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Abstract

URBULENCE AND TRANSPORT in toroidal plasmas is studied via

the development of an electromagnetic gyrofluid model, and its imple-

mentation in realistic nonlinear simulations. This work extends ear-

lier electrostatic gyrofluid models to include magnetic fluctuations and
non-adiabatic passing electron dynamics. A new set of electron fluid equations is
derived from the drift kinetic equation, via an expansion in the electron-ion mass
ratio. These electron equations include descriptions of linear and nonlinear drift
motion, Landau damping, and electron-ion collisions. Ion moment equations are de-
rived from the electromagnetic gyrokinetic equation, and the gyrokinetic Poisson’s
Equation and Ampere’s Law close the system. The model is benchmarked with
linear gyrokinetic calculations, and good agreement is found for both the finite-3
ion temperature gradient (ITG) and kinetic Alfvén ballooning (KBM) instabilities.
Nonlinear simulations of ITG and KBM-driven turbulence are performed in toroidal
flux tube geometry at a range of values of plasma (3, and electromagnetic effects are
found to significantly impact turbulent heat and particle transport. At low values
of 3, transport is reduced, as expected due to the finite-3 stabilization of the ITG
mode. However, as ( approaches the ideal-MHD stability threshold, transport can
increase. In the presence of dissipation provided by a model of electron Landau
damping and electron-ion collisions, this transport increase can be quite dramatic.
Finally, the results of the simulations are compared to tokamak experiments, and
encouraging agreement is found with measured density and temperature fluctua-
tion spectra. Direct comparisons of transport fluxes reveal that electromagnetic
effects are important at characteristic edge parameters, bringing predicted fluxes

more closely in line with observations.
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Chapter 1
Introduction

NDERSTANDING TURBULENT TRANSPORT has been a critical,
but elusive, goal of the magnetic fusion program for decades. In the
past few years, with the advent of powerful supercomputers and effi-
cient physics models, much progress has been made toward the devel-
opment of quantitatively accurate predictions of tokamak transport. However, there
are still many transport phenomena which are poorly understood, and a complete

model, which can reliably predict transport in future experiments, is lacking.

The primary goal of this thesis is to take a step towards a more complete
understanding of turbulent transport. To this end, a new physics model is developed
and implemented in nonlinear numerical simulations. The new model relaxes the
electrostatic approximation made in many previous models, by adding the physics

of magnetic fluctuations and non-adiabatic passing electrons.

The introduction of electromagnetic physics both quantitatively modifies
previous electrostatic results, and introduces qualitatively new physics, making the
model both more accurate and more complete. The model is used to assess the im-
portance of electromagnetic effects on turbulence and transport, both in the plasma
core and in the edge.! Comparisons are made both with electrostatic simulations
and with experiment. The model should help bring theoretical predictions in line

with experimental results, and shed light on previously poorly understood trans-

!The term edge here refers to the outer ~ 20% of the closed magnetic surfaces. The core
refers to the inner ~ 80%. Transport in the extreme edge, or the scrape off layer where magnetic
surfaces are not closed, is not considered here.
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port phenomena. We hope that, in addition to providing new physical insight, our
model will ultimately aid in the design of low transport, cost effective magnetic

fusion reactors.

1.1 Background and Motivation

Understanding and controlling the rate at which particles and heat escape from
the reactor chamber is critical to the successful design and operation of a magnetic
fusion device. In the early days of the fusion program, estimates of particle and
heat transport based on simple collisional diffusion were made. However, these
estimates were found to drastically under-predict the transport observed in experi-
ments, and the large measured transport was labeled “anomalous.” Understanding
this “anomalous” transport has been a primary goal of the fusion program ever

since.

While the magnetically confined plasmas in most present-day fusion experi-
ments are believed to usually be stable to large-scale magnetohydrodynamic modes,
there also exist smaller scale instabilities (often called “microinstabilities”) which
can drive turbulence, leading to the large observed transport. Recent improvements
in tokamak diagnostics have allowed for the direct observation of fluctuations be-
lieved to be driven by these microinstabilities. These fluctuations typically have
length scales perpendicular to the magnetic field on the order of the ion gyrora-
dius, k. p; ~ .1 — .5, where k, is a typical perpendicular wave number, and p;
is the ion gyroradius, defined to be v;; /€., where vy is the ion thermal speed
(v/T;/mi), and Q. is the ion cyclotron frequency, (ZeB/m,c). The fluctuation
frequencies are small compared to €1, often scaling like the diamagnetic drift fre-
quency, w, = kgp;vy; /Ly, where kg is a typical poloidal mode number, and L,, is the
density scale length, —[d(Inng)/dr]™".

With these typical fluctuation length and time scales in mind, it is possible

to make a simple mixing length estimate of the particle diffusivity (D), and heat
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conductivity (x):

2
D,x ~ % ~ piws ~ p?kemz—i ~ pivti/Ln
where we’ve taken kgp; ~ 1. The above result is known as the gyro-Bohm diffusivity,
and it yields estimates of global confinement that agree with many broad trends
observed in several tokamak experiments. This agreement is encouraging, insofar
as it suggests that microturbulence is responsible for the “anomalous” transport.
However, such simple mixing length estimates prove inadequate as transport models
both because they predict global transport only within an order of magnitude,
and because they are unable to properly account for local transport behavior. In
particular, the mixing length estimate predicts that heat flux and diffusivity should
decrease with minor radius (due to the 7%/? dependence), while in experiments
the heat diffusivity and fluctuation levels are generally observed to increase with
radius, with a particularly dramatic increase near the plasma edge. Hence the
mixing length model often predicts too large a flux in the core and too small a
flux near the edge. In addition, mixing length models cannot fully account for
the improved confinement modes and transport barriers seen in many experiments.
More detailed gyro-Bohm based models are able to explain some of these effects
despite their basic gyro-Bohm scaling by including effects such as critical gradients

and stabilizing E x B shear.

Several more involved analytic theories of turbulent transport have been
developed, such as those described in [LEE and DiAMOND 1986], [TERRY et al.
1988], and [BIGLARI et al. 1989]. Each of these models contains a great deal of
physical insight, but they all rely on assumptions which must be checked with more
detailed analyses. Quantitative predictions based on these models suffer from many
of the same limitations as simple mixing length estimates. A number of excellent
review articles are available on analytic theories of turbulent transport, including
[KROMMES 1997; CONNOR and WILSON 1994].

In order to provide a more complete and accurate model of turbulent trans-
port, direct numerical simulation (DNS) techniques have been employed. Nonlinear

numerical simulation of plasma turbulence is very challenging, because of the large
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number of dimensions (six in a fully kinetic simulation), and the wide range of
plasma length and time scales. However, dramatic increases in available computing
power, combined with the development of efficient physics models have led to a

great deal of progress.

1.1.1 Physics Models for Turbulence Simulations

Several different types of physics models have been employed for the study of tur-
bulence and transport in fusion plasmas. These models can all be derived starting
with a general six-dimensional plasma kinetic equation, and making a series of ap-
proximations. In all cases, tradeoffs between physical completeness of the model
and its practicality for use in numerical simulations are made. The models can be
broadly categorized into pure fluid models, kinetic models, and fluid /kinetic hybrid

models.

Pure Fluid Models

The simplest models are pure fluid models. These models take velocity space mo-
ments of a kinetic equation, and then close the moment hierarchy by assuming
the plasma is highly collisional. Note that the simplest fluid models, such as ideal
MHD, omit the small scale dynamics necessary for an accurate description of micro-
turbulence (note however that kinetic effects can be added to MHD-type models, as
in Appendix C). More detailed models such as Braginskii’s equations [BRAGINSKII
1965] must be employed.

Fluid models are generally amenable to numerical simulation, since only a
small number of equations need be solved in a three-dimensional space. A set of
analytic approximations is generally made to focus the model on the length and

time scales relevant for microturbulence and transport.

Earlier fluid simulations of plasma turbulence were carried out using simpli-
fied equations, often in local coordinates, two dimensions, or sheared slab geometry,
for example [HORTON et al. 1980]. Simulations in toroidal geometry were first made
feasible by the development of the ballooning representation [CONNOR et al. 1979,
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and its extension to nonlinear problems [COWLEY et al. 1991; BEER et al. 1995].
This representation utilizes the separation between equilibrium and perpendicular
fluctuation scale lengths to set up an efficient computational domain, as described
in Sec. 5.1.

Pure fluid simulations have revealed a great deal about the qualitative nature
of plasma microturbulence. However, such simulations cannot provide a quantita-
tively accurate model of turbulence in the core of a fusion plasma, because they
lack important kinetic effects. Only near the plasma edge, where high collisionality

negates kinetic effects, can such models be reliably used.

Recent developments have centered around the use of Braginskii-based fluid
equations to study turbulent transport near the plasma edge, eg. [ZEILER et al.
1998; XU et al. 1998; ROGERS and DRAKE 1997; ScoTT 1997; CARRERAS et al.
1991; HASEGAWA and WAKATANI 1987)%.

Kinetic Models and Gyrokinetics

The recognition of the importance of plasma kinetic effects in the growth and
saturation of microinstabilities led to interest in more direct approaches to the

solution of the kinetic equation.

The most general plasma kinetic equations are six-dimensional (three dimen-
sions in real space and three in velocity space), and contain a wide range of spatial
and temporal scales, making direct numerical simulation in realistic geometry dif-
ficult, beyond the early pioneering work of [CHENG and OKUDA 1977|. However,

several recent advances have led to great progress toward fully kinetic simulations.

The first is the development of the nonlinear gyrokinetic equation [FRIEMAN
and CHEN 1982; LEE 1983; DUBIN et al. 1983]. Gyrokinetics averages over
the particles’ fast gyromotion around a strong magnetic field, resulting in a five-
dimensional equation describing the drift motion of charged rings. All time scales
slower than the ion gyro-frequency (£2; = ZeB/m;c, where Ze is the ion charge,

B is the equilibrium magnetic field, and m; is the ion mass) are retained, as are

2The fluid equations of B. Scott employ a model of Landau damping, and thus can also be
considered a gyrofluid model.
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spatial scales of the order of the ion gyroradius (p; = vy;/€); where vy; is the ion
thermal speed, defined to be \/T;/m;).

The resulting gyrokinetic equation is still difficult to solve directly, and
particle-in-cell methods [BIRDSALL and LANGDON 1991], which follow the tra-
jectories of many superparticles in order to resolve the phase space, were applied
[LEE 1983; LEE 1987]. These techniques were made significantly more efficient for
the study of realistic core turbulence systems with small fluctuation levels by the
development of the § F' method [KOTSCHENREUTHER 1988; DiMITS 1988; DIMITS
and LEE 1993; PARKER and LEE 1993], which removes the equilibrium distribution

and its associated noise from the simulation.

dF gyrokinetic particle (GKP) simulations are now a primary tool for in-
vestigating plasma microturbulence, and they have been implemented both in flux
tube [DIMITS et al. 1994] and full torus geometries [PARKER et al. 1993]. A mas-
sively parallel, full torus GKP code including ion-ion collisions has been developed
by [LIN et al. 1998], and used to study zonal flow dynamics. While most past GKP
simulations have been electrostatic with purely adiabatic electrons, extensions to
include magnetic fluctuations and non-adiabatic electrons are a subject of current

research, as is discussed in Sec. 1.1.4.

The direct approach of solving the gyrokinetic equation on a five-dimensional
grid has also been attempted, and found to be computationally challenging. How-
ever, with recent improvements in computational power and algorithms, there has
been an increasing amount of work employing this approach [JENKO and SCOTT
1998; DORLAND et al. 1999].

Fluid /Kinetic Hybrids and the Gyrofluid Model

The computational advantages of fluid models, combined with the recognition of
the importance of kinetic effects in microturbulence, encouraged the development
of models which sought to incorporate kinetic effects into an enhanced fluid model.
One approach involves treating one component of the plasma, often the bulk, with
fluid equations, while treating another component, perhaps a fast beam distribu-

tion, with a kinetic particle simulation. While this method is effective for some
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problems, its usefulness in microturbulence is limited, because of the importance

of kinetic effects within the bulk plasma itself.

Another approach is to include kinetic effects within the fluid equations
themselves. Early efforts used artificial viscosities [LEE and DIAMOND 1986] and
heat conductivities [WALTZ 1988; HAMAGUCHI and HORTON 1992] to produce
rough models of kinetic effects. It was later recognized that a systematic approach
to closing the highest fluid moment could provide an excellent model of linear
Landau damping, while maintaining important conservation properties [HAMMETT
and PERKINS 1990; CHANG and CALLEN 1992a].?

The “gyrofluid” or “gyro-Landau fluid”* approach, which takes velocity
space moments of the gyrokinetic equation in gyrocenter space, and then closes
the moment hierarchy with closures carefully chosen to model kinetic effects, has
been widely employed in studies of plasma turbulence and transport. Gyrofluid
models were developed first in slab geometry [DORLAND 1993], and have since
been implemented in toroidal geometry [WALTZ et al. 1992; BEER et al. 1992;
HAMMETT et al. 1993], with expanded closure terms which include models of lin-
ear and nonlinear finite-Larmor radius effects [HAMMETT et al. 1992; DORLAND
1993] as well as toroidal drift resonances [BEER and HAMMETT 1996]. Trapped
ion effects and a full model of bounce-averaged electron dynamics have also been

implemented in gyrofluid models [BEER 1995].

An important benchmark of the accuracy of gyrofluid approximations is

provided by benchmarks with 0 F" gyrokinetic particle (GKP) simulations. A brief

3Nonlinear Landau damping effects are more difficult to include in a fluid model. Some types
of nonlinear Landau damping are included in some models [DORLAND 1993], while it has been
shown that there can be errors near marginal stability in strongly kinetic regimes [MATTOR 1992].
However, we believe that the regime where these errors occur is fairly narrow and may only lead
to a small shift in the effective critical gradient predicted by the simulation [DORLAND 1993;
HAMMETT et al. 1993].

4A number of different terms has been used to describe such equations, including “gyrofluid”,
which emphasizes that the equations are moments of a gyrokinetic equation in gyrocenter space,
“Landau fluid”, which emphasizes that the fluid equations contain models of Landau damping,
and “gyro-Landau-fluid” which emphasizes both. The term gyrofluid is used here for brevity
to describe any model which takes moments of the gyrokinetic equation and includes models of
kinetic effects.
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discussion of comparisons between gyrofluid and GKP simulations is given in Ap-

pendix A.

1.1.2 Current Understanding of Tokamak Transport

The use of large-scale direct numerical turbulence simulations, in conjunction with
linear stability calculations and analytic theory, has led to rapid progress in the
understanding of tokamak transport over the past decade. The primary tools fu-
eling this progress have been gyrofluid and dF gyrokinetic particle simulations,
with Braginskii-based fluid simulations playing an important role near the more

collisional edge of the plasma.

A great deal of physical insight has been generated by these simulations. It
is now generally thought that the ion temperature gradient mode (ITG, see Sec. 2.2)
plays a dominant role in driving the microturbulence and associated “anomalous”
ion thermal transport observed in the core of many tokamak experiments. Addi-
tional instability drive due to impurities and trapped particles is often important,
and an additional instability, the trapped electron mode (TEM), sometimes plays
a role, as shown, for instance, in the gyrofluid simulations of [BEER 1995]. It
has also been consistently observed in simulations [PARKER et al. 1993; DiMITS
et al. 1994; BEER 1995] that the turbulent spectrum peaks at wavelengths longer
than the linearly most unstable modes, yielding fluctuation spectra similar to those

observed in experiments [FONCK et al. 1993].

The present state of transport modeling is illustrated by Fig. 1.1. The mea-
sured total plasma stored energy for a number of shots at three different tokamak
experiments (DIII-D, JET, and TFTR) is plotted against the prediction of the
GLF23 transport model [WALTZ et al. 1997], using data provided by [KINSEY
1998]. This analysis is similar to that in [KINSEY et al. 1997]. The GLF23 model
is constructed using a gyrofluid calculation of the linear mode growth rates and
quasilinear transport fluxes, with a variant of a mixing length estimate of the non-
linear saturation level fit to 3-D nonlinear gyrofluid simulations [BEER 1995]. The
model is based on theory and simulation results, and contains no fit coefficients from

experiments. The plot shows broad-based agreement between theory and experi-
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Figure 1.1: Plasma stored energy from several shots on three tokamaks is compared
to predictions from the GLF23 transport model. Encouraging agreement is found
in the underlying trends, but the scatter is significant, and a number of caveats are
invoked. [data courtesy of J. Kinsey]
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ment over more than two decades in stored energy. Reasonable agreement is found
for data from all three tokamaks, in both H and L. mode shots. This agreement is
very encouraging. It strongly suggests that the “anomalous” transport measured
in experiments can be explained by microinstability-driven turbulence, and it also
suggests that many aspects of the turbulent transport are being correctly described
by the model. However, there is a great deal of scatter in the plot (RMS error of
26%).5 While some of this scatter can be attributed to uncertainties in experimen-
tal measurements, the discrepancies in the outliers and the overall scatter are large
enough to indicate that important physics is absent from the transport model and

the nonlinear simulations on which it is based.®

Furthermore, there are a number of caveats involved in producing the plot in
Fig. 1.1. Measured density and rotation profiles are used. Hence, the model is using
a fixed density profile and predicting only heat transport, not particle transport.
Also, a measured temperature is used as a boundary condition at a radius of 90% of
the total plasma minor radius, and heat transport is predicted only inside this fixed
point. Hence the model is not predicting transport near the edge of the plasma.
Despite the many caveats and uncertainties, the results produced by GLF23 and
similar theory-based transport models, in conjunction with reasonable agreement
between experiment and nonlinear simulations in turbulent spectra and fluctuation
measurements [FONCK et al. 1993; EVENSEN et al. 1998|, support ITG/TEM
as an important instability mechanism in the core, and demonstrate clear progress

toward a quantitative understanding of turbulent transport.

Another important insight relates to the role of E x B flows. Theoretical
work has suggested that shear in large-scale E x B flows can break apart turbulent
eddies and lead to a reduction in transport [BIGLARI et al. 1990; HAHM and
BURRELL 1995]|. The component of the E x B flow with k4 = ky = 0, where ¢ and

0 are the toroidal and poloidal directions, has come to be called zonal flow, because

>The IFS-PPPL model [KOTSCHENREUTHER et al. 1995] has many similarities to GLF23 and
achieves a comparable RMS error.

6Tt should be noted that there are a number of other theory-based and semi-empirical models
which achieve similar levels of fit to the experiments despite fairly significant differences in the
models. Efforts to extend the database to include transient and perturbative experiments and
rotation scans are ongoing to help distinguish between the performance of the many models
[MIKKELSEN 1998; KINSEY et al. 1999].
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it is radially localized. Both gyrofluid [HAMMETT et al. 1993; BEER 1995] and
OF gyrokinetic [DIMITS et al. 1994; LIN et al. 1998] simulations have observed
the turbulent generation of small radial scale zonal flows. These simulation results,
combined with recent theoretical developments [HAHM et al. 1999; DIAMOND
et al. 1998] have demonstrated that turbulence-driven flows play a critical role
in the saturation of turbulence. Sheared E x B flows are now widely believed to
play an important role in the enhanced confinement modes observed in both the
core and the edge of tokamak experiments. Improved understanding of these flows
suggests the possibility that they may be used to control turbulent transport, and

lead to at least a partial solution to the “anomalous transport problem.”

1.1.3 The Need for an Electromagnetic Model with Non-

adiabatic Passing Electrons

Significant progress toward a quantitative understanding of turbulent transport has
been made at a rapid pace over the course of the last decade. This progress brings
with it the promise that, with continuing refinement and improvement of physics
models and simulation codes, a reliable and predictive understanding of transport

may be within reach.

While progress has been great, there are still many uncertainties, and pre-
vious models have invoked a number of caveats and approximations that must be
relaxed in a more complete model. Many of these caveats are mentioned above,
and here we emphasize two of the most important: the electrostatic approximation

and the use of adiabatic passing electrons.

Most previous gyrokinetic particle and gyrofluid simulations have invoked
the electrostatic approximation, assuming that turbulence can be described purely
in terms of a fluctuating electrostatic potential, with magnetic fluctuations ne-
glected. Formally, this is equivalent to assuming zero plasma [, where 3 is the
ratio of the plasma pressure to the magnetic field pressure. However, it is very
important to note that, as explained in Sec. 2.3.1, the electrostatic approximation
requires not only # < 1, but also requires that 5 be far below the ideal-MHD

critical (3., a condition rarely met in plasmas of fusion interest. This is especially
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important in the outer regions of the plasma, where [ is generally small, yet large
values of the safety factor ¢ and sharp gradients often push the plasma close to the
ideal ballooning limit. Furthermore, the validity of the electrostatic approxima-
tion will be more questionable in future high 3 experiments,” and in any attractive

fusion reactor,® than it has been in past lower 3 experiments.

The electrostatic approximation removes the predominantly electromagnetic
modes such as the shear Alfvén wave, and its associated instabilities (see Secs. 2.1
and 2.3), from the system. Hence electrostatic simulations cannot evaluate the
importance of such modes, which are predicted by linear theory to be unstable in
both the core and edge of some tokamak plasmas. In addition, well known finite-/3
modifications to predominantly electrostatic modes such as ITG (see Sec. 2.3) are
neglected. The modifications to linear instability growth rates are substantial at
experimentally observed (3 values, and there is reason to expect that the nonlinear

evolution of the system is affected.

Electromagnetic effects are expected to be particularly important in the
edge, where steep gradients often push the plasma close to the ideal-MHD stabil-
ity threshold. In this region, disagreement between experimentally observed heat
conductivity (which tends to dramatically increase near the edge), and the heat
conductivity predicted by electrostatic simulations (which tends to decrease near
the edge) has been so drastic that the edge region has often been entirely omitted
from theory-based transport models. It is hoped that adding magnetic fluctuations

to the simulations will dramatically improve agreement in the edge.

There are also expected to be important electromagnetic effects on the E x
B flows. Recent work by [DAs et al. 1999] has suggested that magnetic stresses
may result in a reduction of zonal flows. This work further suggests that turbulent
zonal flow generation may be quenched for purely Alfvénic turbulence. This could
have a dramatic impact on nonlinear saturation and steady state transport levels,

particularly as the ideal 3 limit is approached.

"The START tokamak has recently achieved a volume averaged 3 ~ 25%, with local val-
ues exceeding 50% in the inner core, and similar values are expected in future low-aspect-ratio
tokamaks.

8Fusion power scales with 32, and most reactor studies indicate that achieving high 3 is crucial
for an economical fusion reactor.
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Particle transport is another critical issue. The use of the electrostatic ap-
proximation in conjunction with adiabatic electrons® leads to a non-physical predic-
tion of zero particle transport.!® Inclusion of a model of non-adiabatic trapped elec-
trons leads to finite particle transport, but it is not clear that this transport should
always be large compared to the passing particle transport. Relaxing the electro-
static approximation and the adiabatic passing electron approximation should allow
for more accurate calculation of particle transport, and may eventually lead to a

transport model which accurately accounts for both heat and particle transport.

A Simple Illustration

The importance of electromagnetic effects on typical tokamak core instabilities is
illustrated in Fig. 1.2.'' This schematic plot shows the instability growth rate as
a function of the plasma (. The ITG mode is unstable at zero 3 (for sufficiently
sharp temperature gradients), and it is stabilized as 3 increases. The mode labeled
KBM is a shear Alfvén ballooning instability. It becomes unstable at a finite 5 and
its growth rate increases with ( in the range shown. The mode labeled MHD is not
a different mode, but rather the growth rate that one would calculate for the KBM
using the ideal-MHD model, which omits important kinetic effects. The point at
which the MHD line intersects zero is thus the ideal-MHD £ limit (53,).

A traditional approach has been to calculate this ., and conclude that
the tokamak must operate at § < (.. Of course even at 3 < (3. the plasma is
often observed to be turbulent, and this microturbulence has been studied with
electrostatic (8 = 0) models of the ITG.

9In the electrostatic (8 = 0) limit, the Alfvén wave becomes a very high frequency mode
relative to drift waves. The assumption of adiabatic electrons is often made to remove this very
fast mode from the system and make numerical simulations more feasible. Finite 3 slows the
Alfvén wave, allowing its inclusion in practical simulations. Hence the inclusion of finite-3 and
relaxation of the adiabatic electron assumption go hand in hand. See Ch. 2 for a more detailed
explanation.

10This is because, for adiabatic electrons, density is proportional to the electrostatic potential
(ne ~ ¢), while the E x B motion across the magnetic field is proportional to g—‘z; where y is the

poloidal direction. The total cross field flux is then proportional to [ d)'g—idy which is exactly zero.

The ion particle flux is then also zero, as should be evident from Poisson’s Equation (see Ch. 3).
" Trapped particle effects and trapped electron modes are neglected here for simplicity.
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Figure 1.2: This schematic drawing sketches the typical effects of finite 3 on insta-
bilities commonly seen in tokamaks. Mode growth rate is plotted vs. 3 with other
equilibrium parameters held fixed. The mode labeled ITG is the ion temperature
gradient mode. The mode labeled KBM is the kinetic Alfvén ballooning mode. The
dotted line labeled MHD is not a different mode, but rather the growth rate one
would calculate for the KBM using an ideal-MHD model without kinetic effects.
The ideal MHD critical # and the electrostatic limit of the ITG mode are indicated
with circles.
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The reality is more complex. In the region of interest, where § approaches
0., the ITG growth rate is significantly smaller than in the electrostatic limit. Fur-
thermore, in the presence of finite ion temperature gradients, the kinetic Alfvén
ballooning mode is driven unstable well below .. This second instability is funda-
mentally different in character than the ITG and its nonlinear behavior could be
qualitatively different. A complete transport simulation must include both of these

modes and the interaction between them.

1.1.4 A Brief History of Electromagnetic Microturbulence

Simulations

While most prior microturbulence simulations have been electrostatic, there have

been a number of efforts to include electromagnetic effects.

Pure fluid simulations based on Braginskii’s equations have recently included
magnetic fluctuations [ZEILER et al. 1996; ROGERS and DRAKE 1997; XU et al.
1998], and these simulations have proved very useful for understanding transport
near the edge, where Braginskii’s equations are valid. One principal result of this
work is that electromagnetic effects are crucial for understanding edge transport.
In particular, the simulations of [ZEILER et al. 1996; ROGERS and DRAKE 1997]
have identified the MHD « parameter, which is proportional to (3, as a critical

parameter in the L-H confinement bifurcation often observed in experiments.

[ScoTT 1997] has also developed an electromagnetic model which focuses
on studying edge turbulence. This model emphasizes electron dynamics, including
a rough model of electron Landau damping, and published results use a simplified
cold ion model. Three dimensional simulations of electron drift wave turbulence
have yielded a number of interesting results. Recent model improvements [SCOTT
1999] include a more extensive gyrofluid ion model, and general geometry. The
focus of Scott’s work is on the plasma edge where w, ~ kv, and nonlinearly

sustained turbulence is thought to occur.

Another approach is to begin with a basic MHD-like model, which is electro-

magnetic but lacks small scale dynamics and kinetic effects, and add enhancements
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which make the model more appropriate for microturbulence studies. A method for
adding a model of Landau damping to MHD-like equations is given in Appendix C.
[CHANG and CALLEN 1992a] have developed a model which adds kinetic effects
and lowest order small scale dynamics to a fluid model using a Chapman-Enskog
approach. These models have tended to focus on particular problems such as mag-

netic island formation and microtearing modes, rather than turbulent transport.

Work has also been done on developing electromagnetic gyrofluid models.
[BRIZARD 1992] derived a general geometry electromagnetic gyrokinetic equation,
and calculated the first few moment equations, but did not close the moment hi-
erarchy. [WALTZ et al. 1995] included magnetic fluctuations in a set of gyrofluid
equations, but these contain time and space scales which make nonlinear simulation
difficult.

Effort has also been made to generalize d F' gyrokinetic particle simulations
to include electron dynamics and/or magnetic fluctuations. The thesis work of
[CUMMINGS 1995] presents an electromagnetic 6 F' model based on a gyrokinetic
formulation utilizing a parallel momentum (p,) rather than a parallel velocity (v,)
[HAHM et al. 1988], along with simulation results in one and two dimensions.
The computational intensity of particle simulations makes three-dimensional fully-
explicit simulation difficult, and a number of methods have been developed to
improve computational efficiency. [COHEN and DiMITS 1997] have developed an
implicit method in sheared slab geometry. [LEE et al. 1999] are developing a
split weight scheme, which splits the standard J f response into adiabatic and non-
adiabatic parts, and treats only the small non-adiabatic part dynamically. [CHEN
and PARKER 1999] are developing a hybrid scheme using § F' ions and a zero mass

fluid model for the electrons.

The direct route of gridding and solving the five-dimensional electromagnetic
gyrokinetic equation has been recently undertaken by [JENKO and ScoTT 1998;
DORLAND et al. 1999], with first applications focusing on edge simulations or
electron temperature gradient mode (ETG) simulations where the range of time

scales is not as extreme as for the core ITG and KBM simulations considered here.
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1.2 Guiding Principles in Model Development

Our primary goal is to produce a realistic model of microturbulence-driven trans-

port which includes both magnetic fluctuations and non-adiabatic passing electrons.

We choose an essentially gyrofluid approach, with the expectation that this
will yield a model which includes the most important kinetic effects, while remaining
practical for realistic nonlinear simulations in toroidal geometry. While § F' particle
simulations are more fundamental, gyrofluid simulations are less computationally
demanding, and the use of multiple simulation methods can help develop physical
insight into nonlinear dynamics. Gyrofluid codes run quickly enough on modern
massively parallel supercomputers that, even with the expected slowdown due to
the addition of electron dynamics and Alfvén waves, large numbers of realistic

three-dimensional nonlinear simulations should be possible.!?

A principal difference between this work and most previous electromagnetic
tokamak microturbulence simulations [SCOTT 1997; ZEILER et al. 1996; ROGERS
and DRAKE 1997; XU et al. 1998] is that the previous simulations have focused on
the highly collisional edge region of the plasma where traditional Braginskii fluid
treatments are expected to be valid. In some cases, these models have then added
additional physics in an attempt to extend their validity inward. By contrast, the
antecedents of our model focused on the relatively collisionless core region, where
kinetic effects and finite-Larmor-radius effects play a critical role. We have added
electromagnetic effects, non-adiabatic passing electron dynamics, and models of
electron-ion collisions and electron Landau damping in an attempt to both improve
the accuracy of core simulations and to extend the validity of the simulations further

into the edge region.

A basic model of non-adiabatic passing electron dynamics would introduce
fast time scales associated with the electron transit time into the simulations. Due
to the Courant condition, these scales would require a dramatic reduction (roughly

a factor of 60 for a deuterium plasma) in the time step of an explicit numerical

12Electromagnetic §F gyrokinetic simulations and/or direct gyrokinetic Vlasov simulations
should eventually provide an excellent nonlinear benchmark. We also note that the combina-
tion of a 6F model of the ions with a Landau fluid model of the electrons (such as the one
developed in Ch. 3) may prove very useful.
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simulation. These very fast time scales are not generally associated with microtur-
bulence, and we employ a careful, consistent analytic expansion to remove them.
This expansion maintains typical ion time scales, such as those associated with
drift and sound waves, and Alfvén times scales (which are faster by 1/4/3), while
eliminating thermal electron time scales (which are faster by +/m;/m.). This ex-
pansion requires 3 > m./m;, a condition generally met by fusion relevant plasmas
everywhere except very near the edge. The resulting electron model is fairly ele-
gant and simple, yet represents a very substantial improvement over the adiabatic

electron models (n, o< ¢ — (¢) that have been used to describe the passing

surface>
electrons in most previous gyrofluid and gyrokinetic particle simulations. In addi-
tion to finite-3 effects and Alfvén wave dynamics, the model incorporates electron
E x B, curvature, and VB drift motion, as well as the E x B nonlinearity and

magnetic flutter nonlinearities.

Ion dynamics are described by a set of toroidal gyrofluid equations derived
by taking velocity space moments of the electromagnetic gyrokinetic equation.
The moment hierarchy is truncated using closures analogous to those developed
by [HAMMETT and PERKINS 1990; DORLAND 1993; BEER 1995], which model the
effects of Landau damping, linear and nonlinear finite-Larmor-radius (FLR) effects,

toroidal drifts and drift resonances, and trapped ion effects.

This model, which is described in detail in Ch. 3, allows the nonlinear sim-
ulation of electromagnetic ITG and shear Alfvén wave turbulence, including the

impact of non-adiabatic passing electrons.

1.3 Outline

Chapter 2 provides a simple description of the physics of microinstabilities, focusing
on the ion temperature gradient and kinetic ballooning modes. The effects of finite
[ are studied in detail in the local fluid limit, and the limitations of some previous
models are considered. This chapter is not intended to break new ground, but rather
to provide the physical insight needed to understand finite-3 microturbulence, and

to motivate the derivation of the electromagnetic gyrofluid equations.
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Chapter 3 presents a detailed derivation of the physics model used to study
electromagnetic microturbulence. Ion equations are derived by taking moments of
the electromagnetic gyrokinetic equation and implementing closures analogous to
those derived by [HAMMETT and PERKINS 1990; DORLAND 1993; BEER 1995].
Electron equations, including models of collisions and Landau damping, are derived
by taking moments of the electromagnetic drift kinetic equation, using a formal
expansion in the smallness of the mass ratio m./m;. The gyrokinetic versions of

Poisson’s equation and Ampere’s law close the system.

In Chapter 4 the model is extensively benchmarked against linear kinetic
theory. Benchmarks are performed both in sheared slab and toroidal geometry.
The comparisons emphasize effects not included in previous electrostatic models.
In particular, the effect of finite-3 on the growth rates and frequencies of the ITG
mode are studied, as are the growth rates and frequencies of the kinetic Alfvén

ballooning mode.

Chapter 5 provides computational details of the nonlinear turbulence sim-
ulations, and discusses the results of those simulations. A set of runs at several
values of plasma (3 is presented, and the impact of finite 5 and electron dissipation
on plasma microturbulence is discussed. Turbulent transport is found to decrease
with 3 at low § < 3./2, but to increase with 5 as the MHD ballooning critical (3.
is approached. This increase is found to be dramatic when the effects of electron
Landau damping and electron-ion collisions are taken into account. Ion density
and temperature fluctuation spectra from the simulations are found to agree with

several measured trends.

Chapter 6 presents a direct comparison of simulation results with experi-
mental data. The focus is on the edge region where electrostatic simulations have
had little success in accounting for observed transport trends. It is demonstrated
that electromagnetic physics plays an important role at typical L-mode edge param-
eters. Unlike electrostatic simulations, the electromagnetic simulations predict ion
heat fluxes which can increase with radius, and are often in reasonable quantitative

agreement with the values inferred from power balance.

The final chapter draws conclusions, emphasizing the importance of electro-

magnetic physics, and the need for a more complete understanding of the nonlinear
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evolution of electromagnetic turbulence, including zonal flow dynamics. The quan-
titative adjustment in core transport and the qualitative change in edge transport
expected from finite-3 effects, and its implications are briefly discussed. Future
directions are also considered, including possible extensions of the physics model

and interesting avenues for future investigations.

A brief summary of some of the key results from this thesis has been pub-
lished in [SNYDER et al. 1999b; SNYDER et al. 1999a]. While most of the research
presented in this thesis focuses on an electromagnetic gyrofluid turbulence model,
work has also been done on Landau fluid models of collisionless MHD, which has
been published in [SNYDER et al. 1997] and is included in Appendix C.



Chapter 2

Simple Physics of Relevant

Microinstabilities

HE PHYSICS OF PLASMA INSTABILITIES has been a rich field
of inquiry dating back to the very beginnings of the fusion program.
The plasma literature explores the subject in enormous depth. The
discussion here centers on those microinstabilities which are most likely
to impact turbulent transport in tokamaks. Furthermore, because the electrostatic
limit of these microinstabilities has been explored extensively, we focus on the
impact of finite-3 on predominantly electrostatic modes such as the ITG, as well as

on electromagnetic shear Alfvén instabilities, such as the kinetic ballooning mode
(KBM).

The linear physics of both toroidal finite-3 ion temperature gradient (ITG)
modes and kinetic Alfvén instabilities has been treated in the literature. However,
due to the long history of the study of Alfvén instabilities, the literature is filled
with a large number of different approximations, and a great deal of varied and
sometimes inconsistently-applied terminology. The purpose of this chapter is not
to break new scientific ground, but rather to clarify and give a brief review of the
finite-3 instability physics relevant for understanding and motivating work in the

succeeding chapters.

Many useful references are available on the linear instability issues considered
here. Notable for background is a review article on long wavelength microinstabil-

ities by [TANG 1978], particularly Secs. 2.3 and 5.1, and more specific articles on

21
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finite-/3 effects on the slab [DONG et al. 1988; REYNDERS 1994] and toroidal [DONG
et al. 1992; KiM et al. 1993] ITG mode, and articles on kinetic Alfvén instabilities
by [TANG et al. 1980; CHENG 1982; HAHM and CHEN 1985; KOTSCHENREUTHER
1986; HONG et al. 1989; ZONCA et al. 1996]. Also of interest is an article on
collisional effects on these modes by [REWOLDT et al. 1987]. The results of the
local fluid analysis of [KiM et al. 1993] are employed extensively in Sec. 2.3.

2.1 Shear Alfvén Waves and Instabilities

The shear Alfvén wave is perhaps the simplest of all magnetized plasma oscillations
to understand intuitively. To a good approximation, a hot plasma can often be
considered to be “frozen-in” to a strong magnetic field. That is, the plasma basically
oscillates along with the field. The Alfvén wave can then be thought of as a simple
analogue of an oscillating guitar string, with the magnetic field providing the tension
force, and the plasma providing the inertia. For the shear Alfvén wave, fluctuations
are perpendicular to the background field, and propagate along the field. For a
homogeneous plasma in a straight magnetic field, the shear Alfvén frequency can
be written wj = k}B?/4mngm; = kv, where ky is the wave number along the

field, and the electron mass has been neglected because m, < m;.

There also exist compressional Alfvén oscillations, with w? = (k? + k7) v3.
However, the compressional waves tend to be both very fast! and very stable in
tokamaks, as it takes a great deal of energy to compress the strong toroidal field.
Hence compressional oscillations are not generally associated with microinstability
behavior, and are ordered out in the standard gyrokinetic treatment.? Here we focus
on the shear wave, which can contribute to microturbulence directly and through

coupling to other modes.

The dispersion relation for a simple shear Alfvén wave in a straight mag-

netic field, with no equilibrium gradients, can be easily derived from a simple fluid

'In a tokamak, the strong anisotropy imposed by the magnetic field leads to long parallel and
short perpendicular scale lengths (kﬁ < k2).

It is possible to treat the small k, compressional Alfvén wave in a standard gyrokinetic
framework, and also to treat the general compressional wave within an extended gyrokinetics, as
described by [QIN 1998; QIN et al. 1999).
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description, such as ideal MHD. In the context of a local fluid description based
on gyrokinetics,? it can be derived as follows.* For the simplest case, w ~ kv >
kv, ws, there is no gyrocenter ion response (n; = 0 using definitions from Ch. 3).
The ion response comes entirely from the polarization term in the gyrokinetic Pois-

2

son’s equation. For small k% p? < 1, Poisson’s equation with 71; = 0 can be written:

1
ep
. = —ng—D>, 2.1
n nOTOi (2.1)
where b = k?p?. In this simple limit (w ~ ka4 > kjvy,w,), the electrons are
P I [

described by a linearized continuity equation,

One

at + noikHuHE = 0, (22)

and a parallel electron momentum equation,

duy,

, 104, .
BT + ikypye — noe(=—— + ik,@) = 0. (2.3)
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In the limit w < kv, the electrons thermalize quickly along the field, leaving
ViTie = 0 and tkypje = Toetkyn.. The system is completed with the parallel

component of Ampere’s Law, which for case u; < u. can be written:

4dmnge
kA, = T e (2.4)
Eqgs. 2.1-2.4 yield the dispersion relation
1+0
2 _ 12,2 s
wo = k“UAW’ (2.5)

where b, = k2

P2 02 = A/Qu, & = To./mi, B = 8mngTo./B?, and the useful

S

identity /v = [./2 has been employed. This reduces to the familiar MHD

3A detailed derivation of the kinetic Alfvén wave dispersion relation from gyrokinetics is given
in [HAHM and CHEN 1985]. The equations given here can be viewed as the b — 0, w, < w, v — 0
limit of Hahm and Chen’s results.

4See Sec. 3.1 and following for a description of gyrokinetics, and a derivation of fluid equations
which reduce in the appropriate limits to the simple equations given here.
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result, w? = k;v7 in the usual limit b, < 1.5

The focus of this thesis is on the regime where 3, > m./m;, which corre-
sponds to the electron thermal speed being much faster than the Alfvén speed v 4.

This regime is appropriate for most magnetic fusion plasmas except very near the

2
Il

term in Eq. 2.3 can be neglected. Eq. 2.3 can then be considered an evolution

edge. In this limit, Eq. 2.5 simplifies to w? = k?v%(1 + bs), and the electron inertia
equation for A, and Ampere’s Law determines u . Even if the electron inertia
term is kept, Eq. 2.3 does not involve the numerically challenging electron transit
time scales (w ~ kjv.), as these have been removed via the isothermal assumption
VHTE = O

It is interesting to note that in ideal MHD, the third and fourth terms in
Eq. 2.3, corresponding to £, = 0, are dominant, while for ITG/drift wave dynamics,
the second and fourth terms of Eq. 2.3 are often dominant (corresponding to an
adiabatic electron response, n. o ¢). In this thesis, we keep all these terms, and

can thus study the interaction between drift waves and MHD-type effects.

It is also interesting to note that, when extending the study of drift wave
phenomena beyond the simple adiabatic electron assumption, it is actually numer-
ically helpful to also include magnetic fluctuations. This is because dropping the
0A,/0t term in Eq. 2.3 while keeping the electron inertia term corresponds to tak-
ing the B, — 0 limit of the dispersion relation in Eq. 2.5, leading to waves with
w? = kivg, /K% p3. This is the “electrostatic shear Alfvén wave,” [LEE 1983] and
is very high frequency relative to drift waves, particularly at low k,, making it
numerically challenging to resolve in simulations. In this work, we keep magnetic
fluctuations, and for 3 > m./m; this makes the frequency of the shear Alfvén root

much lower, making it easier to handle in explicit numerical simulations.

The simple model discussed above (Eqgs. 2.1-2.4) yields roots that are purely
real, and are thus neither unstable nor damped. Instability requires additional

physics, most importantly a source of free energy, such as an equilibrium density

SHowever, it is still necessary to keep the term proportional to b in Eq. 2.1 in order to get the
lowest order shear Alfvén wave. It turns out that in the b — 0 limit, it is the first two terms in
Eq. 2.3 that can be neglected relative to the last two terms (the last two terms are equivalent to
the ideal MHD constraint F, = 0), so that the k? from Eq. 2.1 ends up cancelling the k? term in
Eq. 2.4 to give a dispersion relation independent of k2.
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or temperature gradient, and an accessibility mechanism, which may or may not

involve wave-particle resonance, to tap the free energy.

A basic description of shear Alfvén instabilities is provided by the widely-
used ideal MHD model, described in detail by [FREIDBERG 1987]. Here we consider
equilibria which are current-free to lowest order, and focus on the pressure driven
instabilities.% In the tokamak geometry considered here, the kinetic analog of the
well-known ideal MHD ballooning mode is the primary Alfvén instability of interest.
This instability is driven by the pressure gradient” in regions of bad magnetic
curvature. The most unstable modes have a mode structure that balloons out in
the bad curvature regions while remaining small in the good curvature regions. In
tokamaks, ballooning modes typically have k, ~ 1/¢R and k' < a, where ¢ is
the safety factor, and a is the minor radius. A very simple local analysis in the
ideal MHD limit finds that the ballooning mode is unstable for > (., with (see
Sec. 2.3.2):

€n

e L+ ni+7(1+n)] (26)

where €, = L, /R is the density scale length divided by the plasma major radius,
n; = Ln/Ly; and 1. = L, /Ly, are the usual ratios of density and temperature
scale lengths, and 7 = T;/T.. A more detailed analysis finds that magnetic shear
(8), ion drift resonance, and other effects play a role in ballooning mode stability,
as discussed in Sec. 2.3. Nonetheless, the basic behavior of the ballooning mode,
providing a 3 (or, more precisely, a = —¢*R3') limit above which it is difficult
to operate a plasma experiment, survives. Because the fusion energy produced by
a reactor scales with (32, this and related 3 limits have hindered efforts to design
an attractive toroidal magnetic fusion reactor. For this reason, a firm and thor-
ough understanding of ballooning instabilities, including their nonlinear behavior

and kinetic effects which may drive them unstable below the ideal (., is of great

6The usual derivation of the gyrokinetic equation and the Maxwellian equilibrium assumed in
Ch. 3 do not include current driven instabilities, as no zeroth order equilibrium current is present
to provide the energy source for such instabilities. Developing a model which includes zeroth
order flows and currents is left for future work.

"In a more detailed kinetic model, the density and temperature gradients must be considered
separately.
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importance.

While a detailed stability analysis requires consideration of the mode struc-
ture, a rough description of the ballooning instability is possible with a local fluid
treatment. The effects of magnetic field, density and temperature gradients enter
the simple fluid model through w, and wy terms. An accurate description of Alfvén
instabilities, even in the fluid limit, requires ion physics, and we revisit the fluid

model in Sec. 2.3 after discussing the I'TG mode in Sec. 2.2.

A Note on Terminology

As more physics is added to the model, the mode frequency may differ significantly
from the simple w = £k v4 limit, and the growth rate can be quite different from
the ballooning mode growth rate predicted by ideal MHD theory. We nonetheless
continue to refer to these roots as the shear Alfvén wave, or, when unstable, the
shear Alfvén instability (sometimes omitting “shear” for conciseness). The shear
Alfvén roots are defined to be those which reduce in the straight magnetic field,
b — 0, cold ion, m. — 0, no equilibrium gradient limit to w = £kjvs. The term
“kinetic” is sometimes also used to emphasize the importance of velocity space
effects such as Landau damping and drift resonance. There are multiple types
of shear Alfvén instabilities. One type, known as the toroidal Alfvén eigenmode
(TAE), resides in the gap in the Alfvén wave continuum created by toroidicity, and
can be driven unstable by resonant interaction with non-Maxwellian fast particle

8 Here we focus on “kinetic ballooning modes” (KBM) which are

distributions.
driven unstable largely by bad curvature effects in the presence of density and/or
temperature gradients. Note however that kinetic effects such as ion drift resonance

and Landau damping can also contribute to the destabilization of the KBM.

In the literature, varying notation has been introduced to describe this in-
stability. In the ideal MHD limit it is often called the “ideal ballooning mode”

or just the “ballooning mode”, and when kinetic effects are added it is referred

8The TAE is generally believed to be linearly stable in the predominantly Maxwellian plasmas
considered here, and for this reason it is not a focus of this work. However, TAE dynamics can
be quite complex nonlinearly and are an active subject of investigation. See for example [ZONCA
and CHEN 1993; HaHM and CHEN 1995; Fu and PARK 1995].
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to as the “kinetic ballooning mode”. However, in the historic progression of the
literature, the term “kinetic ballooning mode” has been used to describe the insta-
bility in many different limits, often including some kinetic effects and not others,
and sometimes including non-Maxwellian beam or a-particle distributions. Here
the terms “kinetic ballooning mode” or “kinetic Alfvén instability” refer to the
instability of the shear Alfvén wave in which bad curvature plays a critical role, in
a plasma whose components are approximately Maxwellian but with density and
temperature gradients across the flux surfaces, and with all relevant kinetic effects

considered, including Landau damping and drift resonance.

When this shear Alfvén wave is driven unstable by a particular kinetic effect,
it is sometimes given a separate name in the literature. Of particular importance is
the effect referred to in Secs. 1.1.3 and 2.3, and benchmarked in Fig. 4.8; whereby, in
the presence of a finite ion temperature gradient, the ion drift resonance drives the
kinetic Alfvén mode unstable below the ideal MHD ballooning limit. This effect has
been labeled the “Alfvén ITG mode” [ZONCA et al. 1998], and, in an experimental
context on the JET tokamak, the “#-induced I'TG mode”. Here we do not employ
these terms, as we believe they could generate confusion with the much different
ITG mode, an instability in a different branch of the dispersion relation with very
different properties, as described in the following section. Instead, recognizing that
at all ranges of parameters there is a complex mix of driving and damping effects,
we refer to the mode simply as the kinetic Alfvén instability or kinetic ballooning
mode (KBM), whether it occurs above or below the ideal MHD critical 3.

2.2 The ITG Mode

The toroidal ion temperature gradient (ITG) instability has received a great deal
of attention in recent years, as it has come to be viewed as the most likely drive for
turbulent ion heat transport in the core of tokamaks. The ITG mode is an instability
in the sound wave branch of the dispersion relation, with a real frequency that
scales roughly with the ion diamagnetic drift frequency. Unlike the slab I'TG mode
(often called the 7; mode) which is driven by parallel sound wave dynamics, the

toroidal ITG is driven primarily by bad curvature. The rather complex instability
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Figure 2.1: Simple diagram of the toroidal ITG instability mechanism on the outer
midplane of a tokamak. The velocity dependence of the downward VB and cur-
vature drifts cause ion density to build up below the hot spots and above the cold
spots. This produces an electric field, which E x B convects hotter plasma into
the hot spots, and colder plasma into the cold spots. On the inner midplane where
Vpo is reversed with respect to V B, colder plasma is convected into the hot spots,
and the feedback mechanism is shut off. [Figure courtesy of M. A. Beer]

mechanism, which involves the combination of the velocity dependent curvature
and VB drifts and the E x B drift, is illustrated in Fig. 2.1.

The electrostatic toroidal ITG mode can be approximately described by a
simple set of two ion fluid moment equations (density and pressure), coupled to an

adiabatic electron response. Such a description is given in Sec. 1.3 of [BEER 1995,

2wdiw*mz-
=4/ — 2.7
Vire = A/ A (2.7)

in the strongly unstable (R/Lr,,n; > 1) limit. For the low [, high aspect ratio

and leads to a growth rate of

tokamak geometry considered in this simple illustration, the combined curvature
and VB drift frequency for ions is wg; = —(pivyi/R)(k,sinf + kg cosf), and the
ion diamagnetic drift frequency is w.; = —kgp;vyi/Lyn;. Here n; = L,;/Ly; is the
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ratio of the ion density scale length (L,;) to the ion temperature scale length (Lr;),
7 =T;/T., b = k?p? has been assumed to be small, v; = \/T;/m; is the ion thermal
speed, p; = vy;/; is the ion thermal gyroradius, ); = ZeB/m;c is the ion cyclotron

frequency, and r and # are the radial and poloidal coordinates.

With normal profiles (positive L,, and Lr), n;, b and 7 are all positive, and
instability requires that w,; and wy; have the same sign. This occurs whenever VP
and VB are aligned, that is, in the “bad curvature” region. The stabilizing effect of
T; > T, is evident from the factor of 7 in the denominator, and this effect persists in
the presence of kinetic effects, as has been shown in various geometries by [HAHM
and TANG 1989; ROMANELLI 1989; BIGLARI et al. 1989]. Furthermore, since both
wg; and w,; are proportional to k., it is clear that the growth rate is zero at £, = 0,
then increases with k, before leveling off. With full consideration of finite Larmor

radius effects, the peak in the growth rate is found to occur around k, p; ~ 1/2.

Beyond this basic description of the electrostatic I'TG instability, our main
interest is in the impact of finite 5. The required electromagnetic description of
the ITG is fairly involved even in the fluid limit, and requires a proper treatment
of both ion and electron dynamics. In the next section, we derive the dispersion
relation in the local fluid limit, and describe both the finite-3 I'TG mode and the

kinetic ballooning mode.

2.3 Local Fluid Analysis of the Finite-G ITG and
KBM

A great deal of physical insight about both the finite-3 ion temperature gradient
mode (ITG) and the kinetic ballooning mode (KBM) can be gained by exploring

dynamics in the local fluid limit.

In the local limit, %, k., w, and wy are treated as constants. The local fluid
dispersion relation can be derived directly from the gyrokinetic Vlasov-Poisson-
Ampere system by taking the appropriate fluid limits, kfv7 < w? < kfvf, Jwq| <
lw|, and k?p? < 1, as in [KIM et al. 1993].

€L
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Here we derive the local dispersion relation starting with the moment equa-
tions derived in Ch. 3. This serves as a demonstration that, as expected, the
electromagnetic gyrofluid model correctly reproduces the local dispersion relation
in the fluid limit. Furthermore, the use of a set of fluid equations allows for explo-

ration of the impact of additional approximations sometimes made in fluid models.

For simplicity, we invoke the normalizations introduced in Eqgs. 3.66-3.67
and 3.101. All quantities in this section are normalized unless otherwise noted, and

a single species of Z =1 ions is assumed.

In the simple fluid case, neglecting collisions and Landau damping, the ap-
propriate electron density and velocity response follow directly from Eqgs. 3.114-

3.116:

Wie

ne=1é—7(1-22)y (2.8)
TW Wie 2wq Wipe
Uje = k_H<1 - w )(¢ - ¢) - k—”(l - 7)¢7 (2~9)

where ¢ = A w/k|, wipe = wie(147,), and the electron diamagnetic frequency w,,. =
—w, /T, where w, is the single species ion diamagnetic frequency. The combined ion

VB and curvature drift frequency is denoted by wg = —7Twge.

The appropriate single species ion response can be calculated from Eqs. 3.87-

3.92 by neglecting collisions, and the Landau and drift resonance closures. We first

substitute ¢ = A,w/k;, and simultaneously expand in the three small parameters

k? < 1 (k%p? < 1 in unnormalized units), |wg/w| < 1, and k7 /w* < 1 (kjvp; <

w? in unnormalized units). By keeping terms through first order in the small

parameters, we capture the important physics related to curvature, sound wave
dynamics, and FLR effects in the ion density response:

2
= g B Ty gy 2 ey
(2.10)

where w,,; = w.(1+n;). Because the largest terms in u; are smaller than the largest
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terms in u. by a factor of kﬁ Jw?, only the lowest order ion velocity response,

wye = L1 = ) (6 — ) (2.11)

is needed in Ampere’s Law.

We now wish to substitute the above electron and ion density response into
the gyrokinetic Poisson’s equation, which, for k? < 1, is n, = n; — k*¢. To first
order in k%, the real space ion density 7; can be written in terms of the gyrocenter

density n; and perpendicular temperature T ; as in Eq. 3.124:

1 2k* k? k2
ng = ——n; — ——==T,;~(1— =), — =T 2.12
" YK eyl St e (2.12)
2 k2 Wi
— Ly~ 0y L T
- nZ 2 pLZ i nl + 2 w ¢7
where the lowest order ion perpendicular pressure response, p,; = —(wpi/w)®, has

been substituted in the final step. Substituting for n; and n., we find the gyrokinetic

Poisson equation in the fluid limit:

Wae ki Wapi 9 2wq Wapi
(1= 2 - B - 2 g g+ 0 - 2 - 2y o,

w w? w

(2.13)

Similarly, substituting u . and w,; into Ampere’s Law, (2k?k,/7B.w)t = ) — uye,

noting that @; = w;; to the required order, yields:

Qkik\? 2 We kﬁ Wipi
Ly = P (1= 29 = (1= 22 (6 - ) + 2wl — e
‘ (2.14)
or, substituting Eq. 2.13,
2k7 k} )
7¢ = —2W4(W — Wipi )P + 2wWa(W — Wipe )V + wW(Ww — Wi k7T @
‘ (2.15)

Combining Eqgs. 2.13 and 2.15 gives the general electromagnetic dispersion relation

in the local fluid. The above result, derived from our electromagnetic gyrofluid
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model, is identical to that found directly from the gyrokinetic Vlasov-Poisson-

Ampere system by [KIM et al. 1993].

Before exploring the full dispersion relation, it is useful to take simpler limits.

2.3.1 The Electrostatic Limit

In the limit # — 0 at finite k£, and &, one possible limit for Eq. 2.15 is ¢ — 0,

leading to the usual electrostatic drift wave result.?

However, it is useful to be more specific about the requirements for the
validity of the electrostatic limit, ¢ < ¢. Noting that 3; = 7., Eq. 2.15 can be
rewritten:

W(Ww — Wapi ) k2 — 2wa(w — Wapi)

V= R 9. (2.16)

L

In general, each term in the numerator must be small compared to the denominator
to satisfy the electrostatic limit. For the first term in the numerator, this requires
Biw? 2k} < 1, or w?* < 2k7/f;. In unnormalized units this is w?® < kfvj, where vy
is the usual Alfvén speed. Turning to the last term in the numerator, 2wqw,,;, the
requirement for the electrostatic limit is Fiwqw.(1+7;)/k? k7 < 1. In the local limit,
we = ko, wg = €uwy, k. ~ kp, and k, ~ €,/q, where €, = L,/ R, this requirement
becomes 3;¢*(1+n;)/e, < 1. Or, noting that €, /q*(1+m;) is roughly the local ideal
ballooning limit (f3;.), the requirement becomes (3; < [;e.

Hence the electrostatic limit does not require simply that the value of 3 be
small. Rather, it requires both that the frequency of interest be small compared to
the shear Alfvén frequency, and that the plasma be far from the ideal ballooning
limit, B.. Because laboratory fusion plasmas are often close to this [ limit, the
electrostatic approximation can break down even though [ may be quite small.

This is especially true near the edge of fusion plasmas, where (3 is generally small,

9 Another possibility is for ¢ to remain finite while w — oo, in which case Eqs. 2.15 and 2.13
reduce to the simple shear Alfvén wave, w? = 2k?/73.(1 + k2 /7), or in unnormalized units,

w? = k203 (1 + by).
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yet large values of ¢ and sharp gradients (small €,) push the plasma close to the

ideal ballooning limit.

In the electrostatic limit () < ¢), Eq. 2.13 becomes,

Bl ey e 2y g g

1— I
7( W w? w w w

In the limit of a homogeneous plasma in a straight magnetic field (w, = wy = 0), the
above reduces to the simple ion acoustic wave w? = k /7 (w® = kc2 in unnormalized
units) for small k&, . In the slab limit, wy = 0, the unstable root of Eq. 2.17 is the
slab ITG or “n,” mode, with the instability drive provided by the kﬁw*m term.
With finite wy, Eq. 2.17 is the dispersion relation for the electrostatic ITG mode
in the local fluid limit. The 2wqw,,; term provides the toroidal drive for the ITG

instability.

In a torus, the 2wgw.p driving term is generally dominant, and parallel
dynamics can be omitted in an approximate description (kﬁ Jw? — 0). The simple

toroidal ITG dispersion relation with small k£, and k is then:

1
w= o [—w* + 2wy £ \/(—w* + 2wg)? — 8TWg Wapi | - (2.18)

In the strongly unstable (R/ Ly, n; — oo) limit, this reduces to Eq. 2.7 (with b — 0)

as expected.

2.3.2 The Kinetic Ballooning Mode

The ballooning mode in the local fluid limit can be approximately described by

making the usual ideal MHD approximation E; ~ 0, or ¢ ~ 1.

Eq. 2.15 then reduces to:

2k 202
ﬁ'\l - k_Qd(W*pi - w*pe)a (219)
? €

W(Ww — Wapi) =
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and the critical (; for instability is:

5. — Kk N €2 /g
C Wa(Wapi — Wape) — w2 k2 /4 T e [T+ mi+ (L4 n)/7] — k3 (1 +1;)?/8

(2.20)

where the approximations kg ~ k, and k;, ~ €,/q have been used in the final step.
For long wavelength modes (k? < 1), this threshold 3; agrees with MHD theory in
the local limit (8, = €,/¢*[1 + n; + (1 +n.)/7]), and demonstrates that the MHD

« parameter, which in normalized units is

_ q2ﬁi

€n

o 1+ + (1 +n)/], (2.21)

provides a much better gauge of proximity to ideal ballooning instability (o ~ 1),
and validity of the electrostatic approximation (which requires o < 1) than does [
alone. A nonlocal treatment brings in additional parameters, such as the magnetic
shear 5. However, the above local approximation for the ballooning mode 3 limit,
«a ~ 1, provides a reasonable, factor of two type estimate of the nonlocal MHD (.

in § — a geometry over a wide range of typical values of 1/2 < 5 < 3.

The local fluid model predicts a marginal real frequency for the KBM of
W W,y /2, quite different from the ideal MHD prediction of w = 0.

Kinetic effects such as Landau damping and ion drift resonance, which can
significantly change the behavior of the KBM from that predicted in the local fluid

limit, are discussed briefly in Sec. 2.3.5.

2.3.3 The Finite-g ITG

Combining Eqs. 2.13 and 2.15, the general electromagnetic dispersion relation in

the local fluid limit can be written:

w k2 Wanpi
r(1==) = —(1-="5) (2.22)
Qwa Wapi w(Tw +w,) — k(1 — =2)
= (7 - k’l)(l - w ):| |:]_ — (Qkik‘%/ﬁz) — 2(,4)';((,(} — w*pe)



2.3. Local Fluid Analysis of the Finite- I'TG and KBM 35

Comparing with Eq. 2.17 we can see that the final term in brackets represents the

electromagnetic, or “finite-3” effect.

For a toroidal ITG mode, with w < w,y;, at very low §; < 1, the effect

of the electromagnetic correction is to reduce the ITG driving term (2wgw.y) by
a factor of roughly 1 — §3;(Tw® 4+ ww, + kjw.pi/w)/2k3 k7. The toroidal ITG drive

L

vanishes entirely when:!°

5 — 2kTk? (2.23)
" w(Tw + wy) + 2wa(w — wape) — k2(1 — wipi/w) '

Note that for typical ITG frequencies, w ~ w,, and for small k, and k2, this
expression is very similar to the 3; threshold for kinetic ballooning instability given
in Eq. 2.20. The stabilization of the toroidal ITG mode and the onset of kinetic
ballooning instability are closely linked, both in the local fluid limit and in a full

kinetic treatment.

2.3.4 Growth Rates in the Local Fluid Limit

A quantitative exploration of growth rates in the local fluid limit provides physical
insight about the behavior of both the ITG and KBM instabilities, and also allows
for a simple evaluation of various approximations often made in fluid and gyrofluid

turbulence models.

Fig. 2.2 shows the growth rate of the dominant instability as a function of 3
in the local fluid limit, with the normalized parameters 7 =1, k, = 0.5, k, = 0.1,
wy = kg = 0.5, ¢, = 0.2, n; = n. = 3. The solid line shows the correct local fluid
growth rate as calculated from Eq. 2.22. The ITG mode dominates at low § and
is stabilized with increasing 3. The KBM becomes unstable near § ~ 1.8% and its

growth rate increases with 3.1

10When the toroidal ITG is strongly stabilized by finite 3, it is possible for the slab ITG mode
to become important, as pointed out by [CUMMINGS 1995]. However, in the local fluid limit, this
provides only a small modification of the overall § at which complete stabilization of the ITG
occurs. Furthermore, it is critical to note that in the region where the ITG is strongly stabilized,
consideration of kinetic effects is very important, as discussed in the following section.

"The “island of stability” between the ITG and KBM is, unfortunately, but a mirage. It
vanishes with the addition of kinetic effects.
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15

Growth Rate (v,/L,)

B (%)

Figure 2.2: (3 dependence of the linear growth rate of the dominant mode in the local
fluid limit. The solid line shows the correct local fluid growth rate, while the dotted
and dashed lines show growth rates predicted by models which are missing certain
finite-Larmor-radius terms. Parameters chosen are 7 = 1, k, = 0.5, k; = 0.1,
ws = kg = 0.5, ¢, = 0.2, and n; = 7. = 3. The ITG mode dominates for 5 < 1.7%,
while the KBM is dominant for 5 > 1.8%.
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Many past models of plasma turbulence have only partially accounted for
ion finite Larmor radius (FLR) effects. To first order in b = k2 p?, finite Larmor
radius effects enter both in the gyrocenter ion density response [through the (1 +
n V2 / 2)iw*F(1)/ ¢ term in Eq. 3.87] and in the gyrokinetic Poisson’s equation. In
Poisson’s equation, first order FLR effects enter through the first order polarization
term (—k?p? ¢) and through the conversion from real space 7; to the gyrocenter
space n; as in Eq. 2.12. While nearly all models include the polarization term, some
have omitted either the ion response FLR terms or the real space transformation
term, or both. Omitting both effects leads to the predicted dominant growth rate
illustrated by the dotted line in Fig. 2.2. While this predicted growth rate is quite
accurate in the electrostatic limit (3 — 0), it is seriously in error at larger values of
[, missing the finite-3 stabilization of the I'TG entirely. The dashed line in Fig. 2.2
shows the growth rate that is predicted if either the ion response FLR term or
the real space transformation FLR term, but not both, is included.!? Again this
partial FLR model provides accurate growth rate predictions at very small 3, but
introduces large errors at finite 3. Hence, a proper treatment of FLR effects is of

great importance for an electromagnetic fluid turbulence model. Models which do

2

2 p? risk introducing

not account for all FLR effects at least through first order in k
serious errors for finite-3 cases, even though such models may be able to treat the

electrostatic ITG mode with reasonable accuracy.

Simple electron fluid models developed for the regime w < kv, sometimes
assume that the perturbed electron temperature vanishes (Te = 0). This neglects
the impact of fluctuating magnetic field lines moving across equilibrium electron
temperature gradients. The fast motion of the electrons along the perturbed field
lines allows the electrons to thermalize to a uniform temperature along the per-
turbed field, locally cancelling the equilibrium electron temperature gradient when
the fluctuating field moves across it. This leads to the appropriate electron tem-
perature response given by Eq. 3.116. If T. = 0 is instead assumed, the electron
temperature gradient drive of the kinetic ballooning mode is missed, and the pre-
dicted growth rate, shown by the dotted line in Fig. 2.3, is in error when 7, is finite.
It has also been commonly assumed that, because wy < kv, electron VB and

curvature drifts can be neglected. This assumption removes the electron density

2Linearly, each term contributes an identical factor of —(w.pi/w)k? ¢ to Eq. 2.13.
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Figure 2.3: Linear growth rate of the dominant mode vs. § in the local fluid limit.
The solid line again shows the correct local fluid growth rate. The dotted line
shows the growth rate predicted by a model which assumes the perturbed electron
temperature is zero. The dashed line shows the prediction of a fluid model which

omits electron VB and curvature drifts entirely. Parameters are identical to those
in Fig. 2.2.
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and temperature gradient drive of the KBM, and leads to the growth rate prediction
shown by the dashed line in Fig. 2.3. Note that both of the above approximations
work well at very small § values, but lead to large errors as 3 approaches the MHD

ballooning limit, 3 = (..

A final common approximation made in fluid models is the neglect of the ion
current in Ampere’s Law. As noted, the ion current is smaller than the dominant
piece of the electron current by a factor of kf/w?® in the local fluid limit. Thus,
for small values of k; typical of ballooning modes (k, ~ €,/q), the ion current
is often negligible. More specifically, when £ /w* < 2wg4/w the ion current can
generally be neglected. The growth rate calculated without ion current is almost
indistinguishable from the growth rate with ion current for the parameters used
in Figs. 2.2 and 2.3. However, at larger values of k, the ion current can have a
significant impact, and we believe it unwise to neglect the ion current in a numerical
simulation which treats a wide range of k;. The neglect of the ion current is also

not consistent with fluid equations which incorporate Landau damping physics.

The electromagnetic gyrofluid model developed in Ch. 3 avoids the above
assumptions, and is thus able to exactly reproduce the behavior of the ITG and
KBM in the local fluid limit.

2.3.5 Kinetic Effects

The local fluid analysis in the previous sections orders out important kinetic ef-
fects such as Landau damping and ion drift resonance. Including these effects
significantly alters the fluid growth rates, as has been discussed extensively in the
literature, for example [HONG et al. 1989; Kim et al. 1993]. Landau damping
tends to reduce the predicted fluid growth rates, though it increases growth rates
in the “island of stability” between the ITG and KBM instabilities, eliminating
the island. Ion drift resonance causes the KBM to go unstable below the ideal

ballooning limit when 7; is finite.

Models of Landau damping and drift resonance are included in the electro-
magnetic gyrofluid model as described in Ch. 3. The ability of these models to

properly account for the relevant kinetic effects is gauged with a series of nonlocal
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linear benchmarks presented in Ch. 4. See in particular Fig. 4.8, which demon-
strates the effect of drift resonance reducing the KBM threshold below the ideal
ballooning limit.



Chapter 3

Derivation of the Electromagnetic

Gyrofluid Equations

HE ELECTROMAGNETIC GYROFLUID EQUATIONS are derived
from a series of velocity space moments of the nonlinear gyrokinetic
equation. The moment hierarchy is truncated using a set of closures
derived to model kinetic effects, including collisionless phase mixing

due to parallel streaming and toroidal drifts, as well as linear and nonlinear finite-
Larmor-radius (FLR) effects.

The ion equations are derived first, as a natural extension of the electrostatic

toroidal gyrofluid equations of [BEER 1995] to include magnetic fluctuations.

Electron equations are derived from the electromagnetic drift kinetic equa-
tion using an analytic expansion which removes small spatial scales and fast tempo-
ral scales from the system. These equations include the effects of electron temper-
ature and density gradients, electron E x B motion, Landau damping, electron-ion
collisions and the parallel electron currents which, along with parallel ion currents,

give rise to the parallel magnetic potential.

The system is closed with the gyrokinetic Poisson equation and parallel

Ampere’s Law.

41
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3.1 The Gyrokinetic Equation

The starting point for the derivation of the fluid equations is the nonlinear electro-
magnetic gyrokinetic equation of [BRIZARD 1992], based upon earlier gyrokinetic
work by many authors, notably [HAHM et al. 1988; BRIZARD 1988; LEE 1983;
DUBIN et al. 1983; FRIEMAN and CHEN 1982; CATTO and TSANG 1977].

The standard gyrokinetic ordering is invoked as follows:

%N%N%N%BN%N%NS<<1, keipi ~ 1, (3.1)
where w is a characteristic frequency of the fluctuations, and k;, and k, are typical
fluctuation wavenumbers parallel and perpendicular to the equilibrium magnetic
field. €2; is the ion cyclotron frequency, vy; = \/m is the ion thermal speed, and
pi = v /€Y is the thermal ion gyroradius. L is a typical equilibrium scale length,
such as the density scale length L, = —V(Inng)™!, the temperature scale length
Ly = —V(InTy)™!, or the plasma minor radius (a) or major radius (R). T and
B are typical equilibrium temperatures and magnetic fields, and Fj is the equilib-
rium distribution. F} is the fluctuating distribution function, ¢ is the electrostatic
potential (which is assumed to have no equilibrium component), and §B is the

fluctuating component of the magnetic field.

Gyrokinetics averages over the fast gyromotion of the particles around a
strong magnetic field, reducing the kinetic equation from three to two velocity
space dimensions, and leaving the magnetic moment p as a rigorously conserved
quantity. The gyrokinetic ordering takes advantage of the spatial anisotropy created
by the strong magnetic field. Parallel to the field, particles can stream freely, and
fluctuating wavelengths are long, kL ~ 1. Perpendicular to the field, particle

motion is strongly restricted, and wavelengths scale with the gyroradius &, p; ~ 1.

The fluctuating distribution function is ordered small compared to the equi-
librium distribution, which here is taken as a Maxwellian. Nonetheless, perpendicu-
lar gradients of fluctuating quantities are the same order as perpendicular gradients

of the equilibrium (k, F} ~ Fy/L), and hence the perpendicular nonlinearities due
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to the E x B drift and field line bending are kept, while parallel nonlinearities are

small, and are ordered out here.
Brizard’s electromagnetic gyrokinetic equation can be written in the form:

%—f +X-VF+®|2—Z = C(F), (3.2)
where F' is the gyrocenter distribution function in the gyrocenter phase space co-
ordinates (X, vy, ¢, (). Within the gyrokinetic ordering (w < €2;), the gyrophase
angle ( is effectively averaged over, and does not appear explicitly (9F/9¢ = 0).!
The gyrocenter magnetic moment 1 = v? /2B+0(e) is exactly conserved and enters
the equations only as a parameter. An as yet undefined collision operator C(F')
has been added to the right hand side.

Eq. 3.2 is solved through O(£?) in the gyrokinetic ordering defined above.
When ordering terms in the gyrokinetic equation, all frequencies are compared to
Q;, and all lengths to p;. Hence %—f ~ wk is O(g?), because % =0, F1/Fy ~ ¢,
and w/Q; ~ . Any gradient operator acting on Fy or B is O(g) because p;/L ~ €.
A parallel gradient on Fy is O(g?) because k p; ~ . However, a perpendicular
gradient acting on F} is O(e) because k, p; ~ 1. Because VF is O(¢), X is needed

only to O(g), while ¥, must include terms through O(g?).

The fluctuating magnetic field B is described to lowest order in terms of a
magnetic potential along the equilibrium field, 0B = V x AHIA), where b is a unit
vector along the equilibrium field.? The perturbation along the equilibrium field
(0B,) is small for § < 1, as can be seen from perpendicular force balance, and 0B,
is neglected here. A local kinetic analysis by [HORTON et al. 1985] has found dB,
to be unimportant for 3 of the order of the MHD critical 3. or smaller. However,
the toroidal kinetic code of [KOTSCHENREUTHER et al. 1995] has included 6B,

and found it to be somewhat important for 5 ~ (., particularly at low aspect ratio

1See [QIN et al. 1999] for a discussion of a formulation of gyrokinetics which relaxes the
low frequency approximation, and includes gyrophase dependence. This introduces perpendicular
dynamics and allows a full description of compressional Alfvén and Bernstein waves.

ZNote that A, and A, are fluctuating quantities. The equilibrium magnetic field is described
here by B or Bb, never as a magnetic potential.
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[KOTSCHENREUTHER 1998]. We wish to include 0B, in future work to achieve

better accuracy, particularly in high (3, low aspect ratio cases.

The gyrocenter velocity is then given by

. N B

X = U”(b + <7Bl>) + Vg + Vg, (33)
where the angular brackets denote gyroangle averages. The first term on the right
represents free streaming along the total magnetic field. The second term is the
gyroaveraged E x B drift velocity, vy = %f) X V (¢). vq is the combined curvature

and VB drift velocity. In general, v can be written

2
va :f%Bxﬁxmy+%vaB (3.4)

S o s VR v SR

a5 QBQBX (V x B x B).

Using the equilibrium relations Vp = %J xBand VxB = 47”J , this can be written

2 2
_ v tpB H
Vi= o DXV

b x Vp. (3.5)

The second term on the right is small for 8 < 1,% and is neglected here for simplicity

and to maintain consistency with neglecting §B,.* The definition

v +uB
vfziﬁ@—vaB (3.6)

is used henceforth.

3The use of this § < 1 approximation may seem inconsistent with our desire to handle moder-
ate 0 cases. However, it allows us to treat 3 values up to the MHD critical 3. for all except very
low aspect ratio cases, where 3. ~ 1. The critical point is that while the electrostatic approxi-
mation requires 3 < (., the above equilibrium approximation requires only that § < 1. That is,
our equations are valid for m./m; < 8 ~ . < 1, and can be extended to 5 ~ 1 by adding § B,
and separately treating the curvature and VB drifts.

1A cancellation occurs between the Vp term in v4 and a finite 6B, term [TANG et al. 1980;
KOTSCHENREUTHER 1998]. Hence it does not improve accuracy to keep the Vp term until 6B,
has been fully included.



3.1. The Gyrokinetic Equation 45

The gyrocenter parallel acceleration can be written:

(0B.)
B

(0B.)
B

_ ia<An>

U= T o ) - VB +v(b-Vb) - vp.

(3.7)

(b + )V (¢) — (b +

(&
m

The first two terms on the right hand side represent the total parallel electric field,

a(4))

at
evaluated along the total magnetic field. The next term is the total mirror force,

which includes both a magnetic induction term —% , and an electrostatic term

and the final term is important for phase space conservation, as shown in [HAHM
1988; BEER 1995].

Using the definition 6B = V x A, b, the term 6B, can be written as follows:
B, =bx (lBxb)=-bxVA +bxb-VbA, (3.8)

or upon gyroaveraging,

~

(0B,) = —bx V(A)+bxb-Vb (4,). (3.9)
The second term on the right hand side is O(g?) and does not enter Eq. 3.2 to the
required order.

The gyroangle averages are expressed in terms of a gyroaveraging operator

Jo as follows:

(9) = Jo(@)¢,  (A)) = Jo(a) 4,

where « is the operator defined by
V2uB

v 2uB
QM VL - kLpZ
i V4

o= —1

The operator Jy is simply a Bessel function in Fourier space:

Jo(a) = L wd(’ exp(iacos() = Z (n1')2 (%) (3.10)

2
0 n=0

2Q)
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In real space, Jy is an operator which does not in general commute with other
operators, and must be treated with care. It should be noted that Jy operates only

on the electrostatic potential ¢ and the parallel magnetic potential A, in Eq. 3.2.

Defining the unit vector along the total magnetic field b = b + % and
the total parallel electric field EH = —%%JOA” ~b- V Jpo, the gyrokinetic equation

can be written:

OF

a + (UHE)—FVE—l-Vd) -VF (3.11)
OF

Ea—UH_

+ [%EH — yb- VB +u,(b-Vb) - v O(F).

3.2 The Ion Gyrofluid Equations

Gyrofluid equations are derived by taking velocity space moments of Eq. 3.11, and
implementing closures to model kinetic effects. For simplicity of notation, the single
ion species case is presented here. The subscript ¢ is omitted in this section, and
all quantities (v, 2, T etc.) are taken to refer to the ions unless otherwise noted.

The full, normalized equations for the multi-species case are given in Sec. 3.2.6.

For the ions, k,p; ~ 1, and finite-Larmor-radius (FLR) effects must be
accounted for, both in the moment equations and in the closures. The gyroaveraging
operator Jy(«) appears repeatedly, and it must be treated carefully as it is a function

of both configuration and velocity space (through pu).

In order to simplify the process of taking velocity space moments, it is best
to move all functions of velocity space (F,.Jy, i, v, etc.) to the same side of the
spatial and temporal operators. We also multiply through by a factor of B in order
to simplify the p integral.

The first two terms in Eq. 3.11, B%—f = %FB and Byb-VF = B -
V(FBuv,/B) are easily put in a form suitable for taking moments. The next three

terms require modification.
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Noting that spatial derivatives are taken with p and v, fixed, we can write
for any field A:

VJyA = Jy)VA + AV Jy, (3.12)
where
8J0 (0%
V() = a—aVoz Ji(a )QBVB (3.13)

The term representing free streaming along the fluctuating magnetic field,
— b x VJpA,, can be combined with the E x B drift by introducing the notation:

, v C ~ , .
¢ =¢— ”A“, Vi = b x Ve, V;ZEb V' (3.14)

Using Eqgs. 3.12 and 3.13 we can then write:
BV, - VF = BBb x (JoV¢' + J1—<z§ VB)-VF. (3.15)

The J; term above can be neglected as it is O(e®) due to the presence of ¢, VB,
and VF', each of which are O(¢). Noting that J)WWF = VJoF — (a/2B)FJ, VB,

and introducing the notation

iwg = QB2B x VB -V, (3.16)
allows us to write
C -~ , c , co o~ ,
BEb X JoV¢ -VF = E x V¢ - V(JF) — FﬁJlb x V¢' - VB(3.17)
c e o,
= E x V¢ -V (JoF) + TFlegzwdqﬁ’

C

= Sbhx V¢ V(IFB)+ %FB(JO + Jlg)iwd(b’

\U:J

= ¢ V(JOFB) + TFB(JQ + J1 )de¢/

Invoking the approximation outlined in Eqgs. 3.4-3.6, and noting that iw;B =
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0, the VB and curvature drift term can be written:

Bvy-VF =iwy[FB(v} + uB)). (3.18)

Turning now to the 1')”3—5] terms, we note first that all components of v,

except the lowest order mirror force —ub - VB are O(£2) and therefore involve only

the equilibrium distribution, which is taken to be:

. o —v2 /202 —uB v}
F() = W@ l t ‘. (3].9)

The electric field terms can be written as follows to O(&?):

e ~ oF e OFy _~
“B—hH- -~ = ——_""Bb- 2
BBV (o), e 30, BBV (o0) (3.20)
e a oFy e 0Fy uB -
_ _fppop © 1B - P2 yh.vIn B
mb v<8v“ Jod) + mJ0¢ v, ( v} Jb-Vin
oF e - e OFy ~
a—w%(b x VJoA) - Vo = Eﬁ—v?(b x JoVA) - JoVo (3:21)
e OF ~
- E—aUTJOA“ Jos(b x VA)) - Vo,

where the notation Jy A and Jygs is used to indicate the field on which the Bessel

function operator acts. All J; terms above have been dropped as they are O(g?).
The mirror force terms can be written:

OF OF

— B(—ub-VB) = —uB>~—b-VIn B 3.22
U”(MV) u(%HVn (3:22)
oF ~ 5’F0,u
A)-VB = —— BxB)-VA 2
a0, (bx V4, -V (%HBJO(V x B) - VA4, (3.23)
0k enB .
= _8—’()HBJOC—TZWdAH’

where the J; VB term has vanished exactly.
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Finally, the phase space conservation term can be rewritten, omitting the

finite B component for consistency with the treatment of the curvature drift:

OF N 0F,
—Bwv,(b-Vb) - = B B- 24
a0, vy(b-Vb) - vg o 11”32 x VB -VJy (3.24)
S “BxVB- (JoVo+ J —VB)
Ty v, ' B? 0 '2B
0F
= 3 OBJ0U|Tzwdgz5
e |0 .
= 5 ~—(FoBJyv)) — FoBJy | iwag (3.25)
Y

Combining all the above terms, and defining V| = B-V, the electromagnetic

gyrokinetic equation can be written in the following cumbersome but useful form:

0 eq’

5 FB + BY\Fu 4V, V(FBJ) +2F B i (3.26)
+ FBJl—iwd%# + TUHFBJOzwdAH
+ %zwd[FB(% +puB)] — ;C 8?;, (FoBJo 8£|)
- _vn(gFlOBJo@ + Joﬁbg}?l) (1— U—f)v| In B
+ ;ZFO JoayJos(b x VA)) - V¢ — 8 o VH InB
_ OB~ 2 5. (FBJov,)  iwad = 0.

Oy cr I

Nearly all terms with velocity space dependence are now grouped on the
same side of spatial and temporal operators so that moments may easily be taken.
The exception is the v, term which appears in ¢’ = ¢ — %A“ and vy = %f) X
V¢'. However, v, commutes with Jy, J; and all spatial operators, and may be
easily moved to the appropriate place inside velocity space integrals. The collision

operator C'(F') has been omitted here. Collisions are considered in Sec. 3.2.4.

Eq. 3.26 contains terms up to O(e?) in the gyrokinetic ordering. Assuming

a time independent equilibrium distribution Fj with gradients that scale as 1/L,
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only two first order terms remain. These terms represent free streaming along the
equilibrium field, and the lowest order mirror force. To first order, the equation

can be written:

OF,
BV, Fyv, — /LBQa—U(l)V InB =0, (3.27)

a condition which is satisfied exactly by the equilibrium Maxwellian

_ _ 1o —v? /202 —pB/v?
FO - FM - We I t t,

This leaves only second order terms in the equation.

We furthermore divide the first order distribution Fj into two parts, F} =
f + Fipe. Here I, is defined to be an equilibrium part of the distribution with no
time dependence and gradients which scale as 1/L. It is further defined to be an
exact solution of the equation:
aFvlnc

1.
BV Fiyev) + —iwa[Fo B(v] + puB)] — nB? 5
Uy Y

(3.28)

Note that the Fi,. contribution to all other terms is O(g*) or higher and can be
neglected. This removes all terms with no time dependence, and leaves us with
an evolution equation for the fluctuating first order distribution f, containing only

second order terms which are either linear or quadratic in the fluctuating quantities
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f, ¢, and A;:
0 - ~ ~ Y
afB + BVHfUH + V¢ * V[(FO + f)BJO] - VAH * V[(FO + f)B?”J(]] (329)
+ zFoBJOfmd% — FOB““J iwg ?” +FOBJ1§W€;?
gt | e e R 04
F()B Jl T 2 [fB(UH +/JJB)] me a’UH BJ ot
(9F oL B
- V(5 ;)BJoaﬁ) —Jod)a—?B( LV B
e 8F of
8Fg ,uB e, 0 _ qb
- —BJy—iwg—— — —(FyB — =0.
v, Jo c wd T (91)H< 0 JOU”)MdT 0

Terms containing ¢ and A; have been separated by defining v, = %B x V¢ and
Vg = c f) x VA,. Nonlinear terms enter through v, - V[fBJO], va, - V[fB%JO],

and £ J(]AH Joqg(b X VA”) V¢

mav

It is also possible to derive Eq. 3.29 starting with the conservative form of

the gyrokinetic equation. Making sure to include the second order part of (/B )

from Eq. 3.9, it is possible to prove Liouville’s theorem,>

0B*

o TV [B*X] + 9 B*,] = 0, (3.30)

O |

where B* = B + (mc/e)u,b - V x b contains the parallel velocity correction. The

gyrokinetic equation can then be written:

0 * * Y 0 *
5iF B+ V [FBX]+ GLFB0) =0 (3.31)

Again working within the context of the low 3 approximation b x (BVB) =
(1/B*)B x VB, and rearranging terms, one finds Eq. 3.29 to second order as ex-

pected.

A further check on Eq. 3.29 is to calculate the linear non-adiabatic response

5to the required order, O(e?)
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in the local limit. Dividing the distribution into adiabatic and non-adiabatic pieces,

f =g — FyJoep/Tp, linearizing, transforming, and taking the V,In B = 0 limit, we

find the expected non-adiabatic distribution:

w—wr

g="F Z Io(é— %AH), (3.32)

w — k’HU” - de T
where w] = w.[1+ (v} /207 + pB/vi — 3/2)], way = wa(v} + pB) /v, and we have
introduced the diamagnetic frequency iw, = —(cTp/ eBno)Vno-B x V, and the ratio

of scale lengths n = L, /L.

3.2.1 The Ion Moment Equations

Ion fluid equations can now be derived by taking velocity space moments of Eq. 3.29.
In this section a careful distinction is made between equilibrium and fluctuating
components, and equilibrium quantities are written with a subscript 0. Both v; =
VTo/m and p; = v,;/Q are defined in terms of equilibrium quantities. It should
also be noted that because all terms in Eq. 3.29 are O(e?), only their lowest order

components need be kept, eg. T — Tj.

Velocity space moments are often defined in terms of the total distribution
function F'. Here we again separate F' into equilibrium and fluctuating components

F = Fy + f.5 Velocity space moments of

FO P = (2 ng>3/26—v|2/2fuf—,uB/vf
U3

are all well defined. We define the following moments of the fluctuating distribution:

ﬁu:mffvﬁd%N ﬁiszfB/Ldi”v
4, = —3muvinot, + mffvﬁ’ d>v g, = —muvingt, +m [ fBpv, dv
T = mff“ﬁl d*v T = mffB/“)ﬁfl%
Fio=m [ fB*?dP §.,0 = —2munoty +m [ fB v, dPv
) = —1bmutngt, +m [ fvﬁ d>v . = —3muingt, +m [ fBu v“T’ d3v,

61, and its moments do not enter the equations and can be neglected.
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where d®*v = 2rdv, B du. The modifications to the ¢ and s moments above have
been chosen for consistency of notation with [BEER 1995], in which the first order
fluctuating moments are defined to have components due both to f and to factors

of @, multiplying Fj.

We can now proceed to take moments of Eq. 3.29. Each moment is coupled
to higher moments through the terms which contain factors of v, or u, including
terms due to parallel free streaming, toroidal drift, FLR effects, and the mirror
force. This moment hierarchy is truncated using closures described in the following

sections in order to generate a useful set of equations.

Taking integrals of Eq. 3.29 of the form 27 [ dv, du vﬁpk, and defining the
shorthand (A) = 27 [ Adv, Bdu yields the following set of moment equations:

o 1
o + BY il "+v VA Jo) = vy - (Foyo) (3.33)

« ep 1.
+ <F0(2J0 + J1§)> ZCL)dTO + TOZWd(p” ‘l’pL) = 0,

1
no—=L + BVHp—%qud, V (Fvd) = —Vay -V (Fuldo) (3.34)

a\ . eA 1 N -
_ <F0vﬁ(J0 +Ji= >z dc—Tg + de(%l + q. + 4poty)

+ <FOJ0> %— + —VH <FOJ0> gb - Eqb <F0J0(1 - i—§)> VH In B

e,

op
8—15” + BV,

gy + 3poty
B
m « .
— ;VAH -V <FU“T’J0> +m <Fovﬁ(2Jo + J1§)> Wy—
1

L ~ _ B e
+ Fl(ﬂd(rl\,\\ +7.) +2(¢. + poty)V,In B+ 2m <FOUH J0> @wd# —
! 0

+mvy -V (Fv]Jo) (3.35)

e
Ty

0,
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ap 1,
% BV, {ﬁ(qL + pou)} +mBvy -V (Fudy) (3.36)
ep

T,

mB o

1

+ _ind(f\\,L_‘_fL,L) - 0,
U

a(ch+3poa”) + BVHM—FmV(ﬁ V (FvlJo) (3.37)
eAH

m 4 4 e
_ ?VAH -V <FvH J0> -m <FOUH (Jo+ J1§)> deTo
1 3e

L _ N 0A
+ PZWC[(SH,H + SHyl + 18mU?n0U“) -+ ? <F()U J0> H
t

B
+ 3eV, <F0vﬁJ0> ¢ — 3e <Fovﬁ(1 — %)Jg> ¢V, InB

t
3e A -
- = <F0v Joa, J0¢> bx VA, -Vé+37.V,InB

eA
+ 3mB <F0;w JO> "y TH =0,

0, . . L
a(QLﬂLPOUH) + BV,—= i +mBvy - V (Foy o) (3.38)

B2
mB a eA
— iy - V(Foludo) = mB (Fautu(do + h) ) iwa—

1. ~ . eB 0A
+ szd(su,L +5,,+ 5mvfn0u”) <F0,uJO> (9tH
t

B
+ eBV, (Foudy) ¢ — eB <F0u(1 - ’2—2)J0> éV,In B
t
— e <F0,uJ0AH J0¢> bx VA, -Vé+7. .V, InB
eA

+ TTLB2 <F0M2J0> iwdc—fr(‘)l = 0.

3.2.2 Finite Larmor Radius Terms

Closures are developed for the finite Larmor radius terms appearing in Eqgs. 3.33-
3.38, using the techniques of [DORLAND and HAMMETT 1993] as adapted to the
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toroidal case by [BEER 1995]. We note that we have chosen to evolve ion moments
in guiding center space rather than real space in order to better describe both
linear and nonlinear FLR effects, including the Bakshi-Linsker effect [BAKSHI et al.
1977; LINSKER 1981]. Nonetheless, our FLR terms, when expanded, contain higher
velocity space moments and these must be carefully closed to properly model kinetic

behavior.

Turning first to the Maxwellian FLR terms, we must close terms of the forms
<F0v ,u]Jo> and <Fov /ﬂJloz> where ¢ = 0,1,2 and 7 = 0,1,2. Note that purely
Maxwellian FLR terms with odd powers of v, vanish identically, as F; is even in

vy, while Jy and Jya are independent of v,.

The FLR closures are chosen in careful consideration of the entire system of
equations. It is the combination of Jy terms from the E x B and v 4, terms with
the Jy terms in Poisson’s equation and Ampere’s Law which motivates the basic
approximation (Jy) ~ <J0>1/ ? & To(b)"/2, where b = k2 p?. Following and extending
[DORLAND and HAMMETT 1993], we choose:

(Fodo) = noly’?, (3.39)
<F[)J0’U‘?> Nov; F1/2 (340)

novf 0 1/2 1/2 2
(Fodop) = —5= - (01") = 2B(2F +V?) (3.41)
(FoJyot) = 3neuiTy/?, (3.42)

2\ _ Moty O 1y 12 | &2
(FoJovi ) = 5 %(bl“o ) = 2B(2F +V?), (3.43)

2 a 1/2 a 1/2 o t 1/2 2

(3.44)
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N 22
The modified Laplacian operators V2 and V| are defined as follows:

1. F1/2

5vicp = baa(;) b, (3.45)
22 0? 1/2
Ve =bos (b %), (3.46)

where the notation & = F(l)/ 2¢ has been introduced for the gyroaveraged electro-
static potential. The analogous notation A, = F(l)/ 2AH is used for the gyroaveraged

magnetic potential.

The J; terms can be evaluated following [BEER 1995], using the following

trick:
0
(FJia) = — ac (FJy(Car)) . (3.47)
=1
Again using (FJp) ~ Fé/Q yields:
) ary?
(Foia) = — ac 1/2(C2b) 8(1)) =-Vi, (3.48)
(=
8F1/2 R
(FoJivia) ~ —207b—— ki V2, (3.49)

1/2

ar’,
<F0le|“1a> 6vf‘b b

4))
—~
w
(S
N\
~—

<F0J111f/wz> = —

S
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The Maxwellian terms which contain more than one factor of J, are closed

analogously:
<F0J0A” J0¢> = ol b (3.53)
<F0va0A” J0¢> = ool Tyl (3.54)

2
_ Y

= S plr” + V)4, + @05 + V)4, (3.55)

<F0/LJ0AH J0¢>>

where the subscript ¢ or A, again designates the field on which the operator acts.
These closures can be thought of in terms of separate expansions of the two Bessel

function operators, through first order in b, so that no cross term enters.

Turning now to the vy-V(F.Jy...) and va -V (F.Jp...) terms, we note that
there are two additional complications. These terms contain both the Maxwellian
and the perturbed distribution, and the gyroaveraging terms are acted on by a
perpendicular gradient operator, requiring that gradients of both fluctuating and
equilibrium quantities be kept. In considering these terms, we redefine b = é\/% ,
in terms of the total perpendicular temperature 7', which contains both an equi-
librium part (7o, as the equilibrium is assumed isotropic) and a fluctuating part,

T. = (p. — Tyn)/no. The gradient of b is then calculated as follows:

b -2
Vb= —(VTy+ VT.) - =VB. (3.56)
T, B

Closing these FLR terms analogously to Eqs. 3.39-3.44 leads to, for example:
vy - V{JoF) = v, - V(nLy? (b)), (3.57)

where n is the total density, ng + n. Introducing the diamagnetic frequency iw, =
—(cTy/eBng)Vng - b x V, and ratio ; = L,/Ly, where Ly is the scale length of
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the equilibrium temperature, this leads to three linear terms:

ed
Ve - V(JoF) = —noiw*Féﬁ% - @nzvz iwy— +ngV? zwd—¢ + NL.
Ty Ty T
(3.58)
Nonlinear terms arise both from n and b, and can be written:
NL =vg - Vit + %Wiv@] VT, (3.59)
0

To account for the v4 -V and vy -V terms with higher powers of v; and p, we

note that the linear terms from Eq. 3.58 can be generalized as follows:

e dg. € b

vy - Vngg(b) = —m)g(b)iu)*TO — non;b (%M* + 2nob%zwd o

The treatment of the nonlinear terms is somewhat more subtle, as these can involve
higher moments which are not evolved. Following [DORLAND and HAMMETT 1993],
and introducing the notation NL(z) for the nonlinear terms generated by v, -
V(F Jyz):

NL(v) =vg - Vit + Q—O[VQVQ] \Y (3.61)

NL(?) = vg - Vi, + %Wiv@] VT, (3.62)

NL(p) = va - VP, + 5[V2va] - Vi, (3.63)

NL(v}) = ve - V§, + 3pove - Vi, + ;Wivé] -Vi., (3.64)

NL(vjp) = vVo- Vi, + pove - Vi, + %Wiv@] Vi, (3.65)
1 . -2

+ 2[V2v<p] Vi, + [V, ve]-Vi,.
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The v4 - V... nonlinear terms are closed identically to the above with the substi-
tution ® — A,. However, the v, -V ... terms in the ¢, and ¢, equations contain

higher moments which are closed using results from the next section.

To simplify the equations, we introduce the following normalization. Time,
parallel lengths, and perpendicular lengths are normalized to v;/L,, L, and p;

respectively:

A tv
(ko o) = (T Ky L b p), (3.66)

and the fluctuating quantities are normalized as follows:

aa Ly ed Ay noa D q T 3
(Qb,AH,TL,U,p,q,T,S)— ( ) ) s 2 3 4 5)'
pi Ty piB ng vy ngmv; ngmuv; negmu, ngmuo. (3.67)

Normalized quantities appear on the left. The caret designating a normalized quan-
tity is dropped for simplicity of notation. Note that these normalizations mesh with
the gyrokinetic ordering such that all characteristic drift scales are O(1). Because
3 is formally taken to be O(1), all shear Alfvén scales are O(1) as well.

With the above normalization, and the FLR closures discussed above, the

gyrofluid equations can be written:

dn = U lea 1.
T BVHEH + [§ViV<I>] VT, — [§ViVA] -V, (3.68)
i &2\ Lo . :
— (1 + %Vi) iw D + (2 + §Vi) iwg® + iwq(py +pL) =0,
du - p 1. 1a 0A ~
-+ BV +5Vivel Vo, — [[Viva] VT + =5+ V@ (3.69)

i2) - le
+ (1 +n; + %Vi) iw A + (pL + §Vi¢)> V,InB

+ in(qH + q., + 4“”) = 0,
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dp = g + 3y
| BV, A 271
i "B

AN Lo . :
- (1 +n; + %Vi) 1w, P + (4 + §Vi) iwg® + iwg(ry, +ry,.) =0,

1.

d =gty le 22
Gt BV Vivel Vi [Vova] - VT (3.71)
1. le ley &7
— [évim] V(g +uy) — {1 + §Vﬁ + n; (1 + ivi + Vl)} iw, @
3 22
+ (3 + §Vi + Vl) iwg® + iwa(ry, +71,0) =0,
dq ~
d_tH + Vy(ryy = 3py) + (=ryy +3ry,0 4+ 3py = 3p)VyIn B (3.72)
+ 3nsiw Ay + iwa(s), + sy, — 3¢, — 3¢, + 6uy) =0,
dq, = Lo 22
P Vi(re = p) + [ﬁvLV@] -V + [V, ve] - Vg, (3.73)
2 1~ 22 1~
- [V, - §V2L]V,4 VT, + [m(l +V )+ 1+ Th‘)gvi WA

leoy (dA; = .

§Vi (— + VH(P - ZWdA|) + (_QTH,L + TL7L +p‘| - pi>v“ ].HB
v (Vi
where we have introduced the notation 4 = % +ve-Vand V, =V, — va, -V =
V,—bx VA V.

@i(b) VH In B + iLUd(S”,L + SL,L —q) — 4. + UH) = 0,

3.2.3 Closures

We must now introduce closures for the highest moments, r and s, in order to
have a complete and useful set of gyrofluid equations. The terms requiring closure
divide naturally into three categories, the parallel terms Vr,, and V,r, ., the
toroidal terms wq(ry + ry..), wa(ry . +701), wa(sy + 8,.), and wa(s; . + s..1),

and the mirroring terms r ,\VIn B, r, .V In B, and r, , V,In B. Closely following
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the work of [BEER 1995], we separately treat each group of terms, making closure
approximations that accurately model the physical processes that each set of terms

represents.

Parallel Landau Closures

Closures which provide an accurate model of linear Landau damping are chosen for
the parallel terms, @HTM and @”T”,L. Landau damping along the magnetic field
occurs due to the velocity dependence of the kjv, term in the kinetic equation.
Components with different k; stream along the field at different velocities, causing

moments of F' to phase mix away.

As an illustration, consider the one dimensional kinetic equation

0 0
a—{ + U|a—]zF = 0(t) fo(z,v), (3.74)

where fy provides the initial condition. The solution to this simple equation
f(z,v,t) = folz — vt,v)H(t), provides Green’s function which can be used to
solve more general problems with additional source terms, such as the electric field
—(e/m)E, 22 Consider an initial condition with a small single harmonic pertur-
bation fy = (no+n1e”?)Fy(v). The general solution is just (ng-+mn,e*==*9), which
simply oscillates in time at w = kv and does not damp. However, upon taking ve-
locity space moments, the velocity integration introduces mixing of the phases as
follows:
ikz

n(z,t) = / fdv=mny+mn ‘ dv etV (207) (3.75)

\/ 2mv?

—k20262/2

The perturbed density n; = nyy—g)e decays with a Gaussian time depen-
dence. This decay due to linear Landau damping is not captured by a simple fluid
model with a finite number of moments, and hence it must be accounted for in the

fluid closure if it is to be included in a fluid model.

A method for deriving “Landau closures” which provide an accurate lin-

ear model of this effect has been developed by [HAMMETT and PERKINS 1990;
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HAMMETT et al. 1992; BEER 1995], and is closely followed here.

The introduction of electromagnetic effects does not significantly alter the
process of deriving Landau closures. One simply writes response functions in terms
of the total £ rather than ¢. In Appendix C, Landau closures are derived for the
general electromagnetic case with both parallel and perpendicular magnetic fluc-
tuations. Here we consider only perpendicular fluctuations, hence the magnitude
of the fluctuating field B is zero to first order in the perturbation. The general
response functions are given in Sec. C.5.1 and closures are derived in Sec. C.5.2.
Here we simply take the B; = 0 limit of the Sec. C.5.2 results, for the case in which
the equilibrium distribution is isotropic. In this limit the result is identical to the
earlier result of [DORLAND 1993]:

1|k |q
= 32p —n) +¢T) - ﬁD‘k—ll‘l (3.76)

il kylg.

T =P +pL—n— \/iDL 2
Il

(3.77)
where ¢, = (32 —97)/(37 —8), D, = 2y/7/(37 —8), and D, = /n/2. This closure
provides a good fit to the linear response functions, as shown in [HAMMETT and
PERKINS 1990; HAMMETT et al. 1993], as well as by the line labeled “44-2” in
Figs. C.1 and C.2.

Because the dissipative part of the closure above (the |k,|/k; terms) is writ-
ten in terms of moments with no equilibrium component, the fluctuating field makes
no contribution to the linear Landau closures. Hence the linear Landau closure is
equally accurate in the electrostatic and electromagnetic cases. However there is an
additional nonlinear Landau damping term due to A, which is discussed in Sec. C.8.
This and other nonlinear Landau damping mechanisms are not accounted for in the

fluid closures given here.
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Toroidal Closures

The velocity dependence of the VB and curvature drifts also introduces phase
mixing. This process is modeled using the toroidal closures derived by [BEER

1995], including dissipative pieces proportional to |wy|/wy.

Beer’s closures include both Maxwellian parts and dissipative pieces derived
by careful fitting with all parts of the kinetic toroidal response function, and can

be written in the following form:

|wal

Tt = Tpp+pL—4n — in—d (T + 1oT)) (3.78)
w
rotr., = p +5p.—3n— 2z’w—d‘ (vsT) + viT)) (3.79)
d

o wdl

St S = —@w—d (vsuy + veq) + vrq.) (3.80)
o wdl

S|,L + S1,1. = _Zw—d (VgUH + V9q -+ VIOQL) (381)

where the complex coefficients take the form v = v, + iv;|wy|/wq. The coefficients
chosen are, in the form (v.,v;), v1 = (2.019,—-1.620), v, = (0.433,1.018), v3 =
(—0.256,1.487), vy, = (—0.070, —1.382), v5 = (—8.927,12.649), v = (8.094, 12.638),
vr = (13.720,5.139), vg = (3.368, —8.110), vy = (1.974, —1.984), 119 = (8.269, 2.06).
As shown in Figs. 2.1 and 2.2 of [BEER 1995], these closures provide a good fit to
the linear toroidal response functions, including a reasonable model of the toroidal

branch cut at w/wg = —kfv7 /4wy

The issue of toroidal flow damping introduced by this closure is discussed

briefly in Appendix A.

Mirroring closures

The mirroring terms r, VvV In B, v, ,V,In B, and r, , V| In B incorporate trapped
ion effects and magnetic pumping. However, they do not introduce new dissipative

processes and hence they are closed with simple Maxwellian closures, again following



64 Chapter 3. Derivation of the Electromagnetic Gyrofluid Equations

[BEER 1995]:
T = pptpr—n, (3.83)
rii = dp, — 2n. (3.84)

Taken together, the closure approximations provide models of linear and
nonlinear FLR effects, as well as parallel phase mixing, drift resonance, and trapped
particle effects. The accuracy of these closures is tested extensively through linear
benchmarks with kinetic theory given in Ch. 4. Note especially Figs. 4.6 and 4.8
in which the performance of the gyrofluid model with the closures given above can

be compared to that of the MHD model with its simple collisional closures.

3.2.4 Ion Collisions

Ion-ion collisions are modeled with a simple particle, momentum and energy con-

serving BGK operator [GROSS and KROOK 1956]:
C(F)) =— Z vik(Fj — Farjr), (3.85)
k

where j and k are species indices, and vj; is the collision rate of species j with
species k. Collisions cause the distribution to relax to a shifted Maxwellian with
the appropriate total (equilibrium+fluctuating) momentum and energy. Upon lin-

earizing, the single species operator can be written:

C(F) = —vy {Fl - {n + u% 4T <2”—; - g)} FO} , (3.86)

where n, u,, and T = (1, + 27,)/3 are normalized fluctuating moments, and
v? = vf +4B% 2.

Ion-electron collisions are negligible due to the smallness of the electron-ion

mass ratio. Electron-ion collisions are considered in Sec. 3.3.3.
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3.2.5 Final Ion Gyrofluid Equations

Incorporating the parallel, toroidal, and mirror term closures defined above, and
including moments of the ion-ion collision operator, the final set of single species

electromagnetic ion gyrofluid equations can be written as follows:

dn ~ U 1. 1.

— T BV + 5Vive] VI = [5Viva] - Va (3.87)
_ (1 + %vi) iw, ® + (2 + 5vi) iwa® +iwa(py +p.) =0

du ) 1o 1. O0A -

d—tH + BVHEH + [§V2LV<1>] Vg, — [§V3VA} VT + a—tH +V® (3.88)

i & . 1.
+ (1 %v‘i) iw, Ay + (pL + §vi<b> V,In B

d ~ + 3u 1.
% + BY, q - Iy [§Viv@] VT, +2(q. +u,)V,InB (3.89)
— (1 + 1 + %Vi> iw, P + <4 + §Vi> iwy® + iwa(7py + po — 4n)
2
+ 2lwa|(n T +1.T)) = —gVii(Pu —pu)
d - gty le 22
% + B, QLB2 L+ [§Viv¢] Vo +[V,ve] - VT, (3.90)
1.

1. 1. 22
_ [§ViVA] V(g +uy) — [1 + §vi +n; (1 + §v3 + vl)} iw,®

3 . 22\ .
+ <3+ 5vi +VL) iwg® + iwy(dp, + p, — 3n)

1
+ 2lwa|(vsT) + 14Ty ) = sz'z'(pu —p.)
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dq ~ .
d_tH + 3ViT, +¢ VT, + \/§Du|kn|CIu +iwa(—=3q, — 3¢, + 6uy)  (3.91)
+ 3w A+ |wa| (Vs + vegqy + v7q.) = —1ig,
dq. ~ \/— 1es A2
r + VT + V2D, |klq. + [§VLV‘I’] -Vu + [Vchb] Vg, (3.92)

A2

~

1 -
- [vl——vim-vm[m( D+ Am) i] i, A,

@
1. d .
iwa(—q, — qu + uy) + |lwal(vsuy + voq + v109.) = —Viiq.

3.2.6 The Multi-species Ion Equations

The derivation in the previous sections has focused on the single ion species case
for simplicity. In general, tokamak plasmas may contain multiple ion species. In
some cases, such as the deuterium-tritium plasmas used in fusion experiments, the
bulk plasma may contain more than one dominant species. In addition, impurity

ions are expected to play an important role, especially near the plasma edge.

The extension to multiple ion species is fairly straightforward. A separate
set of gyrofluid equations must be solved for each species j, keeping in mind that
charge e, mass m, and the equilibrium moments (ng, 7y) and scale lengths are

functions of the species j.

Each species is normalized to its own ng, v; etc., but one ion species is chosen
as a reference. The reference species is designated with the subscript i, and the
following dimensionless constants are introduced, 7; = To;/T0i, v; = vij/vy, and
p; = pj/pi- Z is the ratio of the species charge to the unit charge, Z = ¢;/|e|, and
n; is the usual ratio of scale lengths n; = L,;/Lr;. The basic macroscopic length
is taken to be the electron density scale length L,., and the following normalized

scale length is defined for each ion species, [:nj = Lpj/Lne.
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The multi-species equations can then been written as follows:

dn ~ U 1.~ 1.
E + UjBVHEH + [§V3Vq>] . VTJ_ — [QViVA] : qu_ (393)
A Ty 1 52 YA o
— (1 + %Jp?Vi) D + (2 + —p?Vi) iw Y% g o iwap;vi(py +p.) =0,
L. 2 T;
du ~ P 1= 1= Vi 4 ~
v;Z OA 2V2 \ iw,
+ ]T—a—t” + (1 +n;(1+ p’z L)) i—UjA\\
J nj
7 V2 o
+ (pLjL; 32ld> vjVHInBjszdpjvj(qH+qL+4uH):0,
J
d - g +3 1.
Loy By, BTN 22 v] - VT + 205(q, +u)V, In B (3.95)
dt B 2
~A2v72 . ~AOT2 A
PV iws PV . puiZ
_ 1 (1 J Sl ) 4422+ D97 P
<+m(+ 2))Lnj +<+ 2>zwd .
LA . 2
+ dwapivi(Tpy + pr — 4n) + 2|wa| pjo; (N Ty + 12T, ) = —ng(Pu —Ppu),
d ~ +u 1. o
% + v;B*V, QLBQ Ly [§V2qu>] -Vp, + [p?VJ_V@] VT, (3.96)
1. A A% AN
= GVIvAl Vg ) = |1 == | 1+ 5= 4V, | | @
nj

3A2.@2 A2 I
+ (3 + % + pA?Vl> Z'wdpJT—j‘q) + iwdﬁjvj(Spi —i—pH — 3n)
J

) 1
+  2lwalpyu;(vsTy + vaT)) = g’/s(pu — ),

dqy

R + (3+ CH)UJ'@HTH + \@Dn?}j’kn |q) + iwapjvi (=3¢ — 3¢, + 6uy) (3.97)
Wy .
+ 3771£—UJ~AH + wal pjv;(Wsuy + veq) + v1qL) = —vsq,

nj
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d - I 2%
c(llzfL + oV T+ V2D vk lq. + [§Viv¢] Yy + [57V.ve] - Va. - (3.98)
N 1. 522 ﬁZ@Z Wy
— P {vl — §vi} va- VT + |n;(1+ 5V, )1+ ;) j2 - I A,
nj

Zv; 2V (dA|

o +V, @ — iwdﬁj“jA) + iwapjvi(—qy — qu +uy)

Tj 2

7, ,a2 PEV?
+ ( L= Dyt ;(P?VL‘I) - ]2 LCI’) v;VIn B
J

+  Jwalpjvj(vsuy + voqy + 1109, ) = —Vsq..

3.3 The Electron Landau Fluid Equations

For the electrons, a careful analytic expansion is constructed to allow a Landau fluid
treatment. Electron dynamics on the characteristic ion and Alfvén scales are treated
explicitly, while the fast electron transit time scale and the small spatial scales
associated with the electron gyroradius and the electron skin depth are removed

from the set of fluid equations to be solved numerically.

The electromagnetic electron Landau fluid equations include the effects of
electron temperature and density gradients, electron E x B motion, Landau damp-
ing, electron-ion collisions, and the parallel electron currents which, along with
parallel ion currents, give rise to the parallel magnetic potential. The equations
given here focus on the dynamics of the passing electrons. Developing an electro-
magnetic model of trapped electron dynamics analogous to the electrostatic model

of [BEER 1995] is left as an important piece of future work.

3.3.1 Analytic Expansion in the Electron Mass Ratio

Having undertaken the rather arduous task of deriving a set of electromagnetic
multi-species ion gyrofluid equations, it is perhaps tempting to simply substitute
the electron charge, mass, and equilibrium quantities into Eqgs. 3.93-3.98 and con-
sider oneself finished with the electrons. However, such an approach is numerically

challenging, and may involve spending a large amount of computational power
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resolving scales that are unnecessary for an accurate description of Alfvén-ITG
turbulence.” Here we invoke an analytic expansion in the electron/ion mass ratio,
similar to the technique employed by [KADOMTSEV and POoGUTSE 1985]. This
expansion removes the small electron gyroradius scale and the fast electron transit
time scale from the equations, leaving an efficient model appropriate for the study

of turbulence on ion and Alfvén scales.

Electron FLR

Examining the gyrokinetic ordering given by Eq. 3.1, we first note that &, p; is O(1).

An analogous treatment of the electrons would take k, p. ~ 1. However, because of

Tiomi
Teome

the large separation between p. and p; (by a factor of % 60 for a typical
deuterium plasma), it is numerically quite challenging to fully resolve both scales
in the same simulation. Furthermore, the focus of this work is on turbulence with
perpendicular scales on the order of the ion gyroradius. Both experimental obser-
vations and theoretical considerations suggest that microturbulence with k,p; <1
dominates turbulent transport in many cases.® Because we wish to resolve only
scales on the order of the ion gyroradius or larger, it is unnecessary and compu-
tationally costly to evaluate the finite Larmor radius (Jy and J;) terms for the

electrons.

For the above reasons, we employ a subsidiary formal ordering in the small-
ness of the electron/ion mass ratio in order to remove electron finite Larmor radius
terms. The gyroaveraging operator .Jy can be expanded 1+ k?p? +.... Noting that,
in the gyrokinetic ordering employed here, k, p; ~ 1, it is apparent that the first
electron FLR term is O(m./m;). Electron FLR terms are thus higher order in an
expansion in m,/m;. We introduce the subsidiary ordering parameter § ~ y/m./m;
and note that electron FLR effects first enter at O(§?). Hence it is possible to retain
terms through O(J) without introducing electron FLR terms.

"Nonetheless, such an approach may prove quite useful for simulating faster and/or smaller
scale turbulence such as that driven by the electron temperature gradient (ETG) mode.

8This is not to suggest that microturbulence on p. scales does not exist or could not be
important in some cases. Recent experimental observations in plasmas with ion transport barriers
in fact suggest such electron scale turbulence may play a role. However, such electron scale
turbulence requires a different modeling approach and is not considered here.
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Electron Transit

The small electron mass also implies a fast electron thermal speed (v > vy;), and
rapid electron streaming along the magnetic field. The speed of this streaming
motion along the field puts a constraint on the size of the time step which can be
used in an explicit numerical simulation. Adding electron parallel dynamics to a
simulation which previously modeled only ions reduces this time step constraint
by a factor of \/JW ~ 60 for a deuterium fusion plasma. This is a very
severe numerical burden, though perhaps one that it may be possible to contemplate

bearing in the near future, as computational power continues to increase.

Here we again impose the mass ratio ordering /m./m; ~ § < 1, allowing

the fast electron transit motion to be analytically removed.

General Ordering

The use of the electron/ion mass ratio as an ordering parameter has a long history
in plasma physics. It has been invoked in nearly all forms of the magnetohydro-
dynamic equations as well as in the more detailed equations of [KADOMTSEV and
PocuTse 1985], and in many other fluid and simplified kinetic formulations. In
the context of gyrokinetics, the mass ratio expansion has generally been used to
justify the neglect of electron FLR terms, and treatment of electron dynamics with
the drift kinetic equation. However, the mass ratio ordering has often been ne-
glected in the derivation of fluid equations from the drift kinetic equation. Here
we wish to consistently apply the ordering m./m; ~ O(6?) to all terms in the drift
fluid equations before relaxing this ordering to include additional physical effects
in Sec. 3.3.3.

The fundamental assumption is that the fluctuating scales of interest are
those typical of ion thermal, drift and gyro-motion, and those of Alfvén waves.
Length and time scales associated with electron thermal and gyromotion are taken

to be small.
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For a typical perpendicular wavenumber k, , we impose the following order-

ing:
kil ~ Pi C/wpi > e, C/WP& (399)

where w, is the plasma frequency. The lengths on the left are independent of the
electron mass, while the two lengths on the right are proportional to y/m.. Note
that the skin depth c¢/w,; can be written as Pj\/m for the single species case,
where the species 3; = 8mng;Ty;/B?*. Formally we take 3 ~ O(1), and then the
above ordering of lengths follows directly from \/m,/m; ~ O(4).

For a typical fluctuation frequency w we choose the ordering;:

w ~ knvti ~ Wy ~ Wpj ™~ Wpe ™~ kucs ~ anA < knvte ~ WETG,
(3.100)

where wp is the curvature and VB drift frequency, ¢, = \/m is the cold ion
sound speed, and vy = B/v/4mngm; is the Alfvén speed. We define wprg to be a
frequency characteristic of the electron temperature gradient (ETG) mode. These
short wavelength modes typically have ky ~ 1/p., and hence wgrg ~ \/Ww*,
where w, is the diamagnetic frequency taken with kgp; ~ 1. The quantities on the

left are independent of m, while those on the right are proportional to me 12,

The desired time and length scale orderings above are both formally ac-
complished simply by taking m./m; ~ O(6?) and 3; ~ O(1). The constraints
on the validity of this expansion are found through inspection of Eqs. 3.99 and
3.100. The separation of scales between the Alfvén frequency and the electron
transit frequency (and equivalently between p; and the electron skin depth) requires
Be > 2m./m;. In fusion relevant plasmas, this condition is generally satisfied ev-
erywhere except very near the plasma edge. Another constraint is provided by the
condition w, < kjv,. Using a typical ballooning &k, ~ 1/qR, and w. ~ kgp;v;/ Ly,
this requires k:gpz-\/m < Ly, /qR. For large kgp; ~ 1, this condition can break
down in the extreme edge region where ¢ is often large, while L,, can become rather
short.
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3.3.2 Derivation of the Electron Equations

The formal expansion in mass ratio can now be used to derive a set of equations
which describe electron dynamics consistent with the time and space scale orderings

described above.

It is critical to observe that the fluctuations we wish to evolve, including
those in the electron moments 7., @, P. €tc., occur on the ion/Alfvén scales.
Hence the fluctuating electron moments should be normalized to ion quantities
v; and m;, so that a consistent ordering is easily maintained.” We normalize the
fluctuating electron moments as follows:

Ly ne e Pe de Te Se

(ne7ue7p67qeare786) = ) 2 3 4 5)a
Pi Mo Vg MMMV, NIV MM Uy T Uy,

where the normalized quantities on the left are all O(1). In the general multiple
ion species case, the quantities m; and vy; above refer to the reference ion species,
as in Sec. 3.2.6.

This normalization is different than that employed in Sec. 3.2.6, where each
species’” moments are normalized to its own mass and thermal velocity. Hence
we must revisit the unnormalized moment equations, and carefully implement the
above electron moment normalization. Lengths, times, and the fields ¢ and A, are
normalized as in the ion equations. The unsubscripted normalized operators are
again defined in terms of the Z = 1 ion charge (e), the reference ion species mass
(m;) and temperature (Tp;), and the equilibrium electron density (ny) and density
scale length (L,):

Ln CTOi ~
0, = — " bxV, 3.102
iw o B Vng-b xV ( )
" Ly, cTy;
Wy = U_tieBgB x VB -V. (3103)

9A normalization to Alfvén scales v4 and m;, or the sound wave scales ¢, and m; would also

be feasible.



3.3. The Electron Landau Fluid Equations 73

The normalized electron operators are defined to be w,, = @,/7 and @Wg. = —Wy/T,
where 7 = To; /Toe.

The normalized electron density equation becomes:

one
ot

+vg-Vn,+ B@H e — w4+ 1wy (2¢ — 2n. /7 —T)e — T..) =0,

(3.104)

where the carets on normalized quantities have been dropped for conciseness of
notation. The notation @H =V, - b x VA, -V has been employed. Note that no

factors of m. appear in the above equation, and all terms are of the same order.

The momentum equation can be written:

me Ouy,

pHe

A
Z—VE Vg, + BV, (L4, Jies, ! (3.105)

Mme . ~
+ El&)d(q“e + qLe + 4““@/7—) ek VH¢ —l—pLeVH lnB = 0

ot
The electron momentum term, which is associated with the electron skin depth,
and the curvature and VB drift terms are both small by a factor of m./m; ~
§2. Neglecting these higher order terms, and expanding the pressure, noting that
Py, = Tje + ne/T because of the normalization to ion temperature, the momentum

equation can be recast as a time evolution equation for the magnetic potential:

94

1 A
5 + V¢ — =Vin.— VT, — (14 ne)iw, TH + (7]

T.,)V,InB = 0.
(3.106)

le

The equations for T}, and 7', needed to complete the above set come from
the ¢, and ¢q,, moment equations. The p,, and p,, moment equations provide

information on the next order evolution of the temperature fluctuations.

The g, and ¢, equations contain the higher moments r. and s. which are
closed as in Sec. 3.2.3. However, the electron closure terms are not in general O(1).
Consider for example the Maxwellian closure for the moment r; . This closure
is derived by taking the first order fluctuating part of the generalized Maxwellian
result ;. = 3p,2/men.. The factor of 1/m, insures that this term is O(672). In
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the normalized units:

Tile GﬁTHe + 3#"& (3.107)
TMe 2me,

and similarly for r, . and r, , . The Landau damping portion of the closure is
smaller than the Maxwellian part by \/m./m;, and is neglected here, though it is

reconsidered in Sec. 3.3.3.

Before normalizing or substituting in the closures, the ¢, equation can be

written to lowest order:

.7 - B T2 eA Tos
BY, rge  373.BY, TS le_ | 3ne”fn e e, ETO'. +3(Fj, — " h)V B =0,

where the d/dt and w, terms again drop out, as they are higher order in m./m,.

Substituting the Maxwellian closures, normalizing and simplifying gives:
V\T). + neiw, A, /7 = 0. (3.109)

The second term on the left is the gradient of the equilibrium temperature Tj. along
the perturbed field, b x VA, - VT, or equivalently the gradient along the total
field @HT 0e, as Ty is constant along the equilibrium field. Eq. 3.109 can thus be

written in the more physically intuitive form:

1
Vi(T), + Toe) = = (Bo + By) - V(T), + Toe) = 0. (3.110)

B

le

Quite simply, the total temperature is constant along the total magnetic field in-
cluding fluctuations. This result is precisely what is expected from our ordering of
the velocities vy, v4 < v. The speeds of the microturbulence being evolved are
all slow compared to v, and furthermore the Alfvén speed at which the magnetic
field fluctuates is also much less than the electron thermal speed. Hence as the
field fluctuates across the equilibrium temperature gradient, the electrons are able
to almost instantaneously re-thermalize, leaving no electron temperature gradient
along the total field. Note that this condition is quite different from the occasion-

ally employed closures Vufe =0, or T, = 0, both of which fail to properly account
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for the magnetic fluctuations across the equilibrium temperature gradient, and can

lead to errors when 7, is finite, as shown in Fig. 2.3 in the local fluid limit.

Turning now to the ¢,, moment equation, and again inserting Maxwellian

closures, normalizing, and keeping only the dominant terms, the equation becomes:
VT, +neiw. Ay )7+ (T, —T,)V,In B = 0. (3.111)

Again the second term is simply the derivative along the perturbed field of the

equilibrium temperature (Tg.). A mirror force term enters as well.

Eqgs. 3.109 and 3.111 can be recast by defining T, = (T} +7.,)/2 and 6T, =
(T'., — T,,). Note that once Eq. 3.109 has been substituted into the momentum
equation, the temperature enters the momentum equation only as a mirroring term
0T,V In B, and enters the density equation only as —iwsI.. The equations for T,
and 07, are:

- 5T,
ViTe + eiw. Ay /7 + = “V I B =0, (3.112)

(V, +V,InB)dT, = 0. (3.113)

The simplest solution to Eq. 3.113 is 7. = 0. This solution is always valid, and
is especially satisfactory because it is the only valid solution in the limit of high
electron collisionality. Also, in the limit of small mirror force, 07, does not ap-
pear in the moment equations. Because this model describes only passing electron

dynamics, the mirror force is expected to play a small role.°
The full set of normalized electron equations is then:

on.
ot

Uyg
B

+VE‘vne+B€H —zw*gb—f-szd(qb— E _Te) :07
T

(3.114)

0However, we intend to include a finite mirror force term in the electron momentum equation in
the future, to more accurately model electron dynamics, particularly in low aspect ratio tokamaks.
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A, - 1 1
L4V — =V n. — —iw. A, =0, (3.115)
ot T T
VT = — i, A, (3.116)
T

where the T, term in Eq. 3.114 is calculated by numerically inverting Eq. 3.116.

The above set of equations represents a fairly simple and elegant model of the
electron dynamics on Alfvén and ion scales. While only two moment equations need
be solved, the physics content of a full six moment model has been incorporated to

lowest order in m./m;.

Though the model is simple, it represents a very substantial improvement
over the adiabatic electron models (ne/7 = ¢ — (#) . jace) that have been used to
describe the passing electrons in most previous gyrofluid and gyrokinetic particle
simulations. In addition to finite-3 effects and Alfvén wave dynamics, the above
model also incorporates electron E x B, curvature, and VB drift motion, as well as
the E x B nonlinearity and four additional nonlinear terms due to magnetic flutter.
The accuracy of this model in describing both finite-( drift waves and shear Alfvén

waves is gauged in Ch. 4 with an extensive series of linear benchmarks.

Furthermore, the numerically crippling effects of short electron space and
time scales have been entirely removed. Because the electron mass appears nowhere
in Eqgs. 3.114-3.116 or in the normalizations, it is apparent that the electron scales,
(Pe, ¢/Wpe, kyVie, wpre), all of which contain the electron mass, have been success-

fully removed from the equations which are numerically evolved.

It is shown in Appendix B that the above electron model preserves magnetic

flux surfaces.

3.3.3 Electron Collisions and Landau Damping

One consequence of keeping only the lowest order terms in the mass ratio expansion
is the absence of any damping mechanism in the electron channel. It is well known

that damping terms, even when linearly small, can have a dramatic impact on
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the nonlinear dynamics of an otherwise dissipationless system. While the gyrofluid
system has dissipation through ion collisions and ion Landau damping, it is expected

that damping in the electron channel may play an important role as well.

The dominant electron damping mechanisms are expected to be Landau

damping and pitch angle scattering collisions with ions.

Both of these mechanisms can be included via a formal relaxation of the mass
ratio ordering in which terms small by \/W are kept, while those proportional
to m./m; are neglected. Formally, the subsidiary expansion in 0 ~ \/m./m; is
now truncated at O(6%), and terms of O(J) are retained. Note that the finite m,
terms neglected in the derivation of Eqgs. 3.114-3.116, except for the Landau closure
terms, were small by a full power of m./m; and do not re-enter with this relaxed

ordering.

The [HAMMETT and PERKINS 1990] Landau damping operator comes in at
O(0). For a two moment model, the Landau closure appears in the momentum

equation and takes the form:

T M,

No
2 m;

sl ky|dye, (3.117)
where the units are appropriate for insertion into Eq. 3.105. In the normalized
units of Eq. 3.115, this becomes:

[T me
IV y— |I<f|\|uue- (3'118)

Note that we have introduced the Landau damping operator in an odd moment (u),
which has no equilibrium component, so that there is no linear magnetic flutter
contribution to the Landau closure, avoiding a concern expressed by [FINN and
GERWIN 1996]. However, magnetic flutter does introduce an additional nonlinear
Landau damping term, as discussed in Sec. C.8. The size of this term has been
calculated in simulations and found to be small. However, including it in future

simulations is of interest, as discussed in Secs. C.8 and 7.2.

Electron-ion collisions are modeled with a Lorentz pitch angle scattering

operator. Adding this operator to the right hand side of the drift kinetic equation
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and taking moments leads to the following collision term in the normalized electron

momentum equation:

Me

Vel (e — ), (3.119)
where v,; is the effective scattering rate, normalized to v;;/L,. Formally we may
choose to order v,; ~ 6~* so that the collision term enters at O(d). Of course this
is simply a caveat to maintain a formally consistent ordering in the mass ratio. It
is recognized that the collision term is often smaller than other neglected terms.
The collision term is kept in some cases simply to explore the importance of this

damping mechanism in the electron channel.

Including the above models of Landau damping and pitch angle scattering in

the electron momentum equation, the final set of electron equations can be written:

E)ne = U, . . Ne
5 +vg-Vn,+ BV, g — 1w + 2iwg(¢p — e T.) =0,
(3.120)
0A /
8tH + VM Hne - W*An |ku|une = Vez (uHe “uz)
(3.121)
VT, = —%MA”. (3.122)

This electron model can be viewed as an extension of the equations of
[KADOMTSEV and POGUTSE 1985] to include toroidal drifts, parallel ion flow,
and an improved Landau damping model which properly phase-mixes E x B driven

perturbations.!!

HIHAMMETT and PERKINS 1990; HAMMETT et al. 1992] showed that a Landau damping model
like that employed in Eq. 3.121 provides an n-pole approximation to the Z-function response for
all frequencies, and unlike the ¢, = iE, Landau closure employed by [KADOMTSEV and POGUTSE
1985], is of the proper form to model the linear propagator and properly phase mix E x B driven
perturbations.
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The model can be reduced to the familiar adiabatic response in the appro-
priate limits. Taking the limits 3 — 0, which implies A, — 0 from Eq. 3.125,' and
me/m; — 0, Eq. 3.121 reduces to the adiabatic electron response V(¢ —n./7) = 0;
or, with the appropriate choice of constants, n. = 7(¢ — (¢)). The adiabatic re-

sponse can also be derived in the formal limit k£, — oo.

Upon neglect of the “small scale” effects associated with the Vp term in
the momentum equation (here these are the Vn, and iw,A, terms), and in the
limit m./m; — 0, Eq. 3.121 reduces to the parallel ideal MHD Ohm’s Law E|, =

A @Hgb = 0. Including the collisional term gives the parallel Resistive MHD

ot
Ohm’s Law. Adding the —1/7(V n, —iw.A,) terms gives a version of the extended
MHD Ohm’s Law appropriate for w < k;v,.. Some versions of extended MHD treat
the electrons quite similarly to the above model, though, with the exception of the
version described in Appendix C, they generally do not include a Landau damping

term.!?

3.4 Poisson’s Equation and Ampere’s Law

The system of equations is completed using the gyrokinetic Poisson’s Equation and

Ampere’s Law.

In the limit of small Debye length, kAp < 1, the gyrokinetic Poisson’s

equation becomes a quasineutrality constraint [LEE 1983]:
Ne = Nj — (1 - FO)gba (3123)

where 7, is the gyrophase independent part of the real space ion density. The
(1 — Ty)¢ term, often called the polarization density, arises from the gyrophase
dependent part of the distribution function, and accounts for the difference between

guiding center density and ion particle density.

12This of course assumes u . and u,; remain finite as 3 — 0. See Sec. 2.3.1 for a more detailed
discussion of this electrostatic/adiabatic electron limit.

130ther versions of extended MHD include the electron inertia term which has been neglected
here, and some versions do not assume w < kv, and hence can have electron temperature
gradients along the magnetic field.
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Following [BEER 1995], the transformation from gyrocenter to real space is

accomplished with the simple Padé approximation:

1 2b
n; = ;— T, 124
e A AR (3.124)

where b = k? p?. This approximation is first order accurate in b for both n; and T,

and it behaves properly (n; — 0) for large b.

Within our gyrokinetic ordering, the parallel Ampere’s Law can be written
[BRIZARD 1992]:

V3A = ——2(u, —u,), (3.125)

where 3, = 8mnoTy./B>.

The transformation to real space is again accomplished with a Padé approx-

imation:

_— 1 B 2b
s = 1+b/2“\u (2+b)2q“'

(3.126)

Poisson’s Equation (Eq. 3.123) and Ampere’s Law (Eq. 3.125), together with
the six ion moment equations (Egs. 3.87-3.92), the two electron moment equations
(Egs. 3.120-3.121), and the T, condition (Eq. 3.122), provide a complete description
of the ten unknowns (n;, wy;, py;, Piis Qi Qois Nes Uy, Te, ¢, and A;). The system
is solved by evolving the eight partial differential equations in time, while using
Eq. 3.123 to solve for ¢, Eq. 3.125 to solve for u , and Eq. 3.122 to solve for T..

The full set of equations is evaluated with an extensive set of linear bench-

marks in Ch. 4, and solved nonlinearly in Chs. 5 and 6.



Chapter 4

Linear Benchmarks with Kinetic

Theory

ENCHMARKING THE MODEL against linear kinetic theory is an
important step in verifying the accuracy and reliability of both the
electromagnetic gyrofluid physics model and the simulation code used

to implement the model.

An extensive series of linear benchmarks in the electrostatic case has been
performed by [BEER 1995], so we focus here on the impact of finite plasma g.
Finite-( effects on the ion temperature gradient (ITG) instability are benchmarked
both in slab and toroidal flux tube geometry. In addition, the growth rates and real
frequencies of the kinetic Alfvén instability are benchmarked in toroidal geometry.
Both the case with no temperature gradient and the more interesting case with
finite ion temperature gradient are investigated. It is shown that the gyrofluid
model is able to reproduce the finite growth rates of the kinetic Alfvén mode below
the ideal MHD f-limit in this case.

It is important to note that this set of benchmarks provides a test of the
electron physics model, as well as the ion physics model. While a simple adiabatic
electron model can produce the correct ITG growth rate in the electrostatic limit,
this is not at all the case for the finite-3 ITG and KBM cases considered here, as
discussed in Sec. 2.3.4. A description of electron VB and curvature drift motion and

proper consideration of magnetic flutter across equilibrium electron temperature

81
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gradients are required to accurately calculate growth rates of both the finite-g ITG
and KBM instabilities.

It is not straightforward to do benchmarks for linearly stable modes which
could play some role in nonlinear saturation. An important example is the zonal

flow mode, which is discussed in Appendix A.

4.1 The Finite-g ITG Instability

As discussed in the first two chapters, the ion temperature gradient (ITG) instabil-
ity is believed to play a critical role in core transport. Capturing the finite-( effects
on this mode has been a principal motivation for developing an electromagnetic

turbulence model.

Comparisons of predicted linear growth rates and frequencies of the finite-(3
ITG are made with linear kinetic integral codes in both sheared slab and toroidal

geometry.

4.1.1 Benchmarks in Slab Geometry

We first test the electromagnetic gyrofluid model against linear kinetic theory in a
nonlocal sheared slab geometry. This comparison emphasizes the electromagnetic

effects on the I'TG mode while omitting for now the effects of toroidal geometry.

The comparison uses a linear integral code developed by [REYNDERS 1994].
This code calculates the growth rates and frequencies for all the radial eigenmodes
of the system, and it has been successfully benchmarked against the earlier work

of [DONG et al. 1988], which considered only the fundamental eigenmode.

Fig. 4.1 shows a comparison of predictions of linear growth rate as a function
of kyp; at =0 and at § = 0.2%. The other parameters chosen are n; = 1, = 3,
T;/T. =1 and Ly/L, = 40. The linear kinetic theory growth rates for two separate
radial eigenmodes (I = 1 and [ = 2) are shown, as well as the gyrofluid predictions.

Because the gyrofluid code is an initial value code, it is expected to converge to
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Figure 4.1: Linear growth rate spectra of the slab ITG mode, for 5 = 0 and 8 = .2%,
with ; = n. = 3, 7 = 1, Ly/L, = 40. The growth rate, in normalized units of
v/ Ly, is plotted as a function of k,p;. The electromagnetic gyrofluid model is
compared to two radial eigenmodes calculated by Reynders’ linear integral code.

the fastest growing eigenmode. Good quantitative agreement is found, with the
gyrofluid model accounting for both the strong finite-3 reduction in growth rate

and the shift in the peak to longer wavelengths.

The sheared slab system often contains a number of eigenmodes with similar
growth rates, complicating the comparisons. Fig. 4.2 shows both the linear growth
rates (positive) and real frequencies (negative) for the same parameters as Fig. 4.1.
The electrostatic (8 = 0) case is plotted above, and the § = .2% case is below.
Here it can be seen that different eigenmodes dominate at different values of &, p;,
and that in some cases the growth rates of different eigenmodes are so close that
the initial value gyrofluid code oscillates between two modes. For cases with a
clearly dominant eigenmode, good agreement is found in both growth rate and real

frequency for both electrostatic and electromagnetic cases.
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Figure 4.2: Linear growth rate (positive) and real frequency (negative) spectra of
the slab ITG mode, for 5 = 0 (a) and f = 2% (b), with n;, = n. = 3, 7 =
1, Lg/L, = 40. The gyrofluid model is compared to multiple radial eigenmodes
calculated with Reynders’ linear integral code.
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4.1.2 ITG Benchmarks in Toroidal Geometry

Ultimately, the model is to be employed in simulations in toroidal geometry, and it

is here that benchmarks are most important.

Linear kinetic theory for the electromagnetic case in nonlocal toroidal ge-
ometry is quite involved, and a fairly limited set of codes is available. Two kinetic

codes are considered here.

The first kinetic code, developed by [KiMm, HORTON, and DoNG 1993],
solves a simplified set of integral equations in ballooning coordinates, using an
s — « equilibrium model. This code makes a number of approximations in order to
develop a simpler set of equations. Among the most important are the neglect of
v, and v, variation along the field lines, and the ordering w ~ wp; ~ wpe <K |k vtel.
While these approximations are similar to those used in the derivation of the elec-
tron equations in our model, they nonetheless make this code somewhat less fun-
damental. However, for the parameters chosen in the benchmark case (particularly

r/R = 0), the approximations are expected to be well justified.

Fig. 4.3 shows a benchmark using parameters selected from Fig. 6a in [Kim
et al. 1993]. The plot shows linear growth rate vs. the safety factor ¢, at two values
of . Quantitative agreement in the finite-3 case is found to be as good as in the
electrostatic case. The trend emphasized by [KiM et al. 1993], that finite-( effects

become more important at higher ¢ is clearly reproduced by the gyrofluid model.

The structure of the eigenfunctions of ¢ and A, in ballooning space has also
been analyzed. For the parameter set § = 0.8%, n; = 2.5, . = 2, kep; = 0.5,
en = 0.2, s = 0.6, ¢ = 1.5, and 7 = 1, the gyrofluid eigenfunctions have been
compared to Fig. 5 of [KiMm et al. 1993]. Good agreement is found in both the
shape and parity of the real and imaginary eigenfunctions of ¢ and A, as well as in
the ratio A;/¢ < 1. We note that the real part of ¢ has even parity, while the real
part of A is odd, and in the normalized units, the ratio ¢pnqe./A;,, ., =~ 15. The
eigenfunctions extend roughly 27 in ballooning angle before becoming negligible.
The shape and parity of these eigenfunctions and the ratio A, /¢ < 1 are all typical
of the finite-g ITG mode.
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Figure 4.3: Linear growth rates of the toroidal ITG mode as a function of the safety
factor ¢, for 8 = 0 and 8 = .8% , with ; = 2.5, 5. = 2, kgp; = 0.5, ¢, = 0.2, s = 0.6,
and 7 = 1. The gyrofluid model is compared to linear kinetic theory of [Kim et al.
1993] in § — v geometry, with a = ¢*3./€,[1+ 1. +7(1+n;)] chosen to be consistent
with g and q.
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Figure 4.4: Linear growth rate (positive) and frequency (negative) spectra of the
toroidal ITG mode, for § = 0, § = 4%, and = .6%. The gyrofluid result
is compared with results from M. Kotschenreuther’s linear gyrokinetic code (runs
performed by W. Dorland). Parameters are n; =n. =5, R/L, =3, s =1, q = 2,
a=0,m./m;=0and 7 = 1.

A second set of toroidal benchmarks employ the widely used GS2 linear
gyrokinetic code developed by M. Kotschenreuther [KOTSCHENREUTHER et al.
1995]. GS2 is an initial value code which solves integral equations in ballooning
coordinates. It is a very complete code which can include both finite electron mass
and parallel magnetic perturbations. The code can be run in general geometry, but

is operated in a simple circular equilibrium for the comparisons shown here.

Fig. 4.4 shows a comparison of linear growth rate and frequency spectra
at three values of 3. Good agreement is found at all three (§ values, and the
dramatic finite-( stabilization of the I'TG seen in this case is well reproduced by
the gyrofluid code. Both codes have been run with zero electron mass and with
0B, = 0 to simplify the comparison. It should be noted that although the absolute
values of 3 shown are small, they represent a significant fraction of the ideal MHD
G limit for this case (5. ~ 0.8%).
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Figure 4.5: Linear growth rate (positive) and frequency (negative) spectra of the
toroidal shear Alfvén mode. The gyrofluid model is compared to the kinetic code
of [HONG et al. 1989], in a simple circular equilibrium at 8 = 6.25%. Other
parameters are s =1, ¢ =2, 7=1, ¢, =0.25, 3, = 1. = 0.

4.2 The Kinetic Alfvén Instability

The electromagnetic gyrofluid model also introduces shear Alfvén wave instabilities
not found in the electrostatic case, as described in Sec. 2.1. These kinetic Alfvén
instabilities are expected to play an important role in transport in cases where
they are driven unstable below the ideal MHD threshold by the toroidal ion drift
resonance. Benchmarks are performed both in the flat temperature gradient case,
where the kinetic Alfvén wave goes unstable exactly at the ideal MHD (., and
the finite ion temperature gradient case, where the kinetic Alfvén wave is unstable
below (..
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4.2.1 Benchmarks with Zero Ion Temperature Gradient

A set of benchmarks is performed against the kinetic code developed by [HONG
et al. 1989]. It should be noted that this code does not solve the complete kinetic
equations, but rather focuses on the coupling between drift and shear Alfvén waves,

and neglects ion transit and bounce frequency resonant effects.

Fig. 4.5 shows a comparison with Fig. 1* in [HONG et al. 1989]. Growth rate
and frequency spectra are compared in a simple circular geometry at 5 = 6.25%.
Excellent agreement is found for the frequency, which is nearly dispersionless with a
phase velocity of roughly —.6¢sps/ Ly, in the ion diamagnetic direction. Agreement
for the growth rate is also good, though some variance is seen at short wavelengths.
The slight disagreement at higher kyp; may be due at least in part to differences in
the numerical resolutions used in the two codes. In cases such as Figs. 4.1, 4.2, and
4.4, where the numerical resolution used in the kinetic codes is known, an attempt
is made to use equivalent resolution in the gyrofluid code. However, the resolution
used by [HONG et al. 1989] is unknown. High resolution gyrofluid runs® are shown

in Fig. 4.5, although agreement is somewhat better at lower resolution.

Fig. 4.6 shows the growth rate and frequency of the Alfvén mode as a func-
tion of 3, at kgp; = .5. An s — a equilibrium model is used, and the ideal MHD
prediction is shown for comparison. Because n; = 0, kinetic theory and ideal MHD
agree about both the critical 5. = 3.7% for instability, and the 3 value at which
the second stability region is entered. Agreement between the gyrofluid model and

kinetic theory is very good for both frequency and growth rate.

4.2.2 Benchmarks with Finite Ion Temperature Gradient

The kinetic Alfvén wave becomes particularly interesting in the presence of finite
ion temperature gradient, because as shown by [ANDERSSON and WEILAND 1988],

finite 7; is a necessary and sufficient condition for instability of the shear Alfvén

!The figure captions on Figs. 1 and 2 on p.1593 of this article have been reversed. The figure
in the upper right is Fig. 1, while the figure in the lower left is Fig. 2.

2The gyrofluid runs in Fig. 4.5 use a box length of 67 radians along the field, with 128 parallel
grid points. Further increases in box size and resolution do not significantly affect the results.
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Figure 4.6: Frequency (negative) and linear growth rate (positive) of the toroidal
Alfvén mode vs. (B, with n; = n. = 0, kgp; = 0.5, ¢, = 0.25, s =1, ¢ = 2, and
7 = 1. An s — « equilibrium model is used, and for these parameters, o = 16 5.
The gyrofluid model is compared to linear kinetic theory by [HONG et al. 1989].
The ideal MHD prediction is also shown.
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Figure 4.7: Frequency (negative) and linear growth rate (positive) spectra for the
toroidal Alfvén mode in the presence of a finite ion temperature gradient. Param-
eters chosen are n; =2, . =0, ¢, =0.25, s =1, ¢ = 2, and 7 = 1. The gyrofluid
model is compared to linear kinetic theory by [HONG et al. 1989] at two values of
B = 3.125%, 6.25%.

branch below the ideal MHD [ limit. Hence this mode may play a significant and
direct role in driving transport in plasmas thought to be ideal MHD stable.

A set of benchmarks is again performed, using parameters and results from
[HONG et al. 1989]. Fig. 4.7 shows frequency and growth rate spectra for the
toroidal shear Alfvén mode at two values of 3 = 3.125%, 6.25%. Other parameters
are identical to Fig. 4.5, except that n; = 2. Agreement between the two models is
fairly good, with the gyrofluid model correctly accounting for the dramatic increase
in growth rates at finite 7;. In Fig. 4.8 the growth rate of the toroidal Alfvén mode
is shown as a function of 3. Parameters are identical to Fig. 4.6, except that a
finite ion temperature gradient has been added (n; = 2). The Alfvén mode is now
unstable both well below the ideal MHD [, and well into the ideal MHD second
stability region. The gyrofluid model is able to capture both of these effects. Note

that the initial value gyrofluid code converges to the Alfvén mode only when it
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Figure 4.8: Linear growth rate of the toroidal Alfvén mode vs. (. Parameters
identical to Fig. 4.6 except that 1; = 2. An s — « equilibrium model is used, and
for these parameters, a = 323. The gyrofluid model is compared to linear kinetic
theory by [HONG et al. 1989]. The ideal MHD prediction is also shown.
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Figure 4.9: Linear growth rate of the toroidal Alfvén mode vs. magnetic shear, at
two values of €, = 0.1,0.25, for § = 9.375%, kgp; = 0.3, ¢ =2, 7 =1, 7, = 2, and
ne = 0. The gyrofluid model is compared to linear kinetic theory by [HONG et al.
1989].

is dominant. Below 8 ~ 1.5%, the ITG becomes the dominant mode at these

parameters.

A final benchmark, Fig. 4.9, shows the growth rate dependence on the mag-
netic shear, for two different values of ¢,. Again quantitative agreement is reason-
ably good, with the gyrofluid model successfully reproducing the trends emphasized
by [HONG et al. 1989].

4.3 Summary

A series of benchmarks has been performed against four linear kinetic codes. Gen-
erally good agreement in growth rates and real frequencies has been found between
the gyrofluid model and four kinetic codes. In particular, the gyrofluid model has

been found to successfully reproduce the finite-3 stabilization of the ITG mode in
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both slab and toroidal geometry. Growth rates and frequencies of the kinetic toroi-
dal Alfvén mode match reasonably well with kinetic theory, and the finite n; effects
on both the critical # and the second stability region are successfully reproduced.

Good agreement in the linear mode structure of ¢ and A; has also been found.



Chapter 5
Nonlinear Simulations

ONLINEAR SIMULATION of electromagnetic turbulence and trans-
port can now be undertaken, using the model developed in Ch. 3 and
tested linearly in Ch. 4. High resolution, three dimensional simula-
tions are used to investigate the nonlinear behavior of microinstabili-
ties driven linearly by both finite-3 ITG and kinetic shear Alfvén instabilities.

These simulations reveal a number of interesting changes in microinstability
behavior with the introduction of electromagnetic effects. At moderate (3, the finite-
[ stabilization of the ITG mode leads to a significant reduction in heat fluxes from
their g = 0 levels. However, as  approaches the ideal MHD ballooning critical .,
a significant increase in heat flux occurs. This increase is dramatic when electron
dissipation from electron Landau damping and electron-ion collisions is included
in the model. The increase is accompanied by a marked reduction in dominant

time-scales of the turbulence.

The electromagnetic simulations, like earlier electrostatic simulations, pro-
duce density fluctuation spectra which peak at kgp; ~ 0.1 — 0.2, and which are
strongly anisotropic in k, and kg, in qualitative agreement with measurements by
[FONCK et al. 1993]. Furthermore, the electromagnetic simulations produce ion
temperature fluctuation spectra which are similar in shape to the density spectra,
with a ratio (T'/Ty)/(1i;/no) = 2.5 relatively independent of the simulation param-
eters, in agreement with the observations of [EVENSEN et al. 1998]. A narrowing

in the peak of the fluctuation spectrum with increasing [ is also observed.

95
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Figure 5.1: The rectangular computational domain mapped onto a flux tube in a
torus, with ¢y = 2.4 and shear, s = 1.5. The ends of the flux tube are cut off
at poloidal angle —7 and 7, and the sheared cross-sections of the flux tube in the
poloidal plane are indicated. [Figure courtesy of M. A. Beer.]

5.1 The Flux Tube Geometry

Nonlinear simulations are carried out in a computationally efficient flux tube ge-

ometry using the field-aligned coordinates developed by [BEER et al. 1995].

This geometry takes advantage of the highly anisotropic nature of micro-
turbulence in a strong magnetic field. Correlation lengths tend to be very long in
the direction of B and short perpendicular to B. Hence a computational domain
extending along the field is chosen, with a relatively short extent perpendicular to
the field.

The computational domain is illustrated in Fig. 5.1. This long, thin, twisting
flux tube is mapped onto a simple rectangular domain using the transformation
described in detail by [HAMMETT et al. 1993; BEER et al. 1995], building on
earlier work by [ROBERTS and TAYLOR 1965] and [COWLEY et al. 1991]. The

transformation can be written:

To

r = Biio<¢—¢0), y=-_lla—a), =0 (5.1)
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where ¢ = (2m)7? [drB - V0 is the poloidal flux, ¢y = (2m)™% [d7B - V¢ is
the toroidal flux, dr is the volume element, ¢(v) = dir/dy, g = q(w), a =
¢ —q() —v(,0,9), By is the field at the magnetic axis, ry is distance from the
magnetic axis to the center of the box, and ¢ and # are the physical toroidal and
poloidal angles. All physical quantities, and v(1, 0, ¢), are periodic over 27 in ¢
and 6. The x and y coordinates are perpendicular to the field, while z = 6 marks
distance along the field. It is often useful to think of x as a radial coordinate and y
as a poloidal coordinate, though this is only approximate. The above coordinates
are linearly equivalent to the ballooning transformation [CONNOR et al. 1979], and
similar to the coordinates employed by [WALTZ and BOOZER 1993] and [DIMITS
1993].

Periodic boundary conditions are used in both perpendicular directions, re-
quiring a box size large compared to perpendicular turbulent correlation lengths.
The periodic parallel boundary condition must be treated with great care to avoid
making all field lines into rational field lines connected with themselves. The pro-
cedure involves connecting different £, modes with the same k, at £N7, and is

explained in detail in [BEER et al. 1995].

The flux tube geometry allows for computationally efficient simulations in
realistic three-dimensional geometry. In addition, the flux tube domain allows for
the equilibrium densities and temperatures to be described simply in terms of their
equilibrium values and gradients. This limits the total number of parameters in the
simulations, allowing for efficient parameter scans to accumulate physical insight

and construct simplified transport models.

The primary limitation of flux tube geometry is its inability to properly
treat cases where the turbulent correlation lengths become non-negligible relative
to equilibrium scale lengths. FEither an enhanced flux tube or annulus geometry
with varying equilibrium parameters, or a full torus simulation is required to treat

such cases.
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5.2 Computational Details

The eight partial differential equations derived in Ch. 3 are solved pseudospectrally
in flux tube geometry using an explicit two step Runge-Kutta algorithm that is
second order accurate in time. A semi-implicit treatment analogous to that of
[SCHNACK et al. 1987] is used in the electron moment equations, to relax the
time step constraint imposed by shear Alfvén wave propagation. For toroidal sim-
ulations, the semi-implicit numerical damping coefficient is generally set to zero,
but the leapfrog treatment of the V(¢ — n./7) term is maintained. For the sin-
gle ion species case, the numerical treatment of the electron momentum equation,
Eq. 3.121, at time step 7 + 1 is:
1

A A 1 1 A .

) 1 . ) 1. )
— At {Zk’l_iro[né + (1 — F0)¢]] — ;Zk’yAﬂ} s

where the ellipses refer to the nonlinear, collision, and Landau damping terms,
which are all calculated at time step j. Note that this leapfrog method is employed
within both the predictor and corrector steps of the Runge-Kutta algorithm.

The simulation code is based on the electrostatic Gryffin toroidal gyrofluid
code originally developed by M. A. Beer, W. Dorland, and G. W. Hammett. The
code has been enhanced to include magnetic fluctuations and non-adiabatic pass-
ing electron dynamics. The linear and nonlinear electromagnetic terms described
in Ch. 3 have been implemented, including the electron E x B nonlinearity, and
magnetic flutter nonlinearities in both the ion and electron equations. Electromag-
netic nonlinear FLR terms have been implemented, but are generally found to be
unimportant, and for this reason the [%@iv 4]+ V terms have been omitted from the
nonlinear results presented here. The nonlinear term in the electron temperature
equation (Eq. 3.122) has also been found to be unimportant, and neglected in the

simulations presented here.

The simulation code employs a Fourier space representation in the two per-
pendicular directions, x and y, and a real space representation along the field in z.

N, evenly spaced radial modes, spanning the space —kzmae, —Femaz + 1y -y —1,
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Figure 5.2: Scaling of the performance of the electromagnetic version of the Gryffin
code with processor number. Runs are carried out on the NERSC Cray-T3E
mcurie. A minimum of five processors is needed to meet the memory requirements
of the simulation at the resolution (N, = 85, N, = 127, N, = 64) employed. The
dotted line shows the theoretical maximum performance assuming perfect parallel
scaling up from 5 processors.

0,1, ..., kzmaz — 1, Kzmae are employed, along with NV, poloidal modes. Only the
N,/2+1 positive k, = 0,1, ...k -1,k

9 YYmax

ymae 1A to be physically evolved in the
complex wave number space, due to the reality condition. However, the numerical
grid on which the fast Fourier transforms (FFT’s) are performed is larger by three
halves in each perpendicular direction to allow for de-aliasing (Nppr, = 3/2 X N,.,
Nrpry = 3/2 x N,). An evenly spaced grid of N, points is used along the field.

The total numerical grid size is thus Nppr, X Npppy X N, =9/4 N, N, N.,.

The Gryffin code has been parallelized using the message passage inter-
face (mpi),! with an option to use Cray/SGI SHMEM when available, and its
performance scales well to fairly large numbers of processors. The code has been
parallelized along both poloidal mode number (k,) and radial mode number (), al-

lowing it to employ a very large numbers of processors. Nonlinear results presented

IThe electrostatic version of the code was made parallel by W. Dorland and Q. P. Liu. The
electromagnetic enhancements were parallelized by W. Dorland and the author.
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here include parallel runs on the Cray T3E and SGI Origin 2000 architectures, gen-
erally using 16, 32 or 64 processors, though performance of large runs scales well
to larger numbers of processors. A typical scaling of performance with processor
number is shown in Fig. 5.2. These runs use the parameters of the 5 = 0.4% case
presented in the next section, with a resolution of N, = 85, N, = 127, N, = 64.
The performance of larger runs generally scales more favorably to larger numbers
of processors. A scaling study by [DORLAND 1999], employing a larger problem
size, has found nearly linear parallel scaling up to 128 processors for a fixed sized
run, and up to 512 processors for a case where the problem size scales with the
number of processors employed (Nproe & NN, N,). Dorland’s scaling study em-
ployed electrostatic Gryffin runs, but we expect electromagnetic runs to scale very

similarly.

The data format of Gryffin has been converted to netCDF, and a graph-
ical user interface has been written in Interactive Data Language (IDL) for post-

processing.

5.2.1 Numerical Convergence

Numerical convergence of the electromagnetic Gryffin code has been tested in all
three spatial dimensions as well as in the time step. The convergence tests here
employ a parameter set used in the nonlinear simulations in Sec. 5.3, with 3 = 0.4%
(6/B.=036),s=1,¢q=2,L,/R=1/3, 3, =n. =3, and r/R = 0.

Fig. 5.3 illustrates numerical convergence in time step. The figure demon-
strates that a factor of two reduction in the time step does not significantly change
the time averaged transport. Furthermore, the fluctuation spectra and RMS val-
ues of the fluctuating quantities are also not significantly changed. The time
steps used in the production simulations in the latter part of this chapter and
in Ch. 6 vary somewhat with parameters, but generally fall within the range
At = 0.0025 £ 0.0010 L,, /vy; typified by the larger time step in Fig. 5.3.

The convergence with perpendicular resolution is shown in Fig. 5.4a. Similar
values of kgppe, ~ 1.4 and k,  ~ 1 are used at all perpendicular grid sizes, and

thus convergence with the spacing of modes in wavenumber space (Ak,, Ak,) is
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Figure 5.3: Numerical convergence in time step is illustrated with a plot of the ion
heat conductivity as a function of time, employing numerical time steps which differ
by a factor of two, At = 0.0025 L,,/vy; and At = 0.00125 L, /v;. No significant
change in the time averaged value of x; in the steady state, t > 100 L, /vy, is
observed. The numerical resolution is N, = 85, N, = 63, N, = 16.
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Figure 5.4: The numerical convergence with perpendicular (a) and parallel (b)
resolution is illustrated with a plot of ion heat conductivity (x;) averaged over
the nonlinear steady state [100 < t (L, /vy;) < 150] at varying resolutions, with
an error bar indicating the RMS fluctuation level. Figure (a) shows four differ-
ent perpendicular resolutions, (V,, N,) = (11,7), (21, 15), (63, 31), (85, 63), with no
significant change in y; observed between the two highest resolutions. N, = 32
and At = 0.0025 L, /vy; is used in all four cases. Figure (b) shows five parallel
resolutions, N, = 3,4, 8,16, 32, all with N, =85, N,, =63 and At = 0.0025 L, /vy;.



102 Chapter 5. Nonlinear Simulations

demonstrated. Extending the domain to somewhat larger k,,,,, and k,,_ has been
found to not significantly alter the results. The highest perpendicular resolution
shown (N, = 85, N, = 63) is that used in the production runs in this chapter and
Ch. 6. Convergence with parallel grid spacing (Az) is illustrated by Fig. 5.4b. The
simulations converge at a fairly low parallel resolution (NN, > 8), consistent with
the expectation that the turbulence has an extended, ballooning structure along
the magnetic field. Nonetheless, a somewhat higher parallel resolution (N, = 32)
is used in the production runs to attempt to insure adequate convergence in all

regimes.

Numerical convergence in perpendicular box size is illustrated with contour
plots of the turbulent ion density fluctuations in Fig. 5.5. Unlike the convergence
tests discussed above, these runs include electron Landau damping and electron-ion
collisions. The larger box size (a) is the resolution employed in the production sim-
ulations discussed in this chapter and in Ch. 6. The turbulent fluctuation spectra,

as well as average transport levels, are virtually unchanged in the two cases.

5.3 Simulation Results

Previous gyrofluid simulations of core turbulence have generally been electrostatic,
and have studied nonlinear physics exclusively in the § — 0 limit. It is therefore of
great interest to study the impact of finite 3 on turbulence and transport in typical

tokamak parameter regimes.

A scan vs. (3 is performed, using 3 values ranging from 0 (electrostatic) up
to very near the ideal MHD ballooning limit 3, = 1.1%.2 The remainder of the
simulation parameters are chosen to be typical of the core of a large aspect ratio

tokamak fusion plasma, and are held fixed as [ is varied. The values chosen are

2This somewhat low value of 3. is due to the sharp gradients (R/L, = 3,R/Lr = 9), and
the lack of stabilizing factors such as elongation in this simple shifted circle equilibrium. It
is important to keep in mind that it is the parameter a = ¢%8e/€, [1 + ne + 7(1 + 1;)] which
determines the MHD stability limit at a given §, and for the given parameters, a = 483. In
microinstability physics, the proximity to the 8 limit (5/08.), which is proportional to « at a given
§, is the critical parameter, as explained in Sec. 2.3.
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Figure 5.5: Numerical convergence in perpendicular box size is illustrated with
contour plots of the turbulent ion density on the outer midplane (§ = 0), at t =
125 L,, /vy;. Simulation parameters are from the § = 0.4% case discussed in Sec. 5.3,
with electron Landau damping and electron-ion collisions included. The resolutions
employed are (a) N, = 85, N, = 63, N, = 32, and (b) N, =63, N, = 31, N, = 32.
Contour levels are identical in the two plots.
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§=1,¢q=2,L,/R=1/3, 5, =n. =3, and r/R = 0,3 where § is the magnetic
shear, ¢ is the safety factor, L,, is the electron density scale length, R is the plasma
major radius, r is the plasma minor radius, and 7; and 7, are the ratios of L,, to the
ion and electron temperature scale lengths Lp; and Lp.. A single species of Z =1
ions is assumed, with 7 = T}/T,0 = 1. The s — o model geometry is employed,
with the Shafranov shift («) parameter chosen to be consistent with 3. For these

parameters, o = ¢?0. /€, [1 + . + 7(1 + n;)] = 48 5.

Nonlinear simulations have been performed both without (Sec. 5.3.1) and

with (Sec. 5.3.2) electron dissipation, which enters through the electron Landau

T Me
2T m;

damping (— ky|u;,) and electron-ion collision [ve;™(u;, — wy,)] terms in
Eq. 3.121. The deuterium/electron mass ratio is used to calculate these terms,
along with a collisionality of v,; = 0.18, in units of vy;/L,. This collisionality is
chosen to be typical of a hot tokamak core plasma, and corresponds to v, ~ 0.2
at /R = 0.2. Note that for these parameters, assuming a typical ballooning
k, ~ 1/qR, the electron Landau damping term is roughly 70 times stronger than
the electron-ion collision term, though it is weak compared to other terms in the

electron momentum equation.

5.3.1 Simulations without Electron Dissipation

It is simplest to first investigate the case with no electron-ion collisions or electron
Landau damping, formally the m,/m; — 0 limit. The linear physics for this case
is exhibited in Fig. 5.6. Linear growth rates and frequencies of the dominant mode

are calculated using the initial-value electromagnetic gyrofluid code.

At § = 0, there is a strongly unstable ITG mode, which is stabilized by
increasing 3. This ITG instability is identified by its real frequency (w ~ w, ~ kgp;
in the normalized units in the figure), and by noting that the instability can be
stabilized by reducing 7;. The ITG mode is dominant up to 5 ~ .8% (3/5. ~ 0.7).
The kinetic shear Alfvén wave becomes unstable as the ideal MHD £, = 1.1% is

3Setting r/R = 0 in the code eliminates the mirror force (V, In B) terms and sets the trapped
particle fraction to zero. This is an appropriate approximation near the core of most tokamaks.
One reason for setting r/ R exactly to zero, rather than to a small value, is to simplify comparisons
with codes which do not include the mirror force or trapped particles.
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Figure 5.6: Linear growth rate (a) and frequency (b) spectra of the dominant mode
at the six values of 3 which are used in nonlinear simulations. For 0 < § < 0.8%
(0 < B/B. < 0.73) the ITG mode is dominant, while at § = 1% (8/6. = 0.91)
the kinetic shear Alfvén instability becomes dominant, as can be seen from the
dramatic shift in frequency. The ideal MHD critical 3, = 1.1%.
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Time (L,/v,)

Figure 5.7: Time evolution of the ion heat conductivity (x;) in normalized units
of (p?vy/Ly) for simulations at four values of 3 = 0%, 0.4%,0.8%, 1%, with no
electron dissipation. The ideal MHD £, = 1.1%, and at the given parameters,
a=¢q¢B)en [1+m.+7(1+m)] =480.

approached, and its growth rate increases with 4. While the Alfvén instability is
destabilized near 3 ~ .6%, it does not become the dominant instability until around
B~ 1% (8/B. ~ 0.9). The dominance of the Alfvén instability at § = 1% is easily
seen from Fig. 5.6b. A large jump in frequency occurs when the Alfvén instability
becomes dominant, because for these parameters, the marginal frequency of the
Alfvén instability [w ~ w.y = (1 + 1;) we ~ —4 kgp; in the normalized units of the
figure] is much larger than the ITG frequency. Both modes propagate in the ion
diamagnetic direction, which corresponds to a negative frequency in the convention

used here.

The time evolution of the ion heat conductivity (x;) calculated from nonlin-
ear gyrofluid simulations is shown in Fig. 5.7. In each case an initial exponential
growth phase ends with a peak, followed by a relatively steady nonlinearly saturated
state. The values of x; and other flux related quantities are generally averaged over

the steady state phase, which here begins at ¢ ~ 100 L,, /vy;.

Fig. 5.8 shows the corresponding time evolution of the ion density fluctuation
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Figure 5.8: The time evolution of the ion density fluctuation spectrum (n?(ky)), is
illustrated for § = 0.4% (5/5. = 0.36). The six values of time are, in normalized
units of L, /vy, t=25 (a), t=50 (b), t=75 (c), t=100 (d), t=125 (e), and t=150 (f).
The spectrum initially peaks near the maximum of the linear growth rate spectrum
at kgp; ~ 0.4, before a shift to longer wavelengths occurs, resulting in a peak at
kop; ~ 0.2 in the nonlinear steady state (£ > 100).
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spectrum, (n?(ky)), for one of the cases, 3 = 0.4% (3/8. = 0.36). At t = 25, the
simulation is in the linear, exponential growth phase, and the peak in the spectrum
coincides with the maximum linear growth rate of kgp; ~ 0.4. At t = 50 the
simulation has reached its initial peak in y;, and the nonlinear phase has begun.
At t = 75 the shift to longer wavelengths is underway, and by ¢ = 100 the simulation
has settled into an approximately steady state with a peak in the spectrum near
kop; ~ 0.2. This characteristic nonlinear downshift in the peak of the fluctuation
spectrum has been seen in electrostatic simulations by several authors [PARKER
et al. 1993; DiMITS et al. 1994; BEER 1995], and its characteristics do not change
significantly for the electromagnetic case shown here. The observed downshift may
be due to an inverse cascade, or it may simply be related to the fact that low ky
modes have larger mixing length saturation amplitudes (~ v/k?) but also have

lower growth rates and thus take longer to reach saturation.

The time-averaged x; is plotted as a function of 3 in Fig. 5.9. Two mixing-
length estimates of the expected x; are shown for comparison. The dotted line is
a very simple estimate, ¢;Vmaz/ks, Where Ypq, is the maximum linear growth rate
from Fig. 5.6a, ky is the poloidal wave number at which the maximum growth rate
occurs, and the coefficient ¢; = 7.7 is chosen so that the mixing length estimate

agrees with the simulation at g = 0.

There is rough agreement between the simulation results, and expectations
based on this simple mixing length estimate. As expected, at low values of (3, x;
decreases with 3, as the ITG mode driving the turbulence is stabilized by increasing
(. However, the reduction in Yy; is significantly larger than would be expected from

the reduction in the linear ITG growth rate.

As (8 approaches the ideal MHD critical 8, = 1.1%, x; begins to increase
with (3, as expected from the onset of kinetic Alfvén instability. This turnaround
appears to occur at a somewhat lower 3 value than would be expected from linear
theory. A comparison of the f = 0.6% and 5 = 0.8% cases in Figs. 5.6 and 5.9
reveals that while the linear growth rate of the dominant ITG mode has decreased
significantly, x; is virtually unchanged. We believe this behavior is related to the
kinetic Alfvén instability. While the Alfvén instability is subdominant to the ITG

mode at § = 0.8%, the Alfvén wave is nonetheless unstable with a significant growth
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Figure 5.9: Ion heat conductivity (y;) from gyrofluid simulations with no electron
dissipation is plotted vs. 3. A simple mixing length estimate based on Yy,a./k7,
and a mixing length estimate based on (v/ (k?))mae, both fitted to the simulation
flux at 8 = 0, are shown for comparison. The ideal MHD (. = 1.1%, and at the
given parameters, o = ¢*0. /e, [1 + 0. + 7(1 4+ ;)] = 48 5.
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4

rate, providing an additional drive for turbulence.* This Alfvén drive appears to

lead to nonlinear saturation at somewhat higher amplitudes.

The dashed line shown in Fig. 5.9 is a different mixing length estimate based
on the maximum over all kg of the function v(kg)/ (k?), where (k?) = kZ(1+ 52 (6?))
is averaged over the linear eigenmode. Again a multiplicative coefficient ¢y = 6.7 is
chosen so as to make the estimate agree with the simulation at 3 = 0, so that the
impact of finite-3 on the simulation results can be compared with that expected
from mixing length theory. The maximum of v/ (k?) occurs here at rather long
wavelengths, .13 < kyp; < .17, and hence exhibits somewhat different behavior from
the estimate based on 7,,4./k3. In particular, while the kinetic Alfvén ballooning
mode is dominant for kgp; > .2 at B = 1%, this mode has a very small growth
rate at the lower values of ky where v/ (k%) has its maximum. Hence Maz(v/ (k*))
continues to decrease with  due to the finite-3 stabilization of the ITG mode, all
the way up to 8 = 1%. Therefore this estimate is unable to account for the increase

in ion heat transport seen in the simulations at 8 ~ 1%.

The steady state ion density fluctuation spectra (n?(ky)) at four values of 3 =
0%, 0.4%,0.8%, 1% are shown in Fig. 5.10. The peak in the fluctuation spectrum
occurs in all cases near kgp; >~ 0.2, well below the peaks of the linear growth rate
spectra shown in Fig. 5.6. We note that the shape of these spectra qualitatively
agree, in both the electrostatic and finite-# cases, with the spectra measured on
TFTR by [FONCK et al. 1993]. Note also that the peaks in the steady state
spectra occur not far from the value of kgp; at which the maximum of ~/ (k?)
occurs, kgp; = .13,.15,.16,.16 respectively. The most notable finite-( effect is a
significant narrowing of the peak, particularly for the two cases in which we believe
the kinetic ballooning mode drive plays an important role in determining the steady
state (8 = .8%,1%). This narrowing of the peaks as the ideal MHD (3, = 1.1% is
approached appears to be qualitatively consistent with the experimental observation
[EVENSEN et al. 1998] of narrower peaks in the edge region, where the plasma is

generally closer to the ideal (3., than in the core.

4At B = 0.6% the Alfvén growth rate is very small and is unlikely to significantly impact the
nonlinear saturated state.
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Figure 5.10: Ion density fluctuation spectra, (n
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Figure 5.11: Ton perpendicular temperature fluctuation spectra, (T (ky)), in the
nonlinear saturated state, are plotted at § = 0% (a), 6 = .4% (b), B = .8% (c),
and 8 = 1.0% (d). The ideal MHD 3, = 1.1%.
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Fig. 5.11 shows the steady state ion perpendicular temperature fluctuation
spectra (T?(ky)), at the same four values of 3 = 0%, 0.4%, 0.8%, 1%. The spectra
are similar to the density fluctuation spectra, except for the larger magnitude of
the fluctuations. Both n; = (L,/p;) ni/ne; and T\; = (L, /p;) TM/TM have been
normalized to their equilibrium values, and their relative magnitudes can be usefully
compared. Comparing Fig. 5.11 with Fig. 5.10, we find that the relative value
of the RMS fluctuations at the peaks, /(T2 (ko)) 1r0n/ vV (72 (ko)) 170, i roughly
1.6,1.9,2.0, and 2.1 for the four cases.’

The similarity in shape between the ion density and temperature fluctuation
spectra, the size of the ratio /(T2 (ke))/\/(n?(ke)) ~ 2, and the fact that the
ratio changes little with 3 all appear to be consistent with the observations of
[EVENSEN et al. 1998]. The BES and CHERS measurements in TFTR discussed
by [EVENSEN et al. 1998] found that the ion temperature fluctuation spectrum is

similar in shape to the ion density fluctuation spectrum across the plasma radius,
and that the measured ratio, (T'/Ty)/(i;/no) = 2 & .5, varies little from the core
(where the plasma is likely to be further from (3,.) to the edge (where the plasma is
likely to be close to 3.).° Note that only /3 is varied in this set of simulations, while
the other parameters have been held fixed. A more thorough investigation of the
agreement between simulation and experiment would use the measured equilibrium
parameters at different radii and compare simulation results to measurements at
the same radius. Nonetheless, the agreement with several observed trends is quite

encouraging.

The transition from ITG-driven turbulence (5 = 0%) to Alfvénic turbulence

5The perpendicular temperature has been used because it is the dominant component of T' =
2/3T, + 1/3T, and because it is easily extracted from the code data set. However, there is
significant anisotropy in the fluctuating ion temperature, and using the total T" rather than T,
would moderately reduce the ratio of temperature fluctuations to density fluctuations. For the
finite (8 cases, the ratio still falls within the observed range of 24+.5. Note also that adding electron
dissipation, as in Sec. 5.3.2, tends to increase the ratio somewhat. A more detailed comparison of
simulations to the results of [EVENSEN et al. 1998] is expected in the near future.

SNote that the apparent agreement between the electromagnetic gyrofluid simulations and the
measurements is in contrast to disagreement between the linear-theory based predictions discussed
in [EVENSEN et al. 1998] and the measurements. The linear and quasi-linear theory was unable
to predict the observed trend of (T'/Ty)/(17; /nio) ~ 2 independent of radius.
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(8 = 1%) is illustrated in Fig. 5.12.7 The figure shows equipotential contours at
0 = 0, plotted against radius and time. The most notable feature of the transition
is the dramatic reduction in correlation times with increasing 3. The dominant
time-scale of the turbulence (measured by the typical length in the time direction
of equipotential surfaces) drops from At ~ 5 — 15 in the electrostatic (8 = 0) case
to At ~ 1 —3 at § = 1%. This difference is roughly proportional to the difference
in frequency between the ITG mode and the kinetic Alfvén instability (which is
linearly dominant only at 3 = 1%, but is unstable and subdominant at 3 = 0.8%),
shown in Fig. 5.6b. Note that the short time scales of the “Alfvénic” turbulence
appear to be dominant at 3 = 0.8% as well as 8 = 1%.

5.3.2 Simulations with Electron Dissipation

The impact of electron dissipation is assessed by including the electron Landau
damping and electron-ion collision terms derived in Sec. 3.3.3. The deuterium to
electron mass ratio is used to calculate these terms, along with a collisionality of

Ve; = 0.18, in units of vy /L.

The linearly stabilizing effect of electron Landau damping and electron-ion
collisions is illustrated in Fig. 5.13. At all values of 3 studied, the inclusion of
electron dissipation significantly reduces the maximum linear instability growth
rate, though it also reduces the value of ky at which the maximum occurs. The

overall impact on a linear mixing length transport estimate is shown in Fig. 5.15.

The nonlinear time evolution of the ion heat conductivity y; is shown for
four values of § in Fig. 5.14. Note that in the electrostatic case (§ = 0), adiabatic

electrons are used, and therefore the § = 0 trace is identical to that in Fig. 5.7.

The average value of the steady state y; is plotted as a function of 3 in
Fig. 5.15. Also shown is a mixing length estimate of x; proportional to the maximum
of v/ (k*), with a multiplicative coefficient, ¢y = 6.7, chosen so that the mixing

length estimate agrees with the simulation x; at 3 = 0. The mixing length estimate

TA better illustration is provided in Fig. 5.16 for the case with electron dissipation. The
qualitative features of the transition to Alfvénic turbulence are identical with or without electron
dissipation.
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Figure 5.12: Equipotential contours are plotted vs. radius and time at 8 = 0, for the
case without electron dissipation. The contours follow the evolution of turbulent
eddies, and illustrate the reduction in turbulent correlation times that occurs with

increasing 3/ (..
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Figure 5.13: The maximum linear instability growth rate, Max{vy(kg)}, is plot-
ted as a function of 3 for cases both with and without electron dissipation, which
enters through electron Landau damping and electron ion collisions. The deu-
terium/electron mass ratio is used calculate these terms, along with a normalized
collisionality v.; = .18 v/ L,. Electron dissipation reduces the maximum growth
rate at all values of 3 shown. The ideal MHD . = 1.1%.
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Time (L,/vy)

n

Figure 5.14: Time evolution of the ion heat conductivity (x;) in normalized units
of (p?vy;/L,) for simulations at four values of 3 = 0%, 0.4%,0.8%, 1%, with elec-
tron dissipation. The ideal MHD 3, = 1.1%, and at the given parameters,

a=qBefen[L+ne +7(14n:)] =48 .

accounts for the initial trend of y; decreasing with 8 at 8 < 0.6% quite well, but is
dramatically in error for 5 > 0.8% (5/5. > 0.73).

The inclusion of electron Landau damping and electron-ion collisions reduces
both the maximum linear growth rate (shown in Fig. 5.13) and the maximum of
v/ (k%) at all values of 3 shown,® as can seen by comparing the dashed lines in
Figs. 5.15 and 5.9.

Nonlinearly, the effect of the electron Landau damping and electron-ion
collision terms can be quite significant. Comparing the solid lines in Figs. 5.15
and 5.9, we see that at small values of § < 0.6%, x; is not strongly affected by
the inclusion of electron dissipation. However, at larger values of 3, the effect is
dramatic. Increases in y; by a factor of ~ 5 at § = 0.8% and a factor of ~ 8 at
B = 1% are seen with the inclusion of electron Landau damping and electron-ion

collisions.

8Except of course for 3 = 0 where adiabatic electrons are used.
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Figure 5.15: Ton heat conductivity (y;) from gyrofluid simulations with electron
Landau damping and electron-ion collisions is plotted vs. 3. A mixing length esti-
mate based on Maz(vy/ (k?)), fitted to the simulation flux at § = 0, is shown for
comparison.

A firm explanation for this dramatic increase in x; at high 3/3., in the pres-
ence of electron Landau damping and electron-ion collisions, has not yet been estab-
lished, and is an important avenue for future work, as discussed in Sec. 7.2. How-
ever, possible explanations involving zonal flow dynamics have been suggested by
[WALTZ 1998; DIAMOND 1998; DAS et al. 1999] and others. Collisions increase the
size of the non-adiabatic electron component, and non-adiabatic electron dynamics
are thought to limit the inverse cascade which drives the zonal flows. Furthermore,
collisions can directly damp the otherwise weakly or un-damped components of the
zonal flows, as noted by [LIN et al. 1999; DIAMOND et al. 1998]. This damping,
in conjunction with electromagnetic effects on zonal flows discussed by [DAS et al.
1999], may hinder zonal flow generation. In particular, [DAS et al. 1999] note
that magnetic stresses compensate electrostatic stresses and reduce the zonal flow
amplification, effectively quenching zonal flow generation for purely Alfvénic turbu-
lence. Thus in the two highest § cases, which seem to be dominated by “Alfvénic”
turbulence [¢p = (w/k;)A, ~ @], it is possible that zonal flow generation is weak,

and that the additional zonal flow damping provided by collisions is sufficient to
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prevent zonal flows from saturating the turbulence until it reaches very large ampli-
tudes. Further work on both simulations and theory is needed to determine whether
such a mechanism is correct, or whether another, such as the stabilization of sec-
ondary Kelvin-Helmholtz instabilities in finite-3 cases with dissipation, suggested
by [ROGERS and DRAKE 1997|, might be important.

The behavior of x as a function of 3/3, o< aprgp shown in Fig. 5.15 offers a
possible explanation for a number of trends observed in experiments. For example,
it might provide an explanation for the ubiquitous trend of y; increasing with radius
near the edge of tokamak experiments.” Because of sharp gradients and high ¢, the
edge plasma is often close to ideal MHD instability. Hence, sharp increases in y;
as the ideal (3 limit is approached (5. = 1.1% in Fig. 5.15) would be expected to
increase predicted transport in the edge region. This possibility is explored via a
direct comparison of simulation results to measured transport in the outer region
of a TFTR L-mode plasma in Ch. 6.

Fig. 5.16 shows equipotential contours at § = 0 plotted as a function of ra-
dius and time, at four values of 5 = 0%, 0.4%, 0.8%, 1%, for simulations including
electron Landau damping and electron-ion collisions. Note that a much longer time
period is shown here than in Fig. 5.12 for the case without electron dissipation.
Again there is a marked reduction in the dominant time-scale of the turbulence
(measured by the typical length in time of equipotential surfaces) from At ~ 5—15
in the electrostatic (f = 0) case to At ~ 1 — 3 at § = 1%, which is roughly pro-
portional to the difference in frequency between the ITG and kinetic shear Alfvén
modes. The qualitative transition to “Alfvénic” time-scales appears to have largely
occurred by 5 = 0.8%, even though the ITG mode in linearly dominant until
B~ 1.0%.

Thus far we have focused on ion heat conductivity (x;), primarily because
this has been the focus of previous I'TG-based transport simulation efforts. This is in
part because electrostatic simulations which use a purely adiabatic electron response

(ne o ¢) cannot predict either particle transport or electron thermal transport.

9Electrostatic simulations generally predict a small y; which decreases with radius near the
edge.
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Figure 5.16: Equipotential contours are plotted vs. radius and time at 6 = 0, for
the case with electron dissipation. The contours follow the evolution of turbulent

eddies, and illustrate the reduction in turbulent correlation times that occurs with
increasing . The ideal MHD 3, = 1.1%.
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Figure 5.17: Particle diffusivity (D) and electron heat conductivity (x.) from gy-
rofluid simulations with electron Landau damping and electron-ion collisions is
plotted as a function of 3. The ideal MHD 3, = 1.1%.

Because cross-field transport is driven by E x B convection,'? and vg, ~ %qﬁ, any
part of a field which is proportional to ¢ has a flux surface averaged cross field flux
proportional to [ gb%d@ which is exactly zero. Electron temperature fluctuations
are zero in a simulation with purely adiabatic electrons, and thus electron thermal

transport must also be taken to be zero (x. = 0).

In electromagnetic simulations using the electron model derived in Ch. 3,
the electron response is no longer entirely adiabatic, and electron temperature fluc-
tuations are incorporated, so that both a finite particle diffusivity D (identical for
electrons and ions for the single ion species cases considered here), and an electron
heat conductivity y. are well defined. All of the fluxes (Q;, Q., and I") are found
to be dominated by E x B convection, with the magnetic flutter contribution finite

but negligible.

The electron thermal conductivity x. and the particle diffusivity D, which

10T the electromagnetic case there is an additional “magnetic flutter” transport term propor-
tional to (u, %AO. This term has been calculated in the gyrofluid simulations, but found to be
small (generally ~ 2 orders of magnitude smaller than the E x B convected flux) for the cases
considered here.
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is the same for ions and electrons in this two species case, are shown in Fig. 5.17,
for the case with electron Landau damping and electron-ion collisions.!’ While
Xe is significantly smaller than y; (shown in Fig. 5.15), it is of the same order of
magnitude, as is the particle diffusivity. This behavior is fairly typical of measured

transport in tokamak experiments, except in some enhanced confinement regimes.

1 The code calculates a very small, but finite particle and electron heat flux for the case without
electron dissipation. Preliminary quasilinear estimates do not contradict this result. However,
deeper theoretical understanding would be desirable in the future because there is reason to
suspect, based on arguments similar to that presented in Appendix B, that the particle flux
should be zero in this case.






Chapter 6
Comparison with Experiment

OMPARISON with experimental data provides the ultimate test of
the validity and relevance of simulation results. Direct comparisons
between toroidal electromagnetic simulations and tokamak data are
presented in this chapter, along with suggested directions for future

comparisons.

As discussed in Sec. 1.1.2, there have been a number of comparisons be-
tween electrostatic gyrofluid simulations and experimentally measured transport
fluxes. These have involved both direct comparisons, and indirect comparisons
using parametric transport models, such as GLF23 [WALTZ et al. 1997] and IFS-
PPPL [KOTSCHENREUTHER et al. 1995], which use gyrokinetic calculations of
linear growth rates and quasilinear transport fluxes, with mixing length characteri-
zations of the nonlinear saturation level fit to toroidal gyrofluid simulations [BEER
1995].

Electromagnetic effects can significantly modify the gyrofluid simulation re-
sults, as demonstrated in Ch. 5. The inclusion of magnetic fluctuations and non-
adiabatic passing electrons may allow the simulations to more accurately describe
and predict transport in the core region of tokamaks, as well as extending the
regime of validity of the simulations further toward the plasma edge. Improve-
ments in the accuracy of direct comparisons with measured fluxes, as well as the

eventual development of more accurate parametric transport models are expected.

In Ch. 5, two sets of nonlinear simulations scanning over the parameter (3 o

aymp are presented, and a number of qualitative similarities between the simulation

123
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results and the fluctuation measurements of [FONCK et al. 1993; EVENSEN et al.
1998] are discussed. Here a simple, more direct comparison between experiment and
gyrofluid simulations is undertaken. Measured temperature, density, and magnetic
field profiles are used as input equilibrium parameters for electromagnetic gyrofluid
simulations. The ion and electron heat fluxes predicted by the simulations are
then compared to the heat fluxes inferred from power balance using experimental

measurements.

While these simulations incorporate important electromagnetic and non-
adiabatic passing electron physics not considered in prior investigations, they are
by no means complete in all respects. Rather, they represent a demonstration of
the current status and capabilities of the electromagnetic simulation code. Fu-
ture avenues for further improvement are mentioned here and discussed further in
Sec. 7.2.

The comparison uses TFTR L-mode shot #65018, with the input parameters
coming from SNAP try 3. The shot is similar to #65012 discussed in [SCOTT et al.
1993]. Deuterium is the primary ion species, and heating is provided by 14MW of
deuterium neutral beams. The plasma major radius R = 2.45m, the minor radius
a = 0.80m, and the toroidal field on axis By = 4.75T. Measured equilibrium profiles
are shown in Figs. 6.1-6.3.

This shot has been chosen primarily because it was the subject of an ex-
tensive set of comparisons with electrostatic gyrofluid simulations, presented in
Ch. 6 of [BEER 1995]. Beer compared the experimentally inferred x; and y. to
that predicted by a set of electrostatic gyrofluid simulations with trapped electrons
at several radial points throughout the plasma. Taking into account a number of
factors, including uncertainty in measured equilibrium gradients, and the presence
of sawtooth modes in the center (r/a < .25) of the plasma, Beer concluded that
the results of the simulations were broadly consistent with the experiment in the
core region, r/a < .7. However, as Beer states, “outside r/a = .7, the predicted x
is clearly too low.” Furthermore, while the experimental y increases sharply with

radius outside r/a = .7, the electrostatic simulations exhibit the opposite trend.

The electromagnetic simulations shown here focus on the outer region, .75 <

r/a < .95. A primary goal is to determine to what extent the inclusion of electro-
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Figure 6.1: Measured electron (solid), ion (dotted), and beam (dashed) density
profiles (a), and electron and ion temperature profiles (b) for TFTR shot #65018.
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Figure 6.2: Measured electron and ion density (a) and temperature (b) scale lengths
for TFTR shot #65018.
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Figure 6.3: Measured radial profiles of the safety factor ¢ and magnetic shear s (a),
and profiles of n; = L,;/Ly; and 0, = L./ Ly for TEFTR shot #65018.

magnetic effects allows improved predictions of the value of y in this region, and
leads to an understanding of the ubiquitous trend of y increasing with radius, seen
in the edge of many tokamaks. It might at first seem surprising to suggest that elec-
tromagnetic effects would be important in the edge region, given the small values
of plasma [, as shown in Fig. 6.4a. However, it is not 3 itself, but rather the MHD
ballooning parameter o = —¢?R3 which provides a good estimate of the drive for
the Alfvén ballooning instability, and of the overall importance of electromagnetic
effects.! Due to high ¢ and very sharp density and temperature gradients in the

edge, « increases with radius, despite the drop in (3, as shown in Fig. 6.4b.

Flux tube simulations are performed, using an s — « equilibrium model,
with the flux tubes centered at four values of r/a = 0.775,0.825,0.875, and 0.925,
for which SNAP data is available. The electromagnetic simulations employ the full
electron physics model derived in Sec. 3.3.2, including electron Landau damping
and electron-ion collisions, using the measured collisionality. Ion-ion collisions have
been neglected, as have trapped electrons. This shot has a fairly low impurity
concentration (Z.s; = 1.73), and impurities are not considered in the analysis. The

beam density is very small for r/a > .75, as shown in Fig. 6.1, and is neglected.

LA full kinetic analysis shows that other parameters, including n; play an important role as
well, as discussed in Secs. 2.1 and 2.3.
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Figure 6.4: Total plasma f3, electron [, and main ion 3; profiles (a), and profile of
the MHD « parameter (b) for TFTR shot #65018.

The ion thermal conductivity y; calculated from electromagnetic gyrofluid
simulations is compared to the y; inferred from experimental power balance in
Fig. 6.5. The prediction of a set of electrostatic gyrofluid simulations using an
adiabatic electron response (no trapped electrons) is also shown, as is the prediction
of the theoretical model of [BIGLARI, DIAMOND, and ROSENBLUTH 1989], x; =
kopilq(1 + n;)/(78)|p?vsi ) Ly, where kgp; = 0.2 has been used, as its value is not
predicted by the theory. The electromagnetic and electrostatic simulations predict
similar x; values at r/a = 0.775 and 0.825, but the electromagnetic simulations
predict a much larger x;, in better agreement with experiment, for r/a = 0.875 and
r/a = 0.9252

While the electrostatic simulations® and BDR theory both predict a small

x: which decreases monotonically with radius (for r/a > .7), as the drive for the

2Note that at /a = 0.875 and 7/a = 0.925, the simulations are in a regime of strong sensitivity
to input parameters, and relatively large RMS fluctuations in the steady state fluxes. The simula-
tion at r/a = 0.875 in particular does not reach a very stable steady state during the time period
of the simulation (¢ < 440 L, /vy;) and the value of y; shown in Fig. 6.5 should be considered
approximate.

3We emphasize that the electrostatic simulation results shown here do not include trapped
electrons, to allow for a more direct comparison with the electromagnetic simulations which include
only passing electrons. Beer’s electrostatic simulations with trapped electrons predict a x; which
is slightly higher, but which also decreases with r for r/a > .7.
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Figure 6.5: Comparison of measured and predicted x; in the outer region of TFTR
L-mode shot #65018. The measured y; from SNAP is compared to results from
electromagnetic and electrostatic gyrofluid simulations. The prediction of Biglari-
Diamond-Rosenbluth theory, with kgp; = 0.2, is also shown.
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ITG instability decreases, the electromagnetic simulations predict a x; which can
dramatically increase with radius. This increase occurs in a region where the values
of aygp and electron-ion collisionality are large, and increasing with radius. This
behavior appears to be closely related to the dramatic increase in y; with o for
a> 0.3 (8> 0.6%) seen in Fig. 5.15.4

There are a number of important factors that should be taken into account in
assessing the level of agreement between the measured y; values and the electromag-
netic simulation predictions shown in Fig. 6.5. There are significant uncertainties in
the measured equilibrium parameters used as input in the simulations. These un-
certainties are magnified because most of the simulation parameters (3, €,,7;, N, @)
are gradients of the local equilibrium quantities that are actually measured. Fur-
thermore, the simulations are in a regime of extreme sensitivity to input parameters
similar to that seen for « > 0.3 (5 > 0.6%) in Fig. 5.15. In this regime, a relatively
small change in the equilibrium gradients, for example €, or a, can lead to a much

larger change in the predicted y.

There are also a number of potentially important physical effects which are
neglected in the simulations. Trapped electrons and impurity species can add addi-
tional instability mechanisms, as well as significantly modifying nonlinear dynamics.
Ion-ion collisions can damp zonal flows, possibly increasing steady-state turbulent
fluxes. The use of a simple shifted circle (§ — «) equilibrium model, rather than
a more detailed equilibrium geometry, can alter the dynamics, often significantly
overstating the stabilizing effect of the Shafranov shift. Also, the use of local flux
tube simulations prevents nonlocal effects such as the propagation of turbulence
from one region to another. For example, it is possible that turbulence which is
strongly driven in the extreme edge region propagates inward and contributes to
the observed transport [MATTOR and DIAMOND 1994; GARBET et al. 1994].°

Fig. 6.6 compares the electron heat conductivity x. inferred from measured

4Note that in the parameter scans in Ch. 5, only 3 is varied while all other parameters are
held fixed, so that « is always proportional to 3. Here « increases with r while § decreases. In
both cases it is a which is of primary importance, as discussed in Sec. 2.3.

5Simple scaling estimates suggest a radial propagation distance of ~ 10 — 30p;. This is quite
small compared to the size of the tokamak, but may become significant relative to other scales
near the edge.
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power balance to that predicted by electromagnetic gyrofluid simulations. Electro-
static simulations with only adiabatic electrons do not predict a finite y., and are
thus not included in the figure. The electrostatic gyrofluid simulations of [BEER
1995], which include trapped electrons, predict a small y. which decreases from
Xe >~ 0.4 at r/a = 0.775 to x. ~ 0.1 at r/a = 0.925. The x. predicted by the elec-
tromagnetic simulations is also significantly smaller than that inferred from power
balance, though it reproduces the general trend of increasing with radius. Note
that, as in Ch. 5, the electromagnetic gyrofluid x. is dominated by E x B con-
vected flux. The magnetic flutter contribution is finite, but smaller by more than
an order of magnitude. The disparity between the gyrofluid prediction and the ex-
perimental y; inferred from power balance may be partially due to the measurement
uncertainties and neglected physical effects mentioned above. It may also be due
to the presence of high frequency turbulence, such as might be driven by electron
drift instabilities or perhaps nonlinear instabilities. Such modes are not well de-
scribed by the current electromagnetic gyrofluid model, but may be described by a
future model which relaxes the assumption kv, < 1 and includes electron inertia.
Such high frequency modes, which generally propagate in the electron diamagnetic
direction, have been observed near the edge of TFTR [EVENSEN et al. 1998].

6.1 Summary

A direct comparison between observed transport and the predictions of electro-
magnetic gyrofluid simulations using measured equilibrium parameters, has been
undertaken in the outer region (.75 < r/a < .95) of a TFTR L-mode discharge.
It has been found that electromagnetic effects can significantly enhance predicted
turbulent transport in the edge region, bringing predictions more in line with obser-
vations. Furthermore, the electromagnetic simulations correctly capture the trend
of y; increasing with radius in the outer region, in contrast to electrostatic simula-
tions and BDR theory, which predict a small y; decreasing with radius for r/a > .7.
Electromagnetic gyrofluid predictions of x. also reproduce general trends seen in
the experiment, though the x. values predicted by the simulations are significantly

lower than those inferred from experimental power balance.
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Figure 6.6: Comparison of measured and predicted electron thermal conductivity
Xe in the outer region of TFTR L-mode shot #65018. The measured y. from SNAP
is compared to the predictions of electromagnetic gyrofluid simulations.
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While the inclusion of additional physical effects such as trapped electrons,
impurities, general geometry, and ion-ion collisions are are needed to make the
simulations physically complete, these results are quite encouraging. The electro-
magnetic simulations clearly indicate that electromagnetic effects can dramatically
increase turbulent fluxes in the outer region, where earlier electrostatic simulations

have had the most difficulty accounting for observed transport.



Chapter 7
Conclusions and Future Directions

ROGRESS toward a more complete understanding of the physics of
turbulent transport in tokamaks is made in this thesis, via the devel-
opment of a comprehensive electromagnetic turbulence model, and its
implementation in realistic nonlinear simulations. The model incor-
porates magnetic fluctuations and non-adiabatic passing electron dynamics, which
have been neglected in previous realistic simulations. The fast temporal scales asso-
ciated with electron transit motion are treated via an analytic expansion, allowing

for efficient numerical solution of the equations.

The resulting model accurately reproduces the linear kinetic growth rates
and frequencies of the finite-3 toroidal ion temperature gradient (ITG) and kinetic
ballooning (KBM) instabilities, and can be used to describe the nonlinear evolution

of turbulence on both ion and Alfvén scales.

Nonlinear electromagnetic simulations have been compared to experiment,
and found to reproduce a number of observed characteristics of turbulent fluctuation
spectra. FElectromagnetic effects are found to increase predicted ion transport in
the outer region of the tokamak plasma, bringing simulation results more in line

with experimental observations.

The fundamental conclusion of this work is that electromagnetic effects have
a strong impact on microturbulence-driven transport, with both significant reduc-
tions and dramatic enhancements in transport possible, depending on 3/3.. Fur-
thermore, the electromagnetic effects on transport observed in simulations are in

many cases not easily explained by simple mixing length estimates, emphasizing
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the need for further work with numerical simulations and development of improved

analytic theories.

7.1 Summary and Conclusions

A comprehensive and numerically efficient electromagnetic gyrofluid model has been
developed and used to investigate turbulent transport in tokamaks. The model
consists of a set of electromagnetic ion gyrofluid and electron Landau fluid equations
derived by taking moments of the nonlinear toroidal electromagnetic gyrokinetic
equation [BRIZARD 1992; HAHM et al. 1988], along with the gyrokinetic Poisson

Equation and Ampere’s Law.

The hierarchy of six ion moment equations is truncated with kinetic closures,
based on those of [BEER 1995; HAMMETT and PERKINS 1990; DORLAND 1993,
which have been carefully derived to incorporate both parallel and toroidal kinetic
effects. The full set of electromagnetic ion gyrofluid equations include models of
parallel Landau damping, ion drift resonance, ion-ion collisions, and linear and
nonlinear finite-Larmor-radius (FLR) effects. Magnetic fluctuations enter the ion
equations through the inductive electric field, as well as through several linear and

nonlinear magnetic flutter terms.

A new set of electron equations is derived via a careful analytic expansion in
temporal (W ~ wy, Wa, kv, kjva < ki) and spatial (k7' ~ p; > pe, ¢/wpe) scales.
This expansion results in an elegant set of electron fluid equations which describe
electromagnetic electron dynamics on the typical ion and Alfvén length and time
scales, while analytically treating the numerically challenging electron transit time
scale as well as the small electron gyroradius and skin depth length scales. While
the resulting electron model is simple and fairly easy to implement numerically, it
represents a very substantial improvement over the adiabatic electron models that
have been used to describe the passing electrons in most previous gyrofluid and
gyrokinetic particle simulations. In addition to finite-3 effects and Alfvén wave
dynamics, the model also incorporates electron E x B, curvature, and VB drift

motion, as well as the E x B nonlinearity and four additional nonlinear terms due
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to magnetic flutter. The use of an electron temperature closure appropriate for
w ~ wy K kv allows for the proper inclusion of the VT, as well as the Vn, drive
of the kinetic ballooning mode. Models of parallel electron Landau damping as well

as electron-ion collisions are included.

The model has been benchmarked with linear gyrokinetic calculations, and
good agreement has been found for the growth rates and real frequencies of both
the finite-( toroidal ion temperature gradient (ITG) and kinetic Alfvén ballooning
(KBM) instabilities. The model is able to reproduce the behavior described by
[ANDERSSON and WEILAND 1988; HONG et al. 1989; ZONCA et al. 1996], in which
the kinetic ballooning mode is driven unstable below the ideal MHD ballooning limit

(B.) by ion drift resonance.

The electrostatic toroidal gyrofluid code (Gryffin) of [BEER 1995; DOR-
LAND 1993; HAMMETT et al. 1994] has been extended to incorporate the finite-3
terms in the ion equations, the new electromagnetic electron model, and Ampere’s
Law. Nonlinear toroidal electromagnetic simulations have been carried out in flux
tube geometry, and the results have been compared to electrostatic simulations,

mixing-length estimates and experiments.

A series of nonlinear simulations has been performed which scan in 3 o
anmp, over the range 0 < /5, < 0.9. The remainder of the simulation parameters
are chosen to be typical of a tokamak core region with a strong ITG instability,
and simulations are performed both with and without electron dissipation, which
enters via electron Landau damping and electron-ion collisions. Electromagnetic
< 0.5, with the relative

~

effects are found to significantly reduce transport for 3/0.
decrease similar to that expected from linear mixing length estimates due to the
finite-3 stabilization of the ITG instability. For larger 3/5. > 0.5, transport can
increase with increasing (3. In simulations which include electron Landau damping

and electron-ion collisions, this increase in transport can be quite dramatic.

Electron Landau damping plays a critical role in our electromagnetic gy-
rofluid simulations at large 5/5, > 0.5, and low to moderate collisionality. Fur-
thermore, electron Landau damping may be an important effect in other types
of MHD or micro-turbulence simulations beyond those discussed here. Electron

Landau damping acts like an enhanced resistivity in the Ohm’s law, where the
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ratio of the Landau damping term to the usual collisional resistivity is roughly
Ky [vie/Vei ~ (|kylgR)/[v«(r/R)*?]. Thus electron Landau damping can dominate
at low to moderate collisionality, and at high |k;|. Note also that the electron Lan-
dau damping term is expected to be more important than the electron inertia term

when w < |k |vte.

The electromagnetic simulations, like earlier electrostatic simulations, pro-
duce density fluctuation spectra which peak at kgp; >~ 0.1 — 0.2, and which are
anisotropic in k, and kg, in qualitative agreement with the BES measurements on
TEFTR by [FONCK et al. 1993]. Furthermore, the electromagnetic simulations pro-
duce ion temperature fluctuation spectra which are similar in shape to the density
spectra, with a ratio (T'/Tp)/(11;/ng) = 2 & .5 relatively independent of the simula-
tion parameters, similar to the observations of [EVENSEN et al. 1998] using BES
and CHERS diagnostics on TFTR. The narrowing of the peaks in the fluctuation
spectra with increasing (3//, also appears to be consistent with the observations of
[EVENSEN et al. 1998], though further investigation over a wider range of param-

eters is needed to confirm both of these results.

A direct comparison between electromagnetic toroidal gyrofluid simulations
and the outer region (.75 < r/a < .95) of a TFTR L-mode discharge has been
undertaken, with encouraging results. In this region, electrostatic simulations and
most mixing-length estimates predict small values of ion heat transport which de-
crease with radius, in contrast with the experimentally inferred transport which is
large, and generally increasing with radius. The electromagnetic simulations predict
ion heat fluxes which can increase with radius, and which are often in good quan-
titative agreement with the values inferred from power balance. Electromagnetic
gyrofluid predictions of electron thermal conductivity (x.) also reproduce general
trends seen in the experiment, though the y. values predicted by the simulations

are significantly lower than those inferred from experimental power balance.
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7.2 Future Directions

The incorporation of magnetic fluctuations and non-adiabatic passing electron dy-
namics into realistic toroidal turbulence simulations, as discussed in this thesis,
represents a significant advance. Nonetheless much work is still needed to develop
more complete simulations and a more thorough physical understanding of tokamak

turbulence and transport.

Proposed extensions of this work can be broken down into three broad cat-
egories: extensions of the nonlinear toroidal simulation code, use of nonlinear sim-
ulation results to analyze tokamak transport experiments and to explore attractive
regimes for the operation of a cost-effective fusion reactor, and thorough examina-
tion of nonlinear dynamics, including comparisons with both theoretical analyses

and other nonlinear simulations.

Several extensions of the present electromagnetic gyrofluid code to enhance
its flexibility and physics content should be possible in the near future. Areas of in-
terest include multiple ion species, general geometry, trapped electrons, equilibrium
E x B shear effects, electron inertia, and parallel magnetic perturbations, as well
as investigation into higher-order models for the passing electrons. As discussed
below, many of these capabilities already exist in the gyrofluid code and should
be ready for immediate use, perhaps with some additional benchmarking in the

electromagnetic case.

Impurity species are well known to both affect ITG growth rates [TANG et al.
1980; REwWOLDT and TANG 1990; KOTSCHENREUTHER 1992]| and to drive addi-
tional instabilities [MIGLIUOLO 1992]. Our electromagnetic gyrofluid equations
have been derived for arbitrary number of species (Sec. 3.2.6), and collisionless
impurity dynamics are already included in the simulation code, though the multi-
species electromagnetic case has not yet been thoroughly benchmarked. Collisions
between ion species may also be important, particularly for electromagnetic modes
[REWOLDT et al. 1987], so an interspecies collision model may need to be devel-
oped, perhaps through an extension of the work of [CHANG and CALLEN 1992a;
CHANG and CALLEN 1992b], or by simply taking moments of the gyroaveraged

Lorentz collision operator.
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All electromagnetic runs discussed here have been carried out in s—a geome-
try, for simplicity and to allow for easy comparisons with linear kinetic codes. How-
ever, general equilibrium geometry has been implemented in the Gryffin code, and
running the code in general geometry should require only additional benchmark-
ing. The inclusion of profile variation in the simulation domain, via either enhanced
flux tube, annulus, or full torus geometry is also of great interest, particularly for

studying edge turbulence and enhanced confinement regimes.

Trapped electrons can dramatically alter ITG and KBM growth rates, as
well as drive trapped electron modes. [BEER 1995] has developed a model for elec-
trostatic trapped electron dynamics. In the limit of small trapped particle fraction
and small (3, it should be possible to combine this model with our electromagnetic
passing electron model. So far, efforts to do so have proved numerically challeng-
ing, and further work is needed. The eventual development of a practical, fully

electromagnetic trapped electron model is a high priority.

Work on extending the electrostatic Gryffin code to include equilibrium E
x B shear flows is currently being undertaken by M. Beer. Extending this work to

the electromagnetic version of the code is of great interest.

Including the electron inertia term in the electron momentum equation
is straightforward, and should allow investigation of the “universal drift mode”,

though it may introduce numerical challenges.

At small values of 3, the perpendicular component of the magnetic fluctua-
tions (6B, ) tends to be much larger than the parallel component (§B,), and only
0B, has been implemented in the gyrofluid code. However, linear studies show
that 0B, plays an important role in Alfvén mode stability, particularly for high g
equilibria [KOTSCHENREUTHER 1998; TANG et al. 1980]. It should be possible
to use moments of Brizard’s [BRIZARD 1992] full gyrokinetic equation, including
0B, terms, to derive the 0B, terms needed in the moment equations and Pois-
son’s equation, and to use a perpendicular Ampere’s Law to complete the system
of equations. Explicitly including 6 B removes the cancellation which allowed the
combination of the VB and curvature drift terms, and these will now need to be
considered separately. The result will be a significantly more complex set of fluid

equations, but the increase in computational difficulty should be minor.
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The two-moment model used thus far for the electromagnetic passing elec-
trons is elegant and simple, in addition to being quite accurate for describing the
KBM and finite-@ ITG, including the Vn, and VT, drive of the KBM and the
important electron contribution to the finite-3 stabilization of the ITG. There are,
however, cases for which a higher order electron model would be required. A prime
example is the study of the electron temperature gradient (ETG) instability, which
has been proposed as a possible mechanism for electron heat transport in some
regimes. An accurate model of ETG requires the inclusion of finite electron mass
terms, and at least four electron moments. In fact, since the electromagnetic terms
have been implemented in Gryffin for multiple species, it is possible to simulate
such cases by simply treating the electrons as an additional species with very small

mass and negative charge.

It is also of interest to study the impact of nonlinear Landau damping on
the simulations. Because our Landau damping closures are always implemented
in odd moments (u;, ¢, ¢.) with no equilibrium components, magnetic flutter
does not enter the linear Landau closure (avoiding a concern discussed by [FINN
and GERWIN 1996]), but does contribute an additional nonlinear Landau damping
term. The size of this magnetic flutter nonlinear Landau damping term has been
evaluated in the simulations and found to be small for the cases considered here.
Nonetheless, a number of authors [MATTOR 1992; JENKO and ScOoTT 1998] have
discussed the potential importance of this and other nonlinear Landau damping
terms, and it is of interest to include them in future simulations. One approach is
to move to coordinates which follow the perturbed field, so that the FFT’s needed
for the Landau closure term can be easily evaluated along the perturbed field, thus
incorporating the magnetic flutter term. Other issues and approaches are discussed
in Sec. C.8. Comparisons to gyrokinetic particle and Vlasov simulations which
include nonlinear Landau damping is also useful for assessing the importance of

these effects.

Making the above enhancements to the code should allow for more detailed
quantitative comparisons with experimental turbulence and transport measure-
ments, both in the core and the edge. Interesting regimes such as enhanced confine-

ment modes and L-H transitions could be thoroughly investigated. If comparisons
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with present experiments prove successful, the code could be used as a tool to pre-
dict transport in proposed experiments, and to search for low transport regimes

appropriate for a cost-effective fusion reactor.

A final avenue for future exploration is nonlinear dynamics. Preliminary
results suggest complex nonlinear phenomena are involved in the saturation of
electromagnetic turbulence. At high /., increases in transport are observed as
linear growth rates drop, and dramatic increases in transport are observed with
the addition of dissipative terms which reduce linear growth rates. The role of
zonal flow dynamics in the electromagnetic case should be thoroughly investigated,
including comparisons with the analytic work of [DAs et al. 1999], and incorpo-
ration of neo-classical gyrofluid closures [BEER and HAMMETT 1998] which better
account for the undamped “Rosenbluth-Hinton” component of the zonal flow. The
role of secondary instabilities should also be investigated. Rogers has proposed a
mechanism for the stabilization of secondary Kelvin-Helmholtz modes in the elec-
tromagnetic case with dissipation [ROGERS and DRAKE 1997], which could be
explored by studying the stability of linear eigenmodes from the Gryffin code.

In addition, comparisons to existing and future electromagnetic turbulence
simulation codes should prove useful, both for debugging and to explore and com-
pare underlying physics models. Useful comparisons could be made with electro-
magnetic Braginskii fluid codes such as those of [DRAKE et al. 1995; ROGERS and
DRAKE 1997; ZEILER et al. 1996; XU et al. 1998] to better understand nonlinear
dynamics, particularly in the edge regime. Furthermore, some of the techniques
developed and tested here, such as the electron Landau damping model, may help
extend the validity of these Braginskii codes to lower collisionality regimes. Com-
parisons to the fluid code of [ScoTT 1997, which now includes ion dynamics,
should be useful as well. The dynamics of nonlinear instabilities [DRAKE et al.
1995; ScoTT 1997], and their relevance to edge transport could also be explored
in detail. Comparisons with developing electromagnetic kinetic codes using either
a particle [LEE et al. 1999] or direct “Vlasov” approach [JENKO and ScoTT 1999;
DORLAND et al. 1999] will be a high priority in the future.



Appendix A

Gyrofluid vs. 0F Gyrokinetic
Comparisons and the RH Mode

In addition to direct comparisons with experiments, there have been comparisons of
results generated by different types of nonlinear turbulence simulations. These have
primarily involved cross-checks between the results of gyrofluid (GF) simulations
and 0F gyrokinetic particle (GKP) simulations. Because of their computational
efficiency, gyrofluid simulations have been widely used in direct comparisons with
experiments and as the basis for parameterized transport models, such as GLF23
[WALTZ et al. 1997] and IFS-PPPL [KOTSCHENREUTHER et al. 1995]. GKP
simulations are a more direct method of solving the gyrokinetic equation, but they
have been used less frequently in direct, extensive comparisons with experiments.
Cross-checks between GF and GKP (preferably involving more than one simulation
code of each type) provide an opportunity both to evaluate the underlying physics

models and to check for errors in the particular simulation codes.

An early comparison between GF and GKP codes in a simplified geometry
yielded encouraging results [PARKER et al. 1994; DORLAND 1993]. Excellent
agreement was found in comparisons of the thermal diffusivity (x) in both 2-D
shearless slab and 3-D sheared slab geometries, though there were ~ 40% differences
in the RMS ¢.

More recent comparisons in toroidal geometry have found somewhat larger
discrepancies between GKP simulations and GF simulations using the fluid clo-

sures described in [BEER 1995]. These are described in more detail in [DIMITS
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et al. 1999; BEER and HAMMETT 1998] and briefly summarized here. One such
comparison is shown in Fig. A.1 for parameters similar to those from a DIII-D shot.!
Here the x; predicted by several different models is plotted against the normalized
temperature gradient (R/Ly;). The symbols marked GF94 show simulation results
from Beer’s gyrofluid flux tube code with the closure described in [BEER 1995].
The solid line marked [FS-PPPL shows the predictions of the IFS-PPPL model
[KOTSCHENREUTHER et al. 1995], which uses linear theory to predict the critical
gradient, and a parametric fit to results from Beer’s code to predict the heat flux
above the critical gradient. The results of Dimits’ flux tube JF' simulations are
marked GKP, and a simple curve fit through these points is also shown. All sim-
ulations are collisionless and electrostatic with adiabatic electrons (n. ~ ¢ — (¢))
[DORLAND 1993] and a single ion species, and use a simplified circular flux surface

geometry.

The qualitative behavior of all the simulation results is similar. They predict
zero transport up to a critical gradient, above which the transport increases rapidly
before gradually leveling off. However, the GF and GKP simulations disagree about
the precise location of the critical gradient. Furthermore, the GF simulations seem
to be slightly more “stift”, that is they predict a somewhat more rapid rise in

transport as the gradient becomes supercritical.

Because of the different critical gradients predicted by the models, it is pos-
sible to select a value of the gradient near criticality, and find that the predictions
of x; differ by an arbitrarily large factor. A much more practically meaningful com-
parison of the predictions can be made as follows. In an experiment, a heat source?
near the center of the plasma will heat the plasma and sharpen the temperature
gradient, increasing R/Ly;, until the outward heat flux exactly balances the heat
source and a steady state is reached. The temperature gradient at which this occurs
is a relevant physical quantity for comparing the models. Fig. A.2 shows this com-

parison between the IFS-PPPL model and the curve fit to Dimits’  F' simulations.

! This is not necessarily a typical case; it has been selected for study partly because disagreement
between the two models is large.

Zsuch as neutral beams or RF power in current experiments, or fusion produced alpha particles
in a fusion reactor
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Figure A.2: Comparison of the ion temperature gradient predicted by the IFS-
PPPL model to the prediction of a curve fit to Dimits’ 6 F gyrokinetic particle
simulations. The plot shows that over a wide range of heat flux, the IFS-PPPL
model predicts an ion temperature gradient which is 20 — 30% less steep

The conclusion is that the IFS-PPPL model predicts a temperature gradient which
is ~ 20 — 33% less steep.

It has been expected that gyrofluid simulations may become inaccurate very
close to the critical gradient. One reason for this is that the GF model relies on
strong nonlinear couplings to wash out the effects of nonlinear Landau damping and
other long time scale kinetic effects, and hence is expected to be more accurate as
the turbulence becomes stronger. Another reason is that GF predictions of linear
growth rates are less accurate very near marginal stability. Transport models based
on GF simulations, such as GLF23 and IFS-PPPL, use linear kinetic calculations

of the critical gradient to attempt to account for this.3

3This is in part why the IFS-PPPL curve in Fig. A.1 lies somewhat below the raw GF94
simulations.
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It is perhaps surprising then that in Fig. A.1 the GKP simulation results
differ significantly from the linear kinetic prediction of the critical temperature
gradient (given by the point at which the IFS-PPPL line intersects the axis). The
GKP simulations predict zero heat flux significantly above the point at which the
ITG mode becomes unstable. There is apparently a subtle nonlinear mechanism
which prevents this I'TG mode from driving significant turbulent transport when

turbulence is weak.

An undamped component of the zonal flow has been identified as the mecha-
nism for this nonlinear up-shift in the critical gradient [DIMITS et al. 1999]. There
is a component of the zonal flow that is linearly undamped in the absence of col-
lisions [ROSENBLUTH and HINTON 1998]. This Rosenbluth-Hinton (RH) mode is
driven up nonlinearly by the turbulence, and the RH flows then shear apart tur-
bulent eddies and reduce transport. When the linear drive is weak enough, there
is a temporary burst of turbulence which drives enough of the RH flow to com-
pletely damp any further turbulence, leading to the nonlinear up-shift observed in
the GKP results. When the ion temperature gradient is large enough, a balance can
be achieved between the turbulent drive and the turbulent damping of the zonal

flows, leading to a non-zero y;.

As noted in [BEER 1995], Beer’s original set of toroidal GF equations accu-
rately model the fast linear collisionless damping of zonal flows for ¢ < qR/vy+/e.
The original closure does not, however, account for the residual undamped compo-
nent of the zonal flow. Recent efforts have been made to incorporate the residual
flow into a new closure [BEER and HAMMETT 1998; BEER and HAMMETT 1999].
The results of a first attempt at this are labeled GF98 in Fig. A.1. While this
closure only partially accounts for the residual flow, it does produce a nonlinear
up-shift in the critical gradient, and it brings GF and GKP results significantly
closer together. It is hoped that a more complete neoclassical closure which accu-
rately reproduces the residual flow at all relevant wavelengths may bring the models

yet closer together.

Recent full torus 0 F particle simulations by [LIN et al. 1999] have included
a realistic model of ion-ion collisions. It has been found that collisional damping of

the residual flow eliminates the nonlinear up-shift in the critical gradient. Hence,
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including realistic levels of collisions is expected to bring the GF and GKP results
closer together. Beer’s original GF closure can be viewed as an approximation of
the zonal flow damping at a fixed, moderate collisionality. However, as Lin has

found, the value of y; near marginal stability will depend on collisionality.*

It is noted that the closure used throughout this thesis is essentially Beer’s
original closure, and hence all nonlinear results include effective long-term damp-
ing of the RH flow. Nonlinear electromagnetic simulation results with a closure

including the undamped RH flow are expected in the near future.

Of course electromagnetic effects have a significant impact on zonal flow
dynamics, and may impact GF/GKP comparisons as well. Benchmarking the elec-
tromagnetic GF code with an equivalent GKP or 5-d gyrokinetic grid simulation

will be a priority once such codes become available.

A.0.1 Conclusions

Extensive comparisons of electrostatic GF and GKP simulations have been under-
taken and have provided a useful opportunity both to debug simulation codes and
to test and understand underlying physics models. Reasonable overall agreement
has been found, typified by the ~ 25% disagreement in predicted temperature gra-
dient shown in Fig. A.2. A principal source of the disagreement has been identified

and at least partially accounted for.

It is expected that continued refinement will lead to better agreement in the
future, and that both types of simulations will be useful as complementary tools to

achieve further understanding of turbulence and transport.

4The zonal flows near marginal stability are apparently driven by an inverse cascade, and it
may be that the inclusion of non-adiabatic electrons (due to electromagnetic effects or trapped
electrons) will limit this inverse cascade, as has been shown for simple “i6” models of electrons.
This would be expected to improve comparisons between GKP and GF which included nonadia-
batic electrons.
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Flux Conservation

The conservation of magnetic flux is an important property of many dissipationless
models of magnetized plasma dynamics. Here we will show that magnetic flux is
conserved by the dissipation-free version of our electron equations, Eqgs. 3.114-3.116.
This proof closely follows that of [COWLEY 1985].

The magnetic flux W is defined by the surface integral:

\P:/SB-dS, (B.1)

where B is here defined to be the total magnetic field, including both equilibrium

and fluctuating components.

Conservation of flux requires that the total derivative d¥/dt vanish in a

frame moving at some velocity vg, that is:

v OB OB
L /SEwZS—]{dl-(vaB):/S{E—VX(VBXB) - dS(B.2)

= —c/vX(E+V7B><B)-ds—o.
S

This holds trivially in the electrostatic case, and for models such as ideal MHD

where

B
—chE:%—t:Vx(va). (B.3)

147



148 Appendix B. Flux Conservation

It is also apparent that an appropriate vg for flux conservation exists (in particular
the E x B velocity, vy = cE x B/B?) whenever the electric field is purely perpen-
dicular, or when the parallel electric field can be written as a gradient, such that
VxE =0.

For electromagnetic drift/gyrokinetic models, the situation is somewhat
more complex, as E is finite, and V x (BEH) does not vanish in general. For
the first case considered in Sec. 3.3.2, with zero electron inertia and no electron
dissipation, the electron momentum equation is:

\Y
by = Hp“e’ (B.4)

ene

where in this appendix, in contrast to Ch. 3, the moments n.,p.,7T|. etc., are
all defined to be the total moments including both equilibrium and fluctuating
parts, and V is defined to be the gradient along the total magnetic field, including
fluctuations. Invoking Eq. 3.116, which follows from the ordering w < kv, and

in the notation of this section is simply V7|, = 0, we can write:

Vind, Vn T T
B, = Altelie _p Vile _ Lieg (1hp,) = 1€ 10, ). B5
I 767% I en. o V,(Inn) Vu(—e nn.) (B.5)
The curl of E is then:
r ~ ~ THe
VxE = Vx |E, +bE”} =V x |BE.+BY (L nn,) (B.6)

T T
= Vx EL+V(f1nne)—Vl(?’ilnne)}

= VX EL—VL(%lnne)} )

Because this is the curl of purely perpendicular quantity, it is always possible to
find a v for which flux is conserved. Defining vz = v + v/, where vy is the E x

B velocity, the condition for flux conservation is:
V x (V. xB) =V x (V.Tj.Inn,), (B.7)
e

which can be satisfied by an appropriate v’.



Appendix C

Landau Fluid Models of

Collisionless

Magnetohydrodynamics

The main body of this thesis has been concerned with developing and implementing
a fluid model of electromagnetic microturbulence by starting with gyrokinetics,
where the electrostatic approximation has traditionally been employed, and adding

magnetic fluctuations and nonadiabatic passing electron dynamics.

Other approaches are possible. One such method is to start with a set
of MHD-like equations which include magnetic fluctuations, but lack small scale
dynamics and kinetic effects, and enhance them to include adequate physics for
microturbulence studies. The work below, also published in [SNYDER et al. 1997,
details an approach which adds a model of Landau damping to collisionless MHD
equations. This model is most useful for large-scale MHD-type problems where
kinetic effects become important. The addition of small-scale effects would be

necessary for a complete electromagnetic microturbulence model.

C.1 Abstract

A closed set of fluid moment equations including models of kinetic Landau damping

is developed which describes the evolution of collisionless plasmas in the magneto-
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hydrodynamic parameter regime. The model is fully electromagnetic and describes
the dynamics of both compressional and shear Alfvén waves, as well as ion acoustic
waves. The model allows for separate parallel and perpendicular pressures p, and
p., and, unlike previous models such as Chew-Goldberger-Low theory, correctly
predicts the instability threshold for the mirror instability. Both a simple 3+1
moment model and a more accurate 4+2 moment model are developed, and both

could be useful for numerical simulations of astrophysical and fusion plasmas.

C.2 Introduction

The dynamics of collisionless plasmas are of great interest both in astrophysics
and in laboratory fusion research. However, such plasmas are often studied using
models which implicitly assume high collisionality and which ignore important ki-
netic effects such as parallel Landau damping. In particular, models based on ideal
magnetohydrodynamics (MHD) assume collisional equilibration on a fast time scale
and are not in general applicable to collisionless plasmas. Chew-Goldberger-Low
(CGL) theory [CHEW et al. 1956] relaxes the high collisionality assumption, but
assumes an adiabaticity condition which is rarely met, and neglects parallel Landau
damping, which can be important in the collisionless regime. Hence results from
CGL theory are not always reliable, as evidenced by the well known factor of six
error in the CGL prediction of the stability threshold for the mirror instability.
[KUuLSRUD 1962; KULSRUD 1983] Simplified models such as ideal MHD and CGL
are often employed despite their limitations because of the qualitative insights they
provide and the difficulty of working directly with a kinetic formulation. There are
some particle simulations of collisionless MHD phenomena, [LEBOEUF et al. 1979;
SYDORA and RAEDER 1988; Fu and PARK 1995; NAITOU et al. 1995] but there
are also many fluid MHD simulations which could benefit from being extended into

lower collisionality regimes.

In this paper we will develop a relatively simple description of collisionless
plasma dynamics which includes parallel Landau damping. We wish to construct
a model which is valid over a wide parameter regime and can later be narrowed

and simplified for particular cases. As a starting point we will employ Kulsrud’s
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formulation of collisionless MHD [KULSRUD 1983; KRUSKAL and OBERMAN 1958;
ROSENBLUTH and ROSTOKER 1958]. Kulsrud’s formulation requires solving a
kinetic equation for the perturbed pressures p, and p,, or introducing further as-
sumptions such as adiabaticity to evaluate the pressures. We shall take moments
of Kulsrud’s kinetic equation, and close the moment hierarchy with Landau clo-
sures analogous to those derived by Hammett, Perkins and Dorland [HAMMETT
and PERKINS 1990; HAMMETT et al. 1992; DORLAND 1993|, generalized to allow
anisotropic pressures and magnetic perturbations. This yields a fairly simple set of
moment equations with desirable nonlinear conservation properties, and a linear re-
sponse function very similar to the kinetic response of a collisionless bi-Maxwellian

plasma.

We shall refer to the model as Landau MHD, because the model incorporates
the effects of parallel Landau damping, and it is valid within the collisionless MHD
regime. It is useful to consider the Landau MHD model as an extension of CGL
theory which incorporates Landau damping, and can incorporate collisional effects

as well.

One of the limitations of the Landau MHD model we present is that it is
derived only in the standard ordering of ideal MHD, € ~ w/Q. ~ kp, where the
plasma varies on frequency scales w small compared to the gyrofrequency 2., and
varies on spatial scales 1/k long compared to the gyroradius p. Thus it covers
phenomenon related to compressional and shear Alfvén waves and instabilities, ion
acoustic waves, and ion and electron kinetic effects such as Landau damping. How-
ever, it does not include drift-waves or other micro-instabilities (which have been
the focus of other Landau-fluid work) because they result from finite-Larmor/gyro
radius (FLR) effects which vanish in the usual MHD ordering. Also, though colli-
sional effects on the ion and electron heat fluxes and on the pressure tensor can be
kept in our model, there is no resistive component to the ideal Ohm’s law. This is
because the parallel current ) nsesuy, = 0 to lowest order in the 1 /e expansion
of Kulsrud’s collisionless MHD, and collisions would alter the Ohm’s law only at
higher order in the € ~ w/Q ~ kp expansions. Thus the plasma is still an ideal
electrical conductor in our model and the magnetic field lines are frozen into the

plasma.
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Alternative orderings are possible to bring in FLR or resistive effects. One
approach would be to take fluid moments of the electromagnetic gyrokinetic equa-
tion [HAHM et al. 1988; BRIZARD 1992], which allows k,p ~ 1, and work out
the appropriate closures.! Another approach, taken by Chang and Callen [CHANG
and CALLEN 1992a; CHANG and CALLEN 1992b], in effect carries Kulsrud’s ex-
pansion to higher order in FLR, by using k, p ~ k;/k, ~ A with A% ~ € ~ w/Q,.
This “extended-MHD” ordering orders the compressional Alfvén wave out of the
equations, but retains the slower Shear Alfvén and ion acoustic waves, and includes
resistive effects in the Ohm’s law as well as drift-wave instabilities with moderate

172 Chang and Callen use an alternative derivation of Landau-fluid closures

k.op~e€
which is actually linearly exact (employing the full Z functions). It reduces to our
formulation in the appropriate limits [HAMMETT et al. 1992]. Their approach
advances 3 moments (density, parallel flow, and temperature) for each species with
linear closures for the heat flux and stress tensor, while here we advance up to
6 moments (4 parallel and 2 perpendicular moments) for each species. These six
moment equations retain additional nonlinear effects, and simplify some of the ma-
nipulations of the stress tensor by keeping separate p, and p, (which is also essential
to study the mirror instability that Kulsrud used to point out problems with the
CGL theory). They can be reduced to simpler systems with fewer moments in
various limits. Future work could try to extend our methods to the electromag-
netic gyrokinetic equation or merge with the methods of Chang and Callen for the

extended-MHD ordering.

There are previous authors who have tried some forms of Landau closures in
MHD equations. [BONDESON and WARD 1994] used viscous and pressure-damped
models of Landau damping in studying wall stabilization of external MHD modes
in advanced tokamak designs. An important feature of this work was the use of
Lagrangian variables so that the |k;| operator involved in Landau-fluid closures
would (at least linearly) effectively operate along perturbed magnetic field lines,
which [FINN and GERWIN 1996] showed was important to do. However, Bondeson
and Ward’s model was a relatively low-order Landau-fluid model and was not en-
tirely consistent, assuming high collisionality in the derivation of the initial 1-fluid

equations and low collisionality elsewhere. A recent paper, [MEDVEDEV and Dia-

I'Note that this is the approach taken in the main body of this dissertation.
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MOND 1996] has incorporated Hammett-Perkins type closures into a set of two fluid
equations, used to describe large amplitude shear Alfvén and magnetosonic waves
in interplanetary plasmas. Medvedev and Diamond’s equations assume isotropic
pressure, and are valid only in a limited parameter regime (§ ~ 1). The Landau
MHD model presented here should provide an extension of this previous work, use-
ful for the study of resistive wall stabilization, as well as for general problems of

MHD mode growth and saturation in both laboratory and astrophysical plasmas.

The organization of this paper is as follows. Section C.3 summarizes Kul-
srud’s collisionless MHD formulation. In Section C.4, a moment hierarchy based on
Kulsrud’s kinetic equation is derived and discussed. In Sections C.5 and C.6 clo-
sures for ‘442" and ‘341" models are derived, following [HAMMETT and PERKINS
1990], and [DORLAND 1993]. Section C.7 investigates collisional effects, including
the reduction of the model to an appropriate limit of the Braginskii equations.
Section C.8 discusses practical nonlinear implementation of the closure terms. In
Section C.9, the Landau MHD formulation is applied to analyze the mirror insta-

bility, and Section C.10 offers concluding remarks.

C.3 Collisionless MHD

As a starting point, we employ the collisionless MHD model described by Kulsrud
[KuLSrRUD 1983], based on earlier work by Kruskal and Oberman [KRUSKAL and
OBERMAN 1958| and by Rosenbluth and Rostoker [ROSENBLUTH and ROSTOKER
1958]. This formulation begins with the Vlasov-Maxwell system of equations, and
asymptotically expands in p./L, the smallness of the gyroradius relative to macro-
scopic scale lengths. This is accomplished by the formal expansion of the distribu-
tion function f, the magnetic field B, and the electric field F in the inverse charge
1/e. This is equivalent to taking all relevant frequencies in the problem to be very

small compared to the cyclotron frequency, (2., and the plasma frequency, wy,.

In this ordering, the Vlasov equation reduces to a condition on the zeroth
order parallel (relative to the magnetic field) electric field £, = 0, and the fol-

lowing kinetic equation for the zeroth order distribution function of each species
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fOs (UH y 1, T t)
0 fo, r ~ Dvpg r €s 8fos .

(C.1)

where ey is the charge on species s, b is a unit vector in the magnetic field direction
b=B/B,vp=c(ExB)/B% pu=v?/2B,and 2 = 2 4 (b +vp) V.

Combining moments of this kinetic equation with Maxwell’s equations and
taking the usual low Alfvén speed limit v} < ¢? yields Kulsrud’s set of collisionless
MHD equations:

% +V-(pU) =0, (C.2)
p(%—f+u-vu) :W—V-P (C.3)
%—?:VX(UXB) (C.4)
P=pI+(p.—p)bb (C.5)
=2 [t ()

P = ;ms / fo.(v, — U-b)* d* (C.7)

Z es/fos d*v =0 (C.8)
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where p is the total mass density, U = vp + u”f) is the fluid velocity, and P is the

pressure tensor.

The above set of equations is exact to zeroth order in the expansion param-
eter, but the kinetic equation itself, Eq. (C.1), must be used to evaluate p, and p,
to close the system. Because Eq. (C.1) is difficult to solve directly, this system is

rarely employed without further simplification.

One such simplification is the introduction of the double adiabatic law (also
known as CGL theory [KULSRUD 1983; CHEW et al. 1956]). In the CGL model,
Eq. (C.1) is replaced by two equations of state which determine p, and p;:

% (S—;) =0 (C.9)
% <p|§2) —0 (C.10)

where the total derivative is defined by £ = 2 + (ub + vp) V.

These equations of state are equivalent to setting the heat flow tensor Q
to zero. This assumption that both electron and ion heat flow are negligible is
strictly valid only when the mode phase velocity (w/k,) is much greater than the
electron and ion thermal speeds, a criterion rarely satisfied for Alfvén waves and
never satisfied for sound waves. Furthermore, the simple truncation of the moment
hierarchy implied by this assumption eliminates Landau damping from the problem,
leaving the system with no damping at all, which can lead to unphysical behavior.
However, CGL theory is often employed, even when it is invalid, because of its
simple, Lagrangian form. Of course this can lead to incorrect results, as in the well

known case of the mirror instability.

C.4 The Moment Hierarchy

We wish to develop a formulation which maintains much of the simplicity of the

CGL model, while increasing its range of applicability and including models of
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kinetic Landau damping. This will be accomplished by first taking moments of
Eq. (C.1) and, in the next section, closing the hierarchy using Landau closures
analogous to those developed for the electrostatic case by [HAMMETT and PERKINS
1990].

Multiplying Eq. (C.1) by B and adding Eq. (C.4) multiplied by fs, leads to

a kinetic equation in phase space conserving form:

%fsB + V-[fsB <UHB+VE)] (C.11)
5,

+ o,

. Dvpg N €
Bl —-b-——— — ub-VB+ —F = BC(fs),
[f ( e H VB + . |)} (fs)
The subscript zero on f, has been suppressed. All calculations involve only the
zeroth order distribution function in the original expansion in 1/e, though a sub-

sidiary ordering will be introduced to derive the Landau closures.

Note the addition of a collision operator to the right hand side of the kinetic
equation to allow for generalization to regimes where collisions play an important

role. Here a simple BGK collision operator [GROsS and KROOK 1956] is employed:
C(f;) =- Z vik(fj — Faje) (C.12)
k

where vj;, is the effective collision rate of species j with species k. These collisions
cause f; to relax to a shifted Maxwellian with the effective temperature of species

7 and the mass velocity of species k,

"

oo m;(v —uy,)*  mpB
k= (o fm

T i (C.13)

exp | —

where T; = (T

Il 5
mass, momentum and energy.

+ 2T, ;)/3. The BGK collision operator in this form conserves
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Defining the velocity space moments as follows,

ns = [ fsd* nsuy, = [ fov, dPv
Pis = mffs(vn - UH)2 d*v Pis = mf fsuB d*v
s = mf fs(”u - u||)3 d*v qis = mf fsMB(UH - Uu) d3v

T = mf fs(v) — Uu)4 d*v Tiis = mffsuB(Uu - Uu)2 d*v

ro,=m [ fo?B?dPo,

Poisson’s equation and Ampere’s law reduce, to lowest order in 1/e, to the con-

ditions ), nses = 0 and ) ngequy, = 0. Specializing to the case of one species

of Z = 1 ions implies n = n, = n; and u; = u;, = u,. The usual definitions for
total higher moments py = > py., P. = D Pis ¢ = 2.4, etc. are employed.
Note that, because u;, = u,,, the collision term serves primarily to isotropize the
distribution. Taking integrals of the form [ dv, du Uﬁpk ... of Eq. (C.11) then leads

to the following set of exact moment equations:

on
E + V(TLU) = 0,

Oy

~ aVE 1 N
E + U'V'LL“ + b- (W + UVVE> + nmsv'(bplls>
_ &VB_&E” :O’
nmg m

op « N N
allfls + V-(Up,) + V-(bg,) +2p;,;b-VU-b

N 2
- 2qJ—svb = —ng(pus _pJ-s)7

op.

o T Ve(Up)+ V-(bg.,)+p..V-U—=p, b-VUDb

N 1
+ ¢.,V-b= _ng@Ls _pus)7

(C.14)

(C.15)

(C.16)

(C.17)
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dqy, - - < 3P,
81@ + V-(Ugy,) + V-(br,) + 3¢, ,b-VU-b — —mrHLSb'Vp”S (C.18)
2
43 (]hspus Db ”ls) Vb= —uvgq,,

nms  nm,
Mis | G (Ug )+ V- (b, )+ V-(uh) — Z2bvp (C.19)
ot s L s I p— ls

2

(—pls — piLspHS — TJ_’J_S + Tl,J_S) Vb= —Vs(q1 g,
nms  nm,

where p = n(m. +m;), U=vg + quA), and v; = vy + Vie and Ve = Vee + Ve;.

Using the condition u; = to solve for £ [as given in Kulsrud’s Eq. (49)],
it is straightforward to show that the first two moment equations, Egs. (C.14) and
(C.15) are equivalent to Eq. (C.2), and the parallel component of Eq. (C.3), that

1S:

0 . (D 17 -
% +U-Vuy, +b- (% + U-VVE) + ; [b-Vp” +(py —pu)V-b| = 0. (C.20)

C.4.1 Conservation Properties

Just as in the electrostatic case [HAMMETT and PERKINS 1990], the moment hi-
erarchy has favorable conservation properties. Each moment equation acts as a
conservation relation, provided the hierarchy is closed by approximating the high-

est moments, without inserting additional terms such as viscosity.

Momentum is conserved by any closure which keeps Egs. (C.2) and (C.3)
and closes for pressure or higher moments. Combining Eqs. (C.2) and (C.3) yields:

B? BB

op0) _ . {pUU N (—1 _ _) N p} , (C.21)

ot

8 47

Similarly, energy is conserved by any closure which uses approximations only
for the heat flow moments ¢, and ¢, ,, or higher moments. To demonstrate this,
define the kinetic + thermal + magnetic energy density £ = pU?/2+ B? /87 +p, +
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p;/2. Combining Egs. (C.2),(C.3),(C.4),(C.16), and (C.17) yields:
oE I, 1 B x (U x B)
ot -V {<§PU +po+ §P|) U] -V {T} -V-(U-P)-V-q
(C.22)

where q = (¢, + ¢,/2)b. Integrating over volume, we can take the left hand side
as the rate of change of the energy inside a volume, and the right hand side as the
flow of energy across the surface. We note that Kulsrud’s equations (66) and (67)
[KuLSrRUD 1983] (not employed elsewhere in the paper) appear to be in error.

C.5 The 4+2 Model

A closure for the moment hierarchy must now be derived to produce a complete
model. In general, a model which evolves more moments will be more accurate,
though more complex and more computationally intensive to implement. A 442
moment model, that is a model which evolves four parallel moments (n,u, p;,, q;,)
and two perpendicular moments (p, ,q. ,), will be developed first. The 4+2 model
will truncate the moment hierarchy with Eqgs. (C.18) and (C.19), and will require
closures for r, and r,_. Simpler models, such as a 3+1 moment model, can
be derived as the low frequency limit of the 4+2 model, following a procedure
developed by [DORLAND 1993].

A closure for the 442 model will be derived following the procedure laid out
by Hammett and Dorland [HAMMETT and PERKINS 1990; DORLAND 1993|. This
procedure, derived for electrostatic perturbations, must be extended for use with
general electromagnetic perturbations in two dimensions (parallel and perpendicu-
lar). The collisionless case (¥ < w) will be considered first, and collisional effects
will be investigated in Section C.7. The closure should conserve mass, momentum,
and energy, while providing a linear response which closely matches that expected

from kinetic theory.
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C.5.1 Linear Response from Kinetic Theory

We first use the guiding center kinetic equation, Eq. (C.1), to derive the kinetic lin-
ear response. We wish to linearize around a zeroth order distribution which allows
the decoupling of electron and ion pressures as well as the decoupling of parallel and
perpendicular pressures that one expects in a collisionless plasma. To accomplish
this we choose a bi-Maxwellian distribution with separate equilibrium parallel and
perpendicular temperatures T}, and 7' ;. Since the plasma is collisionless, it is
not expected to be exactly Maxwellian, even for a particular species in a particular
direction. However, we wish only to calculate a linear response which we can ap-
proximate with our Landau closure. The linear response thus needs to provide the
correct general form of the linear Landau damping, allowing for independent vari-
ation of species pressures, and of the parallel and perpendicular pressures. Hence

the bi-Maxwellian is a convenient choice.

We introduce a subsidiary ordering in which the zeroth order distribution is

bi-Maxwellian with no zeroth order flows or gradients, fs = Fiss + f1s, Where:

2
No msBop  msy

exp | —
(27/m8)3/2T¢05T|\(1)£2 T\ o, 2T,

Fags = (C.23)

[0s

The moments (n = ng + ny, U = U etc.), the magnetic field (B = By + By), and
the parallel electric field (£, = Ej,) are similarly linearized, with the zeroth order
part uniform. Note again that this is a subsidiary ordering. All terms are zeroth

order with respect to the initial ordering in 1/e.

Eq. (C.1) is then linearized and Fourier analyzed to find fi;. Defining Z as
the unit vector in the parallel direction By = Byz, and defining the wave vector

k==Fk2z+ kX

2.
v{ 1k, By € msv
s= =y R
S ( > By m ) T (—iw + ik.v;)

fos (C.24)

Taking moments, keeping in mind that [ d®v = 2x [(By+ B;)dudv,, yields:

ino
s= - e BR(G
ny k’zTuoge R(Cs) +

Bing [1 ~ Tios

|- R ) (29
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) B T
P tPigs e, [1 n 2C32R(CS):| i 1P)os 1] Zt0s (1 + QCSQR(CS))
szHOS By THOs (C 26)
1P 1os 2B1p. g, T\ os
1 - - SE s 1 — s 2
o = e BRI + 220 12| (e

where (5 = w/v2|k;|vy, is the normalized frequency, and R((s) = 1+ (:Z(¢;) is
the electrostatic response function. The usual plasma dispersion function is defined
for Im(¢) > 0] by Z(¢) = (1/y/7) [ dt exp(—t*)/(t — (), and the thermal velocities

are defined to be vy = \/T},,/ms and vy, = /T o5/ M.

Note that it is possible to solve for £ using quasineutrality, and to solve for
By using Eq. (C.4). However, we find it most convenient and physically enlightening

to leave the response functions in the above form for matching to the moment model.

C.5.2 The 4+2 Landau Closure

We now choose a closure for our 4+2 hierarchy which will closely match the linear
response calculated in the previous section. As noted we require closures for both
s and 7, . Additional terms such as viscosity would violate energy conservation
[HAMMETT and PERKINS 1990; HAMMETT et al. 1992] and so will not be employed
in the 442 equations.

The linearized moment equations in the collisionless (v = 0) limit are, omit-

ting the subscript on perturbed quantities and defining V = bo-V:

on
— U=0 C.28
81& + nOV s ( )
duy 1 (Pros — Pigs) ViB1 e
e : ~Lp - 2
ot + ngmsvupns + noMs By ms 1 =0, (C.29)
Ipy _
— TP,V Ve + Vg, +3p,Vyu =0, (C.30)

ot
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Op.s
g; +2posV-VvE + VHC]LS +plosvuuu =0, (0-31)
aq”s 3Diios
v + Vyrs — ‘no—ngsvnpus (C.32)
3pn(2)s 3DyosPros \ ViB1
* ( TH’“OS * 3TH’L08 + NoMmg NoMms BO B O,
0., + Vyr, — LA Vipy (C.33)
ot TS5 ngms s
2
P1os PiosPigs \ VD1
—2 - =0
" (TL’LOS TH’LOS noms i notrg ) BO 7

The bi-Maxwellian values 7y .. = 3pj0./70Ms, Tj,10s = PlosPLos/M0Ms and
Ti1l9s = 2P1gs/Moms are easily calculated. Fourier transforming into (k,t) space,
and using the linearized Eq. (C.4), k-'vp = wBj /By, yields a simple set of equations

for each moment in terms of the other moments and the perturbed magnetic field.

The system is closed by writing the highest moments (7, and . ) as a
linear sum of the lower moments, with coefficients that are in general functions of k
and the equilibrium quantities. Generalized linear response functions can then be
derived. The closure coefficients are determined by comparison with linear kinetic

theory in the high and low frequency limits.

Guided by previous work [HAMMETT and PERKINS 1990; DORLAND 1993],
we choose closures with a bi-Maxwellian part and an additional term which models
phase mixing. We first try a simple generalization of the 442 closure derived in
[DORLAND 1993] for the electrostatic case, modified for the case of a bi-Maxwellian

equilibrium distribution:

ik, q
— V2D, ‘l‘s (C.34)
I

Tis = 31’3\\3(2}?“5 —Tjpsn) + Cn”OUtQHST\

I's

ik\IQLs
|k|\|

Tiiy = Ul?isp”s + vfnspls — foSTLOSn — \/iDﬂ)tHS (C.35)
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The coefficients ¢, D, and D, are determined by matching the perturbed
density and perpendicular pressure to the kinetic results in the adiabatic (|¢| < 1)
and fluid (|| > 1) limits. It is possible to match the density response through
order ¢? for small |¢| and through order 1/¢® for large |¢|. The p, response can be
matched through order ¢ for small || and through order 1/¢? for large |¢|. This
yields ¢, = (32 — 97)/(37 — 8), D, = 2y/7/(37m — 8), and D, = /m/2 (the same
result as in the earlier electrostatic derivation [DORLAND 1993]).

The density response is then:

ino
o= — e B Ra(C
ny szHOS@ I 4(< ) +

Bmo [1 . TLOs

BO THOs

m(g)] (C.36)

where R4((;) is a four-pole model of the electrostatic response function R((s):

. 4 — 2i\/mls + (8 — 3m)¢2
() = T GiRG + (16 - 9m)G + div/cE + (6 — 161G

(C.37)

The linear kinetic response functions for the 4 parallel moments n,u,p,,, q, are
all modeled equally well, with R4((s) replacing R((;) in the expressions for each.

The 442 density response is compared to linear kinetic response in Fig. (C.1).

Note that in the figures, the quasineutrality relation ny; = nq. has been used

to eliminate £, from the expressions for the response functions.

In the p,, response, R((;) is modeled partially by the four-pole function
R4(¢,) and partially by the two-pole function Ro((s) = 1/(1—iy/m(s—2¢?), yielding:

2B1p. o, [1 . T os (R4(Cs) + R2(Cs))1
BO THOs 2 2 (C 38)

_ ios

Pis= =77
szIIos

es By Ra((s) +

As shown in Fig. (C.2), the p, response is not matched as closely as the parallel

moment response for large (,, but the fit is still quite good.

Note that we could have chosen a more general form for the r, and r .

closures, involving all lower moments and the perturbed magnetic field. However,
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Figure C.1: The real (a) and imaginary (b) parts of the normalized linear density
response (n1/ik,&,no), versus real normalized frequency (¢; = w/v/2|ky|vr),). The
3+1 and 442 moment Landau MHD models are compared with linear kinetic theory.
Predictions of CGL theory and ideal MHD theory are also shown. Parameters
chosen are Z =1, T o/Ty = 1, T o; = T'oe, T)o; = 1}, and y/m;/m,. = 40.
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Figure C.2: The real (a) and imaginary (b) parts of the normalized linear total
perpendicular pressure response (p,,/ik.£:p.,), versus real normalized frequency
(¢ = w/V2|ky|vry,). The 3+1 and 4+2 moment Landau MHD models are compared
with kinetic theory. Predictions of CGL theory and ideal MHD theory are also
shown. Note the significant variation in real p, response between the 3+1 model and
the kinetic model, even for large (. Parameters are identical to those in Fig. (C.1).
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upon matching the linear kinetic response in the || < 1 and || > 1 limits, these

general closures will reduce to the closure given here.

The complete 4+2 system of equations is Eqgs. (C.2) through (C.5), plus
Egs. (C.16) through (C.19) closed by the inverse Fourier transform of Eqgs. (C.34)
and (C.35). The system can be solved numerically in k-space where the closure

functions are more easily evaluated.

C.6 The 3+1 Model

For many applications, a simpler, less computationally intensive model will prove
adequate. The simplest model which evolves p;, and p, involves truncating the
hierarchy with Egs. (C.16) and (C.17), using closure approximations for ¢, and ¢, .
We refer to such a model as a ‘3+1 model’ because it evolves 3 parallel moments
(n, u;, p;) and 1 perpendicular moment (p,). Note that the CGL model is a 341

model which invokes the simple closure ¢, = ¢, = 0.

The 341 closures can be derived following the procedure laid out in the
previous section, by writing ¢, and ¢, as a sum of the lower moments and B, and
solving for coefficients by matching with the linear kinetic density and perpendicu-
lar pressure response. However, the 3+1 closures for both ¢, and ¢, , can be more
simply derived as the (; — 0 limit of the 4+2 model, following the moment reduc-
tion scheme outlined by [DORLAND 1993|. [PARKER and CARATI 1995] showed
how to extend this scheme to an arbitrary number of moments, and used it to show

some similarities to renormalization methods.

Substituting the 442 closures into Eqs. (C.32) and (C.33), in (k,t) space,
and taking the limit |(5| < 1 yields:

8 ik, T,
q”s = _”0\/jvt||5 +1s (039)
m ’kn|
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2 ikT., \/5 ( TL05> ik, B,
s = —Noy/ —v + o/ —vy T os (1 —
o 0\/; T k| B Ty /) 1Ky Bo

Note the term proportional to B; in the ¢, closure. This term is not found in

(C.40)

the electrostatic case, where B; = 0, and it also vanishes for isotropic equilibrium
pressures. This term is needed to properly conserve p linearly in the presence of

magnetic field compression and anisotropic pressure.

Substituting the closures Eqs.(C.39-C.40) into the 3+1 equations yields the

density response:

Nis = esEHR?)(Cs) BO T

’in Blno |:1 TJ_OS
k T‘l llos

and the perpendicular pressure response:

1D 1 gs 2BlpLos y RZ’)(CS) RI(CS)
= < Ra((s 1— ,
Dis 7 T\lose 1Ra(Cs) + By [ T ( 2 *

2
05 (C.42)

where R3((;) is a three-pole model of the electrostatic response function:

2 3zfcs - 44“2 t 20/ C?

and R4 ((;) is a one-pole model of R((,), R1({s) = 1/(1 —iy/m(s). The 3+1 density
and p, responses are plotted in Figs. (C.1) and (C.2). Of course the response

Rs(Cs) =

(C.43)

functions, particularly for p,, do not fit the kinetic results as well as for the 4+2
model. However, the qualitative behavior is correct, and the behavior in both limits
(¢s < 1) and (¢s > 1) is accurate.

The complete 3+1 system of equations is Eqs. (C.2) through (C.5), plus
Egs. (C.16) and (C.17) closed by the inverse Fourier transform of Egs. (C.39) and
(C.40). This set is significantly simpler than the 4+2 equations, while still con-
serving particles, momentum, and energy, and providing a reasonable model of the

linear kinetic response.
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Further moment reduction to 340, 2+1, 2+0 and even 140 models is pos-
sible. These simpler models can be useful in certain cases where conservation of
thermal energy isn’t important. However, the 3+1 and 442 models allow separate

evolution of p; and p,, which is often important in describing collisionless modes.

C.7 Collisional Effects

The 3+1 and 442 Landau fluid collisionless MHD models have been derived for
the completely collisionless case, where the collision rate is very small compared
to a typical mode frequency (v < w). However, it is possible to introduce some
collisional effects into the models using a collision operator such as the BGK oper-
ator introduced in Section C.4. It is then possible to examine regimes with a wide
range of collisionality, provided that v < (2., as required by the initial ordering.
The accuracy with which collisional effects are modeled will of course be limited by
the accuracy of the initial collision operator employed. Furthermore, the modeling
of certain collisional effects, such as momentum transfer and resistive tearing of
magnetic field lines, is hampered by the use of only the lowest order collisionless

MHD expansion in inverse charge.

The moment hierarchy previously derived [Egs. (C.14) through (C.19)] al-
ready includes the collision terms arising from a simple BGK collision operator.
However, the form of the equations is quite different from the forms normally used
in MHD. We will attack this discrepancy by rewriting Egs. (C.16) through (C.19),
and showing that they reduce approximately to Braginskii’s transport equations
[BRAGINSKII 1965] in the limit w, |k|vy, < v < Q. (w is a typical mode frequency,

and k is a typical wave number).

First define an average pressure, p; = (p, + 2p.,)/3, a differential pressure
0ps = py, — D1y, and a heat flow ¢, = ¢;,/2 + q.,. We can then divide the pressure
tensor, Pg, into an isotropic part and an anisotropic part labeled IIg. That is
P, = pI+ 11 = p.I1+ (—0p,I+ 26p,bb)/3. Combining Eqs. (C.16) through (C.19)
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then yields:

dps ) 2 ~ 2
)V U = —2V.(bg,) — 211, : A4
i + 3p V-U 3V (bgs) 3 \VA8) (C.44)
ddps 5 ~ ~
pn gépsV'U—i—Hs : VU + 3p,b-VU-b — p,V-U (C.45)
- 3¢, ,V-U+ V. [B(qns — qls)] = —v0ps
8(]5 ~ (T ols 3 N N §p s +p s
oV b (L= tr,)| + SabVUB - e LrhVp,, (C.46)
~ 2 3p 2 ~
+¢.,V-(ub) + (pls + ProPiy _ “Pis _ Tids _ TL#S) Vb= v
nmsg 2nmg 2nmy 2

C.7.1 The High Collisionality Limit

In the limit of high collisionality (v > w), the above three equations yield an
approximation to the Braginskii transport equations [BRAGINSKII 1965], with the

condition v < (2., as required by the initial ordering.

Formally expanding all moments in the collision time (1/v), it is apparent
from Egs. (C.16-C.19) that q,,, = qios = 0pgs = 0. Eq. (C.45) then reduces, to
lowest order, to:

Sy, = —L%(36-VU-b — V. U)

If v, from the original BGK collision operator is taken to be the reciprocal of Bra-
ginskii’s collision time (vy, = 1/7,,,,.), the resulting expression for Iy = (—dp,I +
26p,bb) /3 matches Braginskii’s result to within an order unity constant (.96 for

Z =1 ions, and .73 for electrons).

Similarly, a heat flux nearly matching Braginskii’s can be derived in the
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same limit. To lowest order, Eq. (C.46) becomes:

v |b (r”g% +7i00s) | - g D0 o (C.47)

N

r R
+ <_% - TJ_,J_OS> V-b = —vyqi,

In this collisional limit, the ro moments will take on their Maxwellian values (r,,,, =

3P3/Msno, Ty, 1gs = Do/ MisN0s 71, 1o, = 2P5/MisNo). Substituting yields:

_§ Po
2v,my

dis = VHTOS

which matches the Braginskii heat fluxes to within factors of order unity.

To match Braginskii’s results more precisely, one could replace the simple
BGK collision operator used here with a more precise Landau or Fokker-Planck
operator. This should allow reproduction of the collisional energy flow between
species (Qs) as well as the above heat flow and anisotropic pressure terms. How-
ever, modeling momentum exchange terms is problematic because the initial formal
expansion in 1/e used to derive the collisionless MHD equations implies u;, = u,.
The effects of resistive momentum exchange thus require going to higher order in

the ideal MHD ordering, or using an alternative ordering procedure.

C.7.2 Collisionally Modified 3+1 Closure

Collisional effects have not been considered in the derivation of the Landau closures
themselves. In principle, it is possible to rederive the linear kinetic response func-
tions with collision terms, and choose Landau closures which match this collisional

linear response. However, a simpler procedure appears to be adequate.

This alternate approach [BEER 1995; BEER and HAMMETT 1996], is to
derive a collisionless closure for a many moment model (here the 442 model), and
then reduce the number of moments by taking the low frequency limit of the highest
moment equations, with the collisional terms included. This will incorporate some
collisional effects into the lower moment closure (here it will include the collisional
effects described by the ¢, and ¢, equations into the 341 model). The modified
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3+1 closures resulting from this procedure are:

g, = —8nov; T, (C.48)
’ " (VBrlky vy, + (37 — 8)vy)
- novtzusik”Tm N < B Tms) nova‘sTmsikuBl
n (/3 Ky lvgy, +vs) Tios ) Bo(\/Slkylvy, + vs) (C.49)

These closures allow a smooth transition from the collisionless regime where
Landau damping is important, to the collisional regime where Landau damping

vanishes.

Hence some collisional effects can be included within the Landau collisionless
MHD model, and the model can be extended for use in the marginally collisional
regime (v ~ w) as well as the collisionless regime (¥ < w). However, the accurate
modeling of some collisional effects, particularly those associated with momentum
exchange, is made difficult by the use of the collisionless MHD ordering. A model
based on Braginskii or resistive MHD is more appropriate for use in the highly

collisional regime (v > w).

C.8 Nonlinear Implementation of the Closure

The closures for both the 442 and 3+1 models employ terms containing |k |/k;.
Numerical evaluation of these terms in k-space is straightforward for electrostatic
problems (such as ITG/drift-wave turbulence), since only a simple Fourier trans-
form along the equilibrium magnetic field direction is required. But as pointed out
by [FINN and GERWIN 1996], Landau damping must be evaluated along perturbed
field lines, i.e. Landau damping involves particles mixing due to their free-streaming
along the total (equilibrium + fluctuating) magnetic field, and so k; involves Fourier
transforms along these perturbed magnetic field lines. Conceptually, a parallel heat
flux is driven by a parallel temperature gradient: ¢, oc V| T} = b- VT,. Linearizing
this yields g, o< bo-VT, 1+f)1 VT, Wesee that considering only the Fourier trans-
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form of VT, in the by direction would not be sufficient even linearly. In fact, in the
ideal MHD limit where the magnetic field is frozen into the fluid, if the temperature
is initially uniform along a magnetic field line it will always remain uniform along a
field line if the plasma motion is incompressible, so that the perpendicular gradient
term will exactly cancel the parallel gradient term: ¢, by - VT, + b, - VT,,=0.
To account for this, Bondeson and Ward [BONDESON and WARD 1994] employed
Lagrangian variables and applied a Landau damping model only to the component
of the temperature fluctuations driven by compression. Alternatively, one could use
the higher-order 442 moment equations which involve |k| operating on a higher
moment like ¢,. Upon linearizing Vg, = by - Vg, + b, - Vg, we often have only

to consider the first term since g, is zero for many types of equilibria.

However, the situation is more complicated for nonlinear electromagnetic
calculations. Then the nonlinear term by - VT,, can not formally be neglected
compared to bo - VT,,. To be rigorous, the transformation between the k-space
closure and its real space equivalent must be made along the perturbed field lines.
One way to do this would be with a Lagrangian coordinate system which moved
with the magnetic field and had one coordinate aligned with the magnetic field.
Then the standard fast Fourier transform (FFT) algorithm along this coordinate
could be used to evaluate the |k;| closures. Alternatively, if the simulation uses a
fixed Eulerian grid, then at every time step where |k|T} is to be evaluated, one
would need to map 7| from the simulation grid to a field-line-following coordinate

system, carry out the FFT, and then map the result back to the simulation grid.

One can avoid FFT’s by working directly with the real-space form of the
the closures. This is somewhat more expensive computationally, since it involves
convolutions in one direction [O(N*) operations, where N is the number of grid
points in each direction] rather than the faster FFT algorithm [O(N?3log N) oper-
ations|. But because the convolutions are done in only one direction instead of a

3-D convolution [O(N?®) operations|, this may be acceptable.

For example, the real-space form of the collisionless 3+1 moment closure for
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q;, Eq. (C.39), is the convolution [HAMMETT and PERKINS 1990]

q4(2) = —no (%)

where the integration is performed along the perturbed field line. Evaluation of

Nlw

e T nN_T o
vt|s/ dZ/ Hs(’z—i_’z) Hs(z Z)

Z/

, (C.50)

this integral (or its discrete analogue) in principle requires evaluation of the parallel
temperature fluctuation at an infinite number of points along the field. In practice
the integral can be cut off at a reasonable parallel correlation length [BEER 1995].
Truncating the integral at 2z’ = L means that the Landau damping is applied
primarily to modes with k, > 1/L, while modes with k, <« 1/L will experience
relatively little damping due to the Landau resonances. This approximation is
probably adequate in cases where the Landau-damping is only important for the
high-%, component of the fluctuation spectrum, and convergence can be tested by

varying L.

When collisions are important, the collisional form of the g; closure given

by Eq. (C.48) should be used. The real space form of this closure is then,

[\V][eV)

Q. = —"o <;> ’ Uy, /OOO dz'g(2') [T),(2 + 2') = T}, (2 — 2] ©51)

0 l;} R
z) = dk = sin(kZ
o9 = [ disin(i)
where k = kL, and Z = z/L, have been normalized to the parallel collisional mean

free path

o V8T Un,

T 3r—8
For small 2 Eq. (C.51) behaves just as Eq. (C.50), but for large Z, ¢g(2) falls off
rapidly, as 1/23, and the closure integral may be quite accurately truncated after a

few mean free paths.

Eq. (C.50) includes nonlinear magnetic effects if the integral is evaluated
along perturbed magnetic field lines, but it still assumes that density and temper-

ature vary weakly along a field line so that constant equilibrium values of ng and
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v; can be used. There are various possible extensions of this closure which could
be proposed to model cases with stronger parallel nonlinearities (for example, see
Sec. 3.4 of Smith’s thesis [SMITH 1997]). The relative advantages or accuracy of
various possibilities has not yet been studied, but one reasonable nonlinear model

is

q,(2) = — <%> 5 /oOO Cli—/iz/[”(z +2) T3Pz + ) - Tni(/)Q) (C.52)

T me
= (e =)0 - ) - TG,

This has the physically reasonable property of weighting the convolution integral

by the density, so that particles streaming from low density regions contribute less

to the heat flux. This model (or some variant thereof) might be useful to model the

heat flux on field lines which intersect solid materials (where the plasma density

goes to zero), such as in the edge of fusion devices. A possible choice for T, is

[ dzn(=)T,(2)/ [ dzn(2).

C.9 An Example: The Mirror Instability

To demonstrate the usefulness of our model, and the fundamental importance of ki-
netic effects in simple collisionless MHD problems, we will investigate the magnetic
mirror instability. Kulsrud [KULSRUD 1983] cites this example to demonstrate the
use of his guiding-center kinetic theory and to expose the limitations of simple fluid
theories such as CGL [CHEW et al. 1956]. We will show here that our Landau fluid
models recover the exact instability threshold for the mirror mode, and provide a

good model of the mode’s linear growth rate above the threshold.

Consider a strongly-magnetized, homogeneous plasma consisting of electrons
and singly charged ions. Take the magnetic field to be uniform in the Z direction,
By = Byz. The equilibrium distribution is taken to be an anisotropic bi-Maxwellian

with unequal parallel and perpendicular temperatures. For simplicity, take the

electron and ion temperatures to be equal in each direction, T, = T, = T}, and
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T o =T 0. =T, Define the X direction by writing the wave vector k = k,X+k,Z,

and define a ‘plasma displacement’ vector £ by U = —iw€.

Linearizing and Fourier transforming Eqs. (C.2) through (C.5) then yields

the following equations of motion:

_p0w2£:c = —Z'k‘pr_ + k:z(pllo - pJ.O)gﬂc - (ki + kg)(Bg/47r)§r
(C.53)

—POWQ@ = _ikzp\\ + kxkz(pl\o - pJ_O)gx (054)

where the subscript on the perturbed pressures is again suppressed. Expressions
for the perturbed pressures p, and p, are needed to close this system and solve
for the instability growth rate. We will close the system in four different ways:
first with linear kinetic theory, then using CGL theory, then with the 341 Landau
MHD model, and finally with the 4+2 Landau MHD model, in order to compare
the instability thresholds and linear growth rates determined by each.

To calculate a kinetic result, we proceed exactly as in Eqgs. (C.24) through
(C.27). Using quasineutrality to solve for E,, and using Eq. (C.4) for B; =
—1k €. By, yields:

R(Cz) - R(Ce)

ek, = kxszmeR(Ci) TR (C.55)
This leads to the following expressions for the perturbed pressures:
. Tio (R(G)+R(E) | RIG)R(E)
pPL= 2kafa:pJ_0 [ & ( + ' > — 11
TIIo 4 'R(Q) + R(C€> (C.56)
T, 2R(G)R(C)(C? + 2
=it |2 (1+ BEEEESS) 1] s
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Substituting for p, in Eq. (C.53) leads to the dispersion relation:

k2 T2 T B2 T B2
<3+<3=2k—§(—;0«4k<§)+i0+ °)+(ﬂ—1+ 0)

Tng Tyy  87pyq

where the function A (() is defined by

_ R(G)* 4 6R(G)R(C) + R(Ce)?
AL = TR T RG)

(C.59)

For parallel propagation (|k,| > |k.|), the above reduces to the dispersion relation
for the ‘firehose’ instability, and the kinetic effects drop out within our ordering
(note that a different ordering can be used to analyze these much smaller kinetic
effects for limited parameter regimes- see [MEDVEDEV and DIAMOND 1996]). All
of the models considered will reproduce the firehose linear growth rate exactly. In

the opposite limit (|k.| > |k.|), the dispersion relation becomes:

T, 5 ) (C.60)

2, 2 kZ T3
G+ =273 <——Ak(0 et
k2 Tio Ty,  8mpy,
This relation has an infinite number of roots, due to the presence of plasma Z-
functions. The magnetic mirror instability is the root for which the real part of the
frequency goes to zero. Taking the limit ( — 0, leads to the instability criterion for
PL%

. B2 . .
the mirror mode, > Pio + g2. The linear mirror growth rate versus the degree
0

of anisotropy T'.(/T), is plotted in Fig. (C.3) for a fixed mass ratio at fixed total
plasma beta, 8 = [(2/3)p.o + (1/3)p,,]/ (B3 /8).

Chew-Goldberger-Low [CHEW et al. 1956] theory can also be used to in-
vestigate the mirror instability. CGL’s simple truncation of the moment hierarchy
with ¢, = ¢, = 0 leads to the following linearized expressions for the two perturbed

pressures:

py = —ipyo(kale + 3k:E.) (C.61)

pr = —ipio(2k.&e + k:EL) (C.62)
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Plugging these into the equations of motion leads to the following dispersion rela-
tion:
k2
Gre = (1 T
K2\ T56-2(G+¢) T, 8mpy

+ <& _14 D )
Ty, 4mpy,

In the |k.| > |k;| limit, CGL theory correctly predicts the instability threshold
for the firehose instability. However, in the opposite limit |k,| > |k,|, CGL’s

T 1 T, B ) (C.63)

description of the mirror mode is drastically in error. CGL predicts the mirror

2 2
mode goes unstable for gﬁ > P+ %, a factor of 6 error from kinetic theory, as
0

noted in [KULSRUD 1983]. The linear growth rate is plotted in Fig. (C.3).

The 3+1 Landau MHD model does markedly better in modeling the mirror
mode. The 3+1 dispersion relation is derived using quasineutrality and Eq. (C.41)
to solve for F, and using B; = —ik,&, By to find:

R3((z) - R3(Ce)
R3(Gi) + Ra(Ce)

Plugging this into the 3+1 model expressions for the perturbed pressures worked

out in Section C.6, and summing the 2 species pressures yields:

T.o (Rl(@) + R1(¢.) n R3(G)Rs(Ce) )) - 1]

bL = Qikxfpr_O |:

T'HO 4 RS(Cz) "’R?;(Ce (065)
. Ty 2R5(G)Rs(Ce) (62 +¢2)
Py = Zszxpl\o |:77|0 (1 + ,Rf?,(c@) I R?,(Ce) > - 1} (066)

Substituting these results into the equations of motion leads to the following dis-

persion relation:

k2 T2 T B? T B2
2 2_9lz [ _240 —10 0 -0 0
G+ 12 As(¢) + + + T, + e

z

(C.67)
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Figure C.3: Linear growth rate of the mirror instability (k% > k?) as predicted
by kinetic theory, 341 and 442 Landau MHD models, and CGL theory (ideal
MHD cannot predict the mirror growth rate as it posits an isotropic pressure).
The normalized growth rate ((; = Im(w)/v/2|k)|vr),) is plotted versus the temper-
ature anisotropy (T'.o/T),) at constant 3 = {(2/3)p., + (1/3)p}/(B3/87). The
parameters chosen are Z = 1, T o; = T\, T)o; = T}, B = 1 and y/m;/m, = 40.
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where A3(¢) = [R1(G) + Ra(¢)]/4+ R3(G)R3(Ce)/[R3(¢i) + Rs(Ce)]. As expected,
the 341 results are identical to the kinetic results, except that the electrostatic
response function R((,) is replaced everywhere by either a three-pole or a one-pole
model (R3({s) or R1((s)). In the limit |k,| > |k.|, the 3++1 model recovers the linear
kinetic firehose dispersion relation. Taking the opposite limit |k,| > |k.|, leads to
the mirror mode dispersion relation. Again the small frequency limit ({ — 0), is
taken to investigate the mirror mode. Unlike CGL, the 34+1 model recovers the
correct stability threshold for the mirror instability (’;‘i‘f >pigt g;ﬁ). The mirror
mode linear growth rate predicted by the 3+1 model is compared to the other
models in Fig. (C.3).

The 44-2 model provides a yet more accurate model of the linear mirror mode
growth rate. The calculation of the dispersion relation is completely analogous to
that for the 3+1 model, and all of the results are identical to those given in the
previous paragraph, with the simple substitutions R3((s) — Ra((s) and Ry ((s) —
R2(¢s). Again the instability threshold for the mirror mode matches the kinetic

result exactly, and the linear growth rates are compared in Fig. (C.3).

C.10 Discussion

A fluid description of plasma dynamics in the collisionless MHD regime, including
models of kinetic effects such as phase mixing and Landau damping, has been devel-
oped. This ‘Landau MHD’ model is based on Kulsrud’s formulation of collisionless
MHD [KULSRUD 1983; KRUSKAL and OBERMAN 1958; ROSENBLUTH and ROS-
TOKER 1958], and it is enhanced through the use of Landau closures analogous to
those developed by [HAMMETT and PERKINS 1990]. The model is a significant im-
provement over previous models, such as CGL theory [CHEW et al. 1956], because
it includes accurate models of linear kinetic effects, while maintaining desirable
nonlinear conservation properties and a fairly simple form in k-space. The model
describes all waves which appear within the collisionless MHD ordering, including
shear and compressional Alfvén waves, as well as ion acoustic waves. The effects
of collisions have also been considered, through the use of a simple BGK collision
operator. It has been shown that, in the high collisionality limit (w < v < ),
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the model reproduces Braginskii’s stress tensor and thermal conductivities approx-

imately.

Both a 341 moment Landau MHD model and a more accurate but more
cumbersome 442 moment model have been developed. Both have been derived for
fairly general conditions, making no assumptions about adiabaticity or plasma beta,
and including models of both ion and electron Landau damping. Collisional effects
have been included in the moment equations through the use of a BGK collision
operator, and a collisionally modified version of the 341 closure has been derived.
One species of Z = 1 ions is assumed, but the generalization to multiple ion species
is possible. The model can be easily reduced to account for further restrictions on
adiabaticity, e.g. by replacing the full electron moment hierarchy with a simple
adiabatic electron response when appropriate. Additional simplifications are easily
made for isotropic pressures (1), = T.), or electrostatic perturbations (B; =
0) etc. For nearly incompressible modes, a different ordering which eliminates
the compressional Alfvén time scale is possible, as outlined by [MEDVEDEV and
DIAMOND 1996].

Some of the limitations of our model are imposed by the use of a general
collisionless MHD ordering together with a gyroaveraged kinetic equation. This
ordering eliminates all finite Larmor radius (FLR) effects (k, p — 0), including the
curvature and VB drifts. To bring FLR effects into the problem, it is necessary
to introduce an additional ordering which removes the compressional Alfvén time

scale.

Another complication is the evaluation of the |k;|/k, terms found in the
Landau closures. As pointed out by [FINN and GERWIN 1996], the Landau damping
must be evaluated along perturbed field lines. Hence, for nonlinear calculations,
transforming the closure to real space requires an integral along the perturbed field
line. The numerical evaluation of these nonlinear closures may be burdensome in

some cases, as discussed in Section C.8.

It is anticipated that the model will be useful for nonlinear numerical simu-
lations. Some of the caveats involved in using Landau closures in nonlinear simula-
tions have been extensively discussed in the gyrofluid literature [HAMMETT et al.
1992; DORLAND 1993; BEER 1995; BEER and HAMMETT 1996; HEDRICK and
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LEBOEUF 1992; HAMMETT et al. 1993; PARKER et al. 1994; KrROMMES and HU
1994; MATTOR 1992], but these caveats are an area of ongoing research. There
are some regimes where certain nonlinear kinetic effects are not well modeled by
Landau-fluid closures [MATTOR 1992]. But we generally believe [DORLAND 1993;
BEER and HAMMETT 1996; HAMMETT et al. 1993; PARKER et al. 1994] these
closures will be adequate for stronger turbulence regimes where rapid decorrela-
tion is occurring and the velocity space details of the distribution function are not

critically important.

It is hoped that the model will prove useful for simulating both laboratory
and astrophysical plasmas in the collisionless MHD regime. The model should be
able to predict the onset and structure of instabilities, as well as the heat and

particle transport caused by the instabilities.
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