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Non-existence of normal tokamak equilibria with negative central current
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Recent tokamak experiments employing off-axis, non-inductive current drive have found that a
large central current hole can be produced. The current density is measured to be approximately zero
in this region, though in principle there was sufficient current drive power for the central current
density to have gone significantly negative. Recent papers have used a large aspect-ratio expansion
to show that normal magnetohydrodynamic equilibfigith axisymmetric nested flux surfaces,
non-singular fields, and monotonic peaked pressure prpfil@snot exist with negative central
current. That proof is extended here to arbitrary aspect ratio, using a variant of the virial theorem to
derive a relatively simple integral constraint on the equilibrium. However, this constraint does not,
by itself, exclude equilibria with non-nested flux surfaces, or equilibria with singular fields and/or
hollow pressure profiles that may be spontaneously generated2008 American Institute of
Physics. [DOI: 10.1063/1.1608935

I. INTRODUCTION profile goes sufficiently negative somewhere off-axis that the
total current enclosed by some flux surface vanishBg-
duced MHD simulations in cylindrical geometry have also
shown thatn=0 resistive kink instabilities can clamp the
core current density at zero when it attempts to go negative.

Tokamaks with reversed central magnetic shéand
thus low core current densjtare of interest for at least two
reasons:(1) internal transport barriers associated with re-

duced turbulence are often observed in them, leading to ImBreslauet al® and Strattoret al? stated that a second-order,

proved energy and particle confinement; &42dthey are the . ) . -
natural result of high beta operation and high bootstrap Curl_arge aspect ratio expansion of the MHD equations indicates

rent fraction used to reduce non-inductive current drive re:[hat a normal toroidal equilibrium is not possibleviérosses

qguirements for steady state operation. Both of these featurégrough 0 gt some rad|u§They also §tated that a more gen-
could make reversed magnetic shear operation attractive f&a! Proof is needed, which we provide hg#recent paper
a tokamak reactor. by Chu and Park8 used a secoqd—qrder a_spect ratio expan-
Recent experiments on the Joint European Toru$ion to prove that a normal e_qunlbrlur_n with a peaked pres-
(JED'* and the Japan Atomic Energy Research Institutesure profile is not possible with negative core current. They
Tokamak-60 Upgrad&JT-60U°~7 have pushed the core cur- extended the analysis to provide matching conditions at the
rent density to very low values using off-axis, non-inductive Poundary of a central region with no current and no pressure
current drive. Large central current hol@sgions of nearly ~gradient, showing explicitly that current hole equilibria are
zero current densilyare produced because off-axis, non- theoretically possibléwith zero, but not negative, current
inductive current drive in the same direction as the Ohmic  This paper extends some of these results to arbitrary as-
current induces a back electromotive force inside the nonpect ratio, employing a relatively simple constraint based on
inductive current drive radius that decreases the core curre@t version of the virial theorem to show that a “normal” tor-
density. oidal MHD equilibrium (with axisymmetric nested flux sur-
An interesting feature of current hole discharges is thafaces around a single magnetic axis, non-singular continuous
the core current density is approximately zévathin mo-  fields, and a monotonic peaked pressure profdenot pos-
tional Stark effect diagnostic measurement eproeven  sible with negative core current. Or more generally, a normal
though there is often sufficient current drive power that theequilibrium is not possible if the toroidal current enclosed by
core current could in principal go significantly negafive any flux surface goes negative relative to the direction of the
(negative relative to the direction of the total plasma cur-total plasma current, so that there is a0 surface some-
rend. Recent non-linear toroidal resistive MHimagnetohy-  where in the plasma where the poloidal field vanisttes
drodynami¢ simulation$® predict that current hole dis- null surfacé. Though the starting point of this analysis is
charges undergo rapid=0 reconnection eventéaxisym-  pased on well-known equations, they are often specialized to
metric sawteeththat clamp the core current near zero. More|arge aspect ratios or simplified geometry, while the present
generally, this reconnection occurs whenever the current degmalysis is more general.
sity profile is such that the rotational transform,goes to However, the virial constraint does not necessarily elimi-
zero on any surface in the plasnthis includes the case pate the possibility of more exotic equilibria, such as with
where the current density on-axis is positive, but the currenfon_nested flux surfaces with islands, or with singular fields
and/or off-axis peaks in the pressure profiles that may be
dElectronic mail: hammett@princeton.edu spontaneously generated by the plasma near the null surface.
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Some examples are considered here. In this paper we inves- y4 dl
tigate the consequences of only one integral constraint on dS
equilibria, while there can be other constraints that further
limit the types of theoretically possible or experimentally
realizable equilibrid?

The non-existence of normal equilibria with negative
core current, and/or the rapid axisymmetric sawteeth that are
predicted to occur if the enclosed current goes negative, may

also explain the results of other experiments, such as the low R
efficiency seen in some electron cyclotron counter current
drive experiment§:1
Il. DERIVATION

. The MHD eqUIIIbrlum equatloan:JXB/C can be FIG. 1. Sketch of hypothetical equilibrium with nested flux surfaces and
written as negative central currer{telative to the total curreptso that the poloidal

2 field points clockwise near the axis, counterclockwise near the edge, and is
— - R zero on a flux surface in between. A normal equilibrium is not possible in
0 v p+ 8 + AT (B-V)B. (1) this case(with a normal peaked pressure profile

One common use of the virial theorem is to take the inner

product of this equation with the position vectoand inte-
grate over all space to show that an isolated MHD equilib-WE‘ere <2'">:2f,dv"'/f dV denotes a volume average, and
=Bg+ B3 is the poloidal field strength squared. The po-

rium cannot exist by itselfunless there are physical coils or Bpoi=
gravity to provide overall force balanc¥ '3 Here we use a l0idal field can be written aB,=V ¢XV = (¢$XVp)
version of the virial theorem that can be used to derive the<(d¥/dp)/R, wherep is a flux surface label[While ¢
Shafranov shift* by focusing on radial force balance of axi- is also constant on a flux surface, there can be two surfaces
symmetric equilibria in cylindrical coordinatesR(Z,¢).  With the same value of in the presence of negative central
Taking the inner product of Eq1) with R=RI§2, the radial  current, so it is convenient to choose another flux surface

vector in cylindrical geometry, and integrating over space out@P€l p, such as based on the enclosed volume or toroidal
to some flux surface of volumé, gives flux, to maintain monotonic labelinglf the toroidal cur-

rent near the magnetic axis is in the opposite direction as
the total plasma current, then the poloidal field must reverse
direction somewhere and there must be a null surface on
which the poloidal magnetic field is zero everywhere, as
shown in Fig. 1. Another way to see this is to note that
the poloidal field is related to the enclosed toroidal current

2y 1
p+g)+EJdVR~(B-V)B- )

0=—J dVR-V

For the second integral we use the identRy (B-V)B
=V (BR:B)—B%—BJ. The integral ofV-(BR:B) vanishes
becausé3-dS=0 on a flux surface. The first integral can be

integrated by parts using-R=2, so that Eq(2) becomes ~ BY 47l 4(p)/c=¢ dl-Byo= (a4l dp)$ d€-$XVpIR, so
Bpoxdil dp=0 on any flux surface that encloses zero toroi-

0= _p(p)f dS-R—f dS~RB—2 dal current. This is also the flux surface on which the rota-
8 tional transform:=0 (corresponding to the safety factqr
5 1 ==). [These arguments assume tBat, is continuous and
+2f dVv| p+ —| — _f dV(B%+B2) finite, we consider a singular exception in the next secfion.
8m| 4w ¢ On such a flux surface where the poloidal field vanishes,
B2 B% the sec_ond term of Eq4) vanishes and we are left with
= pf dSR fds.RSWJrzf dV| p+ 8 (3) constraint 2
where p=p(p) is the pressure at the surface labeleddy 0= —p+<p>+<§—z>_ (5)
enclosing the volum&(p), andB; is the vertical magnetic m

field. For the first surface integral we can use Gauss’ theorer8ince the last two terms are positive definite, the only way
to write [ dS:-R= [ dVV-R=2V. For the second surface in- this equation can possibly be satisfied is if the pressure at this
tegral, we usedS=27-rR¢><df, whered? is a poloidal path  flux surface,p, is larger than the volume-averaged pressure
length element along the surface, to writdSR inside that flux surface(p). That is, the pressure profile
=27R?Z-df so [ dSR=27¢ R2Z-df=2w$R?>dZ. Since Must be hollow at least in some region, and cannot be a
the toroidal fieldB ,< 1/R in a flux surface, th@? contribu- monotonically decreasing function pfat all radii as usual

tion to this surface integral vanishes, and we have pressu.re.pr'ofiles do. _
This is in agreement with the result of Chu and Pdfks,

1 . __BZ B2 o . )
_ ot 2 2 Ppol Pz who also found that a normal equilibrium with a negative
0 P(p) V % de-zmR 8 A < 87r> ' @ central current is not possible if the pressure profile is mono-
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tonically decreasing. These earlier results used a second-
order large aspect ratio ordering while our derivation is valid Z
for arbitrary aspect ratio. In other ways, their calculation
goes beyond ours, as they have investigated additional con-
straints that can further limit the class of accessible
equilibria.

IIl. POSSIBLE ALTERNATE SOLUTIONS m

<r

Here we consider several possible alternate solutions for
satisfying force balance in equilibria. Each differs from
“normal” equilibria in a different way.

The argument in the previous section applies rigorously
only for nested flux-surfaces where the fields are continuous
and finite. Within the framework of ideal MHD, in principle
there could be a singular poloidal field on a flux surface such

that § d{?-Bpo|=0 so that this surface encloses zero toroidal
2 FIG. 2. Ideal MHD formally allows singular solutions where the poloidal

cgrrent, buyf d{).ZWRZBFZ)O'/.(SW) is still finite and can con- field vanishes almost everywhere on a flux surface, so that the enclosed
tribute to Eq.(4) so that integrated force balance can becurrentocgﬁ d?-Bpm:O butgﬁdefml is finite. Such an equilibrium could
satisfied. An example of such a field might be the limitingthen in principle satisfy the integral force balance E4). In this case,
case Bp0|0<|V |~ C exp(— ¢?A)/Jw. Then in the limit as adjacent flux surfaces approach one another at one point where the poloidal
Ww—0 we have zero toroidal current enclosed while still giv- field becomes infinite, but thls is an |ntegrablg singularity with finite energy.

. . . [All of these sketches are intended only to illustrate topology and are not
ing a finite contribution to the second term of E4) (due to  precise]

a singularity in the field chosen to be &0 in this ex-

ample. Although B, is becoming infinite at some point on _ _ o

the flux surface, it is an integrable singularity containing adxes and at th& point) and so in principle can be arranged
finite amount of energy, and so could formally be considered© give a negative contribution to the second term of @g.

as an admissible solution of ideal MHD. Since the spacing© satisfy integrated force balance. This is related to the role
between two nearby flux surfaces labeled by p0|oida| fM]!X in a normal eqU”ibriUm of the Shafranov Shlft, which pro-
and i, is given by A~ (y,— ,)/|V 4| (except where sec- Vides a larger value oR?Bj, on the outer part of a flux
ond derivatives have to be considerethere will be flux surface than on the inner part, so that the second term in Eq.
surfaces with finite separation at some places which will ap{4) is negative. TheX point of a non-nested equilibrium -
proach one another at the singular point WhF-V@M“Bpm might not be on the low-field side, and another possible equi-
— . The topology of this configuration is illustrated in Fig. librium might be obtained by rotating Fig. 3 by 180° and
2.[This sketch is intended only to illustrate the topology of ashifting the spacing between flux surfaces so that the integral
possible solution which satisfies the integral force balanc®f R?Bj, on the outer part of the flux surface is again larger
constraint, Eq.(4). An actual detailed solution that would than on the inner part. One or the other of these configura-
satisfy force balance locally at all points is left for future tions may be an unstable equilibrium and prefers to flip to
work, and may involve highly distorted flux-surface shapesthe other orientation[Takizuka® earlier proposed another
with boundary layer$>="] Note that not only is the poloidal
field infinite at the singular point, it must also flip signs from
+o to —o0 in the limit as the singular point is approached Z
radially from opposite directions. Of course this singular
configuration is strongly susceptible to magnetic reconnec-
tion when resistivity is included, consistent with the interpre-
tation of rapid reconnection observed in simulati6Adf
finite resistivity is included, then the singularity in the field is
smoothed out and loss of equilibrium can help drive recon-

necting flows. U

;UV

Another possible way of satisfying integrated force bal-
ance with negative central current, while keeping the field
finite and continuous, is if the flux surfaces are non-nested.
An example is shown in Fig. 3, which is similar to the inter-
mediate configurations observed during some toroidal simu-
lations of axisymmetric reconnection in negative central cur-
rent plasmasfor example, Fig. 11 of Ref. 2, though in other o o _
cases they see islands with higher poloidal mode numbersF'G' 3. An equm‘brlum with this topology of non-nested flux s_un‘aces is not

. . . . . “ruled out by the integral force balance Ed). Note that the toroidal current
This case has an axisymmetric island and the poloidal field ig, the inner part of the plasma is in the reverse direction from the total

non-zero almost everywher@xcept at the two magnetic plasma current.
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possible non-nested equilibria with negative central currentlV. RELATION TO THE SHAFRANOV SHIFT
involving (m=2,n=0) islands, while the example we dis- For completeness, we show the relation of E4). to

cussed here has am¢1,n=0) island] . usual expressions for the Shafranov stift® The second
Another way of thinking about ideal MHD equilibria is term of Eq.(4) can be written as

to modify the time-dependent ideal MHD equations to in-

clude viscosity and parallel thermal conduction while retain- ™ . Bhy m (aylap)? sn

. ; ) . . . T,=—= ¢ d€-ZR =—= de-Z|Vpl©.
ing the ideal Ohm’s law? Since viscosity should eventually Vv 8 vV 8w

damp the velocity to zero, and parallel thermal conduction (6)

will lead to B-Vp=0, the dissipative terms vanish in a sta- at this point, many previous calculations specialize to a large
tionary steady state and the solution is also an ideal MHDygpect ratio expansion and/or to specified shapes for the flux
equilibrium. One can then start with any arbitrary initial con- syrfaces. For example, assume shifted circular flux surfaces
figuration of the magnetic fiellvhich can be assumed to be \yith R(p,0)=Ry—A(p)+pcosd and Z(p,6)=psiné,
nested flux surfaceswith arbitrary initial profiles, as func-  wherep has now been chosen to be the minor radius of the
tions of toroidal flux®, for the rotational transforr(®) and  flux surface, and\ is the Shafranov shift. It can be shown
the adiabatic parametee(®)=p/n" [where p(®) is the that |Vp|?=1/(1-A’ cosf)?>, where A’=dA/dp. De-
pressure profilen(®) is the density profile, and" is the  fining dy/dp=B,(p)(Ro—A), we haveB,,=By[Ry—A]/

ratio of specific heafs Since this initial condition is not nec- [R(1—A’ cosé)] (this would be exact if the flux surfaces
essarily an equilibrium, flows will be driven and the plasmareally were shifted circles and T, becomes

will move about, perhaps oscillating for a while. But it seems B )

reasonable to assume that the viscosity will eventually damp T.=— ﬂ Ro—A A @

out the oscillations and the plasma will settle into an equi- 8m 1 (1-A")3?

librium configuration while conserving®) and w(®). (The where we have usedf décosél(1—A’ cosf)P=2mA’/
motions are assumed to be constrained to be axisymmetric H—A’)W Inserting this into Eq(4) yields

find such an equilibrium. This approach to equilibria of '

course does not address the issue of stability, and these equi- A’ r 8w B2
libria might then be unstable to symmetry-breaking perturba- TR A gz | (PP g ()
tions) (1=a%) "% By i

This was the logic that motivated the flux-conserving Evaluating this in the large aspect ratio limit at the plasma
tokamak equilibria concepitsthat showed that there is for- edge wherep=0 gives the familiar formA” = (r/Ro) (Bpol
mally no equilibrium limit on the pressure in a tokamak, +€i/2), whereg, is the poloidal beta and; is the internal
since as the pressure increases, the Shafranov shift and tigluctance per unit lengthiNote that €i/2=<B§>/BS(a)
current can also increase to provide sufficient poloidal mag-=(550| cos’-(ﬁ))/Bf,(a)=<B§0,)/255(a), so that the factor of
netic field on the outboard side to provide force balance. 1/2 comes from the fact that only the vertical magnetic field

Presumably this procedure would also find an equilib-contributes to the numerator in the sHifthe nonlinear form
rium even if the rotational transform changed sign so thaf the left-hand side of Eq8) has the nice property of en-
there was a null flux surface whete0. In some cases with suring that the flux surfaces are well behaved and do not
certain initial conditions, it might be possible for the plasmacross(|A’|<1) for arbitrarily high 8, though this equation
to spontaneously adjust flux surfaces near the nalirfface  Only rigorously applies if the flux surfaces remained shifted
to produce a local peak in the pressure profile that can satisfircles, which breaks down at high beta.

Eq. (5). [We have focused on the consequences of only one
integral constraint that rules out “normal” equilibria with V- SUMMARY

negative central current, and there can be other constraints \ve have presented a relatively simple integral constraint
that would further limit the practical accessibility of such o toroidally axisymmetric MHD equilibrium that shows that
non-monotonic pressure equilibrid. The more typical case 4 normal equilibrium(with nested magnetic flux surfaces,
is probably that the equilibrium that is approached will havenon.singular fields, and a peaked pressure profile that falls
a singular structure, such as in Fig. 2, in order to satisfy Eqmonotonically with radiuscannot exist if the toroidal cur-
(4). [This is similar to studies showing that the nonlinearrent inside any flux surface is negative relative to the total
saturation of an internal kink mode approaches a neighboringlasma current. This generalizes previous re$éft3to arbi-
equilibrium state with singular currents™ These singular  trary aspect ratio.

or near-singular states will be subject to strong reconnection  However, the integral constraint does not necessarily
if a small amount of resistivity is introduced, and the changeprevent negative central current equilibria with non-nested or
in topology may dominate what happens. Realistic evaluasingular magnetic flux surfaces. Possible examples of this are
tions of what happens may depend on fully including variousshown in Figs. 2 and 3. A plasma with nested flux surfaces
dissipation mechanism@hermal, momentum, and particle and negative central current that is initially out of equilib-
anisotropic transport driven by small scale turbulence andium could presumably move toward an equilibrium, though
collisional effects, as well as resistivity, current drive, heat-it seems most likely that this new equilibrium would have
ing and loss mechanismdNVe leave detailed investigation of singular or near-singular fields and thus would be subject to
these issues to other work. strong reconnectidi? if finite resistivity is introduced,
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