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Abstract

We investigatethe dynamicsof small-scaleturbulence-drivensheared
�����

flows in nonlineargyrofluid

simulations. The importanceof thesezonal flows in the regulation of the turbulencewasshown in our

earlysimulations���	� andhasbeenwidely confirmed.Mostof theseflowsexperiencefastcollisionlesslinear

damping,but thereis aresidualnon-Maxwelliancomponentof theflow whichis undamped
 andscaleswith���� . In ouroriginal treatment,we includedcollisionlessdampingtermswhichcapturethefastcollisionless

dampingof the dampedcomponents,but which do not accommodatethe linearly undampedcomponents.

Here,wemodify thegyrofluidclosuresto accountfor Pfirsch-Schl̈uterheatflows. Thismodificationallows

alinearlyundampedcomponentof the
�����

flows,andherewebegin to assessits importancein nonlinear

simulations.Our preliminaryresultsindicatevery nearmarginal stability zero-fluxstatescanexist where

the undampedzonalflows completelydampthe turbulence,asshown in Ref. 5. But away from marginal

stability, we find thatretainingtheundampedcomponentof theflow hasvery little effect.
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I. Introduction

The dynamicsof small-scalefluctuation-drivenflows areof greatinterestfor micro-instabilitydriven

turbulence,sincenonlinearsimulationsof coretokamakturbulence���	��� ��� � have shown thattheseflows play

animportantrolein theregulationof theturbulenceandtransportlevels.Earliersimulationsof resistiveedge

turbulencealsofoundthat turbulence-generatedflows areimportant� ����� (seealsothediscussionin Ref. 1).

These“zonalflows” areconstantonaflux surface,with radialvariationsonthescaleof theturbulence(afew

gyroradii) andhencehave alsobeencalled“radial modes.” Thezonalflows arenonlinearlydrivenby the

turbulenceandin turn suppresstheturbulencethroughradialshearingof eddies.��� Thus,a propertreatment

of the zonal flows hasbeenof concernfor sometime, and in particular, the dampingof thesepoloidal

flows is a sensitive controlof the transportlevels. The gyrofluid dampingof theseflows wasshown to be

accuratefor timesshorterthanabouncetime.� Sincethedecorrelationtimesof theturbulencearegenerally

shorterthana bouncetime, our original hypothesiswasthat this descriptionwasadequate.Recentwork

haspointedout possibleproblemswith this hypothesis,emphasizingtheexistenceof a linearly undamped

componentof theflow whichcouldbuild up in timeandlower thefinal turbulencelevel.

Theexistenceof linearcollisionlesspoloidalflow dampingis sensitive to initial conditions.If thedis-

tribution functionat ����� is Maxwellian,asseemslikely for
�����

nonlinearlydrivenflows, mostof the

flow dampsaway (dueto collisionlessLandaudamping)at a rate  "!$# ��%� . The residualflow correctly

calculatedin Ref.4 is anon-Maxwelliancomponentof theflow which is notcollisionlessly damped.In our

original gyrofluid treatment,� we includedcollisionlessdampingtermswhich wereappropriate(andessen-

tial) to capturethe fastcollisionlessdampingof thedampedcomponents,but which do not accommodate

the linearly undampedcomponents.While gyrofluid andgyrokineticresultsagreeon the initial collision-

lessdamping,the original closures�'& usedin thegyrofluid equationsfail to describethe residualnon-zero

potentialat timeslongerthanseveralbouncetimes.

Althoughthis residualcomponentof theflow is undampedlinearly, it canstill bedampednonlinearly

by the turbulenceitself, i.e., by turbulentviscosity. Thusthe nonlineardrive of the poloidal flows can,at
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leastin somecases,bebalancedby thenonlineardampingof theseflows anda steadystatebalancecanbe

reached.

In this paper, we extendour gyrofluid equationsto includethis undampedcomponentof the flow by

modifying the closureapproximationsfor the zonalcomponents.Then,we test the nonlinearimportance

this residualflow by comparingnonlinearsimulationswith andwithout theundampedresidualcomponent.

We find that for stronglyturbulentcases,theundampedcomponentof theflow is nonlinearlydampedand

haslittle impacton theturbulencelevels.Verynearmarginal stability, however, wefind thatthesystemmay

bifurcateinto astatewith all flow andnoturbulence(andhencenoturbulentviscosityto damptheflows),as

seenin Ref.5. It is possiblethatthis stateis anartifactdueto ourpurelycollisionlessapproximationand/or

thesimulationinitial conditions.

II. Linear Zonal Flow Damping

In this sectionwe presenta brief outline of the derivation of modificationsto our gyrofluid closures

which retaintheundampedresidualflow component.Thecollisionlesszonalflow evolution is governedby

thelinearizedtoroidalelectrostaticgyrokineticequation:(*)( � +-, !/.$01 +32547698$: ) +�;2=<>8�:@? � +BA@CD ;EGFIH>J : .'K + !/. , 01 8�: 01 698L;2=<NM ( ? �( !/. �-�LO (1)

where
) , !/.PO J 6 is theperturbeddistribution function and

2N4
is the combined

: K andcurvaturedrift. For

thezonalflows,where
2=<Q8�:@? � �-� , changingvariablesto

) , E O J 6 , thisbecomes:(R)( � + !/. : . ) +3SUTI4 ) +3S7, C ? � �V 6WTI4�X ���ZY (2)

If weinitialize aMaxwellianperturbationin
)

thatis initially constantalongafield linebut hasan [�\Z] ,�SW^�_ � 6
radialvariation,thenfor timesshorterthanabouncetime the

SUT 4 � 2 4 8P: � S7,`^ _Pa/b � !$# � 6�, ! &. + ! &c ��d 6ZePfhg�i
termsintroducevariationsin

i
(along the field line) which are then phasemixed away by parallel free

streaming.After afew bouncetimesthisphasemixing stops(thetrappedparticlesdon’t keepphasemixing),

andan equilibrium is reachedwhereparallel variationsin
)

balancethe variationsinducedby the cross
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field drifts, analogousto theequilibriumPfirsch-Schl̈uterflows. RosenbluthandHinton
 showedthat this

equilibriumcouldbewritten:

) � H , C X �V 6P? � +kjN, E O J 6 Cl
bhmPn�oqp�rs7t .u r/t�v Y (3)

where
jN, E O J 6 is anarbitraryfunctionbut is constrainedto satisfy w�xw�y �z� , and {|� ���� . In thenotation

for thecircularmodelwe areusinghere,
^q_ a9}W~ s�h� v is constanton a flux surface,while K and !/. (at fixed

E
and

J
) introducevariationsin

)
alongthefield line. This prevents

)
from beinga simpleMaxwellianthat

is constanton a field line, andit is this equilibriumsolutionthatwe would like to recover. We canexpand

this for smallbananawidth:

) � H , C X �V 6P? � +3jN, E O J 6��h� H S�^q_ a % K � !/.{PK�! # +�8�8$8 � O (4)

andintegrateto find theequilibriummoments.Thereis somefreedomin thechoiceof
j
, but generallywe

seethatthe ��. momentis supportedby theradialgradientof theperturbedpressure� (i.e., theusualbalance

thatleadsto thePfirsch-Schl̈uterparticleflow), � is supportedby radialgradientsof heatflux moments% , %
is supportedby gradientsof 4th moments(theanalogousbalancefor thePfirsch-Schl̈uterheatflow), etc....

In our original closure��& we closedhigher momentsto retaincollisionlessLandaudamping,but in such

a way that the perturbedmomentsrelaxed to be constantalonga field-line, thusmissingthesê
q_ a/���P���P���

corrections.Now we choseclosureswhich dampto theabove collisionlessequilibriumthat includessome

parallelvariation.Wecanaccomplishthisby thefollowing modificationsto theequationsin Ref.12:� d�� F�� ^ . � % .N� � d�� F�� ^ . � , % . H %q� �	�. 6 fhg���� Y ,��Z��6� d���� � ^ . � % c � � d���� � ^ . � , % c H % � �7�c 6�fhg���� Y ,�� d 6
WherethePfirsch-Schl̈uterequilibriumheatflowsare % � �7�. ��� S�^q_ a b }W~ s� ~ V . and % � �7�c � S�^q_ a b }W~ s� ~ V c , for abi-

Maxwellian
j
. Notethatthesemodificationspreserve thefastlinearcollisionlessdampingcomingfrom the� ^ . � terms,but now dampto a non-zeroequilibriumsolution.Further, to supportthis %q� �7�. and %q� �	�c , we must

closethe
SUT 4 , � .���. + � .�� c 6 and

SUT 4 , � .�� c + � c � c 6 termsin thepressureequationsin amannerwhichpreserves

this equilibrium. We arepresentlyinvestigatingvariousforms of theseclosures,but for the simulations
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presentedin this paper, we chose   � � , �ZO H � 6   & � , �ZO ��6 ,   � � , �ZO7� 6 ,   
 � , �ZO H � �qd 6 . Consistent

with a smallbananawidth limit we droppedall othertoroidalphasemixing closureterms(  ¢¡ H   �W� ��� ).
Importantly, becauseour flux-tubesimulationis spectralin the perpendiculardirections,�W� it waseasyto

implementthesemodified closuresjust for the evolution equationsfor the £B�¤� zonal flows without

changingtheequationsfor the £¦¥�-� components.

Figure1: Linearflow dampingcomparisonof theflux surfaceaveraged
�����

flow, § 2 <9¨ , vs. time,showing
reasonableagreementbetweengyrokineticparticlesimulation(GKP) andthe new gyrofluid (GF) closure
which retainsthe undampedresidualcomponent.Also shown is the previousgyrofluid closurewhich ad-
mittednoundampedcomponent.

Wenow compareour linearzonalflow dampingwith fully kinetic results.Figure1 showsacomparison

betweenthemodifiedclosuredescribedabove, our previous results,andresultsfrom Z. Lin’ s gyrokinetic

particlesimulation(reportedin Ref. 14). The parametersfor this comparisoncorrespondto DIII-D shot

81499: % � � Yª© , {«�¬�ZY �� , aswill be usedfor the nonlinearresultsshown below. Also, for this mode
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^ _7a/b �®�ZY d . While our previous closuresdid not supportthe undampedcomponentof the flow, our new

closureagreesquite well with the kinetic results,and reasonablywell with the predictionfrom Ref. 4,

!¯ � ! b �±° � { ��% & � ,'�²+ ° � { ��% & 6 , where °����ZY�³ dq´ . Theagreementis not asgoodat lower
^�_ a b

, andwe are

presentlyinvestigatingfurthermodificationsto theclosureswhich mayimprove thecomparison.However^q_ a b  ®�ZY d is the region which contributesmost to the effective shearingraterelevant to the turbulence.

Furthermore,theexistenceof this undampedcomponentallows usto testits importancein fully nonlinear

simulations.

III. Nonlinear Tests of the Importance of the Undamped Flow Component

We now comparetwo nonlinearsimulations,oneusingthe old closuresfor the zonalflows, andone

usingthe new closurewhich retainsthe undampedresidualcomponent.Again, only the dynamicsof the

zonalflows arechanged,all othermodesobey thesameequationsin both simulations.Theotherrelevant

parametersfor shot81499are: µ�¶¢· ��� �B�ZYª© ´ , �|� µ�¸ b ��³ZY � , ¹º ���ZY�»  , andwe furtherassumeV b � V · ,
circulargeometry, andneglectimpurities.This is thecasefor whichourgyrofluid ¼ b is higherthanDimits’

gyrokineticparticle(GKP) simulations¡ by a factorof 3. As shown in Figure2, includingtheresidualflow

componentloweredour ¼ b by at most15%,clearlynot enoughto accountfor thefull discrepancy between

thegyrofluid andGKP simulations.At theseparameters,the turbulenceis strongenoughthatdampingby

nonlinearviscositykeepstheundampedcomponentsof thezonalflows from growing to largeamplitudes.

Wenow look atacasenearmarginalstability,with all parametersthesameasin Fig.2,but with aweaker

ion temperaturegradient,�|� µ�¸ b ��© . In Fig. 3(a)we show therun with theold closures,with no residual

flow component.In this casethe turbulenceexhibits an intermittentbehavior wherea burstof turbulence

( ¼ b ) drivesa burstof zonalflows ( § X ¨'½R¾À¿ is thevolumeaveragedzonalpotential),which thensuppresses

theturbulence.Thentheflow is damped,andeventuallytheturbulencecangrow againandrepeatthecycle.

It is interestingto notethesimilarity with Mazzucato’s fluctuationmeasurements� ¡ in ERSplasmas,which

arevery likely nearmarginal stability (whenequilibriumflows areincluded).

In Fig. 3(b) we repeatthe �|� µ9¸ b �Á© run with the new closures,which retainthe linearly undamped
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Figure2: Comparisonof ¼ b time historiesfor two nonlinearruns,with theold closureandnew closure.In
this strongturbulenceregime (parameterstakenfrom DIII-D shot81499),retainingthelinearly undamped
componentof theflow doesnotsignificantlyreducetheturbulence,indicatingthatnonlineardamping(turbu-
lentviscosity)keepsthelinearlyundampedcomponentsof thezonalflowsfrom growing to largeamplitudes.

residualflow component.In thiscasetheturbulenceagaindrivesaburstof flow, whichdampstheturbulence.

But now this flow is linearly undamped,andoncetheturbulencediesaway, thereis no nonlinearviscosity

to damptheresidualflow, unlike thecasein Fig.2, above. Thesystemis thenstuckin thisall flow, zeroflux

stateforever. This zeroflux above but nearmarginal stability, or nonlinearupshift in thecritical gradient,

wasfirst seenin Ref. 5. It seemspossiblethat this stateis an artifact dueto the purelycollisionlesslimit

and/orthe simulationinitial conditions. Perhapsif this run were initialized with a larger amplitudeand

broaderspectrumof modesthe flow would not be asstronglydriven at the peakin ¼ b . Oncea linearly

undampedzonalflow is permitted,nonlinearsimulationscanbe dependenton initial conditions,sincean

arbitrarily largeflow couldbe initialized which dampsall othermodes,thusa zeroflux stateis possibleat

any �|� µ ¸ b . The collisionalflow dampingtime,���|Â �P� �z{ � ,'� Y ´   bÃb 6 , correspondingto theseparametersis
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Figure3: Nonlinearrunscloseto marginal stability, onewith the old closureandno residualcomponent
(a), andonewith thenew closureretainingthe residualflow component(b). With theold closure(a), the
turbulencedrivesflow which thenquenchesthe turbulenceuntil theflow is dampedaway, afterwhich the
turbulencegrows again,leadingto a burstybehavior. With thenew closure(b), theundampedcomponent
of theflow keepstheturbulencesuppressedfor thedurationof the run. Also notedin (b) is thecollisional
dampingtimefor thezonalflows(not includedin thesecollisionlesssimulations).If included,thisrunmight
exhibit theburstybehavior shown in (a).
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alsoshown in Fig. 3(b), andif collisionswereincluded,perhapsa turbulent steadystateor a bursty state

with periodon the orderof Â ��� would be reached.In any event, the inclusionof a realisticcollisionality

wouldchangeFig. 3(b).

Figure4: Comparisonof gyrokineticandgyrofluid nonlinearresultsas {�� ���� is varied(with the old
GF closures).Sincethe residualflow componentis proportionalto { , if the residualflow componentwere
responsiblefor thedifferencein thetwo predictions,theresultswouldconvergeat {Ä�Å� . Thefact thatthe
differenceis independentof { implies that for theseparameters,turbulentviscosityis sufficiently damping
theresidualflow components.

Beforetheserecentmodificationsof the gyrofluid closures,we earlierdid a different testof whether

or not the residualflows canaccountfor the differencebetweenGF andGKP simulations,by comparing

GF simulationswithout residualflows to GKP simulationswith residualflows in an { scan.Thesizeof the

residualundampedflow scaleswith
� { .
 Figure4 comparesGF andGKP simulations� varying { , showing

similar scalingswith { , at leastfor theseparameters,which arenot nearmarginal stability. If the residual

flow componentswereresponsiblefor thesedifferences,onewouldexpecttheGF andGKP ¼ b to converge

as {Æ��� andtheresidualcomponentsareremoved.Thisagainsuggeststhatnonlineardampingof thezonal
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flows is providing asufficient sink.

IV. Conclusions

We have extendedour previous gyrofluid equations��& to model the undampedresidualcomponentof

the zonalflows emphasizedin Ref. 4. Our preliminaryresultsindicatethat for parameterscorresponding

to DIII-D shot81499,including the residualcomponentonly loweredour predicted¼ b by 15%. Closerto

marginal stability, we find that including the residualflows allows thesystemto bifurcateinto a statewith

all flow andzeroflux, confirmingthenonlinearupshift in thecritical gradient,¡ but alsoisolatingthezonal

flows asthemechanism.Futurework is neededto investigatetheeffectsof collisionsandsimulationinitial

conditionson theresultsnearmarginal stability.

Thereareseveralpossiblereasonsfor thedifferencesseenbetweengyrofluidandgyrokineticturbulence

simulations.We plan to investigatefrequency-dependentclosuressuggestedby N. Mattor andmethodsto

improve resolution(as suggestedby A. Dimits or with larger parallel computers).Alternatively, even a

weakamountof collisionscansignificantlyaffect nonlinearkinetic calculationsin somecases.Finally, the

additionof trappedelectronsand/orcollisionscanleadto strongerturbulenceregimeswherethegyrofluid

andgyrokineticsimulationsmayagreebetter.
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