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is a function of local plasma parameters, if the normalized 
gyroradius p*=pJL,,, is small enough.‘3>‘5 Thus, we de- 
velop an interpolation formula for x as a function of local 
plasma parameters from nonlinear gyrofluid simulations. 
These simulations are supplemented with linear gyrokinetic 
simulations using a code with comprehensive fully kinetic 
physics.‘4 We emphasize that the resulting formula is a fit to 
first-principles simulations. No reference to experimental 
data was made to construcf the formula. The x formula is 
simply the best reasonably simple approximation we have 
been able to devise to the best first-principles simulation re- 
sults available. 

The six-moment toroidal gyrofluid equations and the 
nonlinear gyrofluid code utilized here are described in detail 
in Ref. 12. These equations describe “kinetic” effects, such 
as toroidal drift resonances,7’*2 linear and nonlinear finite 
Larmor radius (FLR) orbit-averaging,‘6 and parallel wave- 
particle resonances3*4 for an arbitrary number of ion species, 
and are evolved in toroidal field-line-following (FLF) 
coordinates.‘3*‘7 Nonlinear gyrofluid trapped electron 
models’2x’5 and generalized FLF coordinatesI have recently 
been developed, but are not employed here. One of the im- 
portant features of these simulations is the self-consistent 
treatment (including transit-time magnetic pumping’*) of 
nonlinearly generated,‘* fine scale (k,p i- 0.1) , sheared po- 
loidal flows, which play a major role in determining the satu- 
ration level for the turbulence. 

The nonlinear simulations completed for this study typi- 
cally had 2000-4000 independent modes (k,,k& on a 32- 
64-point FLF grid. The simulated volume was typically 
63piX63piX2rqR (i.e., - 1.5% of the total TFTR plasma 
volume), and the total simulated time was typically SO-100 
growth times, or 250 L,/v,-0.5 ms for typical tokamak 
conditions. Larger-scale and longer-time simulations have 
been completed to demonstrate convergence.‘3P’7 

The comprehensive gyrokinetic code’4*‘9 has full- 
velocity space dynamics including resonances, trapped par- 
ticles, Coulomb collisional pitch angle diffusion, etc. The 
gyrofluid simulations obtain the nonlinear x, but have a 
somewhat inaccurate critical temperature gradient, and also 
neglect nonadiabatic electron physics. The comprehensive 
linear code corrects the formula for this. 

The construction of an interpolation formula still en- 
counters difficulties because of the large number of param- 
eters in the governing equations. The gyrokinetic equation 
depends on R/L,, R/L,, q, s”, TiITe, Z,,, v, r/R, etc. To 
map out parameter space thoroughly requires an unaccept- 
able number of nonlinear runs. However, we have found a 
novel method that greatly reduces the number of nonlinear 
runs required. We have observed from the nonlinear simula- 
tions that the ratio WNL=xID is a much weaker function of 
parameters than x itself. Here, D=max( y/k:), where 

k2 Jd~l@l*W* .L Sd61Q12 =k;( 1 +i2(02)), 

and we take the maximum value of y/k: over all ke . We use 
the gyrofluid code to calculate WNL based upon the nonlin- 
early obtained x and the gyrofluid DGF. We then calculate 

DGK with the comprehensive linear gyrokinetic code. The 
formula for xi that appears below is an interpolation of 

GK 
WNLD . 

Of course, fewer points are needed to interpolate WNL, 
since it is a weakly varying function. The reduction in the 
number of nonlinear runs needed can be enormous. If we 
parametrize WNL over the nine dimensions RILT, R/L,, 4% 
s”, Ti/T,, r/R, v, nblne , and Z,n, and reduce the number of 
points needed in each dimension by only a factor of 2, then 
the total number of nonlinear runs needed is reduced by a 
factor of 29=5 12. Many hundreds of much less expensive 
linear runs were used to map out DGK. 

Ill. INTERPOLATION FORMULAS 

The simulations are best characterized by a strong deu- 
terium toroidal ITG mode with critical gradient scale length 
R/L?&, and a weak carbon toroidal ITG mode with critical 
gradient scale length R/L’,2:,, . The carbon mode is observed 
when the thermal charge fraction of carbon 
ac=6(n&z,)/( 1 - ob) - 0.5 or greater, where cb iS the en- 
ergetic particle (beam) charge fraction.” That R/L?&, 
< R/L?:,, is known.*’ The carbon mode is important in the 
supershot regime, but irrelevant in the L-mode regime. Our 
interpretation of the simulation results is 

xi=Co max(x~‘),~~~‘)p?v,~/R, 

in which Co= 12, 

(1) 

(,)Jq/~b)‘.’ 
xi - I+p*4 (l+$y&-)r(z&w'~(;T) 

x!*‘, 
0.66r,-O.8 

I l-l-$ 
max[0.25,(Z$r-3)]:2?‘2’ ’ . 

i i LT 
Here, .‘r”)~G(R/L,-R/L~),,,), G(x)=min (x,~“~)H(x), 
and N(x) is a Heaviside function. The temperature ratio 
T~Ti/T,, rb’r/( 1 -(rb), and &?=min [ l,(3/Z&)‘*8]. The 
expression Z& = (no + 36nc)/(no f 6nc), where no is 
the thermal hydrogenic ion density, and only carbon impuri- 
ties nc have been considered. (High-Z impurities tend to 
cause little dilution and can usually be ignored, while low-Z 
impurities such as helium are not well described by this pa- 
rametrization.) The collisionality parameter 
vs2.1Rn e19/(Tj.5e*5), where R is given in meters and the 
temperatures are in keV. All other symbols are standard.2’ 

The critical gradient scale length of the deuterium mode 
is approximately 

RIL~~~t=f(CPj})g({Pj})h({Pj}), (2) 

where f = 1 -o,2z$‘?0~7( 14E’.3v-0.2- l), g=(O.7 
+0.6s”-0.2R/L,*)2+0.4 +0.3R/L;-0.8s”+0.2s”2), and 
h= 1.5(1 +2.8/q2)o.262:$7$? Here, RILz=max 
X (6,R/L,), and all density scale lengths are assumed to be 
equal. The criticai gradient scale length of the carbon mode 
is approximately 

R/L&,=0.75( 1 f ‘rb)( I +$)9(R/L;)iF(ZZe*ff), (3) 
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in which g= max (1,3 - 0.67RIL;) and CY = 1 
+ 6 max(0,2.9 - Z&). 

The electron xe is obtained from the ratio of the quasi- 
linear electron and ion heat fluxes found with the compre- 
hensive linear code. For the deuterium mode, 
~~1)/~~1)=0.72~*v0.‘4(qls”)0.3~0.4~~~,5(RILn). Here, 
?=max(O.l7,E). For the carbon mode, x~“/x~~’ 
= O.~~~V~-~‘~~~(R/L~). In these expressions, $ZC 
=max[&(l -t 0.3RILz)]. Finally, 

(1) c2) 2 xe=CO m&x, ,xe )Piuti /R. (4) 

Both passing and trapped nonadiabatic electron effects 
contribute significantly to these formulas. The qualitative 
trends we observe conform to those previously known in the 
literature.22’23 Stabilizing trends result from increasing 
Ti/T, , deuterium dilution by carbon or beams, and magnetic 
shear s^. Increasing q is destabilizing, as are trapped particle 
effects, which are moderated by collisions. 

The unique feature of these formulas is that they were 
obtained from state of the art simulations that include rel- 
evant physics, as well as is presently possible. Thus, they are 
the most quantitatively credible theoretical formulas for x 
from ITG turbulence presently available. Furthermore, they 
are a fairly simple distillation of the most salient results from 
a great deal of computational expense and human effort in 
code development. Nevertheless, the formulas have limita- 
tions. The interpolation formulas are only derived for normal 
tokamak parameters: 0.7<q<8, 0.5<s^<2, O<RIL,<6, 
0.5<TilTe<4, 1<2,,<4,OS<v<lO, O.l<rlR<0.3, etc. 
Thus, they should not be expected to reproduce extreme lim- 
its, such as v approaching zero or infinity, shear approaching 
zero, etc. Furthermore, for low collisionality and strong den- 
sity gradients, a trapped electron drift wave instability ap- 
pears that is not treated in these formulas. The carbon branch 
formulas are more approximate than the formulas for the 
deuterium branch. Finally, physical effects such as velocity 
shear, gradients of Z&, and noncircular flux surfaces are 
important for some experiments, but are not included above. 

IV. EXPERIMENTAL COMPARISONS 

The limitations in Eqs. (l)-(4) are expected to be unim- 
portant for typical circular L-mode plasmas in the region 
0.25 <da < 0.8. We now turn to experimental comparisons 
with TFTR data for such plasmas. 

Before using results from simulations with kinetic ef- 
fects to design future experiments, it is necessary to demon- 
strate a predictive capability on present experiments. Unlike 
other modelsZ4 our theory does not yet attempt to predict 
particle transport or convection. Instead, we use HYPED,~~ 
which is a one-dimensional (1-D) steady state power balance 
code that runs as a post-processor to either SNAPPY or 
TRANSP.27 This code has been modified to include Eqs. (l)- 
(4), and otherwise includes the standard TFTR power bal- 
ance assumptions: classical electron-ion temperature equili- 
bration, beam slowing down, neoclassical Ohmic heating and 
neoclassical xi, etc. The code accepts the experimentally 
measured density profile, the inferred QJ profile and power 
deposition profile, the measured radiation loss profile, etc. 

0 0.2 0.4 0.6 0.8 

r/a 

FIG. 1. TFTR NTP test case. The predicted ion temperature (shown in the 
top panel) lies within the error bars. The predicted xi increases strongly with 
minor radius, despite the decreasing temperature. 

The experimentally inferred convective term is used in the 
power balance calculation (assuming each particle carries 
3/2T energy). These convective heat losses are small com- 
pared to the predicted conduction heat loss, except in the 
core of supershots and near the plasma edge. Under these 
assumptions, the ion and electron temperature profiles are 
calculated. We have observed that the x in Eqs. (l)-(4) is 
often smaller than experimentally inferred values in the last 
lo%-20% of the minor radius. Therefore, we have used the 
experimentally determined temperature as the boundary con- 
dition at rla - 0.8. 

A. TFTR L-mode confinement 

We have tested the predictive abilities of Eqs. (l)-(4) on 
more than 70 L-mode shots and about two dozen supershots. 
A representative L-mode shot (#41309) is shown in Fig. 1. 
This discharge (particularly the r/a = 0.5 point) was selected 
in 1992 as the primary comparison case for the Numerical 
Tokamak Project (NTP). Using HYPED, the temperature pro- 
file inside da-O.8 has been predicted, along with x over 
the same region, with very good agreement (including at 
rla=0.5). 

Figure 1 demonstrates a number of features common to 
the other L-mode cases simulated. The temperature predic- 
tions are almost always within the error bars, or are very 
close. A universal feature is that the x increases radially over 
the confinement zone (typically until r/a = 0.8 + 0.1). This 
has been a severe shortcoming of almost all ITG and drift 
wave models in the past, which usuahy predict that x de- 
creases in the confinement zone due to the gyro-Bohm factor 
that is proportional to T3’2 in such theories. In the present 
theory, x increases with a minor radius, primarily because 
the deviation from marginality is increasing.14 

Although the plasma is close to the marginal stability 
threshold at the center, it is well above threshold toward the 
edge, as shown in Fig. 2. Thus, a model based upon a strong 
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FIG. 2. TFTR NTP test case. The departure from critically (LTcntlLT 
> 1) is significant and increases toward the edge for the profile predicted by 
the full theory (solid line). (For r/a <O. 1, neoclassical transport relaxes the 
gradient below the critical gradient.) The dotted line represents the profile 
whose gradient is everywhere critical-it is clearly wrong compared to the 
experimental data (the dashed line), thus demonstrating the importance of 
the nonlinear simulations. 

marginal stability hypothesis for r/a CO.8 would not predict 
the experimental temperatures accurately. Typically, the cen- 
tral temperatures predicted under this assumption are too low 
by a factor of -2. This demonstrates the importance of the 
nonlinear simulations to this study. 

A summary of the results of 63 L-mode cases is shown 
in Fig. 3, in which the predicted energy confinement times 
and the measured values are compared. Also shown in Fig. 3 
are results from two empirical models that are presently used 
to design the next generation of experiments: the Interna- 
tional Thermonuclear Experimental Reactor confinement 
scaling2’ (ITER89-P) and the Rebut-Lallia-Watkins (RLW) 
model. (To calculate the temperature profiles and energy con- 
finement times predicted by the RLW model, we used the 
experimental temperature at r/a = 0.8 as the boundary con- 
dition.) For all cases, the same definition of 7, is used as in 
ITER89-P.** The first-principles model is significantly closer 
to the experimental results. 

Confinement in L modes is empirically found to display 
nearly universal trends with several dependent variables for a 
wide variety of tokamaks. These are quantified2* in the 
ITER89-P empirical scaling law: 
rE=o ()4810.85 1.2 0.3 0.1 0.2 p R a n B (MK/P)‘,~. To test the cor- 
rectness of Eqs. (l)-(4) for L-mode core confinement, we 
have examined numerous parameter scans of TFTR, which 
show these parameter variations. Predicted temperature pro- 
files for a power scan are shown in Fig. 4 (where power 
varies by a factor of 4). The agreement is within or very 
close to the error bars. As shown in Table I, the predicted 7E 
shows the same degradation as ITER89-P, but agrees more 
closely with experiment. Ion-temperature profiles for an I, 
scan are shown in Fig. 5, again with good agreement. The 
measured rE is well predicted for this scan (Table II). Similar 
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TABLE I. TFTR power scan, comparing the energy confinement times from 
experimental measurement, the theoretical prediction. and the ITER89-P 
empirical fit. 

Shot# p, WV 

64 975 18.7 
65 02.5 9.0 
64 986 4.6 

TExp hs) ?ineoly WER~~-P 

94 91 72 
147 145 99 
172 159 140 

levels of agreement are found in density, aspect ratio, and 
toroidal magnetic field scans. Also, similar levels of agree- 
ment are found for the T,(r) profiles. 

Figure 6 shows the ratio of the predicted Ti(r) to the 
measured Ti(r) for 70 TFTR L-mode discharges, with 
widely varying current, power, density, etc. As can be seen, 
the typical error is within +15%. Though a thorough error 
analysis has not been completed, we believe that the scatter 
in this figure is consistent with known measurement errors in 
Ti, and in &T, q(r), and T( t-la = 0.8), which affect the 
theoretical prediction of Ti( r) . 

While toroidicity-induced ITG turbulence has been a 
leading candidate to explain tokamak transport, until now it 
has not been possible to identify it as the main thermal trans- 
port mechanism. Now that a reliabie theoretical expression 
for ITG transport has been obtained, Fig. 6 shows that ITG 
turbulence is, in fact, the dominant transport mechanism in 
the core region of TFTR L modes under widely varying con- 
ditions. 

Since toroidal ITG transport explains the parameter scal- 
ing of ITER89-P on TFTR, it is likely to be responsible for 
transport in orher machines that scale similarly. However, we 
must warn that Eqs. (l)-(4) do not include effects that are 
significant in some other experiments (such as noncircular 
geometry), so quantitative comparisons of such cases must 
await their inclusion. 

it is important to understand how sensitive the tempera- 
ture predictions are to possible errors in the theory. We have 
performed a sensitivity analysis on Eqs. (l)-(4) for typical 
L-mode cases to determine this. First, the coefficient Co in 
x0 was varied. For typical L modes, the resulting central 
temperature predictions varied only as C, o.25, and the global 
energy confinement time varied only as Cc’.“. There are 
two reasons for this. If there were no critical gradient, the 
central temperature could be estimated by equating two ex- 
pressions for the energy confinement time: a2/x= VnTIPh . 
Because of the gyro-Bohm T’.5 scaling of x, this would im- 
ply that TofxC;o*4, However, if the profile is close to mar- 
ginally stable, the temperature gradient is insensitive to Co: 

TABLE II. TFTR current scan, comparing the energy confinement times 
from experimental measurement, the theoretical prediction, and the ITER- 
89-P empirical fit. 

Shot# 1, (MN TEnp (md 9heory ‘ITER.89.P 

45 603 1.2 75 79 81 
41 328 1.8 103 103 106 
45 600 2.1 130 140 128 
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if Ca is reduced by half, the deviation from the critical gra- 
dient must be increased by two to obtain the same power 
fow. Since the original deviation from criticality was small, 
the temperature gradient changes little to adjust for. the 
change in Ca, so the global temperature profile changes 
little. Thus, when the critical gradient effect is included, the 
temperature profile is even less sensitive than Ci”.4, and the 
code typically finds Tom Cc”.25. Results of varying Co by a 
factor of 2 for 70 TFTR discharges are shown in Fig. 6. The 
value of Co obtained from the nonlinear simulations is 
clearly the best predictor of the experimental data, yet the 
qualitative results are recovered, even for these large varia- 
tions in Co. 

On the other hand, the profile is very sensitive to the 
critical gradient. Upon multiplying the critical gradient ex- 
pression by an arbitrary factor, we find that To m L,r$, and 
rE K L,;$ [A figure similar to Fig. 6 is obtained if one 
varies LTcrit by only 20% (while holding Co fixed). The 
LTcrit of Eq. (2) is the best predictor of the experimental 
data.] These sensitivity results are significant to our ability to 
make accurate predictions. The coefficient Co is determined 
nonlinearly, and is the most expensive and difficult to obtain 
accurately. Fortunately, predictions are most sensitive to the 
linearly obtained LT crit, which can be calculated with less 
uncertainty. 

Finally, we tested the sensitivity of predicted confine- 
ment to the boundary condition at r/a = 0.8. The central 
temperature T,,Kp.6(rla=0.8), and s-p~.‘(rla=O.8). 
Thus, edge confinement strongly affects global confinement. 
This correlates with experimental observations that improved 
edge recycling, which is correlated with good edge confine- 
ment, is associated with good core confinement. 

B. Enhanced confinement regimes 

With the results of the sensitivity analysis and Eqs. (l)- 
(4), we can predict what type of shots would have better 
confinement than L modes. These would be shots with small 
LT c,.tt and high boundary temperatures. From Eq. (2), the 
strongest factors to give small LT crit are high T,IT, , modest 
deuterium dilution (from either low-Z impurities or beams), 
and high magnetic shear. These results allow us to explain 
qualitatively several enhanced confinement regimes: super- 
shots and hot ion modes, high internal inductance li modes, 
and the core confinement of H modes. 

Figure 7 shows a pair of TFTR shots with nearly the 
same power, line-average density, current, and toroidal field, 
yet with radically different central ion temperatures: To=4 
keV vs To = 3 0 keV. Of course, ITER89-P predicts that these 
shots should be virtually identical. The predictions of Eqs. 
(l)-(4) are also shown in Fig. 7; most of the tremendous 
variation in the central ion temperature is explained by the 
theory. In supershots, the theory shows that the higher edge 
temperature and deuterium dilution lead to a significantly 
higher temperature. Higher temperatures lead to a positive 
feedback amplification through the parameter T,IT, : as tem- 
peratures increase, the electron-ion equilibration weakens, 
so for beam-heated shots T, pulls away from T,. This in- 
creases TilT, , which further raises both temperatures. Note 

that this process does not run away indefinitely. In the final 
steady state in supershots, the power balance code predicts 
that Xi drops to such low values that the ion power balance is 
dominated by residual convection (from the beam fueling), 
resulting in very high central temperatures. This feature, 
characteristic of supershots, is consistently qualitatively re- 
produced. 

The calculated temperature profile is found to be sensi- 
tive to the hollowness of the profile of Z,,, which is not 
generally well known. [Although we have neglected the ex- 
plicit dependences on gradients of Zeff in Eqs. (l)-(4), the 
dependences on the local Z&have been parametrized.] Typi- 
cal supershot Z,, profiles rise roughly parabolically from 
2-2.5 in the center to 4-5 at the edge.29 Predicted tempera- 
ture profiles are shown for two different Zeff profiles: one 
with Z,n rising parabolically from 2 to 5, and the other with 
Z, rising from 2.5 to 4. The sensitivity to Z&r) in the 
theory arises primarily from the Z& dependences of the criti- 
cal gradients. The carbon ITG mode (which is the dominant 
thermal transport mechanism outside of r/a= 0.4 in typical 
supershots) is stabilized as Z& is lowered in the central re- 
gion. More hollow Z,, profiles have lower central Z&, lead- 
ing to steeper temperature gradients (characteristic of 
RIL(:L,,) in that region. 

We must caution, however, that these results are only 
qualitative. Additional effects that are not significant in L 
modes and that are neglected in Eqs. (l)-(4) are potentially 
important in supershot plasmas. In particular, trapped elec- 
tron modes and rotation shear can be significant in super- 
shots for r/a&0.5. The former are likely responsible for the 
residual convective losses not predicted by our theory at 
present. Linear calculations suggest that rotation shear stabi- 
lization is also quantitatively significant in this region. More 
work needs to be done to explain these complex shots as 
accurately as the simpler L modes, but Eqs. (l)-(4) suffice to 
explain why the transport processes present in L modes are 
qualitatively strongly reduced in supershots. 

Confinement enhancements over ITER89-P are also ob- 
served in many machines from high internal inductance li 
operation, in which the current is ramped down to produce a 
peaked current profile. Such profiles have higher magnetic 
shear and consequently smaller L, crit for a given current. 
(On the other hand, the expression for xi’) shows that the 
larger safety factor 4 in the low current phase tends to in- 
crease x. The quality of confinement is determined by bal- 
ance of these competing effects.) We have analyzed a TFTR 
L-mode current ramp experiment. Before ramping, the ex- 
periment had I, = 2 MA and rE= 103 ms. After the ramp, 
I,= 1 MA and rE was nearly unchanged, rE= 100 ms. The 
prediction from ITER89-P is that rE should have decreased 
from 123 to 67 ms, nearly a factor of 2. The power balance 
code (using 9 profiles from TRANSP*~) finds that rE is almost 
unchanged, going from 100 to 103 ms. Furthermore, the ex- 
perimental central ion temperatures are reproduced within 
lo%, both before and after. 

Equations (l)-(4) may also explain the enhanced core 
confinement of H modes. Much work has been done on the 
effects of rotation shear near the edge, which causes an edge 
temperature pedestal. However, confinement is observed to 
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FIG. 7. The theory qualitatively reproduces the enormous change in ion 
temperature observed between L modes and supershots. Most of the im- 
provement in confinement comes from the strong dependence of R/L$‘i,, on 
high T,IT, and from the high edge temperature. The temperature is also 
sensitive to the hollowness of the Z,‘(r) profile. The solid curve is predicted 
by the theory if 2,s rises parabolically from 2 to 5: the dashed curve is 
predicted if 2,s rises from 2.5 to 4. 

Nonlinear gyrofluid simulations find much stronger 
transport for the toroidal ITG mode than for the slab vi 
mode; the toroidal instability is strong enough to force the 
temperature profile toward marginality in the inner half of 
the plasma. As a direct result, we find that the calculated 
temperature profiles are more sensitive to the linearly calcu- 
lated threshold than to the nonlinearly calculated depen- 
dences of x. However, we also showed that the plasma is 
typically not close to marginality at all radii, and that such an 
assumption, which is tantamount to ignoring the nonlinear 
simulation results, leads to egregious errors in the predicted 
profiles. 

The theory finds that edge temperatures significantly in- 
fluence core confinement. Thus, a quantitative understanding 
of edge confinement (not presented here) is required for a 
fully predictive calculation. 

Finally, these first-principles models are more accurate 
than empirical scaling laws, such as ITER89-P and the RLW 
model, both in their quantitative ability to predict L modes 
and in their ability to qualitatively explain enhanced confine- 
ment modes, such as supershots, high li modes, and the im- 
proved core confinement of H modes. We therefore antici- 
pate that in the near future, present microinstability 
simulation methods, properly employed, will offer a sounder 
quantitative scientific basis for the design of future fusion 
experiments. 
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