[ >
>

| nvesti L angevin nu_eff, including Krommestrick.

> restart; kernelopts(version); interface(version);

Maple 7.00, IBM INTEL LINUX, May 28 2001 Build ID 96223
Maple Worksheet Interface, Maple 7.00, IBM INTEL LINUX, May 28 2001 Build ID 96223

"> # W are worKki ng with the Langevin equation of the follow ng form

# Note that the conjugate(f) convention is being used, to nmake it
simlar to

# the practice in the D A/ EDONM RMC,

#

# Note that the danping rate is denoted by eta in the paper, but
by nu here.

diff(psi(t),t) = - nu * psi + conjugate(f);
a -
pUUGESURY
# Here is CO/(nu_eff+conjugate(nu_eff))
el := (nu_f
+conjugate(nu_f))/(conjugate(nu_f)-nu)*(1/ (nu+conjugate(nu_eff))/(

nu+conj ugate(nu) )/ (nu+nu_f)

-1/ (conjugate(nu_f)+conjugate(nu_eff))/(nu_f+conjugate(nu _f))/(con
jugate(nu_f)+conjugate(nu)) );

1 1
(nu_f +nu_f) E = - = E
1 v +nu_eff)(v+v)(v+nuf) (nu_f+nu_eff)(nu_f+nu f)(nu_f+v)
el:= —
nu_f-v

# sinplify(%; # too conpl ex
# Here is QO:

cO := (nu_f
+conjugate(nu_f))/(conjugate(nu_f)-nu)*(1/ (nu+conjugate(nu))/(nu+n
u_f)

-1/ (nu_f +conj ugat e(nu f))/(conj ugat e(nu_f) +conjugate(nu)) );

1
(nu_f+nu f)E - = %
0 v+v)(v+nu f) (nu_f+nu f)(nu_f+v)
nu_f-v
# sinplify(el/c0); # too |ong
# My own cal cul ation (which apparently has an error init)
# gives 1/ (nu_eff+conjugate(nu_eff)) as:

el0 := ( ( nu_f + conjugate(nu) ) * ( nu_f + conjugate(nu_f) +
conjugate(nu_eff) )



+( nu + conjugate(nu_f) ) * ( nu + conj ugat e( nu) +
conjugate(nu_eff) )
+ nu * nu_f - conjugate(nu) * conj ugate(nu_f) )
/[ (nu + conj ugate(nu) + nu_f + conjugate(nu_f) ) / (nu +
conjugate(nu_eff)) / (nu_f + conjugate(nu_eff))

_ (nu_ f+v)(nu f+nu f+nu_eff) + (v +nu_| f)(v+v+nu eff)+vnu_f-vnu f

(v+v+nu f+nu f)(v+nu eff) (nu_f+nu_eff)

"> el0 - el/cO; # If el0 is right, then this should be zero.

(nu_f+v) (nu_f+nu_f+nu_eff)+(v+nu f)(v+v+nu eff)+vnu f-vnu_f

(v+v+nu f+nu f)(v+nu_eff) (nu_f+nu_eff)

1 1
(V+nu_eff) (v +V) (v +nuf)  (nu_f+nu_eff) (nu_f+nu_f) (nu_f +v)
1 1
(v +v) (v+nuf) (nu_f+nuf)(nu_f+v)
[ > # sinmplify(%; # This calculation takes enornously |ong...
> elO*cO L L L L
((nu_ f+v)(nu f+nu_f+nu_eff)+ (v +nu_| f)(v+v+nu eff) +v nu_f—v nu_f) (nu_f +nu_f)
1 1
E( = - = %/ ((v +v +nu_f+nu_f) (v +nu_eff)
v+v)(v+nuf) (nuf+nuf)(nu_f+v)

(nu_f + nu_eff) (nu_f -v))

"> # After trying lots of things, | eventually decided to try to

gui de Maple in repeating the
# calculation | did by hand, by having it do pol ynom al division
(there is a "divide" command).

# However, in the process of putting it in a "normal" form
(pol ynom al nunerator / polynom al denom nator)

# | discovered that this automatically sinmplifies it, elimnating

t he apparent singularity!

el2 := nornmal (el/ c0);

e12':(v2+nu effv+vnu f+vv+vnu f+nu eff nu f+nu effv+nu fv+nu eff nu f

 — - —

+nu fnu f+vnu f+nu f )/((v+v+nu f+nu_f) (nu_f+nu_eff) (v + nu_eff))
"> # Check the real linit:
eld := subs(nu=g, nu f=g f, nu eff=g eff, el2);

eld:=(

— -— — -— -— — e— — — — _2
g’+g effg+gg f+gg+gg f+g effg f+g effg+g fg+g effg f+g fg f+gg f+g.f)
/ ((9+g+g_f+g_f)(g_f+g_eff) (g +g_eff))

r>el6 :=simplify(evalc(9);



g+g f+g eff
el6 =
(g +g_eff) (g_f + g_eff)
numer (% *2*g_ef f-denom( % ;
el7:=2(g+g_f+g_eff) g_eff — (g + g_eff) (g_f + g_eff)
factor(el7);

el8:=g effg+g_effg f+g eff’~gg f
> # This is indeed equivalent to g_eff = g*g f/(g+g_f_g_eff)

> el7 :

> el8 :

> el9 :

sol ve(el8=0, g eff);

1 1 1 1 1 1
e19:=->g-a f+3yg’+690 f+g ,~39-3 0 f->yg +6gg f+g f

> # Now return to the general case wth conplex coefficients:

e20 : = nurrer(elZ)*(nu__ef fionj ugat e(nu_eff)_)-deno_n( el2) L
e20':(v2+nu effv+vnu f+vv+vnu f+nu eff nu f+nu effv+nu fv+nu eff nu f

+nu_fnu f+vnu f+nu f)(nu_eff + nu_eff) - (v+v+nu f+nu_f) (nu_f +nu_eff) (v + nu_eff)
> sinplify(9;

nu_{ f;nu eff +vnu fnu_ eff+v2nu eff +nu_f nu_ eff—vznu f-nu f v+nu eff nu fnu eff

—nu_fnu fv+nu effvnu eff +vnu fnu eff +nu fnu fnu eff —v nu | fnu eff

+nu_eff nu_fnu_ eff+vvnu eff +v nu_fnu_eff + nu_eff v nu_eff + nu_1 fvnu eff —v nu fv
> expand(e20);

nu_| fvnu eff +vnu fnu eff+v2nu eff +nu f nu_ eff—vznu f—=nu f v+nu eff nu fnu_eff

—nu_fnu fv+nu effvnu eff +vnu_fnu eff +nu fnu fnu eff —v nu | fnu eff

+nu_eff nu_fnu_ eff+vvnu eff +v nu_fnu_eff + nu_eff v nu_eff + nu_1 fvnu eff —v nu fv
> factor(e20);

nu_fv nu_eff +v nu_fnu_eff +v2 nu eff +nu_f nu eff —v2nu f-nu f v +nu eff nu fnu eff

-nu_fnu fv+nu effvnu eff +v nu_fnu_eff +nu_fnu_fnu_ eff —vnu_| fnu eff

L +nu_eff nu_fnu_ eff+vvnu eff +v nu_fnu_eff + nu_eff v nu_eff + nu_1 fvnu eff —v nu fv
> factor(nurrer(elZ))

v? +nu effv+vnu f+vv+vnu f+nu eff nu f+nu effv +nu | fv+nu eff nu f+nu fnu f
- 2

L +vnu f+nu f
> si rrpl ify(%:
v2 +nu_effv+vnu f+vv+vnu f+nu_eff nu f+nu effv+nu | fv+nu eff nu f+nu fnu f

- —2

L +vnu f+nu f

[ > # Because both nu_eff and conjugate(nu_eff) appear in the
equations, it isn't straightforward

# to solve for nu_eff. Denote conjugate(nu_eff) as a speci al




synbol, and then solve for
# nu_eff:

e30 : = subs(conj ugat e(nu eff) =nu_effcc, e20);

e30: —(v +nu_effccv +vnu_f+vv+vnu f+nu effccnu f+nu_effccy +nu_| fv

—— —— — — _2

+Nu_ effccnu f+nu_fnu f+vnu f+nu_ f)(nu_eff + nu_effcc)

—(v+v+nu f+nu f)(nu_f+nu_effcc) (v +nu_effce)
r> e31 : = sol ve(e30 0, nu_eff);

_2 —— — — —— ——

e3l:=—(—nu_f v+nufvnu effcc—v nu_fnu effcc-vnu fv-v nuf nu_fnu_fv) (v

+nu_effccv +v nu_| f+vv+v nu_f +nu_effccnu_f+nu_ effccv+nu fv+nu effccnu f

—_ - —

+nu fnu f+vnu f+nu f)
T > R o R R
# e32 is our main answer for nu_eff as a function of nu and nu_eff
# (it is a recursive definition, since conjugate(nu_eff) appears
on the RHS,
# but it can probably be solved by just iterating a fewtinmes...)

e32 : = subs(nu_effcc=conjugate(nu_eff), e31);

e32:=—(—nu_f v+nu_fvnu eff—vnu fnu eff —vnu fv-v®nu f-nu_fnu_fv) / (v?

+nu_effv+vnu f+v ; +vnu f+nu effnu f+nu effv+nu fv+nu_effnu_f+nu_fnu f
-—— 2

+vnu f+nuf)
>
simplify(%;
_2 — — — —

—(-nu_f v+nu fvnu eff-vnu fnu eff-vnu fv —v? nu_f-nu_fnu fv) (v2 +nu_effv

- - —

+vnu | f+vv+vnu f+nu eff nu f+nu effv+nu | fv+nu effnu f+nu fnu f+vnu f+nu f

)
> factor(denon(e32))
v? +nu_effv+vnu f+vv+vnu f+nu eff nu f+nu effv+nu | fv+nu eff nu f+nu fnu f

- —2

+vnu f+nu f

> # check e32 in the real linit:

sinplify(eval c(e32));
vnu_f
v +nu_eff + nu_f

> factor(numer(e32))'

nuf vV —nu_| fvnu eff +vnu_fnu eff+vnu fv+v? nu f+nu fnu fv

"> sinplify(%;



ﬁ vV —nu_| fvnu eff +vnu fnu eff+vnu fv+v m+mnu fv
> denor‘r(e32)

v? +nu_effv+vnu f+vv+vnu f+nu eff nu f+nu effv+nu | fv+nu eff nu f+nu fnu f

- —2

+vnu f+nu f
T > s rrpl i fy(%
v? +nu effv+vnu f+vv+vnu f+nu eff nu f+nu effv +nu | fv+nu eff nu f+nu fnu f

- —2

+vnu f+nu f
> factor (% ;

Y +nu_effv +V nu_f+v;+v nu_f+nu_eff nu_f+nu_effv+nu_f;+nu_eff nu f+nu fnu f
- 2
+vnu f+nu f
S coeff(%conj ugate(nu_eff));

L Y +; +nu_f+nu f
[ > e40 : = subs(nu=g+l*w, nu_f= g f+l*w f, nu_eff=g_eff+l *weff, e32);

e40:= — (<@ T+ 1W ) (g+1W)+(gf+Iw f)(g+Iw)(gef +1w+eff)
—(g+1w)(g_f+I1w f) (g eff +1w+eff)— (g +1w) (g f+Iw f)(g+Iw)-(g+Iw)(g_f+Iwf)
—(g_f+IW_f)(g_f+|W_f)(g+|W))/ (g +1w)* + (g_eff + 1w +eff) (g + 1 w)
+t(@+Iw) (g f+Iw f)+(g+Iw)(g+Iw)+(g+Iw)(g f+Iw_f)

+(g_eff +1w+eff) (g_f+1w_f)+(g_eff +Iw+eff) (g+1w)+(g_f+1w_f)(g+Iw)

+(g eff +Iw+eff) (g f+Iw )+ (g f+lIw (g f+Iw f)+(g+I1w)(g f+Iw f)

+(g f+lw f) )

- > eval c(9;

(—(—g_f +w_f )g+2g_fw fw—-(gg f+w fw)(g eff +eff)—2(w fg—-g_fw)w
- (-go_f-w_fw)(g_eff +eff) - (-gg_f+w_fw)g+(g_fw+w_fg)w—(-g°+w’) g f
+2gww_f—(—g_f2—W_fz)g)(292+2(g_eff+eff)g+4gg_f+2(g_eff+eff)g_f+29_f2)/(

(29°+2(g eff +eff)g+4gg f+2 (g eff +eff) g f+2 g_f2)2 +(-2g_fw-2g fw f)?) +(
2q fw fg-(-g fP+w f)w-2(w fg-g_fw)(g_eff +eff)+(gg_f+w fw)w

+(gg f-wfwyw-(gfw+w fg)g-(-g g_f+w_fw)w+29wg_f+(—g2 +w2)w_f

~ (g P-w_f)w)(-2g_fw-2g fw.f) / (

(29°+2 (g _eff +eff)g+4gg f+2 (g eff +eff)g f+2 g_f2)2 +(-2g_fw-2g fw f)*)+1((
29 fw fg-(-g fP+w f)w-2(w fg-g fw) (g eff +eff) +(gg f+w fw)w

+(-gg f-w fw)w-(g fw+w fg)g-(-gg f+w fw)w+2gwg_f+(-g*+w’)w f

- (g -w_P)w) (2g” +2 (g_eff +eff) g +4 g g f+2 (g eff +eff) g_f+2g ) / (




(2 g% +2 (g_eff +eff)g+4 gg_f+2 (g_eff +eff)g_f+2 g_fz)2 +(-2g fw-2g fw f)?)—(
~(-g_fP+w_f)g+2g fw fw-(gg_f+w_fw)(g eff +eff) -2 (w_fg—g fw)w
-(gg f-w fw)(g eff +eff)—(—gg f+w fw)g+(g fw+w fg)w- (—g2 +W2) g f
+2gww_f-(-g_fP-w_f?)g) (29 fw-2g fw.f) /(
. (2g%+2(g eff +eff)g+agqg f+2 (g eff +eff)g f+2 g_fz)2 +(-2g fw-2g fw f)?)
r> sinplify(9;

—-(-2g.fw fwg effg-2g fw fwgeff—g fw f°gg eff—g fw fPg-2g°g effg f*
-39°g.f"-39°g fP-g fg*-gg f'-2w fwgg f* -g fw’geff —g fw’g_effg
—29_fw_fwgz—g_fw_fzgeff+Iw_fgzeff2+lw_fgzg_eﬁ2—2Ig_fweffgz—lg_fweffzg
-21g fwg effgeff+41g fw fg°g eff +41g fw fg?eff+21g fPw fgg eff
+21g fPw fgeff+21w fgg effg feff—41wg fPg effg-21wg fPeff-41wg g
—4lwg_fzgz+2lg_fzw_fgz+3lg_fw_fg3—2Iwg_f3g_eﬁ—4lwg_fzgeff
+2lw fg®g effeff—21g fwg effg°~1g fwg eff’g-1g fPww fF-21g fPw fw?
~-1g®wg f-1g fPweff’-1g fPwg_ eff°+21w fg’eff+21w fg®g eff +Iw fgg eff’g f
+lw fgeffig f+Iw fg*-21g fPwg effeff —Iwg f*—g fw f*g°—g fw’ g’ —g_f g° eff

~g fg’g eff-w?gg P-1g fPw’-29°g Peff-geffg f° ~g_effgg ) / (49 eff g g_feff
+29°g eff+2g°eff +49°g f+69°g f°+g eff° g° +g°eff° +6 g° g eff g_f+g* +g
+g fPw’+g fPw fP+4gg fP+g eff° g fP+2g effg fP+g fPeff’+2g fPeff+2g fPww._f
+2qefffg f+6g effgg fP+2g effPgg f+2g eff g°eff + 2 g eff g fPeff +6 g eff g

I +6g°g_feff)
> nuner (% ;

lwg f*-1w fg*+2g fw fwg effg+2g fw fwgeff+g fw f°gg_eff +g f°w f°g
+29°g effg fP+3g°g fP+39°g FP+g fg*+gg f'+2w fwgg f*+g fw’ g eff
+g fw’g effg+2g fw fwg®+g fw fPgeff+1g fPww fP+1g°>wg_f+1g_f*weff’
+Ig_fzwg_eff2+lg_fwefh‘zg+lg_fwg_effzg+lg_f2W3+2Ig_fzw_fwz—lw_fgzefh‘2
21w fgleff—lw fg°q eff°-21w fg’g eff +21wg fPeff+21wg P g eff +41wg fig
+41wg fPg°-21g. fPw fg®-3lg fw fg®+4lwg fFPgeff-21w fg® g eff eff
—IW_fgg_effzg_f—lW_fgeffzg_f+2Ig_fwg_effg2+2Ig_fzwg_efffeff+2Ig_fwefffg2
+21g fwg effgeff-41g fw fg°g eff—41g fw fg®eff—-21g_fw fgg_eff
-21g fPw fgeff-21w fgg effg feff+41wg f°g effg+g fw fg°+g fw’g°

| +g f g3 eff +g f g3 g_eff +w? g g_f2 +2 92 g_f2 eff + g eff g_f3 +g_effg g_f3
> denom( %9 ;
4q effgg feff+2g°g eff +2g°eff +49°g f+6g°g fP+g eff? g’ +g° eff? +6 g° g eff g f




+g'+g ff+g fPwi+g fPw fP+4gg fP+g eff’g fP+2g effg f°+g f2eff? +2 g f° eff
+2g fPww f+2geffig f+6q effgg f2+2g eff’gg f+2g eff g° eff +2 g eff g f° eff

I +6geffg f°+6g°g feff
> factor(%;

4q effgg feff+2g°g eff +2g°eff +4g° g f+6g° g f*+g eff’g° +g° eff’ +6g° g eff g f
+g*+g fP+g FPwi+g fPw fP+4gg fP+g effPg fP+2g effg f°+g fPeff?+2 g f° eff
+2g fPww f+2geffPg f+6g effgg fP+2q eff°gg f+2qg_eff g° eff + 2 g_eff g_f° eff

+6geff g_f*+6 g° g_f eff
r>
# 1 couldn't sinplify e32 by conputer, but | could by hand. W
claimis that nu_eff is given by:

e40 := ( nu*conjugate(nu_f)*(nu+nu_f +
conj ugat e( nu) +conj ugate(nu_f))
+ conjugate(nu_eff) * (nu * conjugate(nu_f) -
nu_f*conjugate(nu)) )
[ ( (nu +conjugate(nu_eff)) * (nu + nu_f + conjugate(nu) +
conjugate(nu_f))
+ (conjugate(nu_f)+conjugate(nu))*(nu_f+conjugate(nu_f)) ) ;

vhnu f(v+v+nu f+nu f)+nu eff (vnu f-nu fv)

a (v+nu_eff)y(v+v+nu f+nu f)+(nu f+v)(nu_f+nu f)
> # Verify that this is true:

nor mal (e40-e32);

0
> # Fromny Red RMC treatnent of the Langevin equation, | found that
nu_eff should be given by:
e50 := nu - conjugate(theta)*(nu_eff
+conj ugat e(nu_ef f))*(nu+conj ugat e(nu))
/ (theta + conjugate(theta))/(conjugate(nu_eff) +
conjugate(nu_f));

8 (nu_eff +nu_eff) (v +v)
(0+08) (nu_f+nu_eff)

eS0:=v -

> eb51 : = subs(conjugate(nu_eff)=nu_effcc, e50);

0 (nu_eff + nu_effcc) (v +v)

ebl:=v - =
L (6 +8) (nu_f + nu_effcc)
> eb2 := nu_eff -ebl;
0 (nu_eff + nu_effce) (v +v)
€52 :=nu_eff -v + =

L B (6 +08) (nu_f+nu_effcc)
[ > e53 : = solve(e52=0, nu_eff);




53 -V 9@ -V 0 nu_effcc-vOnu f +6 nu_effcc;
B nu_f+0nu effcc+0nu f+0nu effcc+Bv+0v

"> e54 ;= subs(theta=1/(nu+nu_f), nu_effcc=conjugate(nu_eff), e53);
vnuf vnu_ eff 1 1 -
- — - = —v% %u f+%7%u eff v
v+nu f v+nuf +nu fO — +nu fO —
nu_f nu_eff @) 1 ? E 1 ? % 1 %, E 1 %
+ + uf+ u eff + +
v+nu f v+nuf +nu fO — +nu fO — +nu_f +nu_f

"> e55 ;= nor mal (e54);
eb5:=—(

v nu f(v+nu f)-nu effv (v+nu f)- v? nu_f-nu fnu fv+nu effvv+nu fv nu eff) / (

nu_f(v+nu f)+nu eff(v+nu f)+vnu f+nu fnu f+nu_effv+nu effnu f+ v +v nu f+vv

+nu_fv)
> nuner (e55) - nuner (e32) ;

— 2 —
vnu f(v+nu f)+nu effv(v+nu f)—-nu effvv-nu f v-vnu fnu eff-vnu fv

> # Maple doesn’t realize

conj ugat e( nu+nu_f) =conj ugat e( nu) +conj ugate(nu_f) until you force

# it to expand:

expand( 9% ;
L 0
[ > expand(denon( e55) - denon(e32));
L 0
| > HHBHAHAS TR TR R R R A R R R R R R R R

# We can use e32 recursively to deterine nu_eff in nost cases.
But in cases where we want

# a direct solution, we will need to sol ve sone sinultaneous
equat i ons:
€60 : = subs(nu_eff=g _eff+l*w eff, nu=g+l *w, nu_f=g f+l*w f, e20);

e60:=((g+|W)2+(g_eff+IW_eﬁ‘)(g+Iw)+(g+IW)(g_f+lw_f)+(g+IW)(g+IW)
+(g+Iw)(g f+lw f)+(g eff +1w eff) (g f+I1w f)+(g_eff +1w eff) (g+1w)
+(g f+iw f)(g+1w)+(g_eff +Iw eff) (g f+Iw f)+(g_f+Iw f)(g f+Iwf)

+(g+1w) (g f+Iw f)+(g_f+lI w_f)z) (g_eff +1w_eff + (g_eff +1w_eff)) -
(g+lw+(g+Iw)+g f+lw f+(g f+lw ) ((g_f+1w f)+(g_eff +1w_eff))

L (g + 1w+ (g_eff +1 w_eff))
> e6l := eval c(9;

e6l:=2(2g°+2g effg+4gg f+2qg effg f+2g f°)g eff
+(-2g9-29 f)(g f+g eff)(g+g_eff)—(—2g-29g_f) (-w_f—w_eff) (w—w_eff) +1(
2(gw-2w effg—-2w effg f-2g fw f)g eff +(-2g-2g_f) (-w_f-w_eff) (g +g_eff)




I +(-29-29_f)(g_f +g_eff) (w—w_eff))
[ > e62 := eval c(Re(ebl));

e62:=49g effgg f—-2w effg fw+2g fw fw eff—2g fw fw-2w effgw+2gw _fw_eff
—2gw fw+2w eff°’g f+2w eff’g-2q fPg+2q effg° +2 g eff°g+2g_eff’ g f
+2q effg fP-2g°g_f

"> e63 : = eval c(lmebl));
e63:=2g effgw-2g effg fw f+2g°w f+2gw fg eff +2w effg°+2g fw fg

I +4w effg fg-2gg fw-2g fPw+2qg fPw eff—2g_effg fw

> # Brute strength solution doesn't work (it’s a 4th order
pol ynom al ) :
e65 : = solve({e62=0, e63=0}, {g eff,weff});

e65:={g_eff =RootOf(4g° g f+g f'+g* +g°w fP+g FPw?+4g fPg+2g°ww f
-2g.fw fPfg-4gwg fw f-2gw?g f+2g FPw fw+6g°g fF+g FPw f+g°w?) 7
-g°g f-29°g fP-g fw fPfg-gw’g f-g fPg-2gwg fw f+(@g’g f+g f*+g*
+g°w fP+g fPw’+4g fPg+2g°ww f-2g fw fPfg-4gwg fw f-2gw’g f
+29 fPw fw+6g°g fP+g fPw P +g°w’)_Z label =_L1) (g +g_f), w_eff = - (RootOf((
49°g f+g fP+g*+g®w FP+g fPPw’+4g fPg+2g°ww f-2g fw fPg-4gwg fw f
—2gw?g f+2g FPw fw+6g°g fP+g FPw fP+g°w?) 7Z°-g°g f-29°g f-g fw f°g
-gw?g f-g fPg-2gwg fw f+(@g’g f+g f'+g*+g’°w fP+g FPw?+4g fig
+2g°ww f-2g fw fPg-4gwg fw f-2gw’g f+2g fPw fw+6g°g f*+g f*w
+g°w?)_Z label =_L1)gw+w fg+gw fRootOf((4g°g_f+g f'+g* +g°w P +g f°w’
+4g fPg+2g°ww f-29g fw f°g-4gwg fw f-2gw?g f+2g fPw fw+6g°g_f°
+g fPw fP+g°w?) Z°-g’g f-29°g fP-g fw fPg-gw’g f-g fPg-2gwg fw f+(
4g°g f+g fi+g*+g°w fP+g fPw'+4g fPg+2g°ww f-2g fw fPg-4gwg_fw f
-2gw’g f+2g FPw fw+6g°g fP+g fPw fP+g°w?)_Z label =_L1)- RootOf((4 g° g_f
+g f'+g*+g°w P +g FPw’+4g FPg+2g°ww f-2g fw fPg-4gwg fw f-2gw’g f
+2g fPw fw+6g°g fP+g fPw fP+g°w’) Z°-g®g f-29°g f° -g fw fP’g-gw’g f
~gfPg-2gwg fw f+(@g’g f+g f'+g*+g°w fP+g FPw’+4g fPg+2g°ww f
-2g fw fPg-4gwg fw f-2gw’g f+2g fw fw+6g°g f +g fPw f +g°w?) Z
label =_L1)g_fw f-g fw—RootOf(4g°g f+g f*+g*+g°w fP+g fPw’+4g f°g
+2g°ww f-2g fw fP’g-4gwg fw f-2gw?g f+2g FPw fw+6g°g f°+g fPw
+g9°w?) Z°-g*g f-29°g fPF-g fw fPg-gw’g f-g fPg-2gwg fw f+(@dg3g_f
+g ft+g*+g°w fP+g fPwi+4g fPg+2g°ww f-2g fw fPg-4gwg fw f-2gw?g_f
+29 fPw fw+6g°g fP+g fPw P +g°w’)_Z label =_L1)g fw)/(g+g f)}




> e66 : = solve(e62=0,g_eff);

1 1 1 > 2 2
e66;:—§g—§g_f+§«/6gg_f+g_f +g°+4w effw—-4w fw eff +4ww f-4w eff?,

1 1 1 > 2 2
_Eg_ag_f_EJﬁgg_f+g_f +9°+4w eff w-4w fw eff +4ww_f-4w_eff

r> e67 : = sol ve(e63=0,w eff);
€67 :=
g effgw—g effg fw f+ g2 w f+gw fg_eff — g_f2 w+g fw fg—-g effg fw—-gg fw

i 2gg._f+g fi+g°
> e68 : = solve(e62=0,w eff);
1 1

1
e68;:EW_EW_HE«/WZ+2WW_f+W_f2—4g_effg+4gg_f—49_€‘ff2‘49_eff9_f'

1 1 1 2 2 2
EW-EW_f—E«/W +2ww_f+w f*-49 effg+4gg f-4g eff"-49 effg_f

"> €69 := sol ve(e63=0,qg eff);
w effg’+g fw fg+g°w f-gg fw-g fPw+g fPw eff +2w effg fg

L gw-g fw f+w fg-g fw
> # Surprisingly, The inmaginary part of the equation e61 (in e63) is
linear in w eff or g_eff, and

# so can be solved nore easily. It seens nore natural to let this
determ ne w eff, since in the

#real limt w=w f=0, w.eff should be zero also, while g _eff

shoul d still involve a quadratic.

# Thus use e67 to determne w eff, and substitute into e66 to
deternmne g_eff:

e70 : = subs(w eff=e67, e62);
e/0:=49g effgg f+2
(geffgw—g effg fw f+g°w f+gw fg eff—g fPw+g fw fg-g effg fw-gg fw)g f
W/(Zgg_f+g_f2+gz)—29_fw_f
(0_effgw—g_effg fw f+g?w f+gw fg eff—g fPw+g_fw fg-g effg fw-gg fw)/ (
29g.f+g fP+g?)-2g fw fw+2
(g effgw—g_effg fw f+ g2 w_f+gw fg eff - g_f2 w+g fw fg—-g effg fw—-gg fw)gw
/ (299 f+g P +g*)-2gw f
(g effgw—g_effg fw f+ g2 w f+gw fg_eff — g_f2 w+g fw fg—-g effg fw—-gg f W)/ (
299 f+g fP+g?)-2gw fw+2

2
(g effgw-g effg fw f+g°w f+gw fg eff—g fPw+g fw fg—g effg fw-gg fw) g f




/ (gaf+g P+g) +2
(g effgw—g_effg fw f+ g2 w_f+gw fg eff - g_f2 w+g fw fg—g effg fw—-gg f W)2 g
/ (2gg_f+g f*+ gz)2 -29.fPg+2qg effg®+2q eff’g+2q eff’g f+2g eff g f°
. -29°gf
r> sinmplify(%;
2(-g_fw fPg®-2g fPw fPg°-29g°g fPw’-gg FPw’-w fPg fPg-w?g®g f-g°g f
-69°g.fP-49*g fPf-gg fP-49°g f'-49g fwfg’w-2g fPwfgw-2g°g fww f
+g°w fPg eff +g°w f* g eff’ +g_fPw”g_eff +g_eff°g fPw’-2g effg fPw fgw
-29 eff’g fw fPg+2g_ effg fP'w fw-g effg fPw f°g+2g eff°g fPw fw
-2qg effg®wg fw f-2g effgw’g f-g_effg°w’g_f-g eff g fw f*g°
~-49 efffgwg fw f+2qg effg’ww f+2g eff°g°ww f-g_eff gw’ g _f* +g_eff* g°w®
+q eff°g fPw fP+g eff’g f'+g fPw f°g eff+g effg f>+g° g eff +4gg_eff g f°
+g*g eff’+59*g effg f+g°w’g eff +4g° g eff’g f+10g° g eff g f*+10g°g_effg_f°
. +6g°gelf’g P+59q f'gefl) / (9+9.)(2ga f+g *+g%)
> e71 := solve(%0, g_eff);
e7l:= é (-49°g f-g f'-g*-g’w fP-g fPw’-49g fPg-2g°ww f+2g fw f°g

+4gwg fw f+2gw’g f-29g fPw fw-6g°g f°—g f°w f*—g®w’ +sqrt(g_f*w_f*

+w ffg*-2w f'g’g fP+116 g Pg®+12g f'g+529°g f+129 g f+116g° g f°
+150g*g f*+2g fPw?+2g fPw P +29°w fP+12g fPw fPg+28g*ww fg_f*
+24g°ww fg f+12g°w?g f+14g fPw fPg*+14g f*w g’ -2g°w' g f°+8g°w? g f°
+14g*w?g fP+14g°w?g f +12g fPw?g+12g°w g f-8qg fPw fPg’w

-8g°w’g fPw f+16g fPw fwg®+249g fPw fwg-12g_fPw fPg°w’+28g_f'w fwg®
+4g f'w FPw+ag'w fPw+egtw fPwi+4g Fwiw f+6g fwiw FP+4gtwiw f
+20°wW+g fwi+g'wi+4g°ww f+ag fPw fw+g P+g®+529g f°g®+8¢g FPw f g
) (g + g_f)/ (4g°g f+g f+g*+g°w fP+g FPw’+4g fPg+2g°ww f-2g fw f°g

1
-4gwg fw f-2gw?g f+2g fPw fw+6g°g fP+g fPw f>+g°w), 5 (-4g°g f-g_ f*

—g“—gzw_f2 —g_f2W2 —4g_f3g -2 gzww_f+Zg_fw_fzg +4gwg fw f+2 ng g f
-2g fPw fw-6g°g fP-g fPw fF-g°w?—sort(g_f*w f* +w f* g -2w f*g° g _f*
+116¢ P g*+129 f'g+529°g fP+129 g f+116g°g P +150g* g f*+2 g fPw?

+2g fw fP+2g°w P +12g fPw fP g+28g*ww fg fP+24g°ww fg f+12g°w? g_f




+14g fPw g’ +14g f'w P g°-2g°w' g fP+8g°w?g fP+14g*w?g f* +14 g w? g_f*
+12g fPw?g+12g°w fg f-8g f°w fPg?w-8g°w’g fPw f+16g fPw fwg®

+24g fPw fwg-12¢g fPw fP g°w?+28¢g f'w fwg®+4g f'w Pw+4g'w fPw

+6g*w fPwi+4g ffwiw f+6g fww FP+4ag*wiw f+2g°w?+g fw!+g'w’

+4 g6 ww f+4 g_f6 w_fw+ g_f8 + 98 +52 g_f6 92 +8 g_f3 W_f2 g3)) (g+ g_f)/ (4 g3 g f

+g ft+g*+g°w fP+g fPPwi+4g fPg+2g°ww f-2g fw fPg-4gwg fw f-2gwg_f
+2 g_1‘2 w fw+6 92 g_f2 + g_f2 W_f2 + 92 W2)

> e72 = sinplify(%1]);

1
e72:= = (4 g f+g f'+g’+g’w fP+g FPw?+4g fPg+2g°ww f-2¢g fw f°g

>

~4gwg fw f-2gwg f+2g fPw fw+6g°g f°+g f°w f*+g°w” - sqrt((g +g_f)* (
g fPw ft+w f'g’-2g fw f'g+8g fw fg°-4g f°w fPg°-4g°g fPw?+8gg f w
+8w f2g fPg+8w’g®g f+10g°g f+449°g P +31g*g f*+10gg f°+31g°g f*
-89 f*w fg°w+16g fPw fgw+16g°g fww f+2g*w?+2g f*w”+g_f®+¢°
+4g*ww f+6g°wiw fP+4g°ww FP+4g°w fw’-2gg fw*+2g*w f°

~-12gg fw’w f*-8gg fww f°-8gg fw fw’+4g fPw FPw+4w’g fPw f
+6gj2wj2W2+4gj4wjvv+2gj4wj2+W4gj2+gzwﬁ»(g+gjx/(4g3gj+gj4
+g'+g°w fP+g fPwi+4g fPg+2g°ww f-2g fw fPg-4gwg fw f-2gw?g f
+2g fPw fw+6g°g fP+g fPw > +g°w?)

# Define a procedure to evaluate nueff:

func_nueff := proc(nu, nu_f)
local g, w, g f, wf , g eff, weff;
g : = Re(nu) ;w = 1nm(nu);
g f :=Re(nu_f) ; wf :=1Imnu_f);

g eff :=

-1/ 2*(gh4+g_fr2*wr2+wr2* gh2+6* gh2*g fr2+4*gh3*g_f+4*g*g f~3-2*g*g_
f*w\2+g fr4-4*g*ww fxg f+w fr2*g fr2+gnh2*w fA2+42*gh2*ww f-2*w f°
2*g_f*g+2*g_fr2*ww f-sqrt((g+g_f)"2*(g"6-2*w_fr4*g_f*g+wr4*gh2+w*
4*g_fr2+2*w fr2xg_fr4+4*g fraxww f+4*g fA2xwr3*w _f+6*w 2*w fr2*g
fr2+4*ww fA3*g _fr2-12*g*g_f*w fr2*w2-8*g*g _f*w f*w3-8*g*g_f*ww
_fA3+2*gha*w fA2+4* gra*wrw f +6* gnh2*w f A2 W 2+4* gh2xw f*wr3+4* gh2xw
*w_fA3+2* gh4rwr2+42* g frAFwr2+gnh 2 w f AMHw fr4* g FA2+g FA6- 2w 4R grg
_f-4*g _fr2*gr2*wr2+8*g*g_f"3*w'2+8*gn3*g_f*w'2+31*gn2*g_f"4+44*g"3
*g fA3+8*w fr2*g f*gn3-4*w fr2xg fr2*gh2+8*w fr2*g fA3*g+31*gnhd*g_
fr2-8*w f*g fr2xgh2*w+l6*w f*g fA3*g*w16*g"3*g_f*w-w f+10*g"5*g_f
+10*g*g_f"5)))*(g+g_f)/ (gr4+g_fr2*w 2+w'2*gnh2+6*gh2*g_fr2+4*g"3*Qg_
f+4*g*g f~3-2*g*g_f*wr2+g fr4-4*g*ww f*g f+w fr2*g fr2+g72*w 12+
2*gh2*wew f-2*w fAr2xg frg+2*g fr2*ww f) ;



w eff :=

-(g*rwg eff-g eff*w f*rg f+g"2*w f+g*w f*g eff+w f*g f*g-g*g f*wg_
fr2*wg f*wg eff)/(gnh2+g _fr2+2*g*g_f) ;

g+l *w eff;

end ;

func_nueff := proc(v, nu_f)
local g, w, g_f, w_f, g_eff, w_eff;

g:=0(v);

w = [(Vv);

g_f:=0(nu_f);

w_f = O(nu_f)

g _eff :=-1/20g™ +g_f20W'2 + w2lg"2 + 6[g"2[Yy 2 +4Cg"3[y f+4glg M3
- 20gy flw2 + g M - 4lgiviv_flg f+w_fA2Cg 2 + g"\20w_fA2 + 2y "20wCiv_f
—-20w_f"20y flg + 20y f20wCv_f —sgrt((g + g_fY*20-8Cgy_fliv_fOv"3
- 8yy_fOww_3 — 80w _fly 2Ly 20w + 160w _fly f3CHhw + 16[y"3Cy_flwliv_f
+2[gMw_fA2 — 120y fliv_A20W2 + g6 + g 6 +w_MlYy 2 + g"20iv_ 4
+wMg 2 +wMy2 + 3120y "4 + 20y fMOWV2 + 2[gM0v2 + 2020 M4
+ 10ty 5 +10Cy"5ly_f +310gMlg 72 + 4409”30y A3 — 20WMgy_f
+ 4Ly 20w A3 + 4020w fO3 + 6Ly"20w_fA20W2 + 4™ OwCv_f
+40WCw_fA3[Y_fA2 + 6020w 20 2 + 40 20w 30w _f + 40 MO0 f
- 20w_fMY flg + 80w _20y 30 — 40w_f2Cg 2Cg"2 + 8Lw_ 20 fly"3
+ 8[y"3y_flw2 + 8yy_ fA30W"2 — 4Ly A 2lg"20W"2)))g +g_f)/ (g™4 + g_fr"20w"2
+wW\2LY"2 + 6o 2y 2 +4Cg"3y_f +4[gly 3 - 2[gy_fow2 +g 4
- 4[gwOiv_fly f+w_ 720y 72 +g"20v_ 2 + 2020w _f - 20n_ 20 g
+2[g_20n0w_f);

w_eff ;= —(glwlp_eff —g_effCiv_flgy_f+g"20w_f+glv_fly_eff +w_flg fly— gly_fOv
- g_f2lw —g_fOwlg_eff)/ (g2 + g_f"2 + 2[gLY_f);

g+ 10w _eff

| end proc
> func_nueff (1.0, 1. 0+16*1);

1.0 — 8.000000000 |

r>
[ >



