer, and 6, is the familiar ballooning parameter which, in field-line-following
coordinates, determines k, through the relation k, = —ky36y. Here, § = p/q(dq/dp), and p

is an arbitrary flux surface label.

B. Operators and arguments

In general, we wish to simulate the nonlinear electromagnetic gyrokinetic equation in
the ballooning, or field-line-following, limit. We choose a field-line-following representation,”
which has the advantage that the nonlinear terms are easy to evaluate and are independent
of the details of the magnetic geometry. Further details may found in Ref. ( 7). Below, we
focus on the linear terms, which may be affected by the geometry.

Effects of the magnetic geometry in this limit enter through only a small number of terms,

regardless of whether one proceeds with a moment-based approach,” a df approach,®!? or a

gyrokinetic approach."!" Consider, for example, Eqs. (23-24) of Antonsen and Lane:®

I~ 1 0F, v, |VS] <A o A> v, |VS| v, |[VS|

and

™

—1 (w — wq + iv”f)o . V) h= / ;i—{": exp (—iL)st (fo)

— T
Tiw 6F0 _ BO x VS - VFQ
Oe BymQw
v,|VS O T VS| v,|VS
l%( L|Q |> (Q(b— %mﬁ) +qo‘ c‘ LJ1< L‘Q |)] (4)

3



Here, wg = VS - By X <mvﬁf)0 - Vb + uVBy + qV@O) /(mBy2). The notation is explained
in Ref. 5. Note that the unperturbed magnetic field By = By(f).

These equations, together with Maxwell’s equations, describe the linear properties of a
wide range of microinstabilities. In the limit of large toroidal mode number ng, only the
following components of these equations depend on 6: bo - V, |[VS[?, By x (BO : Vf)o) -VS,
(Bo X VBy) - VS, and By(f). To perform volume integrations and flux surface averages in
the nonlinear simulations, it is also necessary to have the Jacobian J and |Vp| as functions
of . We now consider the terms individually.

To make our normalizations clear, we treat the w, term in detail. The w, term may be

written as
.BO x VS - FO ~
—ZW X = —Znogo [bo x V (Oé + q90) VF()]
where
. SO T o|VS|v
X = (d)__”»(/]) JO+QJ1
c c
This, in turn, is
ory O0F,
—mogo [bo x V (o + gby) - VFO] = —znOFO <b0 Va x V\Il) 99 —ing Xa\ll

where we have assumed that Fyy = Fy(0).

We now introduce normalizing quantities. Lengths are normalized to a, which we choose
to be half the diameter of the last closed flux surface (LCFS), measured at the elevation of
the magnetic axis. The magnetic field is normalized to B,, the vacuum field at the center
of the LCFS at the elevation of the magnetic axis. Time is normalized to a/v;, where
vy = \/7% Thus, for example, V = (1/a)Vy and ¥ = a?B,¥y. Perturbed quantities
are scaled up by a/pi,, where p;, = v;/Q and Q = |e|B,/(m;c). The perturbed field is
normalized by T;/|e|, so that, for example, Yy = (|le|x/T;)(a/pia)- [Here, we consider only
the one-species problem. The generalization to multiple species is straightforward.] Finally,
we introduce an arbitrary flux surface label p, normalized so that p = 0 at the magnetic

axis and p = 1 at the LCFS. Note that the Larmor radius p; should not be confused with



the flux surface label p. Upon adopting these normalizations, one finds

. 0F ng T pig . OFy dp k
—INgCY —=—— = ——7 — — XN —=———— = —1kgPig—s ——
0 X8\Il a?eBy a XN 0p d¥y op a N

which serves to define kg = (ng/a)dp/d¥y. In the high aspect ratio, zero (3, circular flux

surface limit, kg = noq/r. For the case in which there is a background density gradient, one

finds
: Piavt OF _ . . Fo pieve . . a (Pia%:)
—ikopia—5 XN = i(Kopia) XN 57— = i(kopia) XN Fo—
thopia™ 5~ 75, XN i(kop )XN(Ln)N o = Ukpia)Xn oz
in which the dimensionless quantity (L,)y = —(1/n)dn/dp, and may also be written as

L,/a. With the specified normalizations for time, space, and perturbed quantities, the
factor p;,v;/a® scales out of the gyrokinetic equation. Compare, for example, the w, term

with the first term in Eq. (4),

’L.(A)il = inizN (pia;t) .
a

The factor in parentheses is common to all terms in the equation, and does not appear in
any other form. It may therefore be considered to be arbitrary.

In the w, term, note that ky is multiplied by p;,, confirming that it is natural to consider
perpendicular gradients normalized by the gyroradius p;, rather than to the minor radius a,
as expected in the ballooning or field-line-following limit.

To summarize, upon adopting the above normalizations, the w, term in Eq. (4) in field-

line-following coordinates becomes

,BO x VS - CFO n . ~ (pm%) . 1 dFO ~ (Ma%)
— = W, XN Fi = —tkgpia— —XNF 2
T pma X = a7 hopia =g, XvFo (=05 (5)

Note that w, = —kgpia(1/Fo)(dFy/dp) is independent of 6.
We now turn to the by -V operator. We begin by using the B field in the form of Eq. (1)
to find o

B
B-Vqs:vexv\p-wa—;‘

which implies



7 By
O‘_/o Ny -vo (6)

For an axisymmetric B field, this integral may be evaluated with the use of Eq. (2). In this

case, the f)o -V operator may be explicitly evaluated. It is

bo - VA(6) =

Bo-V0Oh Iy <aa !

oh
JES— 2_
By, 00  aBy ae) Vol 5g

which serves to define
N I oo\ ™
(Ba-9), = -5 (5a) 19wl )

In the high aspect ratio, zero 3, circular flux surface limit, (130 . V)N = a/qRy, where Ry is
the major radius at the center of the flux surface.
Next, we consider the VB part of the wy operator. This term is given by

2 QB2

1) k ia n 2 dV
I By x VB, VS = (2?)( e ) Wy lBQ deboxVNBN V(o +aby)| .
0

The module released here produces the factors in square brackets, i.e.,

2 dUy - 0) 2 d¥y -
B—2 dp boXVNBN VNOZ and wVB—B—I?V dp boXVNBN VNq (8)

wvB =

In the high aspect ratio, zero (3, circular flux surface limit, wyp = 2a/Ry (cos f + 50 sin 8),
and wVB = —2(a/Rp) §sinb.

The curvature drift is nearly the same as the VB drift, except that v> — 2v?, and the

I
fact that there is an additional component of the curvature drift given by

o 4m h
IIQBQ

% k ia 7 1 d‘lf
oo x Vp- 7S = (L) (%) Aoy lB?’ b x Vg Vxlat )| ©)

The module released here produces the factors in square brackets, i.e.,

1 d¥y -

B dp —be x V- Vya, w(o)—w(vog3 (10)

We = WyB + =« N

Here, 3 = 8mp/B2.
We do not explicitly consider the remaining component of w,, proportional to V&,. To
the extent that the electrostatic potential is constant on a flux surface, this term may be

specified using the information provided by the module.
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To summarize, in field-line-following coordinates, the term in Eq. (4) that is proportional
to wy is given by
2

iwgh =i <k95’a> hy (pm%) lULN (wVB + 6 ww)g) + vy (wn + B W ))]

a? 2

The form of Egs. (3-4) and of the gyrokinetic Maxwell’s equations® (not shown) guar-
antees that |V.S| always appears as the square, [VS|?. In general geometry, this term may

be written

dVy

|VS‘2 0 |VN (a—f—qﬁo)\ _k0< dp

> ‘(VN(I + HOVNq) . (VNO./ + eoqu)| .
The module released here produces the factors (g1, g2, g3), where

A
VSI? = k§ g1 + 26092 + 0395| = K < N) Ve Vi +200Vya - Vg +03Vng - V|-
(11)

In the high aspect ratio, zero 3, circular flux surface limit, g; = 1 + %62, g, = —05?, and
g3 = §%. Note that |V.S|? typically appears with a factor of 1/Q2  which is not included in
Eq. (11).

The remaining quantities are straightforward. The variation of the unperturbed magnetic

field along the field line is reported by the module as By, with
By(0) = Bo(0)/Ba. (12)

The quantity |Vyp| is also reported by the module, and is unity in the high aspect ratio,
zero (3, circular flux surface limit.

For numerical applications, it is sometimes necessary to choose the field line coordinate
so that (f)o - V)n is constant. This choice allows the straightforward evaluation of terms
proportional to |k;| in the transform space. Thus, we use (p, o, ') coordinates, where ¢’ is

the equal arc periodic coordinate defined by

0'(0) = 2nLy(0) /Ly (m) — 7 (13)



between —7 and 7, and Ly (6) = [?_df (Bo . V) ]_Vl. In this coordinate system, the coefficient

of the parallel gradient operator of Eq. (7) becomes
-~ !
(Bo- V) =2m/Ly(r). (14)

The Jacobian is Jy = (d¥y/dp) (Ln /27 By) . With these definitions, the flux surface average
of a quantity I' is defined to be

ry = [T Jy df do
- [Jydfda’

The normalized area of the flux surface is Ay = 27(|Vpl|) [ Jdb'.

The field-line variation of the quantities wyp and wg% [Eq. (8)], wx and w®, [Eq. (10)],
(91,92, 93) [Eqa. (11)], By(6') [Eq. (12)], and (f)o . V)N [Eq. (14)], together with the quan-
tities |V pl|, dp/d¥y and dfB/dp are the outputs of this geometry module, available from
bdorland@ipr.umd.edu or mtk@peaches.ph.utexas.edu. These coefficients contain all of the
geometric information necessary for numerical calculations of high-n microstability and tur-

bulence in axisymmetric toroidal configurations with nested magnetic surfaces.

C. Module details

Input numerical equilibria may be specified in numerous ways, as documented in the
module. Interfaces to direct and inverse Grad-Shafranov equilibrium solvers are available.
These include using output from several equilibrium codes in use in the fusion community,
such as TOQ,'*!3 EFIT,"* VMOMS,'® JSOLVER,'® and CHEASE,'" as well as the local
equilibrium model of Miller, et al.'®

Here, we describe our implementation of the Miller local equilibrium model*® for com-
pleteness. This model extends the usual zero-beta, high-aspect ratio equilibrium to arbitrary
aspect ratio, cross section and beta, and allows one to consider geometric effects on microin-
stabilities in a controlled way.

The shape of the reference flux surface and its perpendicular derivative are specified in

the (R, Z) plane by



Ry (0) = Ron(p) + pcos [0 + 6(p) sin 6], (15)

Zn(0) = k(p)psinb. (16)

Here, Ry = R/a, etc., Ron(p) = Ron(py) + Ron dp, 6(p) = 6(py) + 6" dp, k(p) = K(py) +
k'dp, and py denotes the flux surface of interest. In the remainder of this section, the “N”
subscripts will be dropped, since no ambiguities will arise.

As emphasized in Ref. 18, the actual shape of neighboring flux surfaces (p # py) is not
determined by Egs. (15) and (16). Instead, this is determined by solving the Grad-Shafranov
equation in the neighborhood of p;. As noted by Mercier and Luc,' one may find this
solution provided R(6), Z(0), B,(0), p'(ps), and I'(ps). One additional piece of information
is required to determine either the safety factor ¢ or d¥/dp. Finally, the normalization of
the magnetic field determines I(py).

In our implementation, we take ¢ to be an input parameter, and upon noting that

$ adf = —2mq, use it to define d¥/dp from Eq. (6):

dv 1 do _

[For numerical equilibria, d¥/dp may be calculated directly, and this expression defines the

safety factor.] The poloidal magnetic field B,(py) is specified by
Bp = %%a
where |Vp| may be found from Egs. (15) and (16).

The remaining steps may be used with the Miller local equilibrium model or with full
numerical equilibria. We allow arbitrary values of dp/dp and § by using the Mercier-Luc
expressions to find VS.18720 As noted in Ref. ( 18), the result is exactly equivalent to the
generalized s — o analysis of Greene and Chance.?! To proceed, we define

do 1 I\’ do 1
2 BO) =1
el (Bpm) ) ©) /ve V-V l(B,,RY] ’

A(Q):/vexvq}-w




_ do sinu + R/R.
0(9)_I/vexv‘1}-v¢l B, R? ]

where u(#) is the angle between the horizontal and the tangent to the magnetic surface in
the poloidal plane, and R, is the local radius of curvature of the surface in the poloidal

plane. If we define A = §---, etc., it can be shown that

s_pdg _ p dY o, =, 5
=L2 =L 2" (Ar' + Bp' +2C 1
= 27rqdp( + By +20) (18)

where the primes denote derivatives with respect to W. Thus, one may specify any two of
p', I', and 5. This freedom is a direct consequence of the two free functions in the Grad-
Shafranov equation.
It can also be shown?*!8 that the perpendicular component of the gradient of o is given
by
Va-éy = |[VU|(AI' + Bp' +20).

The parallel component of the gradient of & may be easily found from Eq. (6). With Va
in hand, the remainder of the calculation is straightforward. We note that VB may also
be calculated using the Mercier-Luc formulas; our treatment is the same as can be found in

Refs. ( 18) and ( 20). To wit, the perpendicular component is

B, (B I?sinu
VB.ég = P20 gy 1 5MY
=B (Rc+ P R3Bp>’

and since B(ps) does not depend on p' or I', the component of VB along the field line
depends on neither quantity.

The expressions for § and the gradients of &« and B make it clear that once the safety
factor, the shape of the flux surface, and B, are determined (either from a numerical equi-
librium or from the local equilibrium), one may vary p’ and § independently to find a family
of solutions, all of which satisfy the Grad-Shafranov equation. This flexibility allows one
to carry out the Greene-Chance kind of analysis for microinstabilities. Such an analysis
simplifies the interpretation of the numerical calculations, since all other parameters can

easily be held fixed.
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Within the context of the local equilibrium model,'® one may also vary individual shape
parameters one at a time, to explore the dependences in a controlled fashion.
The eleven dimensionless parameters that determine the local MHD equiliibrium in this

implementation of the Miller model are summarized in Table I.

*Minor radius pr
*Safety factor q
Magnetic shear $=1(p/q)dq/dp
Elongation K
dk/dp K/
Triangularity o
do/dp o
Center of LCFS Rgeon
Center of flux surface Ron
dRo/dp on
*dB/dp o8

In addition to these eleven parameters, there are two normalizing dimensional param-
eters, @ and B,. In all, there are two more parameters than are found in Miller, et al.'®
We include the additional parameters to allow a somewhat more natural correspondence
between reported equilibria and the input variables. We emphasize that there is nothing
“extra” in our implementation of the model as result; it is only modestly easier to use for
some applications. For example, our choice of the normalization of the magnetic field (B,)
is the vacuum magnetic field at Rge,, the center of the LCFS. This quantity is the most
commonly reported magnetic field value. By allowing R, to be specified separately, we also
make it conceptually easier to separate the effects of Shafranov shift from the derivative of
the Shafranov shift. The inclusion of the normalized minor radius as a separate variable is
a natural choice as soon as one allows for separate specification of Ry and Ryge,-

The starred quantities (ps, $, and df3/dp) may be specified when reading in numerical
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equilibria. Values of the latter two quantities that are different from the actual equilibrium
values are incorporated by using Eq. (18) to define I'.

Finally, when using numerically generated equilibria, the module allows one to choose
from the most common definitions of p, such as the normalized poloidal or toroidal fluxes,
the horizontal minor radius, etc. The user may also provide his or her own definition of p
by supplying a simple function.
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