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1 Introduction to Plasma Diagnostics

Measurement science is a fundamental and important part of all fields of sci-
ence and engineering, as well as almost all everyday activities. It involves
theoretical, numerical, and experimental methods to determine the outcome
of a measurement at any level of uncertainty. There is even a specific field
called metrology designated to study the science of measurement. The capa-
bility of measurement, alongside of theoretical and numerical predictability,
often defines the frontier or maturity of a particular field. In fact, there have
been numerous Nobel prizes awarded based on the success of a particular mea-
surement technique or its outcome. Table 1 provides an non-exhaustive list
of Nobel Prizes falling in this category of achievements. Plasma physics is no
exception - plasma measurement methods or diagnostics are an integral part of
the field. The purpose of this course is to provide an overview and introduction
to plasma diagnostics across nearly all sub-fields of plasma physics.

1.1 Diversity of Plasmas

Plasmas are extremely diverse. One important category is low-temperature
plasmas which include capacitively coupled plasmas (CCP), inductively cou-
pled plasmas (ICP), helicon plasmas, arc discharges, glow discharges, flames,

Table 1: A non-exhaustive list of Nobel prizes awarded to measurement
achievements or experimental techniques relevant to plasma.

Name(s) Year Discipline Citation
Victor Hess 1936 Physics “for his discovery of cosmic radiation”
Martin Ryle 1974 Physics “for their pioneering research in radio astro-

physics: Ryle for his observations and inven-
tions, in particular of the aperture synthesis
technique”

Arno Penzias,
Robert Wilson

1978 Physics “for their discovery of cosmic microwave
background radiation”

Frederick Reines 1995 Physics “for the detection of the neutrino”
Raymond Davis,
Masatoshi Koshiba

2002 Physics “for pioneering contributions to astro-
physics, in particular for the detection of
cosmic neutrinos”

Riccardo Giacconi 2002 Physics “for pioneering contributions to astro-
physics, which have led to the discovery of
cosmic X-ray sources”

John C. Mather,
George F. Smoot

2006 Physics “for their discovery of the blackbody form
and anisotropy of the cosmic microwave
background radiation”

Eric Betzia 2014 Chemistry “for the development of super-resolved fluo-
rescence microscopy”

Takaaki Kajita,
Arthur McDonald

2015 Physics “for the discovery of neutrino oscillations,
which shows that neutrinos have mass”

Rainer Weiss,
Barry Barish, Kip
Thorne

2017 Physics “for decisive contributions to the LIGO
detector and the observation of gravitational
waves”

Gérard Mourou,
Donna Strickland

2018 Physics “for their method of generating high-
intensity, ultra-short optical pulses”
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Fig. 1: Various plasmas across the universe and in the laboratory in the param-
eter space of density and temperature.

hot cathode discharges, plasma gun discharges, and dusty (complex) plasmas.
Another category is non-neutral plasmas, either pure electron or pure ion
plasmas, some of which are being developed as qubits for quantum comput-
ing. Furthermore we have those plasma used in magnetic confinement fusion
made by ohmic discharges or heated by RF power or neutral beam injection
(NBI). Inertial confinement fusion uses plasmas made by high-power lasers,
pulsed power, or heavy ion beams. Natural plasmas include those in Earth’s
ionosphere, near-Earth space, heliosphere, and on the Sun, collectively called
heliophysical plasmas. Giant planet cores and the solar interior are also in the
plasma state but with much higher densities and pressures. Plasmas beyond
our solar system are astrophysical plasmas, which are extremely diverse them-
selves, from intestellar medium or galactic plasma, to much more tenuous
intergalactic plasmas, to much denser and exotic plasmas in white dwarfs and
neutron stars, to those surrounding black holes. Their measurements and study
are an integral part of astronomy. Figure 1 illustrates plasmas’ extreme diver-
sity in the parameter space of number density over 30 decades and temperature
over 9 decades.
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Not shown in Fig. 1 are other properties which encompass a wide diversity.
For example, the magnetic field can be extremely weak (< µGauss or 10−10

Tesla) in intergalactic plasmas or extremely strong (109−11 Tesla) in magne-
tized neutron stars or magnetars. Plasmas can be extremely poorly ionized
(ionization fraction < 10−12) in protoplanetary disks, or can be fully ionized,
even with all electrons fully stripped from their heavy metal ions at relativis-
tic energies above GeV. Plasmas can be nearly collisionless with very long
Coulomb collision mean free paths or strongly coupled where Coulomb cou-
pling dominates inter-particle interactions, and can even be degenerated at
high density as in the neutron star interior. Plasmas can be an active ingredi-
ent of a complex system involving chemical radicals as in plasma chemistry, or
an active agent interacting with other forms of matter as in micro-electronic
processing or even with biological systems in plasma medicine. The definition
of plasma can be further extended to intermediate areas between different
states of matter, such as warm dense matter which is too dense to be described
by weakly coupled plasma physics yet too hot to be described by condensed
matter physics.

1.2 Components of a Plasma

Given the extreme diversity of plasmas, we take a broader definition of what
constitutes a plasma:

• Charged particles consist of: free electrons; ions with various degrees of
ionization until all of their bounded electrons are fully stripped or with
extra electrons attached so that ions are negatively charged; and positively
or negatively charged molecules. These particles can be in the form of mat-
ter or anti-matter. Charged ions with at least one bound electron, as well as
charged molecules, can have their electron(s) in an excited state ready to fall
to a lower energy state by emitting an electromagnetic wave (line radiation),
or to jump to a higher energy state by absorbing an incoming electromag-
netic wave (line absorption). Charged particles can emit electromagnetic
waves when they experience acceleration or de-acceleration (Bremsstrahlung
radiation due to electric field and cyclotron or synchrotron due to magnetic
field).

• Electromagnetic fields at all frequencies and wavelengths can influence
the motion of charged particles by exerting forces on them. The charge
density and the motion of charged particles (thus electric current) are linked
to electromagnetic fields via Maxwell equations. In extremely dense plasmas
such as in the solar interior where electromagnetic waves are constantly
absorbed and emitted, photons can be treated as another particle
species carrying momentum and energy but no mass. In these case, plasmas
often become opaque or the opacity becomes larger than unity.

• Neutral particles, such as charge-neutral atoms or molecules, do not nor-
mally interact with electromagnetic fields and instead influence charged
particles through collisions. In addition, when a plasma is sufficiently
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opaque, electromagnetic waves or photons can directly interact with neutral
particles by exchanging energy and momentum with them.

• Neutrino and gravitational waves, emerged in recent years as new
information carriers from the plasma where they originate in some extreme
astrophysical events such as supernovae and compact object mergers.

Since the discovery of gravitational waves, combining information from mul-
tiple carriers like light waves (photons), neutrinos, cosmic rays (charged
particles), and gravitational waves to study extreme astrophysical events is
often called multi-messenger astronomy.

1.3 Plasma Properties

Of the above plasma constituents, charge and neutral particles are usually
treated statistically due to their sheer numbers. Below are plasma models
following the hierarchy of plasma models in order of increasing simplicity and
more assumptions.

1. Exact microscopic descriptions of each particles (Chap.7 in Krall and
Trivelpiece, 1973).

2. Boltzman/Vlasov Equations: the Boltzmann equation describes evolution
of particle distribution f(x,v, t) with binary interactions (collisions):

df

dt
=
∂f

∂t
+ v · ∂f

∂x
+

q

m
(E + v ×B) · ∂f

∂v
=

(
δf

δt

)
coll

, (1)

where x and v are the particle location and velocity vectors, respectively.
E and B are the electric and magnetic field vectors, respectively. The
Vlasov equation is the Boltzmann equation without collisions, i.e. where
(δf/δt)coll = 0.

3. Drift-kinetic/Gyro-kinetic Models: approximation based on guiding center
motion or charge ring motion.

4. Multi-fluid Models: approximation based on fluid descriptions for each
species.

5. Single fluid (MHD) Models: approximation based on a combined one-fluid
description.

6. Mean-field Theory/Models: approximation based on averaged fluid quanti-
ties over a certain spatial or temporal scale.

The macroscopic fluid quantities are obtained by taking moments of the
Boltzmann equation, Eq. (1), to remove the dependence on particle velocity v,

⟨g(x, t)⟩ ≡
∫
g(x,v, t)f(x,v, t)dv, (2)

which calculates any quantity (can be a vector or a general tensor), g, with
weighted contributions based on the distribution f at each location and time.
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Taking g = 1 yields the macroscopic particle density,

n(x, t) =

∫
f(x,v, t)dv, (3)

while taking g = mv yields the momentum density,

m ⟨v(x, t)⟩) = m

∫
vf(x,v, t)dv, (4)

leading to the macroscopic fluid velocity V (x, t) = ⟨v(x, t)⟩ /n(x, t).
When g = 1

2m (v − V ) (v − V ), i.e. the velocity spread after the frame
shift to V , the corresponding moment of g becomes the pressure tensor,

1

2
m ⟨(v − V ) (v − V )⟩ = pI +Π, (5)

where p is the isotropic macroscopic pressure, I is a unit tensor, and Π is the
off-diagonal pressure tensor. Thus, the macroscopic temperature in units of
energy can be defined as T (x, t) = p(x, t)/n(x, t). Note that the diagonal com-
ponents of the pressure here can be anisotropic with respect to the magnetic
field, i.e. pressure in the parallel direction of the field lines can be different
from pressure in other directions, p∥ ̸= p⊥. For simplicity, we take the pressure
to be isotropic here.

The next and final moment we consider is the heat flux

q =
1

2
m
〈
(v − V )

2
(v − V )

〉
. (6)

The terms due to Coulomb collisions include the plasma source via e.g.

ionization or recombination S =
∫ (

δf
δt

)
coll

dv, the frictional force R =∫
m (v − V )

(
δf
δt

)
coll

dv, and the heating Q =
∫

1
2m (v − V )

2
(

δf
δt

)
coll

dv.

The above fluid moment can be constructed for each species in a plasma,
and then combined for a single fluid MHD model. We define macroscopic
quantities of a single fluid MHD model by combining electron and ion fluids as

ρ = mini +mene ≈ mini, (7)

V =
miniVi +meneVe

ρ
≈ Vi, (8)

j = e (ZniVi − neVe) ≈ ene (Vi − Ve) , (9)

where Z is the ion charge and ne ≈ Zni. These fluid quantifies are related via
Maxwell’s equations. For example, together B, ne, Ve, and Vi need to satisfy
Ampére’s law in the non-relativistic limit where the displacement current is
negligible,

∇×B = µ0j ≈ eµ0ne (Vi − Ve) . (10)
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See GPPII lecture notes (Ji, 2024) for more detailed derivations and discussion
of fluid models including the standard magnetohydrodynamic or MHD model.

1.4 Diversity of Plasma Diagnostics

Unsurprisingly, extremely diverse plasmas are matched by extremely diverse
measurement methods or diagnostics, which can be categorized in several
different ways. One traditional way is by plasma categories:

• Laboratory plasmas which can be further subdivided into:

– Low-temperature plasmas
– High-temperature plasmas

which can be measured by both in-situ and ex-situ (or remote sensing)
techniques. Each of these techniques can be further subdivided into passive
ones (such as emission measurements) and active ones (such as techniques
using lasers).

• Space plasmas which include the Earth’s ionosphere and magnetosphere,
the magnetospheres of other planets in the solar system, the solar wind
or interplanetary plasmas, as well as the near-solar interstellar medium.
These plasmas can be primarily measured in-situ by spacecraft launched
from Earth, and are collectively covered by heliophysical plasmas.

• Solar and astrophysical plasmas, which are primarily measured by ex-situ
(or remote-sensing) techniques, such as cosmic ray measurements. They
are basically all natural plasmas beyond heliophysical plasmas, except solar
plasmas.

Typical courses based on this categorization are offered by each subfield
of plasma physics: laboratory plasma physics, heliophysics (space and solar
physics), and astrophysics (astronomy).

Plasma diagnostics can also be categorized in several other ways, each with
its own advantages. They include

• Measurement techniques, such as in-situ and ex-situ (or remote sensing).
Each of these techniques can be based on the detection of particles (neu-
tral, charged, photon, neutrino) or waves (wavelengths from gamma-rays
to radio-frequency light waves, and gravitational waves). A complementary
way to categorize plasma diagnostics based on measurement techniques is
by whether they are active or passive diagnostics:

– Passive versus active techniques. The latter include measurements of par-
ticles, fields, and waves with external interference by injecting particles
(such as charged or neutral particle probe beams) or waves (microwaves
or laser as light waves) while the former does not involve external inter-
ference. Active diagnostics sometimes can achieve localized measurements
at a remote distance via proper arrangement of injection and detection
angles.
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Table 2: A list of plasma diagnostics and the quantities they measure. Vsp is
the plasma potential relative to a reference ground.

diagnostics quantities categories subfields
Energy analyzer / parti-
cle flux measurements

fe, fi, f0 in-situ, ex-situ lab, space, astro

Magnetic probes/loops B in-situ, global lab, space
Electric probes fe, ne, Te, Vsp,Vi, E in-situ lab, space
Refraction index ne, Bpath ex-situ lab, astro
EM radiation by free elec-
trons

fe, ne, Te, Z,B ex-situ lab, astro

Line radiation by
bounded electrons

ne, ni, n0, Te, Ti,
Vi,path, B

ex-situ, in-situ lab, astro

EM wave scattering ne, Te, Ve, Z, ni, Ti, Vi passive, active lab, astro
Diagnostics using neutral
beam injection (NBI)

ne, ni, Ti,Vi, B active lab

Laser-induced-
fluorescence (LIF)

fi, f0 active lab

Neutron measurements fusion reaction rates ex-situ lab
Neutrino and grav-
itational waves
measurements

indirect information on
plasmas

ex-situ astro

This categorization is sometimes used in programs emphasizing engineering
aspects of plasma diagnostics focusing on implementation, including detector
and sensing technology.

• Measurement principles. This categorization emphasizes the physical prin-
ciples of diagnostics and is suitable for the study or development of
measurement techniques sometimes called metrology. This categorization
is often used by programs emphasizing the physics behind measurement
methods, especially laboratory plasma physics.

• Measurement quantities, such as electron density, magnetic field etc. Each
of these quantities can be measured by multiple techniques, and each can
serve as a benchmark or for the calibration of others. This categorization is
often used in programs emphasizing the usage of various data sources for
their synthesis to develop new physics insights.

In AST555, we use several of these categorizations: primarily based on lab-
oratory plasma physics (including both high-temperature and low-temperature
plasmas), but supplemented by providing overviews in space, solar and astro-
physical plasma measurements to provide a broader understanding of each
diagnostic. We also emphasize the physical principles of each diagnostic, which
are universal regardless of their specific applications, supplemented by specific
measurement techniques to provide some practical knowledge on how they are
implemented in real world. However, the purpose of this course is not to train
students to be experts on any specific diagnostic but rather to provide a basic
foundation in the field.
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1.5 Summary

• Measurement science (metrology) is a fundamental and important part of
all fields of science and engineering, including plasma physics.

• Plasma is extremely diverse across laboratory, space, solar physics and
astrophysics.

• Plasma consists of particles (charged, neutral, and neutrino), fields (electric,
magnetic, their combination as light waves). Gravitational waves also carry
information about the plasmas from which they originate.

• Plasma diagnostics are also extremely diverse across each subfield of plasma
physics. They can be categorized in several different ways, each with its own
advantages.

• A list of plasma diagnostics is summarized in Table 2.

1.6 Further Reading

• Hutchinson (2002)
• Pfaff et al (1998a,b)
• Wüest et al (2007)
• Rieke (2012)
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2 Magnetized Plasma Experiments

Magnetized laboratory plasma experiments can be divided into two broad
categories: magnetic confinement experiments of high-temperature (≳ 1 keV)
plasmas to achieve and control the conditions for nuclear fusion reactors and
magnetized experiments of low-temperature (≲ 10 eV) plasmas to provide
a platform for the study of basic plasma processes and phenomena. There
are many plasma diagnostics common to both categories but there are also
significant differences. In this lecture, a brief introduction is given for both
categories to provide context for the diagnostics that will be discussed in the
following Lectures.

2.1 Magnetic Confinement Experiments

We begin with a primer for magnetically confined plasmas. As shown by the
Virial Theorem (see Sec 2.2, Ji, 2024), a plasma cannot be confined in steady
state by the magnetic field it generates. In order to confine a plasma mag-
netically, it is thus necessary to supply current to external coils. The coil
design, therefore, dictates the confinement magnetic configuration, and there
are literally infinite degrees of freedom in coil design.

The simplest magnetic geometry is linear geometries which include the
magnetic cusp, magnetic mirror, theta pinch, Z pinch, and screw pinch (or
stabilized pinch). They have many favorable characteristics for confining plas-
mas, in addition to being simple, but they all suffer end losses that cannot be
avoided. This naturally leads to the solutions based on toroidal configurations,
which are classified into six categories briefly described below. We begin by
following Chap. 2 of Ji (2024) on magnetostatic equilibrium. Then we
describe the six categories in turn by using the toroidal coordinates shown in
Fig. 2 where various definitions are given.

2.1.1 Toroidal Configurations

In all toroidal configurations, a finite poloidal magnetic field Bθ is required
since the plasma cannot be confined by a pure vacuum toroidal magnetic field,
Bϕ,v. This is because Bϕ,v ∝ R−1, causing particles drift vertically due to
the ∇B drift, but its direction depends on the charge. This charge separation
results in a vertical electric field, EZ , which drives plasma out of the confine-
ment region radially by the EZ ×Bϕ,v drift. To suppress EZ , a finite poloidal
magnetic field can short out the charge separation by connecting areas with
opposite charges via helical field lines.

The poloidal field Bθ can be provided by current flowing either in the coils
or in the plasma. The dimensionless parameters to quantify Bθ are

q(r) ≡ 2π

ι(r)
≡ # of toroidal turn

# of poloidal turn
≈ rBϕ

R0Bθ
, (11)
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Fig. 2: Magnetic configuration of a toroidal confinement system. The cylin-
drical coordinate system is defined as (R,ϕ, Z) while the toroidal coordinate
system is defined as (r, θ, ϕ). Here the toroidal angle is ϕ and the poloidal angle
is θ. Other definitions: the major radius is R0 and the minor radius is a. The
magnetic axis is also shown in the figure. Surfaces shown in red represent mag-
netic flux surfaces, on which the magnetic field and current density vectors lie
and the plasma density and temperature are constant (when in magnetostatic
equilibrium) (see Sec 2.3, Ji, 2024).

when integrating along the field line at large aspect ratio R0/r ≫ 1. Here ι(r)
is the rotational transform used in stellarators while q(r) is the safety factor
used elsewhere.

The q(r) profile determines MHD stability against current-driven instabil-
ities which appear in discrete pairs of mode numbers (m,n), where m (n) is
the poloidal (toroidal) mode number. The locations where q = m/n are called
rational surfaces where k ·B = (Bθ/r)(m−nq) = 0 so that perturbations have
constant phases along the field lines, meaning instabilities grow easily without
bending them. Usually, the higher the q, the more stable the plasma is against
current-driven instabilities.

In contrast, profiles of plasma kinetic parameters (ne, Te, and Ti), together
with q(r), determine MHD stability against pressure-driven instabilities, such
as interchange instabilities or ballooning mode instabilities, which also appear
in (m,n). Interchange instabilities are sensitive to the balance between the
good curvature of field lines on the inboard side and the bad curvature on
the outboard side, while ballooning mode instabilities are localized on the bad
curvature side. Pressure-driven instabilities can be stabilized by finite magnetic
shear q′ ≡ ∂q/∂r so that bending field lines, which is stabilizing, becomes
unavoidable even slightly away from the rational surfaces. A finite toroidal
flow Vϕ can also contribute to plasma stability, especially when coupled with
the nearby electrically conducting wall. More detailed descriptions of toroidal
confinement configurations and their MHD stability are given by the GPP
II lecture notes (Chap.5-8, Ji, 2024).
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Collisional transport in toroidal plasmas is dominated by neoclassical trans-
port mediated by the trapped particles along field lines on the outer-board side
where the magnetic field is relatively weak. However, the overall transport is
dominated by anomalous transport, especially for electrons, due to drift-wave
turbulence driven by radial temperature gradients.

Fig. 3: Tokamak configuration.

2.1.2 Tokamaks

The tokamak, illustrated in Fig. 3, is the most advanced and mature fusion
configuration, the one ITER will use. It generates a poloidal magnetic field
by its toroidal current or simply plasma current. Typically, its toroidal cross-
section takes an elongated shape which not only increases the plasma volume,
but also increases q for improved MHD stability as it takes more toroidal turns
for field lines to complete a poloidal turn. More recently, further fine-tuning of
the plasma shape for negative triangularity (reversed D-shaped plasmas) seems
to show better confinement than the usual positive triangularity (D-shaped
plasmas) shown in Fig. 3.

In order to illustrate how tokamaks, or magnetically confined fusion plas-
mas in general, work in the laboratory, a typical sequence of events are listed
below for an Ohmically heated plasma:

1. Vacuum vessel is evacuated to a sufficiently low residual pressure <
10−7 Torr.

2. Toroidal field coils are energized to provide Bϕ in vacuum.
3. The Ohmic transformer is “pre-charged”, i.e., its primary current is flat-

topped at a full value for a short time, when possible.
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Fig. 4: Discharge waveforms of TFTR Tokamak: Ohmic plasma and NBI-
heated plasma.

4. The vacuum vessel is filled with the gas of choice (H, D, or D-T), up to a
pressure of a few 10−4 Torr.

5. The primary Ohmic transformer current is decreased so that the loop volt-
age Vloop (measured by a flux loop, Lecture 3) increases leading to a finite
E∥. When E∥ is sufficiently large, the gas breaks down to generate plasma,
and the plasma current Ip increases while it drops.

6. The vertical field is increased as the plasma current is increased to keep the
plasma centered radially.

7. The plasma is heated and fueled (by gas puffing etc.) while the discharge
is sustained.

8. The primary transformer current reaches its negative maximum and decays,
leading to Vloop ∝ E∥ < 0. Ip decreases with narrowing current channel and
eventually the discharge terminates or disrupts.

An example discharge from TFTR (Tokamak Fusion Test Reactor) is shown
in Fig. 4. TFTR was a large tokamak with a circular cross-section. Its major
radius was R0 = 2.45 m and minor radius a = 0.8 m. E∥ can be calculated
by Vloop/2πR0 ≈ 0.39 V/m in peak and 0.06 V/m in steady state. The latter
translates to an averaged resistivity of E∥/(Ip/πa2) ≈ 6.5× 10−8Ω m which is
only a factor of four larger than that of copper of 1.7× 10−8Ω m. Also shown
in Fig. 4 is a Neutral Beam Injection (NBI) heated discharge which is much
hotter with sawtooth oscillations in X-ray emission, indicating central electron
temperature Te drops during repeated reconnection events.

To develop some physical intuition, some key dimensionless parameters are
listed in Table 3 for a typical L-mode discharge in TFTR with corresponding
comments.

One particular dimensionless figure of merit for tokamak confinement
efficiency is the beta normal, βN, defined as the beta limit,

β < βN
I(MA)

a(m)B(T)
= βN

(
I

1 MAmp

)( a

1 meter

)−1
(

B

1 Tesla

)−1

, (12)
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Table 3: A list of dimensionless parameters for a typical L-mode discharge in
TFTR: line-averaged density n̄e ∼ 5×1019 m−3, Ti ∼ Te ∼ 9 keV, Bϕ,V = 5 T,
Ip ∼ 2 MA, τE ∼ 0.1 s, R0 ∼ 2.6 m, a ∼ 1.0 m.

parameter value comment
(4π/3)λ3

Dn ∼ 108 plasma approximation valid
λmfp/2πR0 ∼ 102 plasma is quite kinetic along the field line;

uniformity on flux surfaces

v∥/vth,e, v∥ ≡ Ip
πa2 /ene ∼ 2.5× 10−3 electron drift speed ≪ thermal speed: fe,

fi nearly Maxwellian despite long λmfp

ρ∗ ≡ ρi/a 2× 10−3 MHD description valid despite long λmfp

[see Chap 1 of Ji (2024)]
τE/τA ∼ 3× 107 transport much slower than ideal MHD

time, justifying MHD equilibrium and sta-
bility analysis

βp (see Lecture 3) ∼ 1 plasma energy comparable to Bθ energy

Fig. 5: Three major interconnected pillars of tokamak research and their cou-
plings to boundary physics as well as technology such as controls from Luce
(2011).

where βN = 4.4 for the Sykes limit (1974, 1983) and βN = 2.8 for the Troyon
limit (1984) due to ballooning mode instabilities. A nominal βN = 2.1 has been
chosen for ITER.

Tokamaks typically start with Ohmically heated plasma by inductively
driving plasma current through a transformer, but its heating becomes inef-
ficient when Te reaches about 1 keV due to reduced plasma resistance. Thus,
auxiliary heating by Neutral Beam Injection (NBI), Ion Cyclotron Range
of Frequency (ICRF or ICRH), and Electron Cyclotron Resonance Heating
(ECRH) are needed for the plasma to reach the fusion temperatures ≳ 10 keV.
Tokamaks also require a continuous supply of plasma current beyond the ini-
tial Ohmic induction for steady-state operation. Current drive techniques such
as those via Electron Cyclotron Current Drive (ECCD) and NBI have been
used with some success but there is more work to be done.
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Fig. 6: Tokamak pressure profile for L-mode and advanced modes including
H-mode with an Edge Transport Barrier (ETB) and an Internal Transport
Barrier (ITB).

Figure 5 illustrates relationships between the three major pillars of tokamak
research: global stability, transport, and current drive. Their solutions must
be compatible with each other to be viable for a tokamak fusion reactor. In
addition, they must also be compatible also with boundary conditions (such
as plasma-material interactions or PMI) and available technologies (such as
controls to avoid disruptions). More details of the integrated tokamak research
can be found in Luce (2011).

2.1.3 Advanced Tokamaks and Spherical Torus (ST)

Compared to the relatively conservative ITER design based on the so-called L-
mode (L stands for low) operation, there are several more “advanced” features
that can be used to improve efficiency and thus reduce the size and cost of
a tokamak fusion reactor. Sometimes they are called “advanced tokamaks”
although there is no formal definition. The advanced modes include the H-
mode (H stands for high) with an ETB (Edge Transport Barrier) and an ITB
(Internal Transport Barrier) mode. Figure 6 illustrates their differences in
pressure profile. As a result, βN can be substantially larger, as shown in Fig. 7.

A larger pressure gradient can also benefit current drive by inducing boot-
strap current through neoclassical effects. Trapped particles do not carry net
current themselves, but their gradient can yield a current just like diamagnetic
current but with a finite parallel component to the local magnetic field. Pass-
ing and trapped particles are illustrated in Fig. 8. A gradient in the trapped
particles (either in their density or temperature) can result in a net current
in the green box in Fig. 8. The bootstrap current helps sustain the toroidal
plasma current as long as the pressure gradient is maintained. Collisions can
spread bootstrap current to passing particles leading to a net flowing current,
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which can be a significant fraction of the required current in advanced tokamak
scenarios. See more details in Luce (2011).

The Spherical Torus (ST) can be regarded as an advanced tokamak with a
lower aspect ratio (see Fig. 9). Many advanced features depend on the aspect
ratio and become more pronounced at lower aspect ratios. For example, at
lower aspect ratios the fraction of bootstrap current is larger while the beta
normal increases substantially (see Fig. 7) due to better confinement efficiency.
These can make fusion reactors based on ST more compact and thus more
economical. However, STs are less developed in general compared to tokamaks
and they are also more restrictive in the available space for the reactor.

Finally, high confinement efficiency in advanced tokamaks and STs inher-
ently carries higher risks in terms of global stability, requiring advanced control
technologies such as robust disruption avoidance. The recent interest in data
science in Artificial Intelligence and Machine Learning techniques is timely to
address this issue.

2.1.4 Stellarators

In contract to tokamaks and STs where the poloidal magnetic field is gener-
ated by current flowing in the plasma, the poloidal field can be generated by
specially designed coils in stellarators. The stellerator was originally invented
by Spitzer (1958) and has been intensively researched in Princeton (Fig. 10)
before the switch to tokamaks in the 1970s. Tokamaks are axisymmetric while
stellarators are necessarily non-axisymmetric in configuration. Three dimen-
sional shapes have much more freedom, but stellarators have two major types:
in one type helical coils are used inside otherwise axisymmmetric coils, and
the other type uses modular coils all together as shown in Fig. 11. The for-
mer type is represented by the Large Helical Device (LHD) in Japan while an
example of the latter is the Wendelstein 7-X device in Germany.

The main advantage of stellarators over tokamaks is that they do not
require plasma current. This not only removes the need for current drive but
also eliminates a source of free energy which can lead to disruptions. The main
disadvantage is that stellarators lack symmetry and so are also necessarily

Fig. 7: Achieved beta values in various tokamaks (left from Luce (2011)) and
NSTX (right).
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Fig. 8: Left: Passing (red) and trapped (blue) particle trajectories projected
to a toroidal cross section. Right: Schematic illustration of trapped particle
orbits in a tokamak as viewed from above. The plasma current is taken to be
in the counterclockwise direction as shown (from Luce (2011)).

complex and large (and thus expensive) due to the specially designed coils.
The 3D shapes also lead to complex plasma edge geometry for divertors to
remove intense heat.

Neoclassical transport, which is important especially for alpha particles,
is largely due to the so-called field ripples which are much larger in the 3D
geometry of stellarators. An outstanding, yet untested, idea is to use the
vast coil design freedom to achieve quasi-symmetry to lower field ripples or

Fig. 9: Spherical Torus (ST) configuration.
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Fig. 10: Lyman Spitzer and his Model A Stellarator.

Fig. 11: Two main types of stellarators.

magnetic field strength variations along field lines to levels comparable in
tokamaks (Boozer, 1983). On the other hand, the existing confinement scal-
ing from stellarators is nearly identical to those from tokamaks, suggesting
that both configurations suffer from the same anomalous transport rather than
neoclassical transport.

2.1.5 Low-Field Configurations

Quite opposite to the direction that stellarators are aiming for, the last three
categories of magnetic confinement configurations, shown in Fig. 12, use low
external magnetic field but a much larger current in the plasma to generate
the poloidal magnetic field. The safety factor, q, is therefore smaller than
that in tokamaks. Thus these low-field configurations are much more prone
to current-driven MHD instabilities. Due to their large currents, these low-
field configurations can lead to much more compact fusion reactors if their
disadvantages can be overcome.

The Reversed Field Pinch (RFP) (Marrelli et al, 2021) can be regarded
as a tokamak at a much larger (by an order of magnitude) plasma current or
low q. It requires much weaker external toroidal fields, a significant advantage,
but has many MHD instabilities to avoid. Due to its unstable nature, RFP
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plasmas are said to experience magnetic self-organization or relaxation (see
Lecture 12, Ji, 2024) resulting in a toroidal field profile with its edge values
having opposite sign relative to those in the core. The reversal of toroidal field
can be explained by Taylor’s relaxation theory (Taylor, 1974) where magnetic
energy is minimized while magnetic helicity is conserved. In addition to the
MHD instabilities, RFPs have difficulty sustaining their large plasma current
for fusion applications.

The Spheromak (Jarboe, 1994) can be regarded as an RFP at unity aspect
ratio. Its main advantage is that it does not require a center stack. Toroidally
confined plasmas without a center stack are sometimes called a compact toroid.
Spheromaks fall into the same category of magnetic self-organization, which is
also associated with MHD instabilities. Spheromaks can be made by flux cores
(see below) or by coaxial guns. Current drive is also a challenging issue.

The Field Reversed Configuration (FRC) (Steinhauer, 2011) is another type
of compact toroid and can be regarded as a spheromak without a toroidal
field. It has the highest plasma beta, closer to unity, but also more free plasma
energy for instabilities. Classical FRCs do not have flux surfaces due to their
field lines forming loops within their poloidal planes. There are three methods
to generate FRCs: the theta-pinch followed by reconnection at each end – the
merging of two counter-helicity spheromaks – and a rapidly rotating magnetic
field. The first two methods can only be used to form the FRCs but the last
one can also be used to sustain the configuration. Neutral beam injection
can be used to sustain FRCs with the additional benefit of stabilizing MHD
instabilities via kinetic finite ion Larmor radius effects.

Magnetic mirror confinement is not a toroidal confinement configuration
but is closely related to FRCs which often are embedded within to enhance
confinement, as done recently. Magnetic mirrors originated back in early days
of fusion research in the 1950s but their research was discontinued due to
severe loss cones at each end. The concept has recently been revisited due to
renewed interest in its simplicity.

Fig. 12: Three configurations using low field and high currents: Reversed Field
Pinch (RFP), Field Reversed Configuration (FRC), and spheromak.
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2.2 Magnetized Low-temperature Plasma Experiments

There have been many magnetized plasma experiments using various tech-
niques and diagnostics. In this Lecture, we discuss briefly only three represen-
tative ones:

• The Large Plasma Device (LAPD) which is a linear device at University of
California, Los Angeles:

• The Magnegtic Reconnection Experiment (MRX) and Facility for Labo-
ratory Reconnection Experiments (FLARE) which are toroidal devices at
Princeton Plasma Physics Laboratory (PPPL): and

• The Big Red Ball (BRB), which is a spherical device at the University of
Wisconsin - Madison.

2.2.1 LAPD

The latest LAPD device, shown in Fig. 13, is a linear device described in Gekel-
man et al (2016). The 20-meter-long cylindrical plasma with a 1 m diameter
is made by hot BaO and LaB6 cathodes. Typical plasma parameters are:
ne = (1–4) × 1018m−3, Te = 6 eV, Ti = 1 eV, and BZ = 400–2500 Gauss.
Typically plasma is made from Helium, Nitrogen, Neon, or Argon gases. A
plasma discharge is made every second and each discharge lasts 6-20 ms. The
main diagnostics are various types of probes and the strategy taken to collect
data is to repeat nearly identical discharges while scanning a small number of
probes over space by automated probe drives.

2.2.2 MRX and FLARE

The Magnetic Reconnection Experiment (MRX) (Yamada et al, 1997) and
its successor, the Facility for Laboratory Reconnection Experiments (FLARE)
025105-2 Gekelman et al. Rev. Sci. Instrum. 87, 025105 (2016)

FIG. 1. (a) Composite photograph of the LAPD device. Shown on the left is a pump-out chamber, which contains the BaO cathode and two of the four 2200
l/s, turbo-molecular pumps. The magnets and supports fill most of the scene and the chamber containing the lanthanum hexaboride second cathode is on the
right. The entire machine is 24.4 m end-to-end. (b) Machine drawing showing the two types of ports as well as the connections to the power supplies. The
yellow magnets are from the CCT tokamak at UCLA (and before that the ACT tokamak at PPPL). The purple magnets were constructed at UCLA. An additional
magnet is used to provide a magnetic field at the second LaB6 cathode.

ports. The flange drawings for the circular and rectangular
ports are given in Figure 2.

The octoports were fabricated in two stages. First,
rectangular holes were plasma cut into the vacuum vessels and
then finished with grinders. Ports could not be welded directly
to the large rectangular holes as the vessels would deform
under pressure. Instead, rings fabricated from stainless steel
that fit snugly over the chambers were fabricated. Eight faces
were milled into each ring and “O” ring grooves were cut into
the flats with rectangular holes. They were then slid over the
chambers and welded into place (see Figure 3). Needless to say
this had to be done before the end flanges on each chamber
were welded into place. The end flanges were rolled from
1.5 × 3 in. 304 stainless steel bar and welded into rectangular
cross section rings. “O” ring grooves were cut into them on
a large lathe and ¾ in. diameter holes at 22.5◦ intervals were
drilled into them so that the vacuum chambers could be bolted
together. The bolts were insulated with G-10 sleeves so the
chambers could be electrically isolated if necessary. One ring

was milled to have a flat “O” ring surface and its partner had
a 0.5 in. wide, 0.375 in. deep “O” ring groove. Square cross
section Viton “O” ring material was used for a vacuum seal.

Most of the circular ports are used for diagnostics probes
(Langmuir probes, magnetic pickup probes, electric dipoles,
fiber optics, etc.), microwave interferometers, and optical
measurements. Many of the probes are mounted on unique ball
valves,9 which allow for positioning of the probe at any angle
with respect to the normal to the chamber wall. The probes can
be attached to computer driven probe drives, which accurately
position them (to within 1 mm) in the machine. The probes are
aligned using a transit mounted in front of a large window at
the end of the device using carefully placed fiduciary markings
inside and outside the machine.

The barium oxide plasma source does not tolerate expo-
sure to oxygen (or any electronegative substance); therefore,
the probes have to be placed in vacuum interlocks and pumped
down to pressure of 3 × 10−6 Torr before being introduced
to the vacuum system. This is accomplished using portable

FIG. 2. (a) Dimensions for adapting a plate and limiting size for introducing probes/antennas for one of the 64 rectangular ports. The holes are tapped for ¼-20
bolts. (b) Relevant dimensions for one of the LAPD circular flanges. All dimensions are in inches.
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Fig. 13: The LAPD device from Gekelman et al (2016).
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(http://flare.pppl.gov), are toroidal devices designed to study magnetic recon-
nection in a well-controlled environment.

Figure 14 shows a device photo and illustrations on how magnetic recon-
nection is driven in MRX. The vacuum chamber has a 1.5 meter diameter and
is 2 meters long. The main internal coils are a pair of flux cores in a donut
shape with a major radius of 0.75 meter and a minor radius of 0.094 meter.
Each flux core consists of a set of toroidal field (TF) coils and poloidal field
(PF) coils. The PF coil currents are raised first to generate the poloidal field,
and when they are in the same direction between two flux cores, an X-line
magnetic configuration is generated, see the middle panel of Fig. 14. Then the
TF coil currents are increased as shown in the left panel of Fig. 15, to induce
a parallel electric field in the poloidal direction along field lines to break down
the gas to form plasma. When the PF coil currents are driven lower, a recon-
necting current sheet is generated leading to the so-called “pull” reconnection,
as shown in the right panel of Fig. 14, with measured magnetic flux evolution
shown in the right panel of Fig. 15. See Lecture 3 for measurement details.
A guide field can additionally be imposed along the toroidal field coils. The
typical reconnecting field strength is up to 300 Gauss and guide field is up to
500 Gauss. Typical plasma parameters are ne = (1 − 100) × 1020 m−3, and
Te ∼ Ti = 5− 20 eV. Plasmas can be made of Hydrogen, Deuterium, Helium,
and Argon gases. The main diagnostics are an extensive set of magnetic probes
to measure time evolution of 2D and sometimes 3D magnetic field profiles for
a single discharge. Electric probes and optical diagnostics are used to collect
data over space using repeated discharges.

A similar approach has been taken for FLARE, though it is a larger device
at much higher energy levels in order to provide experimental access to different
regimes of magnetic reconnection. The vacuum chamber has a 3 meter diameter
and 3.6 meter length. The flux cores have a major radius of 0.75 meter and
a minor radius of 0.15 meter. Compared to about 30 kJ of magnetic energy
in MRX, FLARE uses a much larger energy of 6.5 MJ. Figure 16 shows the
FLARE device and its internal structure.

Fig. 14: The MRX and illustrations on how does it drive magnetic reconnec-
tion.

http://flare.pppl.gov
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Fig. 15: Sequence of PF and TF coil currents and the time evolution of the
poloidal magnetic flux during magnetic reconnection on MRX. From Yamada
et al (1997).

Fig. 16: The FLARE device and an illustration of internal structures.

2.2.3 BRB

The Big Red Ball (BRB) is a spherical device with a 3 meter diameter,
described in Cooper et al (2014). It can be split into two halves for easy access
to switch experimental configuration and conduct maintenance. The plasma
is made by hot LaB6 cathodes and is confined by a multipolar cusp mag-
netic field configuration from about 3000 Samarium Cobalt (SmCo) permanent
magnets distributed on the spherical surface. Typical plasma parameters are:
ne = 1017−1018m−3, Te = 5−20 eV, Ti = 1 eV, and gases include Helium and
Argon. A hallmark of BRB is that the plasma away from the edge is essen-
tially unmagnetized with plasma β ≫ 1, a condition not easily achievable in
other magnetized plasma experiments. The unmagnetized plasma is useful for
modelling many space and astrophysical plasmas.

The Terrestrial Reconnection Experiment (TREX) is a configuration on
the BRB which utilizes a pair of internal coils to drive magnetic reconnection
with an opposing background field (Olson et al, 2021). In this configuration,
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Table 4: A list of plasma diagnostics in the lab and the quantities they mea-
sure. Vp is plasma potential relative to a reference ground.

diagnostics quantities Magnetized high- or low-temp
Energy analyzer /
particle flux measure-
ments

fe, fi, f0 low-temp, edge of high-temp

Magnetic probes/loops B low-temp, edge of high-temp
Electric probes fe, ne, Te, Vp,Vi low-temp, edge of high-temp
Refraction index ne, Bpath high-temp, low-temp
EM radiation by free
electrons

fe, ne, Te, Z,B high-temp

Line radiation by
bounded electrons

ne, ni, n0, Te, Ti,
Vi,path, B

high-temp, low-temp

EM wave scattering ne, Te, plasma waves high-temp, low-temp
Diagnostics using neu-
tral beam injection
(NBI)

ne, Ti, B high-temp

Laser-induced-
fluorescence (LIF)

fi, f0 low-temp

Neutron measurements fusion reaction rates high-temp

the field strength is on the order of 100 Gauss which magnetizes electrons and
also ions at low ion temperature.

2.3 Summary

• Toroidal magnetic confinement experiments on high-temperature plasma
include strong field configurations (tokamaks and their advanced versions,
spherical tori, and stellarators) and low-field configurations (Reversed Field
Pinch, spheromaks, and Field Reversed Configuration).

• Magnetized low-temperature plasma experiments include linear devices,
toroidal devices and spherical devices.

Fig. 17: The Big Red Bowl (BRB) and a illustration of internal structures.
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• Table 4, as a subset of Table 2, lists the laboratory diagnostics which apply
to the above two categories.

2.4 Further Reading

• Freidberg (2014)
• Chap. 2, 5-8 of Ji (2024)

2.5 Homework Problem Set 1

Due February 6, 2026

1. Each diagnostic provides limited information about plasma under a spe-
cific set of assumptions. Combining multiple diagnostics can greatly reduce
uncertainties and one particular statistical method is called Bayesian infer-
ence. Explain its principle, and provide one particular example of its
application to plasma diagnostics in any subareas of plasma physics covered
by this class.

2. Virial theorem with self-gravity
(a) When gravity is important such as in the sun, we need to add the gravi-

tational force density ρg to the equation of motion. In the presence of a
nearby massive body, g is a constant vector. When the system is influ-
enced by its gravity (also known as a self-gravitating system), g will vary
according to

g = −∇ϕ, (13)

where gravitational potential ϕ satisfies

∇2ϕ = 4πGρ. (14)

Here G is the gravitational constant. Prove the corresponding stress
tensor is given by

Tg =
∇ϕ∇ϕ

4πG
− (∇ϕ)2

8πG
I. (15)

(b) Generalize the Virial Theorem to include self-gravity and show that
gravity can confine plasma (and magnetic field!).

3. List as many magnetic confinement systems for both high-temperature
and low-temperature plasmas as you can, with their advantages and
disadvantages. How about confinement systems using electric field?



Diagnostics Lecture Notes

30 DIAGNOSTICS (APRIL 28, 2026 )

3 Magnetic Diagnostics

Of course, in magnetized plasma experiments we need to be able to measure the
magnetic field strength itself. In this Lecture, the principle and applications of
magnetic coils will be discussed along with other magnetic-field measurement
techniques.

3.1 Magnetic Coils

This measurement principle is based on the integrated form of Faraday’s law
so that the output voltage V shown in Fig. 18 is proportional to the rate of
change of the magnetic flux threading the coil,

V = n

∮
E · dl = −n

∫
S

∂B

∂t
· ds = −nA∂Bn

∂t
, (16)

where n is the number of turns, A is the coil area, and Bn is the normal
component of B to the surface S. Thus, the spatial resolution is limited by A.
The signal V can be integrated to obtain Bn,

Bn = − V

nARC
, (17)

where RC is the integration time constant. The example shown in Fig. 18 is
an active integrator which provides large signals but can suffer from drifting
issues especially during long time integration. In contrast, simple RC passive
integrators do not suffer from this drifting issue but have low signal levels.

Magnetic coils are sensitive to time-varying magnetic fields (i.e., waves),
so there are cases where non-integrated signals V are directly recorded. In
these cases the frequency response of magnetic coils is limited by Lcoil/Rcoil,

Fig. 18: Magnetic coil and integrating circuit. From Hutchinson (2002).
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Fig. 19: (left panel) Experimentally measured and theoretically predicted
profiles ofthe magnetic field from the HBTX-1A RFP device from (Chap. 12,
Ji, 2024). (right panel) Example measurements from MRX: (a) contour plots
of poloidal flux, (b) 2D magnetic field in vectors, (c) 1D magnetic field profile,
and (d) 1D toroidal current density from Ji et al (1999).

the coil’s time constant. If a magnetic probe is designed to measure DC or
the low-frequency part of a magnetic field, typically it should have a large
number of turns such that the signals are large with a long Lcoil/Rcoil time con-
stant suitable for time integration. In contrast, if a magnetic probe is designed
to measure magnetic fluctuations, it should have fewer turns with a short
Lcoil/Rcoil time constant in order to have a good frequency response.

The lead wires of magnetic coils need special care as they can pick up addi-
tional signals (called pickups) along a typically long path before digitizers. A
usual practice is to twist them abound each other as twist-pairs to preserve
symmetry between two leads. Using co-axial cables or even tri-axis cables (with
the outmost sheath grounded) have better shielding capability against pick-
ups but without symmetry between two leads. On the other hand, symmetry
usually has high common mode rejection capabilities.

3.1.1 Magnetic Probes

Magnetic coils can be applied for both local measurements of the magnetic
field and global measurements of the total magnetic flux threading the plasma.
For the local measurements, magnetic coils can be miniature probes inserted
in (relatively) low-temperature laboratory plasmas (called internal magnetic
probes) or can be external probes located outside but in close proximity to the
plasma boundary.

For internal probe measurements, the magnetic field can be measured
in multiple locations, either by array(s) of probes in a single discharge or by
scanning a small number of probes in multiple reproducible discharges over
one, two, or three dimensions. The left panel of Fig. 19 shows example 1D
measurements of internal toroidal and poloidal magnetic field components of
an RFP plasma. The toroidal field reverses its direction at the edge compared
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to its core values. The sub-panel (b) from the right panel of Fig. 19 shows an
example of 2D measurements of poloidal field components in R and Z in MRX.

Knowing the magnetic field at multiple locations enables the determination
of other important quantities. The current density j can be determined by dif-
ferentiating B in space via Ampere’s law, µ0j = ∇×B. In the example shown
in the right panel of Fig. 19, the toroidal current density can be determined by

jϕ =
1

µ0

(
∂BZ

∂R
− ∂BR

∂Z

)
, (18)

where the first term dominates in the thin current sheet as shown in the
sub-panels (c) and (d). On the other hand, the sub-panel (a) shows con-
tours of poloidal flux which can be determined under axisymmetry by radial
integration,

ψ(R,Z, t) = 2π

∫ R

R0

BZ(R
′, Z, t)R′dR′, (19)

where R0 can be cylindrical axis, R = 0, or the inner radius of conducting
wall. Furthermore, the toroidal inductive electric field (or reconnection electric
field) can be determined via Faraday’s law by the time derivative of ψ,

Eϕ(R,Z, t) = − 1

2πR

∂ψ(R,Z, t)

∂t
. (20)

These examples demonstrate the power of multi-dimensional internal measure-
ments of important quantities, such as magnetic field, in characterizing the
plasma processes under investigation.

For external probe measurements, the right panel of Fig. 20 shows a
typical setup in tokamaks. In such situations these probes are typically referred
to as Mirnov coils. The position of a plasma column can be determined by
magnetic probe measurements along the measurement circle of a radius of a.
For the case of a straight plasma with cylindrical symmetry about an axis

Fig. 20: (left panel) The Shafranov shift of magnetic axis relative to the last
flux surface. From Hutchinson (2002). (right panel) Shift of the last flux surface
position relative to the measurement circle.
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which is shifted horizontally by ∆(≪ a) in the x direction, the azimuthal
magnetic field measured by external probes is given by

Bθ(θ) =
µ0Ip
2πa′

cos(θ′ − θ) ≈ µ0Ip
2πa′

=
µ0Ip
2π

1√
a2 sin2 θ + (a cos θ −∆)2

≈ µ0Ip
2πa

1√
1− 2∆

a cos θ
≈ µ0Ip

2πa

(
1 +

∆

a
cos θ

)
, (21)

where Ip is the plasma current. Therefore, ∆ can be determined by the
Bθ(θ) values measured by external magnetic probes. The vertical shift can be
determined similarly.

In a toroidal plasma, however, measuring Bθ(θ) alone is insufficient to
determine the horizontal plasma position due to the Shafranov shift (Chap.4
Freidberg, 2014) of magnetic axis relative to the last flux surface as shown in
the left panel of Fig. 20. This effect can be quantified by solving the Grad-
Shafranov equation in vacuum (Ji et al, 1990): the magnetic field on the plasma
surface can be approximated as by Hutchinson (2002)

Bθ(θ) ≈ µ0Ip
2πa

(
1 +

a

R
Λcos θ

)
(22)

Br(θ) ≈ 0 (23)

where R is the major radius and the asymmetry factor is given by Λ = βp +
li/2 − 1. βp is poloidal beta and li is plasma internal inductance. They are
defined as

βp =
⟨p⟩

B2
θ (a)/2µ0

li =

〈
B2

θ

〉
B2

θ (a)
,

where ⟨...⟩ represents volume average. Larger βp means more plasma pressure,
leading to more Shafranov shift while larger li means more peaked current
density profile with larger poloidal magnetic energy, also leading to more
Shafranov shift. See Hutchinson (2002) and p.28 of Chap. 2 of Ji (2024) for
more detailed discussion. Therefore, the knowledge of Bθ(θ) alone cannot dis-
tinguish the effects due to ∆ according to Eq. (21) or due to Λ according to
Eq. (22).

In this case, in addition to Bθ(θ), measuring Br(θ) can uniquely determine
∆. According to the right panel of Fig. 20, we have

Br(θ) =
µ0I

2πa′
sin(θ′ − θ) ≈ µ0I

2πa

∆

a
sin θ, (24)
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Fig. 21: Illustrations of external magnetic probes and flux loops for equilib-
rium reconstruction (left panel), and a Rogowski coil and a voltage loop to
measure the total current and loop voltage of a toroidal plasma (right panel).
From Hutchinson (2002).

where the law of sines, sin(θ′ − θ)/∆ = sin θ/a′, is used. Since ∆ can be
determined by Br(θ) alone, the variation of Bθ(θ) due to ∆ can be removed
according to Eq. (21), the remaining variation based on Eq. (22) can be used
to determine Λ which contains valuable information about the plasma pressure
and the toroidal current density distribution. Λ can be also determined by the
required vertical magnetic field to achieve the force balance in the major radius
direction, see Chap. 8 of Ji (2024). This simple example illustrates the how
external magnetic probe measurements can elucidate the inner properties of
a plasma. This forms the basis for equilibrium reconstruction using the Grad-
Shafranov equation for axisymmetric toroidal systems as will be discussed more
below.

3.1.2 Flux Loops and Rogowski Coils

When magnetic coils are used for global measurements of the total magnetic
flux, they are typically called flux loops or voltage loops as shown in Fig 21.
Measuring the poloidal flux directly via flux loops is advantageous as the
Grad-Shafranov equation for axisymmetric systems is constructed to solve
for poloidal flux, ψ, or flux per radian, ψ/2π, which is being used here. The
Grad-Shafranov equation is given by (Hutchinson, 2002),

∆∗ψ = R
∂

∂R

(
1

R

∂ψ

∂R

)
+
∂2ψ

∂Z2
= −Rµ0jϕ = −F dF

dψ
− µ0R

2 dp

dψ
(25)

where F (ψ) ≡ RBϕ is the total poloidal current contained within the vol-
ume defined by ψ (see p.25 in Chap. 2, Ji, 2024). This equation can be solved
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once two functions, F (ψ) and p(ψ), are given with two proper boundary con-
ditions since the equation is second order. βp and li mentioned above are
two important parameters quantifying the effects of F (ψ) and p(ψ) in deter-
mining magnetic equilibrium. Poloidal flux measurements, such as shown in
the left panel of Fig. 21, can provide one of two boundary conditions. The
other boundary condition can be provided by external probe measurements
often at the same locations of flux loops to provide derivatives of the poloidal
flux at the boundary. This is because axismmetric magnetic field is given by
B = Bϕϕ̂ + ϕ̂ × ∇ψ where ϕ̂ is the toroidal unit vector and poloidal field
components are expressed in gradients of ψ.

While flux loops measure the total magnetic flux that they enclose,
Rogowski coils measure the total current that they enclose. Rogowski coils are
another application of magnetic coils by which magnetic flux generated by a
current is measured along a loop that encloses the current. The concept is
shown in Fig. 22. The output voltage from the Rogowski coil is proportional
to time-change rate of the magnetic flux generated by the current at the small
loop paths enclosing an area of A,

V = −n
∮
l

∫
A

dA
∂B

∂t
· dl, (26)

where n is the number of turns. Note further that there is a return loop in the
middle of helical coil to remove the unwanted pick up from the large loop path,
l, and dl is its line element vector. Assuming uniform B in the small loops, the
area integration simply results in A. According to Ampere’s law, therefore,

V = −nA ∂

∂t

∫
B · dl = −µ0nA

dI

dt
. (27)

Thus, similar to the flux loop measurement, integrating V gives a measurement
of the total current, I, enclosed by the large loop path. As a practical matter,
the helical loops should be wound uniformly to help justify the approximations
made above.

In additional to the total current, the total toroidal flux is needed to recon-
struct equilibrium. Often a flux loop is added to Rogowski coils enclosing
toroidal plasmas to provide such a measurement. How different the toroidal
flux is from its vacuum value depends on poloidal beta, βp: the toroidal flux
increases when βp < 1 and the plasma is said to be paramagnetic while the
toroidal flux decreases when βp > 1 and the plasma is said to be diamag-
netic. See p.27 in Chap. 2, of Ji (2024) for details. Tokamaks can be either
paramagnetic or diamagnetic while configurations with large plasma currents
(and therefore strong poloidal field), such as RFP or spheromak, the plasma
is paramagnetic. The information for both βp and Λ can provide a valuable
constraint on the plasma internal inductance, li. The loop measuring toroidal
flux is called a diamagnetic loop.
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Fig. 22: Concept of a Rogowski coil. From Hutchinson (2002).

Using the measured total plasma current and toroidal flux, the boundary
conditions based on poloidal flux and the external magnetic probe mea-
surements, the Grad-Shafranov equation can be solved to provide global
equilibrium solutions of the poloidal flux function ψ. Additional information,
such as the internal plasma pressure measurements, can be added to further
constrain the equilibrium solutions. This equilibrium reconstruction process
becomes routine in modern tokamaks, forming a solid foundation to further
analysis and even real-time control, see Hutchinson (2002) for more details.

3.1.3 Ohmic Power Balance

Magnetic measurements discussed above are powerful, allowing additional
physics analysis of toroidally confined plasmas, especially via equilibrium
reconstructions. Since the electric field energy is negligible in plasmas, the
electromagnetic energy conservation law reads∫

V

E · jdV +
1

2µ0

∫
V

∂B2

∂t
dV = − 1

µ0

∫
S

(E ×B) · ds, (28)

where the LHS represents dissipation and magnetic energy changes in vol-
ume V while the RHS represents the Poynting flux of electromagnetic energy
through surface S to the volume. In the axisymmetric systems discussed here,
the RHS reduces to IϕVϕ+ IθVθ where Iϕ is usually called the plasma current,
Ip, while Vϕ is usually referred as loop voltage, Vloop. The second term is typi-
cally negligible as toroidal flux remains constant in typical takamak operation
though it could be important in RFPs or spheromaks. The second term of the
LHS can be expressed in the form of inductance energy during the transient
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Fig. 23: Example of Mirnov coil measurements and illustration of a m = 1
magnetic island. From Hutchinson (2002).

phase,
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〉
B2

θ (a)
, (29)

where the plasma inductance, Lp, is given in p.28 of Chap. 2 of Ji (2024).
With the knowledge of these terms, the dissipation term within the plasma,∫
V
E · jdV , is largely constrained, and thus can be quantitatively compared

with various models. For example, in the simplest form of resisitive MHD
Ohm’s law, E + V × B = ηj, by assuming Ip = πa2j a volume-averaged
effective resistivity ηeff can be defined,∫

V

E · jdV =

∫
V

ηj2dV = ηeffI
2
p

2R

a2
, (30)

and can be calculated using Ohmic input power in steady state,

ηeff =
2RVloop
a2Ip

. (31)

This effective resistivity can be compared with Spitzer’s value to determine an
effective electron temperature, Te,eff, which was shown to be ∼ 1 keV in the
first tokamaks built in USSR, much higher than those from other experiments
around the world during that time.

3.1.4 Magnetic Fluctuation Measurements

Magnetic probes are often used to measure magnetic fluctuations in the lab-
oratory. In these cases, integrators are not typically used and the probes are
designed to have short L/R time constants so that their frequency responses
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Fig. 24: (left panel) Four in-shaft pre-amplifiers with a combined frequency
response up to 30 MHz; (right panel) three-component, four channel coils with
1.25 mm diameter used on MRX.

are high. For external magnetic coils, often called Mirnov coils in tokamak
research, they can measure multiple modes around the torus resonating at dif-
ferent flux surfaces where q = m/n; m being the poloidal mode number and n
being the toroidal mode number. An example measurement shown in Fig. 23
where magnetic fluctuations with different mode numbers appear during the
course of a tokamak discharge at different times when the loop voltage exhibits
spikes indicting MHD instabilities. An examplem = 1 magnetic island is shown
as a consequence of such MHD instabilities. Magnetic islands are undesirable
as they do not contribute to confinement; the electron temperature is typi-
cally flat within islands. Magnetic islands are often precursors to disruptive
activities including major disruptions which can terminate the discharges.

Internal magnetic coils are also used to measure magnetic fluctuations,
often at higher frequencies. Sometimes in order to boost signal levels against
ambient noise, pre-amplifiers are used right next to the coil in the probe
shaft (Ji et al, 2004) (see Fig. 24), to measure Lower-Hybrid Drift Waves
(LHDW) during magnetic reconnection.

3.2 Other Methods to Measure Magnetic Field

As discussed above, magnetic coils are powerful tools to measure magnetic
fields or fluxes. However, the requirement for time integration to obtain mag-
netic field strength and its in-situ nature can have major drawbacks depending
on specific situations. In this subsection, we briefly discuss alternative ways
to measure the magnetic field in-situ or ex-situ which do not require time
integration.

3.2.1 Hall Probes

The principle of a Hall probe is shown in Fig. 25. When a current flows across
magnetic field, electrostatic charges appear between the two sides along the
j × B direction, which becomes the signal proportional to B. Hall probes
used to be difficult to implement due to their complexity, low saturation level
or dynamic range, and temperature dependence, but modern Hall sensors
have become more sophisticated with automatic temperature compensation
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Fig. 25: Illustration of Hall probe operation. From Hutchinson (2002).

included. The recent successful detection of the MagnetoRotational Instabil-
ity (MRI) in the liquid metal experiment (Wang et al, 2022) was based on the
measurements using Hall probes. It is expected to see expanding use of Hall
probes in the future.

3.2.2 Faraday Rotation

A finite magnetic field component along the propagation direction can change
polarization direction of the light, and this change in angle is called Faraday
rotation. The effect is proportional to

∫
neB·dl where ne is electron density and

integration is along line of the sight. If the Faraday rotation angle is measured
together with interferometer measurements of line-integrated electron density,∫
nedl, valuable information on magnetic field can be obtained. This will be

discussed in Lecture 13.

3.2.3 Optical Spectroscopy

When the magnetic field is strong enough, certain strong lines can be split into
measurable multiple lines. This is called Zeeman splitting and can be used to
measure magnetic field strength, and will be discussed in Lecture 19.

The magnetic field can be also measured by Stark splitting of certain lines
due to the motional electric field, v × B (called “Motional Stark Effect” or
MSE), where v is the velocity of injected neutral particles with known velocity.
This technique will be discussed in Lecture 19.

3.3 Summary

• Magnetic coils can be used as internal or external magnetic probes to mea-
sure the local magnetic field. Global measurements include flux loops to
measure magnetic flux and Rogowski coils to measurement electric current.
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• The internal measurement of magnetic field profiles can be used to deter-
mine current density, magnetic flux, and inductive electric field under the
axisymmetric assumption.

• External magnetic probes (Mirnov coils) can be used to directly determine
the plasma position as well as to indirectly determine internal information
on the plasma pressure and internal inductance.

• Combined information from external magnetic probes, flux loops (both
poloidal flux loops and toroidal diamagnetic loops) and Rogowski coils can
be used to construct the magnetic equilibrium of toroidal plasmas. These
magnetic measurements alone can provide an estimated averaged plasma
resisitity during the ohmic phase of tokamak operation in quasi steady state.

• Both internal and external magnetic probes can be used to measure magnetic
fluctuations.

3.4 Further Readings

• Chap. 2 of Hutchinson (2002)
• Chap. 2 and 8 of Ji (2024)
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4 Space, Solar and Astrophysical Plasmas

As described in Lecture 1, diagnostics of space, solar, and astrophysical plas-
mas can be categorized based on whether they rely upon in-situ or ex-situ
techniques. In this Lecture, we provide an overview of these techniques focus-
ing on their working principles rather than the implementation details. Refer
to the references listed in Further Reading for more detailed descriptions.

It is probably not an oversimplification to say that space plasmas are
defined as plasmas which spacecraft can directly enter, i.e. such that in-situ
diagnostics are possible. The plasmas covered by this definition are expand-
ing rapidly: the closest distance from the sun reached by Parker Solar Probe
is just about 10 solar radii during the 2024 Christmas Eve’s flyby, while both
Voyager I and II spacecraft have left the solar system plasma and entered the
local galactic plasma of the Milky Way at a distance of more than 169 AU
as of early 2026 from the sun (1 Astronomical Unit = distance of Earth from
the sun = 215 solar radii which is about 700,000 km). Space plasmas include
planetary plasmas (the ionospheres and magnetospheres of Earth and other
planets, as well as their satellites) and interplanetary plasmas or solar wind
plasmas in the solar system. Figure 26 shows an illustration of the current
spacecraft fleet measuring space plasmas via in-situ techniques.

By contrast, solar and astrophysical plasmas are measured by ex-situ diag-
nostics. The measurements are performed over the full wavelength range of
electromagnetic waves or photons from radio frequency to gamma rays. Parti-
cles arriving at detectors on Earth or onboard spacecraft are measured ex-situ,
and they include charged particles as well as neutrinos. Since 2015 when
the first gravitational wave detection was confirmed, astrophysical plasma

Fig. 26: Spacecraft in orbit measuring plasmas in the solar system as of Jan-
uary 2024 from https://science.nasa.gov/heliophysics/.

https://science.nasa.gov/heliophysics/
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measurements, or more commonly referred to as “astronomy”, have for-
mally entered a multi-messenger era wherein astronomical plasmas may be
observed simultaneously by multiple “messengers”, including photons, par-
ticles, and gravitational waves. By combining data from multiple sources, a
clearer understanding can be attained.

4.1 Space Plasma Measurements

In-situ diagnostics include those measuring fields and those measuring parti-
cles. The field here refers to either the electric field or the magnetic field, not
in the sense of electromagnetic waves or photons. In the following, we discuss
each in turn.

4.1.1 Field Measurements

Measuring fields in tenuous space plasmas is challenging because of their small
amplitude, typically on the order of mV/m and nT, respectively, for electric

Fig. 27: (a) A double probe in the ionosphere operates in a similar regime as in
the laboratory where electron current dominates, resulting in a negative float-
ing potential. Debye length is much smaller than probe size leading to a low
sheath impedance. (b) A floating probe in the magnetosphere where plasma is
much more tenuous so that escaping photoelectrons dominate, resulting a pos-
itive floating potential. A thick sheath due to orbiting photoelectrons leads to
a high sheath impedance demanding pre-amplifiers. (c) A negative bias current
cancels a large portion of photoelectron current, leading to a thinner sheath
and lower impedance. From Pfaff et al (1998a).
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and magnetic fields. In order to have meaningful signals for electric field mea-
surements, a pair of long booms (which can be as long as ∼ 100 m) are used
to extend the probes away from the spacecraft in the opposite direction. The
electric field components in the spacecraft spin plane are easier to measure as
the modulation due to spin effectively serves as a calibration even for the DC
component. The electric field component along the spin axis is more difficult,
requiring careful DC offset calibrations.

Since the Earth’s ionosphere has a much larger electron density ∼ 1012m−3,
the situation is similar to the laboratory. The probe is well coupled to the
local plasma at a low impedance (∼ MΩ) with a thin sheath so pre-amplifiers
are not needed until the signal transmits to the spacecraft. The probe is at
a floating potential negative to plasma potential so that the electron current
is largely suppressed to balance the ion current, see Fig. 27(a). In the more
tenuous plasma of magnetosphere where electron densities drop as low as ∼
104−5m−3 in the magnetotail, the situation becomes much more complicated.
Photoelectrons dominate when probes are exposed to sunlight, leading to a
positive floating potential relative to the plasma potential while the ion current
is negligible. The probes are not well coupled to the local plasma at a high
impedance (∼ GΩ) due to a thick sheath made of orbiting photoelectrons,
see Fig. 27(b). Local pre-amplifiers to each probe become necessary to have a
meaningful signal but any asymmetry in the thick photoelectron sheath can
break the delicate charge balance jeopardizing DC electric field measurements.
The solution is to provide a bias negative current to cancel the photoelectron
current, reduce the sheath thickness, and thereby improve the probe-plasma
coupling at a lower impedance of (∼ 10MΩ), see Fig. 27(c). This technique
has been widely used in spacecraft measurements.

Fig. 28: Illustrative two electron beam trajectories starting from one side of
spacecraft and arriving the opposite side. From Pfaff et al (1998a).
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The double-probe technique is supplemented by the electron drift tech-
nique for in-situ electric field measurements. The measurement principle is
simple: the electric field can cause electrons to drift across the magnetic field
even when they are not completely magnetized. However, since the magnetic
field is also unknown, at least two electron beams are needed to simultaneously
determine the responsible electric and magnetic fields. Figure 28 provides an
illustrative example for two electron beams injected from one side of the space-
craft and arriving on the opposite side. By detecting returning beams on the
opposite side, both the electric field and magnetic field can be simultaneously
determined.

There are also two primary magnetic field diagnostics for in-situ measure-
ments. The vector fluxgate magnetometers provide accurate measurements of
magnetic field at the level of nT from DC to a low frequency while the search
coil magnetometers (in a way similar to magnetic pickup coils in the laboratory,
see Lecture 3) provide AC measurements of waves at higher frequencies.

The development of the vector fluxgate magnetometer has had a long his-
tory, and the current widely used version is the version based on a ring core of
a highly magnetically permeable (high-µ) alloy. Figure 29 illustrates its work-
ing principle. Without an external magnetic field, the magnetic flux from two
halves of a ring core (blue and green waveforms in the second panel on the
right) induced by the driving winding (black winding) cancels exactly and any
finite external field will lead to a residual field (the black waveform in the third
panel on the right) which is detected by sensing winding (red winding). Sensi-
tivity of the measurement comes from the high-µ nature of the ring core which
amplifies the response. A more sophisticated version of the fluxgate magne-
tometer uses feedback from the residual field measurements to form a closed
loop by adjusting the balance of two halves until no residual field is detected.
The feedback signal is proportional to the external field and thus provides the
magnetic field measurement.

The search coil magnetometers also use ferromagnetic cores but in the
shape of a thin rod in order to have a good frequency response. Feedback is
also used here but for a constant response over a large frequency range, see
Pfaff et al (1998a) for more details.

4.1.2 Particle Measurements

Langmuir probes used to determine electron density and temperature in the
ionosphere are based on the ordinary lab-based ones with which we are famil-
iar. Retarding potential analyzers (RPA) are widely used to measure particle
energy distribution, known as either electron energy analyzers (EEAs) for elec-
trons or ion energy analyzers (IEAs) for ions. As a special type of IEA, Faraday
Cups are also used to collect ion current with an electron suppression lid.
These diagnostics are routinely used in low-temperature plasmas and will be
discussed in Lecture 11.

Unlike electrons, ion energy distribution measurements present the addi-
tional challenge of distinguishing their mass which is critically important. The
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Fig. 29: Illustration on how a fluxgate magnetometer works. (left panel) Driv-
ing and sensing windings wrapped around a ring core. (right panel) Various
waveforms of driving signals and response signals without and with external
magnetic field. From https://bit.ly/2OqyQ3n.

RPA method selects the incoming ions’ energy but not their mass. There
are three methods to provide mass selection: radio frequency (RF), magnetic
deflection, and time-of-flight (TOF), see Pfaff et al (1998b).

The RF method is based on the phase resonance between ion motion and
the oscillatory electric field at a known frequency. Ions that achieve phase res-
onance with the electric field must have a specific velocity, which uniquely
depends on the ion mass for a given energy. This technique has been imple-
mented in several different schemes such as the Bennett spectrometer and its
improved versions as well as the quadrupole spectrometer. The main limita-
tion of the RF-based spectrometer is its low time resolutions since it measures
a single ion species at a time.

The magnetic deflection method is based on an ion’s deflection angular
dependence on its mass for a given energy in a known magnetic field. It works
for electrons as well. Combined with an electric field as in the RPA, a widely
used method utilizes a double-focusing mass spectrometer to simultaneously
select the ion’s speed, V , and mass-per-charge, m/q. If only an electric field,
E, is applied, ions are selected based on qE = mV 2/2. In other words, for a
given E, ions satisfying

m

q
V 2 = 2E (32)

https://bit.ly/2OqyQ3n 
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Fig. 30: Principle of an energy-mass spectrometer for ion measurements. From
Nier and Schlutter (1985).

are selected. When only a magnetic field B is applied, ions are selected based
on the radial force balance qV B = mV 2/R where R is the deflection radius.
For a given B and R, therefore, ions satisfying

m

q
V = BR (33)

are selected. Solving Eqs.(32) and (33) together yields

V =
2E

BR
(34)

m

q
=

(BR)2

2E
. (35)

Figure 30 shows an example of such an implementation. E is varied by changing
the bias voltage of the electric analyzer and the detecting location on the
focal plane, providing a range of R for a fixed B. As a result, the ion velocity
distribution fi(V ) for each m/q can be obtained by measuring the peak value
of the corresponding spikes appearing on the focal plane when E is scanned.

The time-of-flight (TOF) method applies to ions or atoms which have suf-
ficiently large energy to generate secondary electrons twice when they pass
through thin foils. Secondary electrons are detected by microchannel plates
(MCP) or other detectors with sufficient sensitivity and time response. For
particles with lower energy, they need to be pre-accelerated. More details are
provided in Pfaff et al (1998b).

4.2 Solar and Astrophysical Plasma Measurements

Any plasmas beyond the reach of in-situ diagnostics must be measured ex-
situ. This applies to all solar and astrophysical plasmas, but a subset of space
plasmas, such as those emitting aurora lights, can also be measured ex-situ
via imaging and sometimes spectroscopy techniques. The latter however still
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Fig. 31: Before (left) and after (right) AO is applied to a 5-m telescope when
viewing a binary star system (IW TAU). From http://www.astro.iag.usp.br/
∼jorge/aga5802/12 otica adaptativa.pdf.

belongs to a general description of remote sensing technology and will not be
discussed separately in this class.

This part of plasma diagnostics is commonly referred as “astronomy” which
is ususally discussed in its own courses. Here we choose to focus on several top-
ics beyond traditional optical instrumentation described in typical astronomy
textbooks. They include adaptive optics (AO) for ground-based optical astron-
omy: aperture synthesis for radio astronomy and later for optical/infrared
astronomy: and X-ray/gamma-ray astronomy. Multi-messengers by neutrinos
and gravitational waves are also not covered here as they belong more to
high-energy physics and cosmology than plasma diagnostics.

4.2.1 Adaptive Optics (AO)

Ground-based observations suffer from the effects of atmospheric distortion
due to turbulence. An adaptive optics system dynamically adjusts every small
part of a mirror system to remove the distortion and achieve the expected
resolution. An example is shown in Fig. 31 wherein a binary star system can
be resolved only after AO is applied. This technique is widely used in other
fields such as microscopy, optical fabrication and in retinal imaging systems to
reduce optical aberrations. In fact, a Nobel Prize was given on AO based its
application in microscopy in Chemistry in 2014, see Table 1.

There are three critical components for an AO system: (1) wavefront sen-
sors, (2) wavefront reconstruction, and (3) deformable mirrors. Figure 32 shows
a schematic view of a Natural Guide Start (NGS) AO system containing
these three components. The NGS emits photons with flat wavefronts from
effectively infinite distance. The distorted wavefronts after passing through tur-
bulent atmosphere are recorded by wavefront sensors, and their signals serve
as input for a wavefront reconstruction program which adjusts in real time a
deformable mirror to remove wavefront distortions until corrected wavefronts
become flat and recorded by the science camera.

A Shack-Hartmann sensor is a typical wavefront sensor shown in Fig. 33
measuring wavefront distortion by displacements of focal points of an array of
miniature lenses from their equilibrium locations. The deformable mirrors can

http://www.astro.iag.usp.br/~jorge/aga5802/12_otica_adaptativa.pdf
http://www.astro.iag.usp.br/~jorge/aga5802/12_otica_adaptativa.pdf


Diagnostics Lecture Notes

48 DIAGNOSTICS (APRIL 28, 2026 )

Fig. 32: A schematic of an AO system based on a natural guide star (NGS).
From Rieke (2012).

be either segmented arrays of miniature mirrors, a continuous face sheet, or a
bimorph containing two layers of piezoelectric materials with electrodes. The
actuators to deform mirrors can be based on various means such as piezoelec-
tric (crystals of aligned dipoles of molecules), electrostrictive (size change due
to domain alignment), or by electromagnetic and electrostatic forces.

Modern AO systems are more advanced by using laser guide stars (LGS)
either using Rayleigh scattering sensitive to low layer turbulence at a height

Fig. 33: (left panel) Shack-Hartmann sensor to measure wavefront distortion
and (right panel) different deformable mirrors. From Rieke (2012).
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of ∼ 10km or sodium atom resonance of pulsed laser light at ∼ 90 km to cover
turbulence at all heights. Further sophistication has been introduced in Multi-
ple Conjugate Adaptive Optics (MCAO) schemes which include using multiple
guide stars and a combination of multiple turbulent layers via tomographic
techniques, see Rieke (2012) for more details.

4.2.2 Aperture Synthesis

Aperture synthesis or synthesis imaging is another revolutionary technique
based on interferometry that combines signals from a collection of telescopes
to produce images having the same angular resolution as an instrument with
a size of the entire collection. It also won the Novel Prize in physics in 1972,
see Table 1.

To understand aperture synthesis, one can build up intuition from a sim-
ple dipole antenna, shown in the left panel of Fig. 34. The performance of an
antenna can be evaluated by its radiation pattern based on the Reciprocity
Theorem. When the wavelength is much longer that of the antenna, the radi-
ation pattern generated by an oscillatory current in the dipole antenna forms
a ring lobe with the antenna as its axis, see the right panel of Fig. 34. This
axisymmetry breaks down when another dipole antenna is added beside the
original one. If the oscillatory current is anti-phase between two antennas, the
radiation patterns are shown in Fig. 35, where the ring lobe becomes two local
lobes extending away from the two antennas. These two local lobes remain
essentially same if two dipole antennas are bent into a loop antenna, restoring
the axisymmetry of the two lobes along the loop antenna axis.

Adding many loop antennas in a paraboloid shape leads to a prime-focus
parabolic antenna which enhances one lobe into the main lobe (called beam)
while suppressing the lobe facing the opposite direction, as shown in Fig. 36.
In the short wavelength limit, λ ≪ D where D is the aperture diameter, the

Fig. 34: (left panel) Dipole antenna and (right panel) (a) side cross-sectional
view and (b) top cross-sectional view of the radiation pattern generated by an
oscillatory current in the dipole antenna. From Rieke (2012).
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Fig. 35: (a) side cross-sectional view and (b) top cross-sectional view of the
radiation pattern generated by an oscillatory current in two parallel dipole
antennas. From Rieke (2012).

half-power beam width in radians, θ0, is limited by diffraction and given by

θ0 ≈ 1.22λ

D
(in radians), (36)

which can be very small so that the observation has high angular resolutions
with large sensitivities. Currently the 100 m Green Bank Radio Telescope at
Green Bank, West Virginia is the world’s largest fully steerable parabolic dish.
The Five-hundred-meter Aperture Spherical Telescope (FAST) in China is cur-
rently the largest radio telescope, surpassing the 300 m Arecibo Observatory
in Puerto Rico which collapsed in 2020.

To achieve significantly higher angular resolution, obviously a different
approach is needed other than simply larger dish diameters. Radio inter-
ferometry attempts to increase higher angular resolutions by correlating
measurements in radio frequencies from multiple telescopes within an array.
In this case, the effective aperture diameter is increased to B sin θ where B is

Fig. 36: (left panel) Paraboloid-shaped telescope has the main lobe towards
the direction along which radio waves propagate. (right panel) The main lobe.
From Rieke (2012).
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the largest distance across the array, called “baseline” of the array in the left
panel of Fig. 37.

Since each pair of correlated telescopes form a particular baseline corre-
sponding to a specific Fourier component (see the top right panel of Fig. 37),
the idea of aperture synthesis is to add a sufficiently large number of base-
lines in different orientations to achieve the desired angular resolution and
noise level. As in paraboloid-shaped telescopes, the ultimate resolution of a
telescope array is limited to ∼ λ/B but without filling the entire areas of two-
dimensional space by telescopes. As an example, the bottom right panel of
Fig. 37 shows that 4 telescopes can effectively achieve same performance of a
fully filled array of 6 telescopes. Another advantage of aperture synthesis is
to open up possibilities to form a much larger array by connecting telescopes
across the world and even across satellites in space, significantly increasing
resolutions. The accompanying challenge, however, is to find reliable ways to
correlate signals over large distances especially for wavelengths which can be
as short as mm or sub-mm.

Currently the largest radio telescope in the world is the Atacama Large
Millimeter/submillimeter Array (ALMA) in Chile consisting of 66 12-meter
dish telescopes with baselines ranging from 150 m to 16 km, see Fig. 38. Low-
Frequency Array (LOFAR) uses 20,000 dipole antennae with a baseline longer
than 1000 km. The next largest array is the Square Kilometer Array (SKA)
with 131,000 tree-shaped antennae with a baseline longer than 3000 km and
is scheduled to be completed by 2028.

Fig. 37: (left panel) Radio interferometry by correlating signals from multiple
telescopes. (right panel) Principle of aperture synthesis is to add a sufficiently
large number of telescopes at proper locations to form different baselines in
different orientations in order to achieve desired resolutions and noise levels.
From Rieke (2012).
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Fig. 38: (left panel) ALMA telescope array in Chile. (right panel) A recent
image from ALMA showing a planet-forming system (PDS 70). From Doi et al
(2024).

4.2.3 X-ray Astronomy and Gamma-ray Astronomy

Measuring high-energy photons in X-ray requires totally different diagnostics,
i.e. X-ray telescopes on board of balloons, sounding rockets, or satellites in
space since Earth’s atmosphere absorbs most X-ray radiation. When the wave-
length becomes comparable to crystal lattice spacing d, nothing works as a
mirror to reflect photons other than at a small grazing angle from the crystal
surface to satisfy Bragg’s law (See Section 16 for more information).

mλ = 2d sin θ, (37)

where m is diffraction order and θ is incident angle as shown in Fig. 39. As
a result, one large paraboloid-shaped crystal can cover only a small light-
collecting area. To reduce the required length, secondary reflection by a
hyperboloid-shaped crystal can be used as shown in the left panel of Fig. 40.
At the same time, to increase the light-collecting area, nested crystal shells can
be used: 4 shells in Chandra (the right panel of Fig. 40), 58 shells in XMM-
Newton satellites and 133 (!) shells in NuStar satellite. However, the number
of shells is not the most challenging task; this is polishing the meter-sized
crystals to the smoothness of a few atoms.

Gamma-ray astronomy requires yet another type of diagnostic, i.e. gamma-
ray telescopes on board of satellites for gamma-ray energy between 5 MeV
and ∼100 GeV, such as the Large Area Telescope (LAT) onboard the Fermi
Gamma-Ray Space Telescope satellite. The working principle of LAT is shown
in Fig. 41, whereby multiple layers of a pair-conversion and positron sensi-
tive detector are stacked. When above a critical energy, 1.022 MeV of the
gamma-ray energy is converted to an electron-positron pair when colliding with
an atomic nucleus. Positron-sensitive detectors display the conversion timing
and location, and with the information from multiple layers, the gamma-ray
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Fig. 39: Bragg condition for reflection of X-rays by a crystal. From Rieke
(2012).

direction can be determined. The final deposition of energy is measured by
calorimeters from which the gamma ray energy can be determined.

For gamma-ray energies above ∼100 GeV, arrays of ground-based tele-
scopes can be used to detect air showers resulting from gamma-rays entering
Earth’s atmosphere, as shown in the left panels of Fig. 42. There are differences
between gamma-ray showers and nuclear cosmic ray showers. Gamma-rays
travel in the air at a speed of c/n, where n(> 1) is the refractive index, and
can generate pairs of electrons and positrons traveling at a speed vp. The par-
ticle speed vp is necessarily limited by c but can travel faster than the original
gamma-ray speed of c/n. In such cases, these charged particles exert forces
on electrons in air molecules along their paths and the influenced electrons
can emit new photons, known as Cherenkov emission (1958 Novel Prize in
physics). The Cherenkov emission itself can be gamma-rays, and the process
can repeat until the original energy is exhausted. Additional gamma-rays can
be emitted by pair annihilation or by Bremsstrahlung radiation when electrons
or positions collide with the nuclei of air molecules.

The Cherenkov emissions from gamma-ray air showers typically have a very
narrow angle on the order of 1◦ from the original gamma-ray direction, covering
an area with about a 200 meter diameter over the ground. The emission angle
can be calculated by referring to Fig. 43. In a given time t from Cherenkov

Fig. 40: (left panel) Secondary reflection by a hyperboloid-shaped crystal can
shorten focal distance. (right panel) Nested crystal shells can increase light-
collecting area in the case of Chandra satellite. From Rieke (2012).
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Fig. 41: The working principle of Large Area Telescope to detect gamma-ray
on Fermi satellite. From Rieke (2012).

emission, the light wave travels over a distance of (c/n)t while the particle
travels over a distance of vpt = βct. Thus, we have

cos θ =
(c/n)t

βct
=

1

nβ
.

Since nair ≈ 1.0003 and β ≈ 1, θ = cos−1(1/1.0003) ≈ 1.4◦.

Fig. 42: (left panel) Air shower from gamma-ray photons or nuclear cosmic
rays. (right panel) Gamma-ray air shower detected by an array of ground-
based telescope. From Rieke (2012).
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Fig. 43: Geometry of Cherenkov radiation.

4.3 Summary

• Space plasmas are measured by in-situ diagnostics onboard satellites fly-
ing through them. They include measurements of the electric field by
double-probe techniques and of the magnetic field by vector fluxgate mag-
netometers. The particle measurements include Langmuir probes, retarding
potential analyzers (RPA), and ion mass spectrometers. The latter typi-
cally uses both electric field and magnets to select mass-per-charge and ion
velocity simultaneously.

• Solar and astrophysical plasmas are measured by ex-situ diagnostics onboard
satellites or from the ground. Advanced techniques including adaptive optics
and aperture synthesis have significantly expanded diagnostics capabilities
by largely removing the effects from atmospheric turbulence and by achiev-
ing much higher angular resolutions. X-ray telescopes are based on specially
designed grazing crystals; for low-energy gamma rays, gamma-ray telescopes
are based on pair-conversion and positron sensitive detectors onboard satel-
lites, while those for higher energies use detection of Cherenkov emissions
from gamma-ray air showers by ground-based telescope arrays.

4.4 Further Reading

• Pfaff et al (1998a,b)
• Wüest et al (2007)
• Rieke (2012)
• Spann and Moore (2017); Moore and Spann (2017)
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4.5 Homework Problem Set 2

Due February 13, 2026

1. Poloidal beta and internal inductance.
Describe two different methods to measure

βp +
li
2

(38)

in a tokamak with a circular cross-section. Are there ways to determine the
breakdown between βp and li?

2. Energy confinement time.
Show that the energy confinement time of a tokamak may be expressed as

τE =
W

P
=

3

8
µ0βp

R

Rp
, (39)

where W is plasma kinetic energy, Rp is plasma resistance, P = I2pRp

is ohmic heating power, and R is plasma major radius. (Problem 2.5 of
Hutchinson (2002))

3. in-situ measurements of ions in space.
Ions are characterized by three quantities: mass m, speed V , and charge
q. Please conceptually design an in-situ instrument to determine all these
three quantities at once. Use methods that we have discussed in the class
or lecture notes, but ideas beyond these materials are welcome.

4. Adaptive Optics (AO).
AO techniques are highly successful in obtaining high-quality images in
ground-based astronomy by removing influences from atmospheric turbu-
lence.

• What are three fundamental elements in AO systems?
• AO is designed to remove effects from atmospheric turbulence, but is it
possible to use AO to measure atmospheric turbulence in return?

• If yes, what are possible limitations in such a measurement for atmo-
spheric turbulence? If no, why not?

• How about using AO to measure turbulence in plasma? If yes, what are
possible limitations and if no, why not?
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5 Introduction to Inertial Fusion
Energy/High-Energy Density Laser Plasma
Experiments

Whereas magnetic fusion devices aim to achieve ignition via the heating of a
magnetically-confined plasma, inertial fusion relies on a rapid burst of intense
laser power to compress a small target to enormous pressures. In addition
to fusion energy applications, such high-energy density plasmas are relevant
to astrophysics as well as nuclear weapons research. The world’s most ener-
getic laser facility is the National Ignition Facility, part of Lawrence Livermore
National Laboratories. There, a ∼500 TW laser imparts some ∼2 MJ of energy
to a two-millimeter fuel capsule. In 2022, NIF was the first facility of any kind
to achieve controlled fusion ignition with ∼3 MJ of fusion energy produced, a
scientific gain Q > 1 (Fig. 44). Since achieving this however required 300 MJ
of energy from the grid, there is still a long way to net power generation.

Fig. 44: Lawson Criterion for NIF Shots

5.1 Physical Principles

The details of laser high-energy density experiments can differ considerably
from facility to facility. Here we focus on the indirect drive scheme used at NIF.

5.1.1 Indirect Drive

The method of so-called laser drive can be subdivided into two main categories:
direct drive and indirect drive, contrasted in Fig. 45. In direct drive, lasers
directly impinge on the target and compress it, as is the case at the University
of Rochester’s OMEGA laser facility. The disadvantage of direct drive lasers
is that the intense laser-plsama effects caused by the first laser photons to
strike the target decrease the efficiency of subsequent photons. By contrast,
sites including NIF utilize indirect drive. There, lasers directly hit a cylindrical
hohlraum surrounding the target. This hohlraum wall itself is made from a
high-Z material such as gold or depleted uranium and releases x-rays when
struck by the lasers. It is these x-rays which then compress the capsule. These
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more energetic x-ray photons are less susceptible to laser plasma effects, the
key advantage of indirect drive.

Fig. 45: Comparison of Indirect and Direct Drive Schemes

5.1.2 Implosion Shocks

In NIF, the fusion fuel within a target consists of a cryogenically-frozen spher-
ical shell of deuterium-tritium (DT) ice enclosing DT gas within. Surrounding
this is an ablator, often a plastic (CH) or high-density carbon (HDC). During
the shot many lasers strike the hohlraum from different directions, ensuring
that the target is uniformly bathed in x-ray flux. The ablator shell is blown
off of the DT ice but, by Newton’s third law, this sends the DT ice shell com-
pressing inward. This can be thought of as a “spherical rocket” in that local
momentum conservation propels the DT shell inward as the ablated material is
sent outward. This generates a shockwave which heats the core of the DT gas
to fusion conditions. As fusion is occurring, the DT shell is needed to ensure
that alpha particles do not escape (Fig. 46).

Fig. 46: NIF DT Target Fuel Structure

The conditions required for ignition in the hot spot can be expressed in the
following relation:

Eignition ∼
[
(ρR)3T 3

]
DT

P 2
stag

∼ const.

P 2
stag

(40)

where ρR is the areal density and Pstag the stagnation pressure, the
maximal pressure achieved at the core. The numerator reflects the Lawson
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condition and is dependent upon the fuel used. Since the necessary conditions
for DT fusions are independent of the implosion details, the numerator can be
considered a constant. The stagnation pressure may be expressed as

Pstag ∼ p
2/5
abl

v2imp

α9/10
ε (41)

where pabl is the ablation pressure, vimp is the implosion speed, α is the
entropy and ε is the “efficiency”. The efficiency is less than one since the x-
ray energy does not act as a perfect piston converting all energy to shock
energy, but instead some energy is always lost to instabilities. This is why
one should not simply naively aim to minimize the entropy α to increase the
stagnation pressure: low entropy causes greater susceptibility to instabilities
meaning lower ε. There is always a trade-off.

5.1.3 Symmetry

Ideally the target implosion would be perfectly spherically-symmetric, since
this would suppress instabilities and result in the maximum conversion effi-
ciency from laser power to fusion energy. Some imperfections are always present
however. Furthermore even small perturbations are amplified by implosion and
yield hydrodynamic instabilities (Fig. 47). The extent to which an implosion
is symmetric is quantified by the Legendre moments: the so-called P2 param-
eter quantifies to what extent the shock is oblong rather than circular, P4 the
degree to which it is square-like (Figs. 48, 49).

Fig. 47: Implosion Features

Fig. 48: P2 Illustration
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Fig. 49: P2 vs. P4 Illustration. A symmetric imposion has minimal P2 and
minimal P4

P2 symmetry is determined by the cone fraction (CF), the proportion of
beam power delivered by the inner as opposed to outer beams (Fig. 50).

cone fraction =
inner power

inner power + outer power
(42)

Fig. 50: NIF target chamber. On the right is the boom which places the target
in place. To the left and upper right of the target are diagnostics.

Precise control is needed to ensure that this symmetry is not only
established but maintained throughout the duration of the shot.

5.2 Design Considerations

There exist a multitude of design choices one can make when planning a NIF
shot. Here we review some of the major considerations.

5.2.1 Hohlraum Fill Pressure

Hohlraums can either be filled with a gas (often Helium) of high-density
(ρ > 0.96mg/cm3) or one of lower density (ρ = 0.03− 0.3mg/cm3). High fill-
density has the advantage of better restraining the hohlraum wall, allowing for
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better control over long pulses. However it also exacerbates Raman backscat-
tering losses and cross-beam energy transfer, resulting in the low-density
configurations being more efficient.

5.2.2 Laser Pulse and Other Considerations

The material properties of the ablator guide the design of the laser pulse shape
(Fig. 51). The initial shock strength must be sufficiently high to melt the
capsule and not let it refreeze (> 1Mbar), since refreezing will roughen the
surface. However we also do not want the shock to be too strong since that
will make the entropy large.

To achieve more fine-tuning, the HDC ablator can be doped to improve
hydrodynamic stability. Furthermore the hohlraum material and emission
spectrum also play important roles in performance.

Fig. 51: Laser power over time, shock pressure in the ablator and the entropy
over time.

5.3 Summary

• Laser energy in indirect drive schemes is transmitted to the target by way
of x-rays emitted from a surrounding hohlraum.

• Targets in NIF consist of an ablator to generate the shock wave, a DT ice
shell to trap alpha particles and a DT gas within to be compressed to fusion
conditions.

• Target symmetry is key to reducing hydrodynamic instabilities and thereby
improving fusion yield.

• There are a variety of design choices that one can optimize for a particular
shot including laser pulse shape, fill pressure, hohlraum material, ablator
choice, and target doping.
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6 Inertial Fusion Energy and High-Energy
Density Laser Plasma Diagnostics

6.1 Key Diagnostic Techniques

There are a variety of design choices involved in a target including ablator
doping, hohlraum material, cone fraction among many others. To optimize
performance researchers require specialized diagnostics which can evaluate the
strengths and weaknesses of various performances. To this end not only is NIF
equipped with a wide array of diagnostics but the targets themselves are often
modified in order to facilitate certain kinds of measurements. We give a brief
overview here.

Fig. 52: NIF target chamber. On the right is the boom which places the target
in place. To the left and upper right of the target are diagnostics.

6.1.1 Keyhole Targets

Inferring the details of the implosion process for a standard target is quite
difficult. One approach to get preliminary measurements is to modify the target
with a so-called “keyhole”, shown in Fig. 53. This acts as a window into the the
target through which a VISAR1 laser can pass. This is part of an interferometer
system: when the implosion occurs, the phase of the laser light reflected from
the shock allows the shock speed to be inferred. Furthermore separate beams
can measure the implosion in the equatorial and polar (up/down) directions
so the symmetry of the implosion can be gauged (Fig. 54).

1Velocity interferometer system for any reflector
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Fig. 53: Target keyhole diagram. The keyhole allows a laser to pass to the
inside and reflect off of the incoming shock.

Fig. 54: Measured shock speeds using a keyhole. Note that the equatorial and
polar implosion speeds closely track one another, evidence of good symmetry.

The chief disadvantage of the keyhole is that, of course, with the keyhole
significantly perturbing the shape of the target, a full implosion is not possible.
This technique is therefore best suited to describe the initial stages of the
implosion before the effects of the keyhole become dominant.

6.1.2 Hydrogrowth Radiography

One common feature of implosions is the amplification of existing imperfec-
tions. This can be exploited for diagnostic purposes by observing how a shell
with well-defined grooves implodes. Fig. 55 shows an example of such a target
and the resultant radiography images.
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Fig. 55: Hydrogrowth radiography images and target. Notice the grooves
become more pronounced as time goes on.

6.1.3 2D Convergent Ablator Target Radiography

A less invasive alternative to the keyhole target is to use X-rays to probe
the structure of the imploding shell. The principle is much like medical X-ray
imaging: emitted X-ray photons from a source pass through the shell and are
collected on a detector at the opposite end. This results in an image like in
Fig. 56 from which the symmetry values may be calculated.

Fig. 56: Radiography measurement. Notice the denser outer shell surrounding
the low-density interior.

Since radiography can be used with symmetric capsules they can reveal
engineering features caused by the tent (e.g. Fig 57) and the fill tube. Since
these features can ruin successful implosion, radiography is a key tool in
determining how these may be mitigated.
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Fig. 57: Bands corresponding to the influence of the gossamer tent responsible
for holding the target in place within the hohlraum.

Fig. 58: Target suspended by the “tent” within the hohlraum.

6.2 X-ray and Neutron Diagnostics

The final stages of the implosion can be probed via their X-ray and neutron
fluxes. The X-ray emission reveals the shape of the ultimate hot spot (Fig.
59). Neutrons of course attest to the fusion gain.
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Fig. 59: Self-generated X-ray measurements.

To prepare a final shot aiming for an ignited DT plasma the testing phase
progresses from diagnostics which probe the early behavior (e.g. keyhole) to
those which probe the late-time behavior (e.g. X-ray and neutron diagnostics)
as illustrated in Fig. 60.

Fig. 60: Self-generated X-ray measurements.

6.3 Other Applications

In addition to investigating the plasma itself, NIF targets can also be used as
radiation sources to study the interaction of X-rays, γ-rays and neutrons with
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matter. Such experiments can study materials’ equation of state, scattering
cross section and resultant activation products.

Fig. 61: Some material properties which can be probed using NIF target
radiation.

6.4 Summary

• Targets are designed with diagnostic capabilities in mind. Different config-
urations probe different times of the implosion.

• Keyhole targets, radiography and radiation diagnostics characterize different
aspects of the implosion and help researchers optimize performance.

6.5 Homework Problem Set 3

Due February 20, 2026

Inertial confinement fusion - target design and associated diagnostics

1. NIF’s current yield record is nearly 9 MJ of fusion energy output from the
target. How much energy in terms of average household electrical power
does this record correspond to?

2. Considering an exemplar indirect-drive ICF target with parameters below,
how much fusion yield would be produced (in joules) if the measured
neutron energy was twice the implosion kinetic energy?

• HDC initial shell density: 3.5 g/cm3

• HDC shell inner radius: 1000 microns
• HDC shell thickness: 70 microns
• DT fuel layer thickness: 50 microns
• DT fuel initial density: 0.25 g/cm3

• HDC shell peak velocity: 350 km/s
• HDC shell mass remaining: 5%

3. What combination of diagnostics could be implemented to infer dynamic
properties in this exemplar target experiment?
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7 Introduction to Low Temperature Plasmas

Low-temperature plasmas (LTPs) were the first plasmas studied and ever since
have remained the most commercially-useful type of plasma. LTPs can be
roughly defined as plasmas with electron temperatures lower than the ioniza-
tion potential of the gas, typically Te ∼ 1− 10 eV. They are characterized by
low ionization fractions α = Ni/(Ni +Na) (i for ion and a for atom) and the
dominance of electron-neutral collisions. LTPs can be non-equilibrium with
electron temperatures exceeding those of the ions and neutrals, a property
which is particularly useful in industrial applications.

7.1 Discharge Current Balance

The simplest kind of LTP system is the gas discharge, wherein current supplied
by a circuit flows through a plasma from a positively charged anode to a
negatively charged cathode.

Fig. 62: Plasma discharge powered by an external power supply

7.1.1 Electron Sources

In order to make the gas conductive, electrons must be constantly supplied to
act as current-carriers and ionize neutrals to sustain the discharge. There are
several possible ways of doing this. The first is through some external source,
such as an electron beam or light which triggers the emission of photoelectrons.
The next is via secondary-electron emission (SEE): when an energetic particle,
usually an ion, strikes the cathode and results in electrons being ejected from
the surface. The rate of SEE increases with ion energy, and the total efficiency
is quantified as the ratio of the electron current generated to the ion current
γion = JeC/JiC .
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Fig. 63: Secondary Electron Emission

The last major way to generate electrons is via thermionic emission.
When a metal is heated, some electrons become energetic enough to overcome
the work function of the material and are emitted in large quantities. The
Richardson-Dushman relation gives the electron current as

J = AGT
2
wall exp

(
−−e(W −∆ϕ)

kBTwall

)
(43)

with AG = λRA0 where A0 = 4πmk2Be/h
3 and λR is a material factor

of order unity. ∆ϕ =
√
eE/4πϵ0 is needed to describe the Schottky effect

whereby very large electric fields can facilitate electron escape. Thermionic
emission is required to sustain the enormous currents for arc plasmas but not
for lower-current discharges.

Fig. 64: Gas Discharge Types
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7.1.2 Self-Sustaining Discharges

As in any steady-state circuit, the current flowing into the cathode must equal
the current flowing out of the anode. By accounting for the ion and elec-
tron fluxes at each, along with the SEE at the cathode, we can formulate the
following equalities:

JCt = JC
i + JC

e,EE − JC
e (44)

JAt = JA
i − JA

e (45)

JCtAC = JAtAA (46)

Fig. 65: Townsend discharge

We can apply this to consider a gas discharge supplied by an electron
source, say photoelectrons. Suppose there is some initial cathode current of
photoelectrons as in Fig. 65. The electron flux Γe will grow with distance
from the cathode due to free electrons getting accelerated by the potential and
ionizing more atoms, freeing more electrons, etc.:

dΓe

dz
= neνiz (47)

where the ionizing collision frequency is the product of the neutral density
with the reactivity νiz = na⟨σizve⟩. This results in the electron current growing
exponentially with distance from the cathode. The electron drift current can
be expressed in terms of the electron mobility µe, the conductivity per number
density:
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Jed = enevd ≈ µeneE (48)

Combining Eqns. 47, 48 together we find that the electron current at the
anode is

JeA = J0
eC exp (αL) (49)

where the coefficient in the exponent α, the inverse of the ionization length
scale, is

α ≡ 1

λiz
=

νiz
µeE

(50)

The increase in the electron current from the cathode to the anode must
be offset by an equivalent ion current: hence

JiC = J0
eC [exp (αL)− 1] (51)

Suppose now there is some nonzero γion. Then these ions impinging on the
cathode can generate electrons of their own, potentially enough to result in
a self-generated discharge which does not require further outside addition of
electrons. The total electron current at the cathode in such a case is J0

eC +
γionJiC , or

JeC = J0
eC + γionJeC [exp (αL)− 1] (52)

If our external electron current J0
eC were absent, the discharge could still

be sustained provided that we still satisfy Eqn. 52, i.e.

αL = ln (1 + γ−1
ion) (53)

This is known as Townsend’s condition.

7.2 Discharge Structure

The plasma parameters are generally not uniform throughout the length of
the vacuum vessel, as shown in Fig. 66
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Fig. 66: Selected plasma parameters over space

The plasma will respond accordingly to ensure that the supplied voltage
or current is maintained. One instance of this is how the anode sheath either
attracts or repels electrons in order to maintain overall balance.

Fig. 67: Anode sheath for different anode sizes

7.3 Electron Kinetics

Due to the low ionization fraction, collisions between hot electrons and cold
neutral atoms are very common. The extent of these collisions will determine
how efficient a particular discharge is in converting the supplied power to the
neutrals via the electrons.

7.3.1 Collision Types

While all collisions conserve momentum, kinetic energy may not be. Three
types of collisions are possible.
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1. Elastic collisions. Momentum is exchanged as the total kinetic energy
remains constant, e.g.

efast +Aslow → eless fast +Aless slow (54)

2. Inelastic collisions. Some of the initial kinetic energy is lost to either exciting
one of the particles or ionization, e.g.

efast +Aslow → eless fast +A∗ (55)

→ eless fast +A+ + e (56)

(57)

3. Superelastic collisions. Some internal energy is converted into final kinetic
energy, e.g.

A∗
slow +Bslow → Afaster +Bfaster (58)

Note that the star denotes an excited state.

7.3.2 Energy Relaxation Length

From mechanics we know that the change in energy due to a collision can be
written as

∆εeff = − 2m1m2

(m1 +m2)2

(
ε1 − ε2 +

m2 −m1

2
v1v2

)
(59)

For an electron striking a motionless atom, from me ≪M we find

∆εeff
ϵ1

≈ −2m1

M
(60)

Hence we define δ ≡ 2me/M ≪ 1, δ denoting the rate of energy loss due to
electron-neutral collisions. As an aside, note that the mass difference reduces
the equilibration rate - electrons will thus Maxwellianize much faster among
themselves than with the neutrals. This process is faster for slow electrons
since they face a larger cross-section for Coulomb collisions than fast ones.

To calculate what effect these collisions will have, physically we may con-
sider the competing forces of the electric field, which will accelerate electrons,
and neutral collisions, which will retard them. Mathematically

dε

dt
≈ (∆εE − εδ)νm (61)
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where the energy gained due to the electric field between collisions ∆εE
can be expressed in terms of the mean free path λm or the drift velocity vd:

∆εE ≈ eEλm ≈ eEvd
νm

(62)

The frequency scale for the electron losing all of its energy to neutrals is
simply

νR = νmδ (63)

This is much slower than the collision frequency since each collision only
slightly diminishes the electron’s energy. This can be used to compute the
energy relaxation length λε, the length scale over which an electron would be
expected to lose all of its energy to the neutrals:

λε =
vd
νR

=
µeE

νmδ
=

eE

mν2mδ
≈ 0.8λm√

2m/M
(64)

The 0.8 comes from the assumption of a Maxwellian electron distribution
function. Note that thus far however we have not considered non-elastic colli-
sions. This is justified since in most LTPs the electron energies are lower than
ionization energies, rendering elastic collisions dominant, as one can see in the
example for Argon (Fig. 68). However in molecular gases the main form is
instead the excitation of molecules.

Fig. 68: Rate constants for electrons in Argon, K = ⟨σv⟩

To properly account for not only elastic collisions but Coulomb collisions,
excitation, ionization and boundary loss, further terms are needed. This of
course results in a slightly lower value for the total energy relaxation length
λ∗ε, though still much greater than the mean free path.
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Thus if one’s machine size is much larger than the energy relaxation length
one would expect large energy transfer to the neutrals resulting in ionization,
radical formation and glowing. If, conversely, one’s machine size is much less
than the energy relaxation length the electrons will retain nearly all their
energy as they traverse from the cathode to the anode. The former situation
occurs in moderate/high pressure plasmas which consequently exhibit local
kinetics, whereas the latter would be described as nonlocal. In nonlocal systems
an electron could, perhaps, gain energy in the cathode sheath and deposit it
a great distance away.

7.3.3 Reduced Electric Field

The fundamental scaling parameter for a discharge is not the electric field, but
the so-called reduced electric field E/na defined in the units of Townsend (1Td
= 10−17 V/cm2). It can be shown that the following rough scalings hold:

vd ∝ E

nα
(65)

Je ∝
E

nα
(66)

ε̄e ∝
(
E

nα

)2

(67)
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7.4 Global Balance

7.4.1 Particle Balance

Overall in any partially ionized we must have particle balance: the ion-electron
pairs generated within the volume V of the plasma must equal the plasma flux
through the surface (area A). Mathematically

νinV = ncSA (68)

νi is the ionization rate: for inert gases it can be roughly expressed as

νi = (5× 10−14 s) exp

(
−Ei

Te

)(
N

cm−3

)
(69)

where Ei is the ionization temperature. cs =
√
Te/Mion is the ion acoustic

velocity provided Te ≫ Ti. Since ions are more massive than electrons it is
ion behavior which determines that of the overall plasma: since ions exit the
boundaries at this rate, it determines the total loss. This will be discussed
further in the lecture on Langmuir probes (Sec 9).

7.4.2 Energy Balance

We also must balance energy. The total power into the plasma Pin = IV must
ultimately be absorbed Pabs = e(ncsA)εT where εT is the average energy lost

These relations have several counterintuitive results. For example, in any
plasma with a sufficiently small λε, increasing the supplied voltage will not
make the plasma hotter since the extra electron energy will simply be lost
to ionization. The net result will thus be to increase n, not Te. To increase
the temperature one could instead decrease the pressure since this will reduce
neutral-electron collisions and allow electrons to retain more of the energy they
gain from the electric potential.
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7.5 Summary

• Low-temperature plasmas are characterized by low ionization fractions and
the dominance of electron-neutral collisions over other types

• The energy relaxation length gives the length scale for electron energy loss
• Discharges can be analyzed by balancing both particle flux and energy

7.6 Homework Problem Set 4

Due February 27, 2026

Consider an argon plasma with electron temperature of 20 eV generated in 20
cm diameter and 20 cm length. The gas pressure in the chamber is 10 mtorr.
The gas is at room temperature.

1. Estimate the (momentum transfer/elastic) collisional mean free path for
electrons.

2. Estimate ionization mean free path for electrons.
3. Estimate the energy relaxation length for electrons in elastic range.
4. Estimate the energy relaxation length for electrons in inelastic range (sug-

gested reference for cross sections is appended, but feel free to look for
alternatives).

5. Make assessment about collisionality and non-locality for electrons in this
setup. Can energetic electrons reach the boundaries of this setup or how far
can they get before losing all their energy.

6. Vary the pressure (keep the rest parameters, constant) to show where the
transition between local and nonlocal electron kinetics occur.

7. (Extra point) Explain why ionization losses and wall losses depend on the
frequency of ionizing collisions.
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8 Introduction to Vacuum Technology and
Diagnostics

8.1 Vacuum Continuum

8.1.1 Types of Vacuum

A vacuum is often taken to be a space devoid of matter. In reality, of course,
there is always some small gas density within any vacuum. Any space with a
pressure below atmospheric pressure (1 atm = 760Torr) can be considered a
vacuum. The quality of the vacuum exists on a continuum from “low” vacuum
with relatively high pressures to “high” vacua with extremely low pressures.

Fig. 69: Types of vacuum in both pascals and torrs

vacua of all kinds are characterized by their low particle density, reduced
collisionality and longer particle mean free paths.

Fig. 70: Typical parameters for nitrogen gas

8.1.2 Importance of Gas Pressure

Why are vacua need for plasma experiments? The fill pressure of the neu-
tral gas has several key effects on plasma dynamics. Firstly, it affects the
breakdown of the gas. If the pressure is too low there will not be enough
particles to sustain a Townsend avalanche (Paschen’s law). In this way the
neutral pressure directly affects the ionization mean free path. Furthermore
the pressure also affects transport properties: higher neutral pressure means
more electron-neutral collisions. In magnetized plasmas high fill pressures can
ruin confinement since these collisions will knock electrons off of field lines.
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Another important effect is charge-exchange collisions which transfer
energy from ions to neutrals (Fig. 71). If these are sufficiently frequent, nearly
all of the total flux could be taken up by energetic neutrals instead of ions as
shown in Fig. 72. As one can see in the plot, better vacua mitigate these effects.

Fig. 71: Charge-exchange collision

Fig. 72: Plot showing the fraction of the charge exchange neutral flux with
distance in the plasma.

8.2 Pump Types

To actually generate a vacuum requires one or several pumps. Each has a
unique method of operation and is suited to particular pressure ranges. A
summary is shown in Fig. 73. Applications often require just two pumps: a
low vacuum pump to go from atmospheric pressure to low pressure and then
a high vacuum pump to reach high vacuum.



Diagnostics Lecture Notes

80 DIAGNOSTICS (APRIL 28, 2026 )

Fig. 73: Common pumps

Common pump types include the following:

1. Rotary oil-sealed mechanical pumps can bring pressures down from atmo-
spheric pressure to 10−2 Torr

2. Rotary blower pumps can lower pressures to 10−2 − 10−3 Torr.
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3. Turbomolecular pumps use rotors at up to∼ 105 RPM to impart momentum
to gas molecules out of the vessel.

4. Cryogenic pumps use extremely low temperatures to cause the gas to
undergo “cryo-condensation” and thereby become a solid. While this can
yield extremely high vacua of 10−3−10−8 Torr it does not work for helium,
an especially important consideration for tokamaks which must remove
the helium generated from fusion. Helium can instead be removed by high
surface area cryo-cold charcoal.

8.3 Pumping Systems

The pumps of course must be attached to each other and to the vacuum vessel
via piping in order to function. In order to compute how quickly a pump will
work to evacuate a particular vessel we need to consider the entire system,
much like a circuit.
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Fig. 74: Plot showing the fraction of the charge exchange flux with distance
in the plasma.

8.3.1 Pump-Down Equation

Suppose we are trying to remove air from a given volume V at some constant
pumping speed S. Note that the pumping speed S is not actually a speed
but is instead a volumetric flow rate, often measured in liters per second. As
volume is removed the remaining gas will expand to take its place. We would
like to calculate how much time t it will take to reach a given final pressure
Pf from an initial pressure of Pi.

We can write an ODE for P (t) if we assume constant temperature, in which
case pressure is simply proportional to the number density N as P = NT/V .
Particle conservation requires that decrease of particles within the chamber
equal the flux out:

V dN = −SN dt (70)

Rewriting in terms of pressure we get the pump down equation which can
be solved for the pump-down time:

V
dP

dt
= −PS (71)
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t =
V

S
ln

(
Pi

Pf

)
(72)

In practice, however, the total time can be longer than Eqn. 72 suggests
due to gas loads. Often as we are pumping gas out, gas is also making its way
in. This can be intentional to supply fresh gas to an experiment, due to leaks,
or due to outgassing whereby gases emerge from the inner walls of the vacuum
vessel as the pressure is reduced.

Fig. 75: Plot showing the fraction of the charge exchange flux with distance
in the plasma.

The gas load is quantified as the pressure multiplied by the volumetric flow
rate. If we suppose there is some gas load Qt (Torr L/s) we can modify Eqn.
71 as

V
dP

dt
= −PS +Qt (73)

To maintain a steady-state, of course we need Qt = PS. Let us consider
a simple example relevant to mass flow controllers. These flows are measured
for standard temperature and pressure (1 atm = 760Torr) in units of SCCM
(standard cubic meter per centimeter). So to maintain a pressure of 1mTorr in
our chamber with a mass flow rate of 10 SCCM, we need a pumping speed of

S =
760Torr× 100 SCCM

10−2 Torr
≈ 450m3/h (74)

8.3.2 Conductance

To model the tubing connecting the pumps and the vacuum vessel we can
use a circuit analogy. Just as current flows from high voltage to lower voltage
according to the electrical conductance, gas flows from high pressure to low
pressure according to the pressure conductance C:

Q = C(PU − PD) (75)
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Note that the conductance has the same units as pumping speed S. Let’s
apply this to a simple case in which we have a turbopump pumping at speed
SD attached to a pipe with conductance C connecting it to the chamber. Since
we have flow continuity, the flow coming out of the pump SDPD must equal
the flow into the chamber SUPU .

The total conductance from the outside to the chamber results from the
net action of the pump with effective conductance SD and the pipe with con-
ductance C. Since resistances add normally in series, conductances combine
as inverses:

1

SU
=

1

SD
+

1

C
(76)

so

SU =
SDC

SD + C
(77)

Thus even if the conductance and pumping speed are equal, only half of it
will get to the vessel itself. The more tubing required to reach the chamber,
the less able the pump will be able to reduce the pressure there.
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The conductance within a particular bit of tubing depends on the particular
flow regime. This is quantified by the Knudsen number, the ratio of the neutral
mean free path to the scale length or pipe diameter.

Kn =
λa
L

(78)

If Kn ≪ 1 then we have our ordinary viscous flow, which in pipes is
described by Poiseuille flow. Here there is a C ∝ R4 conductance scaling. How-
ever if Kn ≫ 1 then the mean free path is larger than the system size and we
are in the free molecular flow regime with a C ∝ R3 scaling.

Fig. 76: Flow Regimes

Fig. 77: Conductance dependence on pipe diameter and mean pressure

8.4 Vacuum Gauges

Lastly, we consider various gauges used to measure the pressure.
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Fig. 78: Summary of pressure gauges

1. Thermocouples work for measuring pressures from 10mTorr to atmospheric
pressure. A filament is heated and the resultant temperature is measured
using a thermocouple. Since the thermal conductivity of the gas is a function
of the pressure, the pressure can be inferred from the thermocouple reading
and knowing the type of gas.

2. Hot filament ion gauges can measure very high vacuum, under 1mTorr.
These use the breakdown properties of the gas to infer the pressure.
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3. Capacitive manometers can be used with any gas type but have limited
range and are difficult to calibrate. They can be configured to work from
atmospheric pressure to 10−5 Torr.

8.5 Summary

• Vacuum pumps are suited to particular pressure ranges, so typically a
series of pumps are needed to achieve high vacuum

• The time to create a vacuum can be modeled by the pump-down equation
combined with a circuit analysis

• Mechanical pumps work well to create a low vacuum while turbomolecular
pumps can achieve high vacuum

• The Knudsen number Kn indicates the degree to which a gas is in the
free molecular flow regime as opposed to acting as a fluid.
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9 Langmuir Probes, Part I

Introduced by their namesake in the 1920s, Langmuir probes are as old as the
study of low temperature plasmas. Their chief virtue is simplicity - a Langmuir
probe consists essentially of just an electrode inserted into the plasma, making
them some of the easiest and cheapest probes to implement.

Fig. 79: Common Langmuir probe shapes.

By sweeping the bias of the electrode from low to high and measuring
the resultant current drawn by the probe, a V-I characteristic curve can be
obtained. Since this profile will depend on the plasma properties, analysis of
the characteristic can tell us about the plasma.

The other key advantage is that Langmuir probes provide local measure-
ments of plasma properties, unlike laser diagnostics or interferometry-based
measurements. There are two major downsides however. Firstly, Langmuir
probes, by directly absorbing electrons or ions from the plasma, are inherently
invasive and care must be exercised to ensure that the act of measuring does
not significantly alter the plasma under consideration. The second is that while
obtaining the V-I characteristic is easy, interpreting it can be quite difficult.
Even today there is still much we do not know about the plasma physics in
the vicinity of Langmuir probes.

Probe physics is thus a complex and rich topic. For the sake of simplicity
here we shall make the following assumptions:

1. Te ≫ Ti, i.e. ions are cold
2. Magnetic fields may be neglected
3. All ions are singly-ionized
4. Ionization may be ignored near the probe

9.1 Sheaths

The transition zone between the probe and the unperturbed plasma is known
as the sheath. As the bridge from the external circuitry to the plasma, the
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sheath physics will determine how the plasma properties relate to the V-I char-
acteristic. For simplicity let us consider a planar probe ((c) in Fig. 79). This
will allow us to consider a one-dimensional system wherien the sheath proper-
ties only depend on the distance from the wall x with uniformity assumed in
y and z.

9.1.1 Matrix Sheath

Let us first consider the simplest case of an extremely fast perturbation, the
biasing of the wall very negative Vb ≫ Te. Suppose that it is specifically
faster than the ion plasma frequency timescale ω−1

pi . In this case the electrons
respond to the perturbation by rushing away from the wall while the ions
remain motionless.

Fig. 80: (a) Matrix sheath as a result of a rapid perturbation, a (b) Child law
sheath as a result of a slower perturbation.

In this case it is simple to show that the resultant potential is

ϕ(x) = −en0

ϵ0

x2

2
(79)

so the sheath size is
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s = λD

(
2eVb
Te

)1/2

(80)

This is known as a matrix sheath.

9.1.2 Debye Shielding

Now let us consider a more interesting scenario wherein the wall is not biased
at all and instead its potential is left to float and attain a steady-state with
the plasma. Essentially we want to know what kind of sheath forms when we
place a conducting solid within a plasma.

If we assume the usual case of electron temperatures similar to or greater
than ion temperatures, the electrons will be far more mobile. Thus they will
strike the wall much more rapidly than the ions and quickly charge it negative.
It will continue charging negative until the wall potential is sufficiently low that
it repels enough electrons to reach a steady-state. As we know from elementary
plasma theory, the result will be that a positively-charged cloud will form
around the negatively-charged wall to cancel the electric field and “shield” the
electrode from the broader plasma. This is known as a Debye sheath and has
an extent the order of the Debye length λD.2

This can be shown through a quick calculation much like that in GPP I,
where we similarly assume that

ne(x) = n0e
eϕ(x)/Te ≈ n0(1 + eϕ/Te) (81)

and ni = n0 (cold ions). From Poisson’s equation we find

d2ϕ

dx2
= − e

ϵ0
(ne − ni) (82)

2More detailed analysis will demonstrate that sheaths for biased probes can actually be as much
as hundreds of Debye lengths - see more in the next section.
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d2ϕ

dx2
= −en0

ϵ0

ϕ

Te
(83)

ϕ = ϕ0e
−|x|/λDe (84)

with

λDe =

√
ϵ0Te
ne

(85)

So, as we expect, we find that there is a positively charged sheath between
the negatively charged wall and the neutral unperturbed plasma far away.

9.1.3 Bohm Criterion

If the probe is floating, it has reached a state of sufficiently low voltage that
the electron fluxes and ion fluxes are equal and hence there is no net flow of
current. Let’s analyze this steady-state mathematically. The ions are pushed
towards the wall both by the pressure gradient and the electric field:

niMvi
dvi
dx

= −dpi
dx

+ eniE (86)

where M is the ion mass and this time x is the direction from the plasma
to the wall. We can make some substitutions here. Firstly, we can replace the
derivative of the ion flow velocity with a density derivative by invoking flux
conservation d(nivi)/dx = 0:

vi
dni

dx
= −ni

dvi
dx

(87)

Next, we can replace the pressure term using the adiabatic index γi to
express

pi = γiTini (88)

Lastly, we can express the electric field in terms of the electron density
from Eqn. 81:

dne
dx

=
ene

Te

dϕ

dx
= −ene

Te
E (89)

Substituting Eqns. 87, 88 and 89 into Eqn. 86 we find
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−Mv2i
dni
dx

= −γiTi
dni

dx
− ni
ne
Te
dne

dx
(90)

This can be rewritten as

[
v2i −

1

M

(
γiTi +

ni
ne
Te
n′e(x)
n′i(x)

)]
dni
dx

= 0 (91)

Note that Eqn. 91 is trivially satisfied within the bulk plasma for there are
no gradients. But what about the edge of the sheath? There from quasineu-
trality we have ni = ne, but what about the derivative ratio n′

e(x)/n
′
i(x)? If

this was less than one that would mean that for at least a small region in the
sheath the electron density would be greater than that of the ions - a net neg-
ative charge, instead of a net positive one. But of course the sheath should be
everywhere net positively charged, so instead we must have

n′e(x)
n′i(x)

≥ 1 (92)

Returning to Eqn. 91, since the ion slope is not zero and ni = ne at the
wall, we see

v2i =
1

M

(
γiTi + Te

n′e(x)
n′i(x)

)
(93)

Because n′
e(x)/n

′
i(x) ≥ 1, we find that

v2i ≥ γiTi + Te
M

(94)

This critical velocity is known as the Bohm velocity vB (it is also just
the ion sound speed cS):

vB =

√
γiTi + Te

M
(95)

In practice, we often assume cold ions and then it has the particularly
simple form
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vB =

√
Te
M

(96)

The Bohm sheath criterion states that ions must enter the sheath at a
speed no less than the Bohm velocity. Put differently, ions must enter the
sheath with kinetic energy of at least Te/2.

9.1.4 Pre-Sheath

If ions are entering the sheath at the Bohm velocity then there must have
been some potential which exists outside of the sheath accelerating them. This
could not have been in the bulk plasma which is at a constant potential. This
intermediate region between the unperturbed plasma and the sheath, across
which a potential drop exists, is known as the pre-sheath. These can be much
larger than the sheath itself.

Fig. 81: V-I Characteristic

The potential of the plasma far away from the wall is known as the plasma
potential Vsp, sometimes known as the space potential. This is constant in
the plasma but drops across the pre-sheath to accelerate ions to the Bohm
velocity. The magnitude of this potential drop must be Te/2 to satisfy the
Bohm criterion. It drops further in the sheath until we reach the potential
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of the wall. If this is disconnected from any power source, we term the wall
potential the floating potential VF .

To summarize - if we place a disconnected electrode in the plasma, it will
rapidly charge to a negative floating potential relative to the plasma far away.
Near the electrode a positively-charged sheath will develop where quasineu-
trality is broken, extending for roughly a Debye length. Outside this sheath is
a pre-sheath with charge balance but an electric field required to ensure that
ions enter the sheath with the Bohm velocity.

9.2 V-I Characteristic

Now that we have a basic foundation in the simple case of an unbiased elec-
trode, let us now consider what happens across the entire V-I characteristic.
A typical one, annotated, is shown below. Note that I is the current from the
probe to the plasma, not drawn from the plasma.

The first basic observation to make is that for very low voltages ions will be
collected by the probe resulting in a negative current to the plasma. Electrons
will be so repelled that even the highest-energy ones will not reach the probe,
resulting in a current exclusively composed of ions. For very high voltage we
will have the opposite situation: electrons of any energy will be attracted to
the probe whereas all ions will be repelled. Between these two regions is an
intermediate situation where both ion and electron fluxes contribute to some
extent.

We can also identify the floating potential VF and the plasma potential
Vsp on the above plot. VF will simply be where the probe draws no total
current since this corresponds to the potential the probe would naturally attain
without any power supply attached. The plasma potential Vsp can be noted
as where I, here dominated by electrons, has an inflection point. Before this
point only some electrons, the more energetic ones, contribute to the total
current. As the voltage increases more and more electrons have enough energy
to reach the probe, but after saturation there are no more electrons left (all are
collected), so in principle there is no more current to be gained by increasing
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the voltage. (As one can see, in practice, the current continues to increase,
albeit more slowly. This will be discussed further in the next lecture.)

9.2.1 Ion Saturation Current

While before we considered the sheath in a disconnected electrode, all of our
analysis still holds so long as the probe’s potential is below the plasma poten-
tial. Hence the current due to the ions will simply be from the Bohm flux,
provided we assume that ions are not streaming in super-sonically. This is
called the ion saturation current Iis

3. If ns is the density of ions at the edge
of the sheath, the total ion current is

Iis = ensvBAp (97)

where Ap is the probe area. The only unknown is ns, which we would like
to express in terms of n0. Since we have quasienutrality in the pre-sheath,
ns = nse. The drop in electron density over the potential drop of Te/2 is
determined by the Boltzmann distribution:

ns = n0 exp

(
−eTe/2

Te

)
= n0e

−1/2 ≈ 0.61n0 (98)

Thus

Iis = 0.61en0

√
Te
M
Ap (99)

At point A in Fig. 81, the total probe current Ip will simply be this ion
saturation current since the potential is sufficiently negative that no electrons
have enough energy to reach the probe.

9.2.2 Electron Saturation Current

Now let us consider the other end of the V-I characteristic curve where the
probe voltage equals the plasma potential. Now the current will be dominated
by the more-mobile electrons who now face no potential barrier between the
bulk plasma and the probe. This electron current is known as the electron
saturation current Ies and at point C (Fig. 81) where the bias voltage Vb = Vsp,
Ip = Ies. The electron current can be simply computed if we assume that the
electrons have a Maxwellian energy distribution:

3Note that this is taken to be positive even though it results in a negative current on
conventional V-I plots



Diagnostics Lecture Notes

96 DIAGNOSTICS (APRIL 28, 2026 )

Γ =

∫ ∞

0

vxf(vx)dvx (100)

Γ =

∫ ∞

0

n0vx

(
m

2πTe

)1/2

exp

(
−mv

2
x

2Te

)
dvx (101)

Γ = n0

√
Te
2πm

(102)

where m is the electron mass. Thus

Ies = en0

√
Te
2πm

Ap (103)

Note that we see that the electron saturation current is far higher than the
ion saturation current:

Ies
Iis

=
1

0.61

√
M

2πm
(104)

For argon, for example, this ratio is over two orders of magnitude. Spanning
this entire range of current is challenging, so tradeoffs need to be considered
in circuit design.

9.2.3 Between Floating and Plasma Potentials

Now let us turn to the more interesting question of what happens between the
electron and ion diffusion regions, i.e. between A and C. The ion current will
still be coming in but because the potential is lower than the plasma potential,
some electrons will not have sufficient energy to reach the probe. If, say, the
probe voltage is 5V below the plasma potential then only electrons with over
5 eV will be registered as current. If we assume a Maxwellian distribution of
electron energies then the total electron current Ie will be just reduced by the
Boltzmann factor:

Ie = Ies exp

(
e(Vb − Vsp)

Te

)
(105)

Thus the total current to the probe will be just Ip = Ie − Iis:

Ip ≈ ene

[√
Te
2πm

exp

(
e(Vb − Vsp)

Te

)
− 0.61

√
Te
M

]
Ap (106)
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9.3 Calculating and Measuring Plasma Properties

The purpose of these models of the V-I characteristic is to enable us to infer
plasma properties from them. We consider several here.

9.3.1 Plasma Potential

As discussed, the plasma potential can be directly read off of the V-I char-
acteristic as the point where Ip = 0. From Eqn. 106 we see that this occurs
when

VF − Vsp = −Te ln
(

1

0.61

√
M

2πm

)
(107)

For example, with an argon plasma at 10 eV we get a floating potential
of ∼ 50V. However for non-Maxwellian distributions this analysis can be
complicated. Consider for instance if we have a bi-Maxwellian with large low-
temperature population at Te = Tel and a high-temperature one at Te = Teh.
In the pre-sheath the effective temperature will be approximately Tel, but in
the sheath only the most energetic electrons will be present so the effective
temperature there is Teh. Thus one can show that the floating potential would
be closer to

VF − Vsp = −Teh ln
(√

M

2πm

)
− Tel

2
(108)

whereas the first term is the drop across the sheath dominated by high-
energy electrons and the second term is the drop across the pre-sheath
dominated by low-energy electrons.

9.3.2 Temperature

If we assume a Maxwellian distribution we can calculate the temperature via
the V-I characteristic between B and C. There electrons will dominate the
current so we can approximate from Eqn. 106

Ip ≈ ene

√
Te
2πm

exp

(
e(Vb − Vsp)

Te

)
(109)

Thus if we plot I against V in a semilog plot, Te can be found just from
fitting the slope:
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Te = e

[
d ln Ip
dVb

]−1

(110)

In practice this graphical method is prone to error since these plots seldom
yield a perfectly-straight line.

Fig. 82: Semilog plot of probe current from Francis Chen, “Langmuir Probe
Diagnostics”, IEEE-ICOPS meeting, Jeju, Korea, June 5, 2003

9.3.3 Plasma Density

Once the temperature is known, the density may be extracted from the ion
saturation current (Eqn. 99):

n0 ≈ Iis

0.61e
√

Te

MAp

(111)

supposing that we have measured the size of the probe. In practice the
error can be quite large since the saturation current must be extrapolated to
the floating and plasma potential for it is not exactly constant.

9.4 Summary

• When an unbiased electrode is inserted into a plasma it attains a negative
floating potential relative to the plasma

• Between the unperturbed plasma and a biased electrode are the pre-sheath
and sheath. The pre-sheath is quasineutral but has a potential drop to
accelerate ions to the Bohm velocity. In the sheath quasineutrality is broken.
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• From Langmuir probe VI characteristics Te, n0, Vsp, VF may be inferred
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10 Langmuir Probes, Part II

10.1 Common Complications

In the previous section we considered the classical theory of an ideal pla-
nar Langmuir probe. However there are important effects which, in certain
contexts, can completely alter this simple picture. We consider some of the
common scenarios here.

10.1.1 Sheath Size Effects

As discussed previously, one would naively expect that once one reaches a
sufficiently high (low) voltage, the electron (ion) current saturates since there
are no more electrons (ions) available. In reality though the current magnitude
continues to increase - why? Well let us consider the ion side. If we continue
decreasing the voltage, while it is true that the ion density in the plasma does
not change, the sheath grows and grows since more and more space is needed to
overcome that potential difference. The 1D model breaks down. This increases
the effective probe area Ap, so the current continues to grow without bound.
The same is true with the electrons (though proceeding beyond the plasma
potential triggers oscillations in this case).

We can compute the size of the sheath s by equating the total Bohm current
to the wall and the Child-Langmuir law:

ens

√
Te
M

=
4

9
ϵ0

(
2e

M

)1/2
V

3/2
0

s2
(112)

s =

√
2

3
λD

(
2eV0
Te

)3/4

(113)

Hence the sheath length scales with the three-quarters power of the voltage
drop. The result is that the sheath thickness can range from just a few Debye
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lengths to hundreds. As s grows larger, the effective collection area expands
away from the probe, increases in size, and has its shape distorted.

10.1.2 Orbital Motion Limited Collection

As the sheath grows and grows, the prior analysis we have applied to determine
Ip(Vb) is no longer relevant. Suppose we have a situation as in the figure below
wherein the sheath is significantly larger than the probe, here considered to
be a long cylindrical probe (length ℓ ≫ a). Suppose we are in the electron
saturation regime. We see that it is entirely possible that an electron with
sufficient energy to reach the probe will not actually do so because it will
swing around it and miss. Hence the chief requirement for reaching the probe
is no longer energy but the poloidal velocity - if this is too large, the ion will
miss the probe and return to the plasma. This is known as the orbital-motion
limited or OML regime.

To characterize this motion, we begin with the conservation of energy
and angular momentum respectively for a successfully-collected particle. We
assume no collisions and that the particle is attracted to the probe.

1

2
m(v2r + v2ϕ) + e|ϕsp − Vb| =

1

2
m(v′2r + v′2ϕ ) (114)

svϕ = av′ϕ (115)

Solving yields

v′ϕ =
s

a
vϕ (116)

v′2r = v2r + v2ϕ +
2e|ϕsp − Vb|

m
− s2

a2
v2ϕ (117)
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In order to reach the probe we assume that the velocity must be inward
(vr < 0) and have sufficient energy to reach the probe (v′2r ≥ 0). Taking the
minimal condition where the energy is just enough (v′2r = 0) we can find the
largest allowable poloidal velocity:

vϕ0 =

√
v2r + 2e/m|ϕsp − Vb|

s2/a2 − 1
(118)

To simplify this, let us assume the sheath is not only large but quite large,
i.e. a ≪ s and furthermore that the probe is sufficiently biased that particles
do not have enough energy to escape the sheath

v2r ≪ e|ϕsp − Vb|
m

(119)

Hence we may simplify Eqn. 118 by dropping the v2r in the numerator and
−1 in the denominator to yield

vϕ0 =
a

s

√
2e|ϕsp − Vb|

m
(120)

Now let us convert this into a current. For this we can integrate the
Maxwellian

f =
m

2πe
exp

[
−
m(v2r + v2ϕ)

2eTs

]
(121)

to find

Ip = −2πsℓnse

∫ 0

−∞
dvrvr

∫ vϕ0

−vϕ0

dvϕf(vr, vϕ) (122)

Ip = 2ensaℓ

√
2e|ϕsp − Vb|

m
(123)

If we further are in a regime where the magnitude of Vb is much greater
than the plasma potential we get the following especially simple form:

Ip = 2ensaℓ

√
2|Vb|
m

(124)
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Note that this equation is equally valid for both electrons and ions, one
would simply need to replace m with M in the above formula. As one can
see, one key advantage of the OML regime is that we can measure the density
ns easily since all other quantities in the equation or known. While ns is the
density at the edge of the sheath, since the Bohm current arguments no longer
apply this is essentially just the density of the bulk plasma n0. Thus this is a
simple way to determine the density of a plasma without needing temperature
information.

More broadly, this formula is relevant in the far extremes of the Langmuir
probe V-I characteristic when OML applies. As one final note, systems with
non-negligible collisions disrupt orbits and can either enhance or reduce total
probe current Ip.

10.1.3 Ion Beams

One other feature that can be noticed past the plasma potential is ion beams.
Suppose there is an intense ion beam. This will register as negative current
on the typical V-I characteristic until the voltage is sufficiently high to repel
the beam. This manifests as a sudden increase in net current in the electron
collection regime past a certain critical voltage - this voltage gives the energy
of the beam, the change in current the size

Fig. 83: Note the transition region corresponding to the spread in energy of
the ion beam. Adapted from F. F. Chen, Langmuir Probe Diagnostics, UCLA,
2003, N. Hershkowitz, How Langmuir Probe Works, 1989
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10.1.4 Probe Measurements in a Magnetic Field

So far we have assumed that there is no significant magnetic field within a
plasma. Of course in many plasma applications non-negligible fields do exist:
how do they affect our analysis? The key length scale to consider is the electron
gyroradius ρe: if this is much larger than the probe size then we can effectively
ignore magnetic fields as particles travel through the sheath. Hence if

rp < ρe ≡
mvet
eB

(125)

we can apply the classical probe theory hitherto used. This is not a partic-
ularly onerous requirement and occurs in many systems with weaker magnetic
fields. If however fields are especially strong, and the gyroradius is less than
the probe radius, gyromotion cannot be ignored. In this case electrons will
stream towards the probe along streamlines. The most common situation is
partially-ionized plasmas in which the electrons are magnetized, but the ions
are not.

Fig. 84: B.-W. Koo, N. Hershkowitz, and M. Sarfaty, J. Appl. Phys. 86, 1213
(1999)

If the electrons are moving sufficiently quickly the probe can effectively
deplete the flux tube of field lines which terminate on the probe. This field-line
depletion is counterbalanced by cross-field diffusion, described by coefficient
D⊥ = νe(vet/ωce)

2. Thus if

16D⊥
d2

≪ vet
Lcol

(126)

where Lcol is the collection length of the flux tube, electron escape will
dominate over replenishment from other field lines resulting in a strong plasma
perturbation. To test whether a strong perturbation exists, one can check the
floating potential nearby: ideally, it should be unaffected by the Langmuir
probe.

The field geometry also informs the probe geometry. The recommended
best practices for Langmuir probe orientation are shown below
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The flux along the field line in such a case will simply be

Γpe ≈ ne

√
Te

2πme
exp

(
eϕw
Te

)
(127)

whereas the flux across the field line will be reduced as

Γ⊥ ≈ Γpe

1 +
(

ωce

νe

)2 (128)

where νe is the electron momentum transfer collision frequency. If ωce/νe
is large then we will see a substantial decrease in perpendicular flux.

Broadly when magnetic fields significantly affect the V-I characteristic the
standard theory breaks down and can no longer be used in the same way to
infer ne, Te, etc. A typical evolution of the characteristic as B is increased is
shown below - note also that a 10 eV ion beam is present.

As one can see, since the electrons are magnetized the total electron current
is sharply diminished as the magnetic field is increased.
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10.2 Advanced Probe Designs

While a single Langmuir probe is a powerful diagnostic, it also has key lim-
itations. The requirements of broad voltage sweeping and a large magnitude
difference in ion and electron collection currents makes circuitry quite com-
plex, especially if one wishes to get time-resolved data. Thus there are several
variations of the Langmuir probe which use of clever circuitry and/or physics
to enable simpler data collection. We consider several here.

10.2.1 Double Probe

As the name would suggest, a double probe has two electrodes facing into the
plasma. The probe itself is floating but uses a floating power supply to generate
a swept potential difference between the two probes.

The probe current through the first probe (taken as Ip) is negative that of
the second, Ip ≡ Ip1 = −Ip2. Breaking into electron and ion components as
usual we have

Ip1 = Ie1 + Ii1 ≈ ne

√
Te
2πm

exp

(
eV1
Te

)
Ap1 − Ii1 (129)

Ip2 = Ie2 + Ii2 ≈ I2i − ne

√
Te
2πm

exp

(
eV2
Te

)
Ap1 (130)

where the voltages are relative to the plasma potential (as we shall see, only
their difference ends up mattering). We can express the ratio of the electron
currents in terms of Ip and the Bohm currents to find

Ie1
Ie2

= exp

(
eVb
Te

)
=
Ip1 + Ii1
Ii2 − Ip1

(131)
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If we assume a symmetrical probe (Ap1 = Ap2), the Bohm currents to both
should be the same, so we can rewrite to find

Ip

[
exp

(
eVb
Te

)
+ 1

]
= Ii

[
exp

(
eVb
Te

)
− 1

]
(132)

Ip = Ii tanh

(
eVb
2T

)
(133)

so our final form is

Ip = 0.61en0

√
Te
Mi

Ap tanh

(
eVb
2T

)
(134)

By sweeping Vb around zero we can fit the resulting curve to infer n0 and
Te. Double probes feature far simpler circuitry since sweeping is minimal and
there are no high currents. The downside is that it works only for Maxwellian
electron distributions and so cannot discern other kinds of energy distributions.
The V-I characteristic for a typical double probe is shown below.

A variation known as the triple probe avoids the need to sweep voltage by
adding a third floating electrode. This extra datum allows for, in essence, three
points on the characteristic from which n0 and Te may be inferred.

10.2.2 Emissive Probe

Another way to improve upon the standard Langmuir probe is to take advan-
tage of thermionic emission. An emissive probe utilizes a filament which can
be either left cold or heated to high temperatures. In the latter case it emits
an electron flux of its own. By measuring at which voltage this emissive cur-
rent ceases to flow, the plasma potential may be easily inferred. First let us
consider the basic physics of a floating wall from which electrons are emitted.
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Our flux balance reads

Γpi + ΓEE − Γpe = 0 (135)

where the sum of the ion flux, secondary electron flux and electron flux is
zero. The ratio between the incoming electron flux and the one emitted by the
wall is the critical parameter which we call γ, defined as γ ≡ ΓEE/Γpe. This
allows us to write

Γpe =
1

1− γ
Γpi (136)

Mathematically this does not change much: for instance the wall potential
in such a case is no longer Eqn. 107 but simply

VF − Vsp = −Te ln
(
1− γ

0.61

√
M

2πm

)
(137)

since the electron current (in the numerator) is reduced by a factor 1− γ.
This implies that if γ gets sufficiently close to 1 we will run into issues, namely
that the floating potential might rise above the space charge. In actuality this
is prevented from occurring due to space-charge effects (as quantified by the
Child-Langmuir relation).
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If the wall temperature is relatively low, then of course γ → 0 and we
recover the old solution wherein the floating potential sits well below the space
potential. As it increases however this difference decreases as shown below.

As the temperature and associated electron emission rises the probe char-
acteristic goes from the classical regime to the space-charge limited regime.
Eventually the electron emission becomes so large that, in order to preserve
quasineutrality in the plasma, a “virtual cathode” forms which turns emitted
electrons back towards the wall.

The actual utility of a thermionic probe comes from comparing the cold
probe (when the temperature is sufficiently low that γ = 0 and we have essen-
tially just a Langmuir probe) V-I characteristic and hot probe (with significant
ΓEE). This lets us tease out the current collected by the probe (i.e. not counting
the emitted current, which is negative) and the emitted current.



Diagnostics Lecture Notes

110 DIAGNOSTICS (APRIL 28, 2026 )

The plasma potential (defined as 0 in the above figure) can be clearly seen
by the location where the collected current and total current meet. For once
Vb > Vsp the emitted current will stop flowing and, even with a hot filament,
we are returned to the same plot as for the cold filament. This results in a
much clearer measurement than is possible with a Langmuir probe.

The basic structure of a floating probe is shown below. Note that the
filament on the right itself has a potential drop across of around 4V, so often
an error of 2V relative to the value at the middle is assumed.
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10.3 Summary

• When the sheath size grows much larger than the probe, classical Langmuir
probe theory fails and the orbital motion limited regime (OML) is entered.
In this regime it is possible to infer the density of the plasma.

• When there is a non-negligible magnetic field in a plasma, gyromotion and
field line electron depletion need to be considered.

• Double probes are a variant of the standard Langmuir probe which are easier
to build and use but assume Maxwellian temperatures

• Emissive probes use a heated filament to allow for easy measurement of the
plasma potential and other properties.

10.4 Homework Problem Set 5

Due March 6, 2026

1. Consider a plasma with two populations of electrons: bulk plasma electrons
with Maxwellian EEDF and beam electrons. Also consider a planar probe
(or wall) immersed in this plasma. Plasma electrons, beam electrons and
ions generate fluxes, Γpe, Γeb, and Γi, respectively, toward the probe wall.

2. Applying assumptions about plasma (e.g. Te ≫ Ti, collisionless sheath) and
plasma-probe interactions which we used in derivation of this equation:

ϕwp ≈ −Te ln
(

1

0.61

√
M

2πme

)
,

find a floating potential of a planar wall immersed in this plasma with two
populations of electrons.

3. Plot the dependence of the floating potential on Γi/Γeb.
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11 Energy Distribution Function Measurements

While assuming a Maxwellian distribution for ions and electrons is greatly
simplifying, low collisionality in many low-temperature plasmas means that
such assumptions are not always warranted. In order to study non-Maxwellian
distributions we need to either consider how to use probes without assuming
Maxwellian distributions or consider new designs. The objective is to determine
the electron energy distribution function (EEDF) or ion energy distribution
function (IEDF). The former can be done with the same Langmuir probe as
previously discussed while the latter needs a new kind of probe, the retarding
potential analyzer.

11.1 1D EVDF and 1D EEDF

While we assumed a Maxwellian distribution to develop classical probe theory
in previous sections, this is by no means necessary. In principle, the shape of
the EEDF can be extracted from the V-I characteristic of a standard Langmuir
probe. If our probe has a voltage V relative to the plasma potential ϕp, the
total electron current registered at the probe in the planar 1D case is

Ie = eAp

∫ ∞

vmin

fz(vz)dvz (138)

where fz(vz) is the velocity distribution function along the z-direction and
vmin is the minimum required velocity to overcome the sheath ϕp − VB > 0
and reach the probe:

vmin =

√
2e

me
(ϕp − VB) (139)

By taking the derivative with respect to voltage (not velocity) we can find
the relationship between the 1D EEDF and the voltage derivative

dIe
dVb

= eAp
d

dVB

∫ ∞

vmin

vzf(vz)
dvz
dVb

dVb = −eA
[
vzf(vz)

dvz
dVb

]
vz=vmin

(140)

dIe
dVb

= A
e2

me
fz(vmin) (141)

Thus in terms of particle energy ε = ϕp − VB we may write

f1D(ε) =
1

eAp

(
2me

eε

)1/2
dIe
dϵ

(142)
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Thus we can find the 1D EEDF from the derivative of the V-I characteristic.
From here we can calculate the electron density and temperature:

ne =

∫ ∞

0

f1D(ε)dε (143)

Te,eff =
2

ne

∫ ∞

0

εf1D(ε)dε (144)

11.2 Druyvesteyn Method

While working with the 1D distribution function simplified our calculations,
often we wish to consider the ordinary 3D energy distribution functions f(v)
and f(ε). The collected current in this case is simply

Ie = eAp

∫ ∞

−∞
dvx

∫ ∞

−∞
dvy

∫ ∞

vmin

vzf(v)dvz (145)

While the math is more involved, it can be shown4 that the energy
distribution function f(VB) in this case can be expressed as

f(Vb) =
2

e2Ap

√
2emeVb

d2Ie
dV 2

b

(146)

Thus the 3D energy distribution function can be found with the sec-
ond derivative instead of the first derivative. The density and temperature
equations thus become

ne =

∫ ∞

0

f(ε)dε (147)

Te,eff =
2

3ne

∫ ∞

0

εf(ε)dε (148)

Sometimes in analysis the electron energy probability function (EEPF) is
reported, defined as

P (ε) =
f(ε)√
ε

(149)

The advantage of the EEPF is that a Maxwellian distribution appears as
a straight line on a semilog plot.

4See M. J. Druyvesteyn’s 1930 paper in Zeitschrift für Physik or Lieberman and Lichtenberg
p.175
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The primary difficulty with this method is that taking derivatives, espe-
cially second-derivatives, of noisy data is quite challenging numerically. Often
the original data need to be smoothed first, but this can introduce its own
sources of error.

11.3 Retarding Potential Analyzer

Since the ion current is dwarfed by the electron current in Langmuir probes,
we will need a different type of diagnostic if we wish to measure the IEDF.
The solution is a retarding potential analyzer or retarding field analyzer. This
uses a series of biased grids to filter the incoming ions by energy: by sweeping
the bias grid we will be able to infer how many ions at each energy level are
present in the plasma.

Three or sometimes four grids are used in total. Moving from the plasma
to the collector the four grids are:
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1. The first is either grounded or floating and serves to shield the plasma from
the potential of the subsequent grids.

2. The next grid is biased negative to ensure that electrons are rejected and
do not reach the collector.

3. The selector grid has its voltage swept to get measurements of the ion
current as a function of energy.

4. The optional fourth grid is also biased negative in order to force elec-
trons emitted by ion-induced secondary electron emission at the collector to
return whence they came, lest they contribute to the total current reading.

If V is the bias voltage and I is the current, one can straightforwardly show
that

f(V ) =
1

eA

(
2M

V e

)1/2
dIi
dV

(150)

The derivation is left as an exercise to the reader (see HW #5). Its inter-
pretation is simple: if the current jumps sharply as V is increased at a specific
value of V , then there must be many ions around that energy level. If there
is little change then, conversely, there must be few. Note that only the mass-
charge ratio factors in here, not either the mass or charge independently. While
the working principle is rather simple, implementations need to consider the
following parameters and complications

1. Inter-grid distance. To mitigate space-charge effects, the inter-grid
distance should be no larger than the Langmuir sheath size.

2. Grid transparency. Since there are several grids, slight misalignment or
opacity can greatly reduce the total ion flux measured by the collector.

3. Grid mesh size. If the grid mesh spacing is too large (i.e. there is too
much space between the wires making up the grid) the potential will sag
between the wires.

4. Pressure buildup. For continuously-running experiments, the buildup of
neutrals inside the RPA can reduce the accuracy of measurements due to
charge-exchange collisions. One can estimate via particle-balance roughly
how much time one has before λia falls to a value comparable to the length
of the probe.
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11.4 Summary

• The Druyvesteyn method may be used to infer the electron energy distribu-
tion function from an ordinary Langmuir probe

• A retarding potential analyzer uses a series of biased grids to filter incoming
ions by energy and thereby infer the ion electron energy distribution function

11.5 Homework Problem Set 6

Bonus homework - not listed in the lecture notes.
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12 Laser-Induced Fluorescence

Laser-induced fluorescence (LIF) works by using a laser to excite fluorescence
in plasma atoms. By measuring the properties of the emitted photons, the
plasma temperature and density may be inferred.

12.1 Physical Principles

Fluorescence is simply the process by which an atom absorbs a photon of a
given energy and then spontaneously emits another lower-energy photon (or
sometimes a photon of the same energy). In LIF the initial photon is supplied
by an external laser which promotes electrons in the atoms to higher energy
levels from either the ground state or a metastable state. The emission is
caused by the photon moving to a lower energy level.

12.1.1 Atomic Transition Mechanisms

To get some basic physical intuition, let us consider a simple two-level model of
possible electron states, 1 and 2, the latter at higher energy. There are several
processes that can cause an electron to gain energy and be promoted from
state 1 with energy E1 to level 2 with energy E2:

• Photoabsorption (induced excitation).
• Collisional excitation. This is negligible in such a two-level system.

There are even more processes whereby the electron loses energy and goes
from 2 to 1:

• Stimulated emission
• Fluorescence (spontaneous emission)
• Collisional de-excitation

Fig. 85: Note that it should read hν and not ℏν on the left.
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12.1.2 Einstein Coefficient Relations

The interplay between all these effects can be analyzed by solving for steady-
state conditions wherein there is no net change in particle number in either
state. This principle is known as detailed balance. In the simplest case of a two-
level system, the balance between spontaneous emission, stimulated emission
and photoabsorption yields

A21n2 +B21n2ρ(ν)−B12n1ρ(ν) = 0 (151)

Since the Einstein coefficients only depend on the internal quantum con-
figuration of the atom, we are free to assume a blackbody form for ρ(ν) and
use this to solve for A21, B21 and B12:

ρ(ν) = F (ν)
1

ehν/T − 1
, F (ν) =

8πhν3

c3
(152)

From this one can show that the coefficients relate to one another as

A21

B21
= F (ν),

B21

B12
=
g1
g2

(153)

where g1 and g2 are the level degeneracies.

12.1.3 Florescence Signal Regimes

Since fluorescence here represents the spontaneous 2 to 1 to transition, the
total signal can be written as

S =
Ω

4π
A12N2 (154)

where Ω is the solid angle of the detector. In steady-state, the upward and
downward transitions are equal in magnitude so

N1B12ρL = N2(A2 +Q21 +B21ρL) (155)

where ρL is the spectral energy density provided by the laser and Q
represents collisional de-excitation.

Thus we find that

S =
ΩNtotB12ρL

4π
× A21

A21 +Q21 + (B21 +B12)ρL
(156)
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From this we can see that there are two regimes of laser intensity. If ρL is
sufficiently low that spontaneous emission and collisional excitation dominate
over stimulated emission/absorption, i.e. (B21 +B12)ρL(ν) ≪ A21 +Q21,

S ≈ ΩNtotB12ρL
4π

× A21

A21 +Q21
(157)

Thus S varies linearly with laser intensity, the so-called linear regime. If,
conversely, ρL is sufficiently high that stimulated emission/absorption domi-
nate, i.e. (B21 + B12)ρL(ν) ≫ A21 +Q21, then the signal becomes a constant
independent of ρL:

S ≈ ΩNtotA12

4π
× B12

B21 +B12
(158)

This is known as the saturation regime and is best avoided. Working in the
linear regime avoids possible photoionization and and allows for the critical
Q21 frequency to be determined.

12.2 Temperature Measurements

The temperature can be measured by leveraging the Doppler effect, much like
in Thomson scattering. Here the laser wavelength is swept. At zero temperature
there would only be any fluorescence signal for the wavelength corresponding to
the precise energy difference of the transition. At finite temperature, however,
this broadens into a Gaussian shape.



Diagnostics Lecture Notes

120 DIAGNOSTICS (APRIL 28, 2026 )

The broadness of this response is directly related to temperature as

∆λDoppler = λ0

√
8T ln 2

mc2
(159)

Thus the temperature can be inferred from the width of the resulting
Gaussian.

12.3 Absolute Density Measurements

LIF can also be used to measure the absolute density, though this is more
complex. Of course, the signal will only reflect the number density of the
species at the excited level – relating this to the density of the species overall
is non-trivial. Let us consider an example with Argon metastable states with
fluorescence from level 2 to level 3. The LIF signal may be expressed as

SLIF =
1

4π

∫
η
hc

λ23
nexc(x, y, t)A23 dx dy dz dt (160)

where η = Ωεfl where εfl is the detector efficiency at the fluorescence wave-
length and nexc is the density of the species at the excited level, λ23. The
red parameters are those which are unknown and must be determined. The
instrumental factor η can be determined via comparison to Rayleigh scatter-
ing measurements and the excited state population can be determined from
quantum models of the possible atomic transitions.
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12.4 Variants

Planar LIF uses a sheet-like laser to get a 2D profile instead of a 1D one.

Fig. 86: From Li et al., ECM 2009, poster 259

Two-photon absorption laser induced fluorescence (TALIF) uses two pho-
tons to enable excitation to higher levels. This results in a squared dependence
of S on laser intensity and some simpler absolute calibration at the price of
more complex selection rule physics and greater sensitivity to the spatial and
temporal properties of the laser.

12.5 Summary

• TALIF utilizes laser-induced fluorescence signals to infer spatially-resolved
neutral temperature and density
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13 Diagnostics Based on Refractive Index

By measuring the plasma refractive index, many other properties can be deter-
mined without physically inserting probes into the plasma. As long as the
light waves do not have excessive power, perturbations to the plasma can be
ignored. The light waves can be active sources such as lasers or passive sources
such as background radiation.

Following the standard plasma wave theories (Stix, 1992; Hutchinson,
2002), we define

N ≡ kc

ω
; X ≡ ω2

pe

ω2
; Y ≡ ωce

ω
,

where N is the refractive index. Light wave propagation parallel to the
magnetic field in a uniform plasma can be described by

N2 = 1− X

1± Y
(161)

whereas perpendicular propagation is described by

N2 = 1−X; ordinary waves or O-waves (162)

N2 = 1− X(1−X)

1−X − Y 2
; extraordinary waves or X-waves. (163)

Therefore, N depends on the electron density (ne) and magnetic field (B),
and thus, measuring N can help us infer ne and B. In this lecture, we introduce
the following three diagnostics:

• Interferometer
• Reflectrometer
• Faraday rotation measurements.

As is standard, in this lecture we shall use the local WKB (Wentzel, Kramers,
Brillouin) approximation appropriate for media which slowly vary in space
and time. The WKB approximation is sometimes called the geometric optics
approximation, enabling ray tracing techniques which provide the direction of
wave propagation by solving k from the homogeneous dispersion relation using
local plasma parameters for a given ω with wave fields expressed in the form of

ei(
∫
k·dl−ωt),

where dl is along the ray path. The homogeneity approximation assumes that
the length scales of inhomogeneities are much longer than the wavelength.
When such approximations do not apply, full wave treatments are required to
solve partial differential equations under proper boundary and initial condi-
tions. When the inhomogeneity is in only one direction and the wave energy
is small enough to justify the linear approximation, the full wave treatments
reduce to 1D eigenvalue problems, see Chap.4 of Hutchinson (2002) for more
details.
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Fig. 87: Principle of Mach-Zehnder interferometer.

13.1 Interferometer

When plasma is unmagnetized (Y = 0) or ω ≫ ωce (Y ≪ 1), we have
N2 = 1 − X so N depends only on electron density, ne. Even if the plasma
is strongly magnetized, the O-waves in the perpendicular direction of mag-
netic field have the same dependence on electron density, N2 = 1 − X. In
these cases, therefore, electron density can be determined by measuring the
refractive index, N . For a given ω, k is smaller than that in vacuum so that
N ≡ kc/ω < 1, or equivalently the phase is shifted for the same path length.
Therefore, measuring N is equivalent to measuring the phase shift, ϕ, due to
the presence of a plasma on the laser path, i.e.,

ϕ =

∫
k dl =

∫
N
ω

c
dl.

Interferometers are intended to measure the phase difference between two
laser paths, one passing through the plasma and the other not. Figure 87
illustrates the principle of a representative type of interferometer, the Mach-
Zehnder interferometer. The phase shift due to the plasma where N < 1 can
be determined by comparing phases between the laser passing beamsplitter A
and reflector B, and the laser passing reflector C and beamsplitter D,

∆ϕ =

∫
(kplasam − kref) dl =

∫
(N − 1)

ω

c
dl

=
ω

c

∫ (√
1− ne

nc
− 1

)
dl ≈ − ω

2cnc

∫
nedl = −reλ

∫
nedl, (164)

if X ≡ ne/nc ≪ 1 or ne ≪ nc. The critical density nc for O-wave cutoff and
the classical electron radius re are given respectively by

nc =
ω2meϵ0
e2

≈ 1.1× 1027λ−2
µmm

−3,

re =
1

4πϵ0

e2

mec2
≈ 2.8× 10−15m.

Note that c = fλ = ωλ/2π. For a good approximation, ne < 0.1nc or
ω > 10max(ωpe) is sufficient. As a rough guide, Table 5 lists typical coherent
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Table 5: Laser selection for plasmas with different density ranges.

ne λ λ range
< 2× 1019m−3 3 mm mm waves
< 2× 1021m−3 300 µm far infrared
< 1× 1026m−3 0.7µm visible, HeNe laser

source selection options for plasmas with different electron densities. The basic
tradeoff is as follows: while high-frequency, short-wavelength sources minimize
beam diffraction and refraction, they are also more sensitive to mechani-
cal vibrations than low-frequency, long-wavelength sources. See Chapter 4 of
Hutchinson (2002) for more discussion.

Phase differences can be measured by interfering two images as shown in
Fig. 87 where the light intensity forms constructive and destructive patterns
or fringes on the detector plate. Because of its periodicity, however, special
care is needed to determine phases beyond π. One technique is to introduce
background interference fringes via a deliberate, small mis-alignment of the
reference laser path. Any additional fringe shift due to plasma is superposed
on the background which aids interpretation of the data by providing reference
fringes outside of the plasma. An example is shown in Fig. 88. The phase
shift can be roughly estimated by number of fringes inside the plasma minus
number of fringes outside of the plasma.

This technique however does not apply to cases where simultaneous access
to the outside of the plasma is difficult, such as tokamaks. In addition, the
fringes are essentially based on Amplitude Modulation (AM) or homodyne
reception which is sensitive to other effects such as absorption. Furthermore,
for short-wavelength lasers such as CO2 lasers whose wavelength is 10.6 µm,
mechanical vibration on the order of 1 µm can cause significant phase shifts.
In such cases, a temporal reference interference signal can be added by using

Fig. 88: Interferometric image of a theta-pinch plasma. From Hutchinson
(2002).
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Fig. 89: Frequency-modulated heterodyne interferometer by Wolfe et al., from
Hutchinson (2002)).

Frequency Modulation (FM) or heterodyne reception to the laser frequency.
An example is shown in Fig. 89.

Another technique to reduce sensitivity due to mechanical vibrations is
based on two-color interferometers, sometime also called dispersion interferom-
eters or second-harmonic interferometer (Hopf et al, 1980). The idea is shown
in Fig. 90 where frequency doubling crystals are used twice; one before passing
the plasma and one after passing the plasma. The phase shifts are given by

∆ϕ1 = 2

(
ωt+

ω∆d

c
+ reλ

∫
nedl

)
∆ϕ2 = 2ωt+

2ω∆d

c
+ re

λ

2

∫
nedl,

respectively. Here ∆d is the change in laser path distance due to vibrations.
Therefore, the difference between these two phase shifts,

∆ϕ1 −∆ϕ2 =
3

2
reλ

∫
nedl, (165)

depends only on the line-integrated density, immune to ∆d. A simple imple-
mentation by Bretz et al (1997) as a homodyne system is shown in Fig. 90. The
dispersion interferometers can be also implemented as a heterodyne system to
be more robust against various imperfections (e.g. Akiyama et al, 2025).

Lastly, an inversion process, called Abel Inversion, is needed to determine
the 1D profile f(r) from multiple line-averaged measurements at different

Fig. 90: Two-color interferometer using second harmonic dispersion interfer-
ometer by Bretz et al (1997).
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Fig. 91: Geometry for Abel Inversion. From Hutchinson (2002).

impact parameters y from r = 0, F (y),

F (y) =

∫ +
√

a2−y2

−
√

a2−y2

f(r)dx = 2

∫ a

y

f(r)rdr√
r2 − y2

. (166)

The latter equal sign is obtained by converting integration in x to r, see Fig. 91:

x2 + y2 = r2; 2x dx = 2r dr; dx =
r

x
dr =

r√
r2 − y2

dr.

Equation (166) can be inverted via the Abel transformation to yield

f(r) = − 1

π

∫ a

r

dF

dy

dy√
y2 − r2

, (167)

assuming f(a) = 0. The inversion process can be also performed to deter-
mine 2D profiles but this requires additional constraints, see Chapter 5.3.8 of
Hutchinson (2002).

13.2 Reflectometer

In the opposite limit to the prior case where X ≪ 1, if conversely X > 1 or
ne > nc, the incoming O-waves experience a cutoff and get reflected, traveling
back along the same path. Detecting reflected waves as part of a reflectometer
setup can provide valuable information about the electron density profile. The
reflection occurs at X = 1 for O-waves when the plasma is unmagnetized or
the propagation direction is perpendicular to the magnetic field. For X-waves,
according to Eq. (163), reflection occurs at

X = 1± Y,
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Fig. 92: (left) Geometry of a reflectometer, from Hutchinson (2002). Cal-
culated positions of cutoff and absorption layers for an ITER plasma, from
Wesson (2011). Dotted lines include relativistic corrections.

corresponding to the L-cutoff and R-cutoff, respectively. Figure 92 shows a
typical reflectometer geometry and various cutoff (ωpe, ωL, ωU, and absorption
(ωce and 2ωce)) locations for an ITER plasma.

The phase difference between incoming waves and reflected waves at posi-
tion a, often defined as the plasma edge location, contains information about
refractive index N along the way as well as the reflection location xc,

ϕ =
ω

c

∫ a

xc

Ndl − π

2
,

where π/2 is due to reflection. At many frequencies, the reflection location
can be determined as a function of frequency via Abel Inversion (Hutchinson,
2002; Wesson, 2011),

xc(ω) = a− c

π

∫ ω

0

dϕ

dω′
dω′

√
ω2 − ω′2 , (168)

which is equivalent to obtaining the electron density profile. If the measurement
is continuous in time, even temporal fluctuations of density profile can be
deduced. Before this technique was applied to laboratory plasmas, the electron
density profile was measured in Earth’s ionosphere by radar reflection.

Recently a powerful Millimeter-wave Imaging Reflectometry (MIR) (Maz-
zucato, 2001) has been developed to measure the time evolution of 2D density
fluctuations. MIR is an active, radar-like technique combining imaging prin-
ciples with a probing beam of millimeter-wave radiation. The principles are
shown in Fig. 93. First, the probing beam illuminates an extended region of
the cutoff layer, where the curvature of the illuminating beam is matched to
that of the cutoff surface (both toroidal and poloidal). Then, the cutoff layer
is imaged onto a detector array at the image plane (3 example points shown),
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Fig. 93: Principles of Millimeter-wave Imaging Reflectometry (MIR) (Wang
et al, 2017)

thereby eliminating the interference effects of multiple reflections. The illumi-
nation and detection systems share the common plasma-facing optics. Both
O-waves and X-waves are used, and the latter sometimes is advantageous to
avoid ωce absorption and to work around flat or slightly non-monotonic density
profiles.

There is a more sensitive technique called Phase Contrast Interferome-
try (PCI) to measure small phase changes but will not be covered here. See
Hutchinson (2002) and Wesson (2011) for more detailed discussion.

13.3 Magnetic Field Measurement via Faraday Rotation

So far we have been avoiding the magnetic field’s involvement in the refractive
index measurements in order to determine the electron density, but magnetic
field information can also be obtained in properly arranged measurements, as
N depends on both X for ωpe and Y for ωce,

N2
± ≈ 1−X ±XY cos θ, (169)

where the ± sign corresponds O-waves and X-waves, respectively.
Now consider two circularly polarized waves propagating in the z direction,

Ex

Ey
= ±i,

and having different refraction indices, N±. Then any waves with an arbitrary
polarization, including linearly polarized waves, can be regarded as a superpo-
sition of these two circularly polarized waves. For example, a linearly polarized
wave at z = 0 having only Ex can be decomposed to

E(z = 0) = E(1, 0) =
E

2
[(1, i) + (1,−i)] .
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At z > 0 then this decomposition becomes,

E =
E

2

[
(1, i) exp

(
iN+

ω

c
z
)
+ (1,−i) exp

(
iN−

ω

c
z
)]

= E exp

(
i
N+ +N−

2

ω

c
z

)(
cos

∆ϕ

2
, i sin

∆ϕ

2

)
, (170)

where the wave is still linearly polarized but the polarization is rotated by an
angle,

α =
∆ϕ

2
≡ N+ −N−

2

ω

c
z, (171)

which is called Faraday rotation. Using Eq. (169) and assuming 1 − X ≫
XY cos θ, α can be calculated as

α =
1

2

√
1−X

(√
1 +

XY cos θ

1−X
−
√

1− XY cos θ

1−X

)
ω

c
z

=
1

2

√
1−X

[(
1 +

1

2

XY cos θ

1−X

)
−
(
1− 1

2

XY cos θ

1−X

)]
ω

c
z

=
1

2

XY cos θ√
1−X

ω

c
z

≈ ω2
peωce cos θ

2ω2c
z

where we take X ≪ 1 in the the last line. Here ωce cos θ can be expressed
as ωce · dl/dl = (e/me)B · k/k, which is proportional to the magnetic field
component in the k direction. If the plasma or magnetic field is nonuniform,
the line-integrated Faraday rotation is given by

α ≈
∫

ω2
pe

2ω2c
ωce · dl = reλ

∫
ne

ωce

ω
· dl = e

2mec

∫
ne
nc

B · dl. (172)

Note that the line-integrated Faraday rotation is density-weighted, and thus,
the density profile is needed to deconvolve the magnetic field profile. There-
fore, the challenge is to perform the inversion twice: first to use the phase
shift to obtain the density profile and then to use the polarization rotation to
obtain the magnetic field profile. As a result, Faraday rotation is always mea-
sured together with interferometry to simultaneously obtain electron density.
Figure 94 shows a heterodyne scheme based on polarization modulation: two
beams at slightly different frequencies, both going through plasma. The den-
sity is simultaneously measured by adding a reference beam not going through
the plasma. Due to the small rotation angle, Faraday rotation measurement is
generally difficult in the laboratory but some success has been reported.

Faraday rotation measurements have been more successful in astronomy.
When radio waves from a distant source pass through a galaxy before being
measured by a radio telescope (or an array of them via aperture synthesis (see
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Fig. 94: (left) A heterodyne scheme for simultaneous Faraday rotation and
interferometry. From Hutchinson (2002). (right) Faraday rotation measure-
ments in radio astronomy.

Lecture 4)), the polarization angle can be determined since it is proportional
to the wavelength squared,

RM = 0.81

(
L

1pc

)( ne
1cm−3

)( B∥
1µG

)(
λ

1m

)2

rad, (173)

where RM stands for Rotation Measure. Here 1 parsec (pc) = 3.26156 light year
= 0.20626×106 Astronomical Unit (AU; Sun-Earth distance)=3.0867×1016 m.
Since the group velocity of light waves is reduced due to the presence of the
plasma,

Vg ≡ ∂ω

∂k
= c

√
1− ω2

pe

ω2
≈ c

(
1− ω2

pe

2ω2

)
, (174)

waves with different frequencies arrive with a delay which is also proportional
to the wavelength squared,

DM ≡
∫
ne ds = 0.05

(
L

1pc

)( ne
1cm−3

)( B∥
1µG

)(
λ

1m

)2

sec, (175)

where DM stands for Dispersion Measure. From measurements of DM and
RM, the electron density and parallel magnetic field can be determined with
some accuracy.

In reality, the RM measurements are much more complicated than simple
formula shown above due to many factors including multiple sources along the
line of sight and diffusive nature of magnetic field in astrophysical objects. Ana-
lyzing the RM data sometime is called “Faraday-complex” as it requires careful
considerations of these factors while the DM data are often quite straightfor-
ward. One nice example is shown in Fig. 95 for the first Fast Radio Burst
reported in 2007.
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Fig. 95: Measurement of Dispersion Measure for the first Fast Radio Burst
(FRB) (Lorimer et al, 2007).

13.4 Summary

• The refractive index of O-waves and X-waves contains valuable information
about the electron density through the phase shift and about the magnetic
field through the polarization angle.

• Interferometers measure phase shift due to reduction of refractive index in
the plasma by using coherent sources at sufficiently high frequencies to avoid
cutoff.

• Interferometric fringe patterns provide a snapshot measurement of 2D line-
averaged density profile with reference fringes from the vacuum region. The
heterodyne scheme based on frequency modulation provides temporal mea-
surement of line-averaged density. Abel inversion of the line-averaged data
is needed to determine the 1D density profile.

• Reflectometers measure the phase difference between incoming and reflected
waves at frequencies below cutoff. Density profiles can be determined via
Abel inversion of frequency-dependent measurement of phase differences.
Millimeter-wave Imaging Reflectometry (MIR) is a powerful diagnostic to
measure local density fluctuations.

• The Faraday rotation of polarization angle can be measured by a frequency-
modulated heterodyne scheme but requires the simultaneous determination
of electron density.

• Both the electron density and the magnetic field can be determined in radio
astronomy by measuring the Dispersion Measure (DM) and the Rotation
Measure (RM).

13.5 Further Reading

• Chapter 4 of Hutchinson (2002)

13.6 Homework Problem Set 7

Due March 27, 2026
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1. Consider an interferometer at wavelength, λ = 10.6 µm (CO2 laser) which
operates in the presence of spurious vibrations of the optical components.
To compensate for these vibrations, interferometry is performed simultane-
ously using the same optical components at a wavelength of λ = 0.633µm
(HeNe laser). The HeNe interferometer is affected much less than the CO2

interferometer by the plasma phase shift, but still somewhat. If ω ≫ ωpe

for both wavelengths:

• Derive an expression for the plasma line integrated density,
∫
nedl, in

terms of the phase shifts, ϕc and ϕh, of the two interferometers.
• If ϕH can be measured with an accuracy of ±π, what uncertainty does
this introduce into the plasma density measurement?

• Evaluate the fractional error in measuring a 1 m thick plasma of density
1020 m−3, assuming ϕc is measured exactly.

2. In some plasmas, one cannot guarantee doing interferometry with the ordi-
nary mode. It is of interest to calculate the error occurring in the deduced
density if we use the expression for the ordinary mode index of refraction
when really the mode is the extraordinary mode. Consider perpendicular
propagation and calculate an approximation for the difference in refractive
index between the ordinary and extraordinary wave for ω ≫ ωpe. Hence,
calculate the fractional error in using the above expression to determine
the density if the extraordinary mode is used in a plasma with density
ne = 1020 m−3, B = 6 T, and f = 1012 Hz.

3. Conceptually design an interferometer using frequency doubling crys-
tals (Bretz et al, 1997) between two satellites flying together in Earth’s
magnetosphere. Assume electron density is 1− 100 cm−3. Provide informa-
tion on possible laser frequency and the distance between satellites.
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14 Cyclotron, Synchrotron, and
Bremsstrahlung Radiation

Photons are effective messengers carrying important information about the
plasma and are often a primary target for plasma diagnostics. In the previous
lecture, we have discussed cases where photons from an external source travel
through the plasma and can carry valuable information such as electron den-
sity and magnetic field. Other times, however, photons can be emitted from
charged or neutral particles within the plasma, transport through the plasma,
and perhaps get re-absorbed. Some of them escape from the plasma and can
reach detectors, also carrying valuable information. This lecture begins with
a discussion on plasma emissivity, absorption and an introduction to optical
depth.

14.1 Photon Transport in Plasma and Blackbody
Radiation

First consider a simple case where radiation intensity decreases along a ray
path from Iω(0) at s = 0 to Iω(s) at s = sdet due to absorption (Fig. 96),
following the transport equation,

dIω(s)

ds
= −αω(s)Iω(s). (176)

Here Iω(s) is the radiation intensity at s in units of radiative power per unit
area per unit solid angle per unit frequency while αω(s) is the absorption
coefficient at s in units of inverse length. Integrating this equation along the
ray path from s = 0 to s = sdet yields

[ln Iω(s)]
sdet

0 = −
∫ sdet

0

αωds ≡ −τ, or Iω(sdet) = e−τIω(0) (177)
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Fig. 96: Photon transport along the ray path in a plasma.
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where τ is a dimensionless parameter called optical depth. When τ ≪ 1, the
plasma is said to be optically thin so that radiation intensity at the detector
Iω(sdet) ≈ Iω(0) with negligible attenuation. When τ ≫ 1, the plasma is
said to be optically thick so that Iω(sdet) ≈ 0 with negligible radiation power
reaching the detector.

Next consider another simple case where the emissivity jω(s) is finite along
the ray path, having units of radiation power per unit area per solid angle
per unit frequency per length. There is no radiation absorption. The transport
equation is given in this case by

dIω(s)

ds
= jω(s), (178)

which is integrated from s = −∞ to the detector to yield the radiation intensity
at the detector,

Iω(sdet) =

∫ sdet

−∞
jω(s)ds. (179)

Now consider a combined case where both jω and αω are non-negligible but
their ratio, jω/αω, is constant in space. The corresponding transport equation
is given by

dIω
ds

= jω − αωIω, (180)

which can be integrated from s = 0 to sdet as in the following. First rewriting
this equation to

dIω

Iω − jω
αω

= −αωds (181)

and then integrating it as[
ln

∣∣∣∣Iω(s)− jω
αω

∣∣∣∣]sdet

0

= −
∫ sdet

0

αωds = −τ (182)

yields the solution

Iω(sdet) = e−τIω(0) +
jω
αω

(
1− e−τ

)
. (183)

In the optically thin limit of τ → 0, the solution of Eq. (179) is recovered with
the integration starting point of s = 0 replaced by s = −∞. In other words,
the radiation originated between s = −∞ and s = sdet along the ray path all
arrive at the detector without loss, as expected.

In the opposite optically thick limit of τ → ∞ or practically τ ≥ 2,

Iω(sdet) = Iω(ssurface) =
jω
αω

, (184)

where ssurface is the point on the ray path intercepting the plasma surface,
see Fig. 96. For plasmas in thermodynamic equilibrium, the surface radiation



Diagnostics Lecture Notes

DIAGNOSTICS (APRIL 28, 2026 ) 135

can be treated as “blackbody” per Kirchoff’s law of thermal radiation (1868),
B(ω),

jω
αω

= B(ω) =
ω2

4πc2
ℏω

eℏω/kT − 1
≈ ω2kT

4πc2
(185)

where the second equal sign is Planck’s radiation formula for photons obey-
ing Bose-Einstein statistics (1904), and the following approximation is due to
Rayleigh-Jeans approximation in the classical limit of ℏω ≪ kT . Therefore, by
measuring radiation power’s frequency dependence, the plasma surface tem-
perature can be determined, independent of density. This is the basic principle
behind of the determination of electron temperature using cyclotron emission
measurements.

The dielectric nature of the plasma can be taken into account by using
plasma dispersion relations based on the WKB approximation when inhomo-
geneity scales are much longer than the wavelength. For a given frequency,
the complex wavenumber, k, is calculated for each mode (O- and X-mode)
based on the dispersion relation, with contributions from each harmonic. The
radiation power in dielectric plasmas is given by

Iω(sdet) ≈
ω2kT

4πc2
(
1− e−τ

)
; τ = −

∫ sdet

−∞
2ℑ(k) ds. (186)

Five specific cases for cyclotron emission (see below) are discussed in detail in
Chapter 5.2.5 of Hutchinson (2002).

14.2 Radiation by Accelerated Charges

Electromagnetic fields can be generated by electric charges and their move-
ment, i.e. current, both of which are abundant in plasmas. A typical way to
calculate such fields is to use the vector potential, A, and the scalar potential,
ϕ, under the Lorentz gauge ∇ ·A+ (1/c)∂ϕ/∂t = 0 where

E = −∂A
∂t

−∇ϕ; B = ∇×A.

For a point charge of q at position r(t) with velocity v(t) in free space, i.e.
with no plasma dielectric effects, the resultant Lienard-Wiechert potentials
(1898-1901) are given by

ϕ =
q

4πϵ0

[
1

κR

]
; A =

µ0q

4π

[ v

κR

]
, (187)

where R ≡ r − r′ is the vector from the charge to the field point. The square
brackets indicate that a quantity is to be evaluated at the retarded time,
t′ = t − |R|/c. Defining R̂ ≡ R/R, β ≡ v/c, and κ ≡ 1 − R̂ · β, the far-
field electric field, which decays only ∝ 1/R (as opposed 1/R2 in near field)
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Fig. 97: (left) Dipole radiation pattern from an accelerated charge in the
non-relativistic limit; (right) Strongly enhanced radiation from a relativistic
electron towards its moving direction. In this case β = 0.7 and enhancement
is within an angle ∼ 1/γ(rad) ∼ 45◦. From Miyama et al (2008).

contributing to radiation, is given by

Efar =
q

4πϵ0

1

cκ3R

[
R̂×

(
R̂− β

)
× β̇

]
. (188)

Since Bfar =
[
R̂
]
× Efar/µ0c, the radiation power per unit area is given by

Poynting vector,

S ≡ Efar ×Bfar =
1

µ0c
|Efar|2 R̂ ∝ 1

R2
, (189)

which is constant after integrated over the spherical surface with a radius of
R from the radiating charge. This constant is the total radiation power, Ptotal.
In the non-relativistic limit, the radiation exhibits a dipole pattern shown in
Fig. 97 (left),

S =
q2

16π2ϵ0c

sin2 θ

R2
β̇2, (190)

which can be integrated over the spherical surface to yield the Larmor formula
(1897) for the total radiation power,

Ptotal =
q2

6πϵ0c
β̇2. (191)

With this fundamental knowledge on radiation from accelerated charged
particles in hand, we can discuss three kinds of radiation emitted from plasma:

• Cyclotron or gyro-radiation: radiation from magnetized charged thermal
particles. Synchrotron radiation is a version of it but from relativistic
electrons and is also covered in this Lecture.

• Bremsstrahlung radiation: radiation from electrons due to the Coulomb
electric field of an ion. This kind of radiation is covered in the next Lecture.
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• Cherenkov radiation: radiation from background electrons accelerated by
passing-through energetic electrons. The concept has been discussed in Lec-
ture 3 and more discussion can be found in Chap. 5.2.9 of Hutchinson (2002)
on possible uses for the measurement of relativistic electrons.

14.3 Cyclotron Radiation

Here we just need to calculate radiation power using Eq. (188) and Eq. (189)
from electrons’ cyclotron motion in the (x,y) plane in a given magnetic field,
B in the z direction. The frequency spectrum can be obtained by a Fourier
transformation. A summary is given here while the details are provided in
Chapter 5.2 of Hutchinson (2002).

Using the cyclotron frequency, ωc, defined by

ωc =
eB

meγ
=

Ω

γ
; γ ≡ 1√

1− β2
, (192)

an electron’s position and velocity can be written as

r

c
=
β⊥
ωc

(x sinωct− y cosωct) + β∥tz

β = β⊥ (x cosωct+ y sinωct) + β∥z.

The resultant radiation power spectrum per angular frequency (ω) and per
solid angle (Ωs) from an observer is given by the Schott-Trubnikov formula

Fig. 98: Spectral shape of cyclotron emission for oblique and perpendicular
propagation, giving Doppler- and mass-shift-broadened shapes, respectively.
From Hutchinson (2002).
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(1912, 1958), see Chapter 5.2.1 of Hutchinson (2002),

d2P

dωdΩs
=

e2ω2

8π2ϵ0c

∞∑
m=1

[(
cos θ + β∥

sin θ

)2

J2
m(ξ) + β2

⊥J
′2
m(ξ)

]
δ
[(
1− β∥ cos θ

)
ω −mωc

]
1− β∥ cos θ

(193)

where ξ ≡ (ω/ωc)β⊥ sin θ = k⊥ρe since k⊥ = k sin θ = (ω/c) sin θ. θ is the angle
between the radiation ray path and magnetic field. Here are a few important
features to notice from Eq. (193):

• The cyclotron radiation spectrum consists of discrete peaks at harmonics,
m,

ωm =
mωc

1− β∥ cos θ
=

mΩ

1− β∥ cos θ

√
1− β2 (194)

as expected from the periodicity of the electron motion. When this is applied
to a distribution of electrons with different velocities, however, each peak is
broadened by two effects:

1. Broadening due to relativistic mass increase by
√

1− β2.
2. Broadening due to Doppler effects by (1− β∥ cos θ)−1.

The relative importance of these two broadening effects is decided by the
observing angle from the magnetic field. For small angle θ (closer to the
parallel direction) such that β∥ cos θ > β2, Doppler broadening dominates.
Otherwise, the relativistic mass increase dominates for larger angles θ (closer
to perpendicular). There are two additional broadening effects which are not
captured by Eq. (193) but are sometimes important to include:

3. Natural or radiation broadening due to electron energy loss by radiation
itself, and

4. Collisional broadening due to broken cyclotron orbits interrupted by
collisions.

• The spectrum is Doppler shifted by (1− β∥ cos θ)−1 due to parallel motion
along the magnetic field relative to the observer.

Now we are ready to calculate the plasma emissivity due to cyclotron radi-
ation. Note that the Doppler effect due to the observer should be removed by
multiplying 1− β∥ cos θ to Eq. (193) before integrating over electron distribu-
tion functions, see the discussion in Chapter 5.2.1 of Hutchinson (2002). The
results are shown in Fig. 98 where the two cases are plotted.

When the observing angle is sufficiently oblique, or cos θ ≫ β, Doppler
broadening dominates, leading to a Gaussian line shape for the Maxwellian
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Fig. 99: Frequency maps to location in a spatially varying magnetic field,
giving localized measurements of Te by frequency-resolved spectra. From
Hutchinson (2002).

electron distribution of a temperature of Te with this Gaussian functional form:

exp

[
−mec

2

2Te

(
ω − ωm

ωm cos θ

)2
]
.

When the observing angle is sufficiently perpendicular, or cos θ ≤ β, the
relativistic mass shift (or mass increase) broadening dominates, leading to fre-
quency downshift for the Maxwellian electron distribution of a temperature of
Te with this functional form:

exp

[
−mec

2

2Te

(
1−

( ω

ωΩ

)2)]
.

In either case, Te can be uniquely determined from the spectral shape.

14.4 Electron Temperature Measurement in Tokamaks

The above calculations in free space show the promise of measuring elec-
tron temperature by measuring cyclotron emission spectra. However, applying
to thermal plasmas requires taking into account the dielectric nature of the
plasma as discussed in Chap. 14.1, via Eq. (186). In the case of gradually vary-
ing magnetic field in space as in tokamaks, resonant frequency maps to space
if the magnetic strength profile is known for a given harmonic, see Fig. 99.
The radiation strength at each frequency maps to local electron temperature
if the optical depth is known and there is no incident reflection from outside,

I(ω0) =
ω2
0kT (s0)

4πc2
(
1− e−τm

)
, (195)
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Fig. 100: ECEI results of Te profiles in 2D including its fluctuations. From
Zhu et al (2020).

where ω0 is the angular cyclotron frequency at s0. For each harmonic of
cyclotron emission and absorption, the optical depth is also different at each
resonance, and is given by (Hutchinson, 2002)

τm =
Lαm(s0)

mΩ
; L ≡ Ω

|dΩ/ds| . (196)

This forms the basis of the successful Electron Cyclotron Emission (ECE)
diagnostic for Te and its fluctuations, currently widely used in tokamaks. Full
theoretical and experimental details are reviewed by Bornatici et al (1983)
and Park et al (2003), respectively. Due to interference with other plasma
waves, second harmonic X-mode waves, which are optically thick, are typically
used (Park et al, 2003). Figure 100 shows modern ECE Imaging results with
Te fluctuations successfully measured. One caveat of ECE diagnostics is that
signals can be significantly modified by the presence of non-thermal electrons
which are often in the relativistic regime. This is our topic in the next section.

14.5 Synchrotron Radiation

Cyclotron radiation in astrophysical plasmas occurs in very low frequencies
due to their weak magnetic fields. At a typical field of 1µG, fce=2.4 Hz which
is difficult to detect. However, relativistic effects of high-energy electrons boost
its radiation power drastically as shall be seen below, and in such cases, the
radiation is called synchrotron radiation.

Lets take Eq. (188) for Efar to the relativistic limit: γ ≡ (1−β2)−1/2 → ∞
so that β = (1− γ−2)1/2 ≈ 1− (1/2)γ−2. When the angle between R and β,
θ, is small, cos θ ≈ 1− (1/2)θ2. Thus,

κ ≡ 1− R̂ · β = 1− β cos θ ≈ 1

2

(
θ2 +

1

γ2

)
. (197)
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Fig. 101: Relativistic beaming effect for radiation. From Miyama et al (2008).

We can see that when θ < 1/γ, κ has minimum values ∼ 1/γ2 but increases
quickly when θ > 1/γ. Since Lienard-Wiechert potentials are both propor-
tional to κ−1, the total radiation power is proportional to κ−2, and highly
concentrated within the angle of 1/γ, called the radiation cone. Figure 97
(right) shows an example of radiation power enhancement due to the relativis-
tic beaming effect for β = 0.7 with the beaming angle of ∼ 1/γ(rad) ∼ 45◦.
The radiation asymmetry between the beaming and anti-beaming directions
at θ = 0 can be estimated by

κ−2
beaming

κ−2
anti-beaming

=
(1 + β)2

(1− β)2
≈ 16γ4, (198)

which diverges quickly when γ → ∞.
The physical explanation for relativistic beaming effect is given in Fig. 101.

The observer at x = 0 observes two radiating particles during the time interval
between t and t+dt. The first particle moves from A to B with a speed near c,
following the solid line. The second particle moves from A to C with a speed of
(1/4)c following the dotted line. The observer receives all radiation from both
particles between two dashed line during the same interval. Obviously, the
observer receives much more radiation (or information) from the first particle
than the second one. This is due to the relativistic beaming effect.

Fig. 102: Relativistically modified form of radiation power from an electron
spiraling around a magnetic field. From Miyama et al (2008).
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Fig. 103: Even though a single electron spectrum is not a power-law, a power-
law energy distribution of electrons can lead to a power-law spectrum of the
total synchrotron radiation. From Miyama et al (2008).

The radiation cone concept from a single relativistic electron can be applied
to the case when the electron exhibits helical motions along magnetic field.
Instead of sinusoidal modulations of radiation power at a single cyclotron fre-
quency in the non-relativistic case, highly pulsed radiation power shown in
Fig. 102 is seen by an observer when entering the radiation cone in the rela-
tivistic case. The peak frequency, νmax, is determined by the pulse width and
is proportional to γ2, since the cone angle is proportional to 1/γ and the angle
change rate is also proportional to 1/γ (Miyama et al, 2008). Therefore, we
have

ν ∼ νmax ∝ γ2,

which leads to
γ ∝ ν

1
2 and dγ ∝ ν−

1
2 dν.

Since synchrotron radiation power is proportional to γ2, we have

dγ

dt
∝ −γ2, (199)

and thus, a power-law energy spectrum of energetic electrons, γ−pdγ, will
result in a power-law spectrum of synchrotron radiation,

dγ

dt
γ−pdγ ∝ γ2−pdγ ∝ ν

2−p
2 ν−

1
2 dν = ν−

p−1
2 dν ≡ ν−αdν. (200)

The situation is illustrated in Fig. 103. More specifically, for example, the
power law index of cosmic ray electron in local interstellar medium is p =
2.4, the resultant synchrotron radiation power law index is α = (p − 1)/2 =
0.7. Since electrons lose their energy efficiently through synchrotron radiation,
the observed steady-state spectra can tell us about the supply of energetic
electrons, which depends critically on the acceleration mechanism.
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Fig. 104: Trajectory of an electron during its collision with an ion with +Z
charge. The impact parameter is b, and electron velocity in the ion rest frame
is V∞ at ∞ distance and is V0 at the closest distance of r0.

14.6 Bremsstrahlung Radiation

In contrast to cyclotron radiation, emitted by electrons accelerated by a mag-
netic field, Bremsstrahlung radiation (“breaking” radiation in German) is
emitted by electrons accelerated by the electric field from other charged parti-
cles during collisions. The other charged particles are ions in most cases since
electron-electron collisions generate negligible radiation because in those col-
lisions there is no net acceleration of the center of charge. The electron-ion
collisions can be free-free collisions, meaning that electrons are not bounded
to ions before or after the collision when the total energy is positive. The
electron-ion collisions can be also free-bound collisions when electrons are cap-
tured by ions when the total energy is negative. Sometimes, the radiation from
this type of collisions is called recombination radiation and is also included
in Bremsstrahlung radiation. The strategy taken here is to calculate the free-
free radiation in the non-relativistic or classical limit, and all other effects
are treated as order-of-unity corrections encapsulated within the Gaunt fac-
tor. Measuring Bremsstrahlung radiation spectra can determine the electron
temperature and “Zeff” or the Z-effective of the plasma.

Consider an electron with V∞ at infinity approaching at an impact parame-
ter of b to the stationary ion with +Ze charge, shown in Fig. 104. The electron
has a speed of V0 at the closest approach distance of r0 from the ion. The
conservation of angular momentum demands

V∞b = V0r0, (201)

so that the duration of this close interaction is given by τclose ≈ 2r0/V0. The
attracting force acting on the electron from the ion during this duration is
given by

F = me

∣∣∣V̇ ∣∣∣ ≈ Ze2

4πϵ0r20
. (202)
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Fig. 105: Gaunt factor as a function of frequency for a single electron (left)
and Maxwellian-averaged (right). From Hutchinson (2002).

The total radiation power by the electron in the classical limit as a function
of time is given by the Larmor formula, Eq. (191),

Ptotal(t) =
e2

6πϵ0c3
V̇ 2(t). (203)

Then the total radiation energy, W , is obtained by time integration and can
also be expressed as an integration over a radiation power spectra in frequency,
ν, i.e.,

W =

∫ ∞

−∞
Ptotal(t) dt =

∫ ∞

0

Ptotal(ν) dν, (204)

where

Ptotal(ν) =
dW

dν
=

e2

3πϵ0c3

∣∣∣∣∫ ∞

−∞

∣∣∣V̇ ∣∣∣ eiωtdt

∣∣∣∣2 ; ω = 2πν. (205)

The peak frequency spectral power can be estimated as the following. First,
we estimate:∫ ∞

−∞

∣∣∣V̇ ∣∣∣ eiωtdt ≈
∣∣∣V̇ ∣∣∣ ∫ τclose/2

−τclose/2

eiωtdt =
∣∣∣V̇ ∣∣∣ τclose sin (ωτclose/2)

ωτclose/2
≈
∣∣∣V̇ ∣∣∣ τclose

for frequencies satisfying ωτclose ≪ 1. Next, using Eq. (202) and Eq. (201), we
have ∣∣∣V̇ ∣∣∣ τclose ≈ Ze2

4πϵ0mer20

2r0
V0

=
Ze2

4πϵ0me

2

r0V0
=

Ze2

2πϵ0meV∞b
.

Therefore, the peak radiation spectral power is given by

dw

dν

∣∣∣∣
ωτclose≪1

=
e2

3πϵ0c3

(
Ze2

2πϵ0meV∞b

)2

=
Z2e6

(4πϵ0)
3

16

3m2
ec

3

1

(V∞b)
2 . (206)

Please note that the above equation is different by a factor of π from
Eq. (5.3.16) of Hutchinson (2002).
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Next we integrate over all impact parameters b. The electron flux through
a ring between b and b + db from a single ion is neV∞ · 2πb · db. Thus, the
integration over b for ion density of ni yields

dP

dν
= neniV∞

∫ ∞

0

dW (ν, b)

dν
2πb · db

≈ neni
Z2e6

(4πϵ0)
3

32π

3m2
ec

3

1

V∞

∫ bmax

bmin

db

b

= neni
Z2e6

(4πϵ0)
3

32π2

3
√
3m2

ec
3

1

V∞
G, (207)

where the Gaunt factor (Gaunt, 1930), G, is defined as

G ≡
√
3

π
ln
bmax

bmin
. (208)

For the Coulomb Logarithm, bmax is chosen to be the Debye length λD and bmin

is chosen to be b90 which is the impact parameter at which electron is scattered
by 90◦. G is a function of frequency: G = 1 for large-frequency emissions
which occur for large-angle scattering during which electrons abruptly change
their trajectories due brief but intense acceleration. G increases linearly for
low-frequency emissions which occur due to the gradual change of electron
trajectories during small-angle scatterings, see Fig. 105 (left).

Finally, thermal Bremsstrahlung radiation can be obtained by integrat-
ing over the electron distribution, f(V ),

∫
(dP/dν)f(V )dV . For an isotropic

Maxwellian distribution, the Bremsstrahlung emissivity j(ν) in units of of
power per solid angle per unit frequency per unit volume can be calculated

4πj(ν) = neni
Z2e6

(4πϵ0)
3

32π2

3
√
3m2

ec
3

∫ ∞

0

G(ν, V )

V
4πV 2f(V )dV. (209)

Here we run into a problem - the classical Gaunt factor G(ν, V ) is of order
unity across all frequencies. Naively, this would suggest that a 100 eV plasma
is nearly equally Bremsstrahlung emissive in the 10 eV photon range as in
the 1 MeV photon range. We thus run into the same problem of diverging
total power loss as in the ultraviolet catastrophe with blackbodies. We can
address this by, in essence, cutting off the integral not at 0 but at the velocity
corresponding to an energy of hν. This ensures that the photon energy is no
greater than the electron energy (hν ≤ mV 2/2). This yields

4πj(ν) = neniZ
2

(
e2

4πϵ0

)3
32π2

3
√
3m2

ec
3

(
2me

πT

)1/2

e−hν/T ḡ, (210)
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Fig. 106: Example Bremsstrahlung radiation measurements. Left panel is
from Hutchinson (2002) and right panel is from Hill et al (1985) using x-ray
pulse height analyzer based on a solid state detector.

where the Maxwellian-averaged Gaunt factor ḡ is given by (Hutchinson, 2002)

ḡ(ν, T ) =

∫ ∞

0

G(ν,E′ + hν)e−E′/T dE
′

T
,

which is shown in Fig. 105 (right). Classically ḡ is around unity over a wide
range of frequency, but the e−hν/T term prevents divergence. See Hutchinson
(2002) for more details on corrections due to quantum effects and contributions
from recombination.

14.7 Measurements Using Bremsstrahlung Radiation

Equation (210) is our main result regarding the Bremsstrahlung radiation spec-
trum and can be used to measure important quantities in hot plasmas. The
spectral exponential slope determines electron temperature; some examples are
shown in Fig. (106). These spectra are obtained by counting received photons
which generate a charge pulse proportional to the photon energy. Measure-
ments from the spectral slope are convenient since they obviate the need for
absolute calibration. However, spectral contamination by impurity lines are
a serious concern as evident from the examples. Calculating the slope from
continuum radiation is essential for this method.

With absolute calibration, however, additional information about the ion
charge Z can be obtained. Integrating Eq. (210) over frequency yields the total
radiation power,

PBrem = 1.69×10−32
( ne
cm−3

) [∑
Z2
i

( ni
cm−3

)]( Te
eV

)1/2

watt/cm
3
, (211)
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Fig. 107: Experimental setup for multiple chords measurements through a
pinhole, from Hutchinson (2002). Multiple views allow tomographic recon-
struction of emissivity revealing internal structures of hot plasmas, from
Delgado-Aparicio et al (2012).

showing that Bremsstrahlung radiation power is proportional to∑
i

neniZ
2
i ≡ n2eZeff.

This can be rewritten by using quasineutrality ne =
∑
niZi as

Zeff =

∑
niZ

2
i∑

niZi
. (212)

Zeff is a kind of mean ion charge of the plasma in terms of the total
Bremsstrahlung emission, an important energy loss mechanism in fusion plas-
mas. Achieving Zeff close to unity is always a desirable but challenging goal
for fusion experiments.



Diagnostics Lecture Notes

148 DIAGNOSTICS (APRIL 28, 2026 )

Fig. 108: An example of x-ray spectrum with a high-energy tail generated
during RF current drive, from Hutchinson (2002).

Other than Zeff, Eq. (211) shows PBrem is proportional to a particular
combination, n2

√
Te, which can be used to study structures in the hot plasma.

At the optimum frequency of hν ∼ kTe, emission is strong and often falls
into soft X-ray range in hot fusion plasmas. Tomographic measurements in
this frequency range are often used to detect the time evolution of internal
structures, and some recent examples are shown in Fig. 107.

Lastly, Bremsstrahlung radiation at high frequencies provides information
on non-thermal electrons. An example is shown in Fig. 108. In principle,
Eq. (209) can be inverted to obtain the electron tail distribution function but
in realty this is difficult due to effects like relativistic beaming as we discussed
before in Fig. 97. Nonetheless, such information is still valuable especially dur-
ing unusual events like disruptions to generate runaway electrons or during
RF current drive in Tokamaks as shown in Fig. 108. Non-thermal electron
acceleration during magnetic reconnection is another example.

14.8 Summary

• Concept of optical depth and blackbody radiation to determine electron
temperature.

• Lienard-Wiechert potentials to calculate radiation by accelerated charges.
Total radiation power by Larmor formula in the non-relativistic limit.

• Doppler broadening and mass-shift broadening of cyclotron radiation spec-
trum.

• Electron cyclotron emission measurement of localized electron temperature
in tokamaks.

• Synchrotron radiation of relativistic electrons: relativistic beaming effect and
synchrotron radiation spectrum.

• Bremsstrahlung radiation arises when electrons collide with ions and is a
major energy loss channel for hot fusion plasmas.

• Bremsstrahlung radiation spectra are well approximated by classical treat-
ment with a correction factor (Gaunt factor) around unity.
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• Bremsstrahlung spectral shape in continuum gives measurement of electron
temperature while absolute radiation power provides an estimate of Zeff

important for impurity radiation loss in hot plasmas. Soft X-ray tomography
at electron thermal energy provides internal structure measurements.

14.9 Further Reading

• Chapter 5 of Hutchinson (2002)
• Bornatici et al (1983)
• Park et al (2003)
• Miyama et al (2008)

14.10 Homework Problem Set 8

Due April 6, 2026

1. Dependence of radiation.
(a) Why does cyclotron radiation typically not depend on electron density

but does depend on electron temperature in tokamaks?
(b) Why does Bremsstrahlung radiation typically depend on electron density

and electron temperature?
(c) Why is synchrotron radiation so enhanced compared with cyclotron

radiation? By how much is it enhanced?
(d) Assuming a Gaunt factor of unity, calculate the predicted power-law

frequency spectral slope due to Bremsstrahlung radiation from energetic
electrons that form a power-law spectrum with a slope of p.

2. The cyclotron radiation spectrum consists of discrete peaks at harmonics,
m,

ωm =
mωc

1− β∥ cos θ
=

mΩ

1− β∥ cos θ

√
1− β2,

which is broadened by the Doppler effects and relativistic mass increases.
Conceptually design an electron cyclotron emission diagnostic to measure
both the parallel and perpendicular electron temperature.

3. Calculate Zeff for the following two cases:
(a) A magnetically confined fusion plasma with primary D+ ion species,

with 0.1% by ion number density Molybdenum, at average ionization
state ⟨ZMo⟩ = 32.

(b) A laser-heated plasma from ionized plastic: 50% H+ and 50% fully
stripped C6+ ions.
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15 Line Radiation

One simple way to classify radiation emitted by plasmas is according to
whether the electrons start or end free or bound to a nucleus. The four-
combinations, written as before-after, are

1. Free-free: cyclotron/synchrotron, Bremsstrahlung, and Cherenkov radiation
2. Free-bound: recombination
3. Bound-free: photo-ionization
4. Bound-bound: line radiation or absorption, which is the subject of this

Lecture.

Once bound electrons are involved, the spectra will be necessarily discrete,
called “line radiation”, and only the free-free radiation is continuous, as dis-
cussed in the previous Lecture. Radiation or absorption involving molecules
are due to transitions between vibrational or rotational states, so they are
also discrete in nature but they can appear as a “radiation band” if multiple
lines are packed in a narrow frequency range or even appear as a continuous
spectrum if not resolved properly.

Spectroscopy is the science of measuring and interpreting the photons emit-
ted and absorbed by molecules, atoms, and ions. The frequency range extends
from infrared with wavelength λ > 700 nm and energy less than 2 eV mainly
from molecules, to optical with λ = 300− 700 nm and energy = 2− 4 eV from
transitions between nearby levels, and to x-ray with λ < 10 nm and energy
more than 100 eV from transitions deep into lower energy levels, as shown in
Fig. 109.

The history of spectroscopy is intricately linked to the history of modern
physics. Detailed study of atomic physics led to quantum mechanics and most
of what we know of matter was learned through spectroscopy. Spectroscopy
connected astronomy and cosmology to the laboratory where physics can be
reproduced and quantified, and it is not an overstatement to say that spec-
troscopy puts the “physics” in astrophysics. Specifically for plasma physics,
spectroscopic diagnostics reveal details about temperature, density and elec-
tromagnetic fields. In a sense, spectroscopy links the very small with the very
large as in laboratory plasma astrophysics, the fundamental with the practical
as in diagnosing and controlling fusion plasmas.

Fig. 109: Wavelength ranges and their corresponding photon energies for each
category of radiation. From National Undergraduate Fellowship Lecture by S.
Hansen (2012).



Diagnostics Lecture Notes

DIAGNOSTICS (APRIL 28, 2026 ) 151

Fig. 110: Discoveries of the Balmer series, Paschen series, and Lyman series, as
well as Rydberg equation. Here the Rydberg constant is R = 1.097× 107m−1.
From the National Undergraduate Fellowship Lecture by S. Hansen (2012).

Figure 110 summaries the early history of spectroscopy on emission from
Hydrogen atoms. Various spectral lines were observed from plasma discharges
between electrodes in hydrogen gas, and their wavelengths were well-quantified
by the elegant Rydberg equation. Based on this, Neils Bohr in 1913 proposed
an empirical model of the atom that would account for the measured spectrum
of hydrogen: electrons occupy discrete, stable orbitals with energies given by
the simple expression, En = −13.6Z2/n2(eV), where n is the primary quantum
number. This was a significant step towards a full quantum model of atoms.
Nowadays, spectroscopy is both easy and sophisticated enough to become a
fundamental diagnostic to determine many important plasma parameters both
in fusion and astrophysical plasmas.

15.1 Einstein Coefficients and Line Strength

The radiation photon energy hνij is related to the electron level energy before
and after the transition by

hνij = Ei − Ej (213)

where Ei and Ej are upper and lower level energies, respectively. The transition
here is bidirectional: electron can transit from an upper level with energy of
Ei to a lower level of Ej , called “decay”, by releasing a photon with energy
hνij , or a photon with energy of hνij can be absorbed so that electron can
transition from a lower level with energy of Ej to an upper level with Ej ,
called “excitation”.

As introduced in Section 12, there are two types of decay: spontaneous
decay with a probability per unit time of Aij and induced decay with a prob-
ability per unit time of Bijρ(νij), where ρ(ν) is radiation energy per unit
frequency at the subject atom. In contrast, there is only one type of excita-
tion: induced excitation with a probability per unit time of Bjiρ(νij). Note the
difference between Bij and Bji.

The meanings of “spontaneous” and “induced” are self-evident. Spon-
taneous means the transition occurs in vacuum while induced means the
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Fig. 111: Spectral line data for hydrogen. From Hutchinson (2002).

transition occurs in the presence of radiation or electromagnetic field at the
frequency satisfying Eq. (213). The coefficients, Aij , Bij , and Bji are called
Einstein coefficients for this atomic transition, and are related to each other by
the nature of thermodynamic equilibrium for both atoms and radiation ρ. As
discussed in Lecture 14, the thermodynamic equilibrium blackbody radiation
is given by

ρ(ν) =
8πhν3

c3
1

ehν/kT − 1
(214)

which is characterized by its temperature, T .
At the same temperature T , the number of atoms, Ni, in a quantum state,

i, is given by the Boltzmann distribution,

Ni ∝ gie
−Ei/kT

where gi is the degree of degeneracy for this energy level. Therefore, we have

Ni

Nj
=
gi
gj
e−(Ei−Ej)/kT =

gi
gj
e−hνij/kT . (215)

The plasma is in thermal equilibrium only if the total rate of transitions from
i to j is equal to the rate at which they transition from j to i, i.e.,

(Aij +Bijρ)Ni = BjiρNj

which leads to an expression for ρ using Eq. (215),

ρ =
Aij

(Nj/Ni)Bji −Bij
=

Aij

(gj/gi)ehνij/kTBji −Bij
. (216)

Comparing Eqs. (214) and (216) immediately leads to the relation between
Einstein coefficients,

Aij =
8πhν3ij
c3

Bij (217)
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gjBji = giBij , (218)

where all these are proportional to the line strength in spectroscopy. Example
line strengths are shown in Fig. 111 where Einstein coefficients are on the order
of (ns)−1. This means these line transitions occur on the nanosecond timescale,
which is short for most plasmas in space and astrophysics and laboratory
experiments other than laser-generated plasmas.

15.2 Thermal Equilibria and Collisional Transitions

The above discussions are based on complete thermal equilibrium for atoms
following a Boltzmann distribution and photons following the blackbody radia-
tion formula. Such equilibria are difficult to find in nature or in the lab; perhaps
the only such example is stellar interiors, which are optically thick with small
spatial gradients. In complete thermal equilibrium cases, the relative popula-
tions of the ionization states can be explicitly calculated (Hutchinson, 2002)
to obtain the Saha Equation by treating the ionization states as special cases
with free electrons,

ni+1

ni
=
gi+1

gi

1

ne

[
2m3

h3

(
2πTe
m

)3/2
]
e−χi/Te , (219)

where χi is the ionization energy. Equation (219) predicts rather surprising
results: for hydrogen atom density ni and hydrogen ion density ni+1 supposing
a Te only 1 eV compared with ionization energy χi = 13.6 eV, we have

ni+1

ni
=

4× 1021m−3

ne
.

This means the plasma is almost fully ionized if ne is low enough (< 1021m−3).
This is not what we have normally in the laboratory nor in space nor astro-
physics. This is because these plasmas are not truly in the complete thermal
equilibrium.

In reality, local thermal equilibrium or LTE models are often used. In
these models, atoms adopt state populations following Boltzmann distributions
while the radiation is not necessarily thermal following blackbody distribu-
tions. The insufficient radiative transitions are made up by sufficient electron
collisional transitions when the electron density is high enough in typical LTE
models (Hutchinson, 2002),

ne ≫ 1019
(
Te
e

)1/2(
∆E

e

)3

m−3

where ∆E is the energy level difference. This is a condition that is difficult
to satisfy in magnetized laboratory experiments as well as in many space
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and astrophysical plasmas. In contrast, this can be easily satisfied in high-
energy-density plasmas, which are typically however too short for spontaneous
transitions.

There are numerous electron collisional transitions (Hutchinson, 2002) and
here we mention only three primary ones:

1. Electron impact excitation and de-excitation. These processes are in con-
trast to photon-induced excitation (including absorption) and decay that
we discussed before.

2. Electron impact ionization and three-body recombination (e−+e−+A+ →
e−+A∗) which is important for low-temperature plasmas. This is in contrast
to photo-ionization and recombination.

3. Dielectronic recombination and autoioninzation for multiple-electron
species other than hydrogen or hydrogen-like atoms: capturing a free elec-
tron and using its energy to excite a second electron to an upper energy
level, followed by a radiation. Its inverse is autoionization, in which radia-
tion can excite a bounded electron to an upper energy level, and when the
electron transitions back to a lower energy level the released energy frees
up a second electron to ionize the atom.

Instead of Einstein coefficients, the probabilities of collisional transitions
are quantified by cross sections, σij(v), for the transition from i level to j level
for an electron traveling at a speed v in a density ni of atoms. The unit of σij(v)
is area (m2) so that the number of collisions per unit length of an electron
traveling at v is calculated by σij(v)ni. Converting this to per unit time, the
number of collisions is σij(v)vni or simply σijvni. Writing this per atom (or
ion) is σijv which can be averaged over electrons with a distribution f(v),∫

σijvf(v)d
3v = ne ⟨σijv⟩ or ⟨σijv⟩ ≡

∫
σijvfd

3v∫
fd3v

. (220)

Here ⟨σijv⟩ is called the rate coefficient of this particular collision process per
atom (or ion) per electron.

Combining both Einstein coefficients for spontaneous and radiation-
induced transitions and rate coefficients for collision transitions by electrons,
we can write down a set of differential equations for density ni(t) of each state
i,

dni

dt
= −

∑
j ̸=i

[niAij − njAji + (niBij − njBji) ρ(νij)

+neni ⟨σijv⟩ − nenj ⟨σjiv⟩] . (221)

When the time dependence is set to zero, Eq. (221) describes equilibrium
solutions for each ni.
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Fig. 112: (left) Number of ionizations per Hα photons emitted as functions
of electron temperature. From Hutchinson (2002). (right) Transition from L
to H-mode of confinement indicated by Hα/Dα line intensity reduction. From
Keilhacker et al (1984).

15.3 Line Intensity Measurements

Two well-known LTE models based on electron collisional transitions are dis-
cussed below. One is called the coronal equilibrium model due to its successful
application in solar corona. The model is a steady state model as the time
derivative terms are negligible in Eq. (221). The solar corona is optically thin
such that all spontaneous radiation escapes before absorbed to induce upward
transition, compared to collisional upward transitions. On the other hand, the
solar corona has sufficiently low electron density such that downward transi-
tions are dominated by spontaneous transitions. Therefore, upward collisional
transitions balance downward spontaneous transitions in coronal equilibrium
models. As a special case, if electrons are sufficiently energetic, an excited
state density ni can be populated by collisions from the ground state of 1, the
density ratio is simply given by

ni
n1

=
ne ⟨σ1iv⟩∑

j A1j
. (222)

Since the time scale to achieve steady state between ground states and
excited states is typically much shorter (∼ns) than between ground states and
ionized states (∼ms), there exists an intermediate time scale for which the time
dependence needs to be kept for ionized states for some coronal equilibrium
models. An example of time scale estimate is given in Chap 6.2 of Hutchinson
(2002) for magnetically confined fusion plasmas. This subcategory is called the
collisional radiative model in which the left-hand side of Eq. (221) needs to be
kept only for ground states with different ionization stages.

Coronal equilibrium models have been applied in fusion plasmas to provide
a convenient measure of particle confinement. In steady state, charged particles
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lost from confinement need to be replaced by ionization which can be calcu-
lated from the intensity of certain lines, when the excited state density and
ionization rate are both proportional to electron density. When the electron
temperature is sufficiently larger than the ionization energy, its dependence
on temperature is weak as shown in Fig. 112 (left). For this reason, Hα line
intensity measurement serves a convenient measure of particle confinement in
fusion plasmas; a reduction in Hα is often regarded as an improvement of par-
ticle confinement such as H-mode. An example is shown in Fig. 112 (right)
from ASDEX tokamak where the H-mode was first discovered by Wagner et al
(1982). However, in general, line intensities depend on election temperature
and their dependence differs between lines such that the line intensity ratios
can be used to determine electron temperature.

Often, however, collisional radiative models can provide more accurate pre-
dictions due to their flexibility to adapt to the specific conditions of a plasma.
Figure 113 shows examples of the application of both the coronal equilibrium
model and the collisional radiative model to a Helium glow discharge on Large
Helical Device (LHD) (Goto et al, 2003, 2004b,a). Time dependence and finite
optical opacity sometimes need to be taken into account in order to accurately
model line radiation spectra. In many practical situations in the lab, solar and
astrophysics, however, non-Local Thermal Equilibrium or NLTE models are
required with highly detailed atomic structures.

Fig. 113: Examples of application of radiation models: (left panel) The steady
state coronal equilibrium model does not predict measured spectra (Goto et al,
2003); (middle panel) The time-dependent collisional radiative model explain
the measurement better (Goto et al, 2004b); (right panel) The time dependent
collisional radiative model with finite optical thickness performs best (Goto
et al, 2004a).
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Fig. 114: (left panel) Definition of FWHM (full-width-half-maximum) of a
line; (middle panel) line broadening due to the Stark effect from plasma pres-
sure; (right panel) “broadening” due to high optical opacity. From Hutchinson
(2002).

15.4 Line Shape Measurements

In addition to line intensity, the detailed shape of each line can be informative
about the plasma conditions when measured with sufficient spectral resolution.
We discuss four kinds of line broadening below.

Natural broadening of a line is due to uncertainty principle of a quantum
state between energy and time,

∆E∆t ≈ h

4π

which can be translated to broadening in spectrum,

∆ν =
∆E

h
≈ 1

4π∆t
=

∑
j Aij

4π
. (223)

Since Einstein coefficients represent the time scale of exponentially decay-
ing probability functions, upon Fourier transformation, the resultant natural
broadening leads to a Lorentzian shape of spectral lines,

I(ν) =
I(ν0)

1 +
(
ν−ν0

∆ν

)2 . (224)

Typically, line broadening is quantified by its FWHM or full-width-half-
maximum, which is given by ∆ν1/2 = 2∆ν, see the left panel of Fig. 114.

Doppler broadening is due to the Doppler shift in the spectrum from
light-emitting thermal ions or atoms towards the observer, ∆ν = νVth/c where
the thermal speed Vth ≡

√
2T/M . The resultant line shape takes the form of

I(ν) = I(ν0)e
−( ν−ν0

∆ν )
2

(225)
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with its FWHM given by ∆ν1/2 = 2
√
ln 2∆ν.

The FWHM of broadened spectral lines reflects random ion motion or
temperature along the line of sight, after removing other broadening such as
natural broadening. This technique is widely used in the laboratory to measure
ion temperature, but also in natural plasmas such as in the solar chromosphere
where various neutral and ion lines are identified. However, the line broadening
along a particular line of sight has an ambiguity about whether the broadening
is due to thermal motion of atoms without flows along the line of sight or
“random” or “turbulent” flows at different locations along the line of sight but
without large thermal spread. Resolving this ambiguity requires measurements
along multiple lines of sight from different angles of the same plasma and the
employment of advanced techniques similar to tomographic reconstruction not
only in physical space but also in spectral space.

Instead of measuring broadening for ion temperature, measuring ion flow
is generally harder due to the need for absolute wavelength calibration, which
can be done by a combination of forward and backward directions. Heavier
ions or impurities are more difficult due to their smaller speeds for the same
temperature.

Stark broadening is also called pressure broadening or collisional broad-
ening. It arises due to the electric field from the presence of nearby charged
particles. Since electrons move fast, the perturbation time on the light-emitting
ions or atoms is short and their effects on line broadening is small. In contrast,
ions moving slowly more strongly affect the line shape, termed Stark effects.
The quasi-static assumption is valid due to slowly moving ions and the Stark
broadening can be estimated as follows.

The effect on the light-emitting atoms is dominated by the closest ion as
its electric field E decreases as 1/r2 with distance. The probability of the light-
emitting atoms to experience such an electric field is proportional to its volume,
4πr2dr. Thus, the emitting spectral change due the closest ion is given by

I(ν)dν ∝ r2dr ∝ E−5/2dE ∝ (∆ν)
−5/2

dν (226)

where we used E ∝ r−2. (Note that r ∝ E−1/2 and dr ∝ E−3/2dE lead to
r2dr ∝ E−5/2dE. Also E ∝ ∆ν) Equation (226) simply leads to

I(ν) ∝ (∆ν)
−5/2

(227)

implying that Stark effects from nearby ions are large at the line shape tails, as
expected. This is illustrated in the middle panel of Fig. 114. The dependence
of Eq. (227), however, does not extend to the line center as the electric field
of the ion will cease to affect the light-emitting atoms at a distance r with

other ions starting to be present on average, (4/3)πr3 ∼ n−1
i or r ∝ n

−1/3
i .

This leads to ∆ν ∝ E ∝ r−2 ∝ n
2/3
i . Thus, Stark effects stop at ∼ n

2/3
i as

illustrated in Fig. 114.
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The full-scale calculations yield Stark broadening FWHM,

∆ν1/2 = 0.54α1/2

( ni
1020m−3

)
nm, (228)

where α1/2 is given in Hutchinson (2002). Stark broadening is used to mea-
sure density in high-density plasmas, such as divertor plasmas in tokamaks,
atmospheric plasmas during lightning and laser-produced plasmas.

Line “broadening” in optically thick plasmas can occur due to the
re-absorption of photons when the line radiation approaches blackbody level.
An illustration is given in the right panel of Fig. 114. In this case, the atomic
kinetics rate equations and radiation transport equation have to be solved self-
consistently: the radiation field intensity is needed to compute photo-excitation
and photo-ionization rates while the level populations are needed to compute
the emissivity and opacity that determine the radiation field intensity.

Lastly, when multiple broadening effects exist, some convenient facts are

• Convolution of a Gaussian with a Gaussian is still a Gaussian: ∆2 = ∆2
1+∆2

2;
• Convolution of a Lorentzian with a Lorentzian is still a Lorentzian: ∆ =
∆1 +∆2;

• Convolution of a Lorentzian and Gaussian yields the Voigt function.

Otherwise, the solutions are only available numerically.

15.5 Summary

• Line radiation occurs when bound electrons in atoms or discrete motions
(oscillations or rotations) in molecules are involved and its understanding
led to the beginning of modern physics via quantum mechanics.

• Einstein coefficients characterize spontaneous and radiation-induced transi-
tions in atoms on the ns timescale while collisional transitions are due to
electron impact and can be much faster or slower.

• Complete thermal equilibria are for both excited states and radiation while
local thermal equilibria (LTE) are only for excited states.

• Line intensities are modeled by coronal equilibrium models or collisional
radiative models, some of which are quite involved, to explain the measure-
ments.

– For hot plasmas such as at the edge of fusion plasmas during their H-
mode confinement, Hα line intensity can be used for particle confinement
measurements since its dependence on electron temperature is weak.

– For colder plasmas such as low-temperature plasmas, when line intensity
depends on electron temperature differently for different lines, the ratio
of line intensities can be used to determine electron temperature.

• Line broadening includes natural broadening due to spontaneous delays,
Doppler broadening to measure ion temperature, and Stark broadening to
measure ion density.
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15.6 Further Reading

• Chapter 6 of Hutchinson (2002)

15.7 Homework Problem Set 9

Due April 13, 2026

1. Show that two levels i, j of an atom will be in local thermodynamic
equilibrium in a plasma of negligible optical depth if

ne ≫
Aij

⟨σijv⟩
.

2. Answer the following questions:

(a) Why can the electron temperature sometimes be determined by the ratio
of two lines? What are the assumptions or requirements behind this
technique?

(b) Why are Hα line measurements frequently used in fusion experiments?
What are the assumptions or requirements behind this technique?

(c) What are complete thermal equilibrium and local thermal equilibrium
(LTE)?What are two well-known LTEmodels? Give at least one example
plasma for complete thermal equilibrium, and also one for each of LTE
models.

3. Spectral form.

(a) Show that the convolution of Gaussians and Lorentzians are still
Gaussians and Lorentzians, respectively.

(b) Stark broadening is proportional to (∆ν)−5/2 at the wing of a spectral
line. Which functional shape among Gaussians and Lorentzians should
we use to quantify this broadening?
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16 X-Ray Diagnostics

Whether from bremsstrahlung, cyclotron radiation or line radiation, x-ray
emission is a key feature of many plasmas. X-ray diagnostics are thus cru-
cial for understanding such plasmas and their evolution in time. Via careful
measurements of the x-rays emitted by a plasma, we may infer the properties
thereof.

Fig. 115: Typical x-ray energies

16.1 Imaging Techniques

X-ray diagnostics are seldom as simple as placing an x-ray detector at the end
of the chamber. There are several main schemes for optimally arranging the
x-ray source, detector and intervening walls to optimize the data.

16.1.1 Object Placement

For best results, one must carefully consider the relative placement and sizes
of the x-ray source, detector and barriers in between. If the object is too far
from the detector the image will blur as shown below

The so-called “penumbral blur” can also occur if the source is too large.
A smaller source improves resolution at the cost of having to wait longer for
enough x-rays acquire an image.
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16.1.2 X-Ray Mirrors

X-rays behave much like visible light and thus many optical techniques can be
applied here also.

One particularly useful example is the x-ray mirror. At sufficiently low
incoming angles x-rays can be totally internally reflected according to Snell’s
law, with critical angle αc

αc ∼
√
2δ (229)

where the index of refraction in the mirror is n = 1− δ.5 Since δ is usually
quite small this critical angle is of the order of a degree. This grazing incidence
requires an extremely smooth surface (⪅ 0.5 nm RMS) to work properly. Some
other details to note: αc decreases as the x-ray energy increases and materials
with high electron densities function best as mirrors.

5Note that this is indeed less than 1, a peculiarity of x-rays.



Diagnostics Lecture Notes

DIAGNOSTICS (APRIL 28, 2026 ) 163

Fig. 116: Reflectivity of gold versus x-ray energy for a variety of angles. As
one would expect, lower angles result in the best reflection.

16.1.3 Pinhole Imaging

Another method with origins in visible light is the pinhole camera, which uses a
physical obstruction to produce an inverted image. These easy-to-manufacture
options have an infinite depth of focus and work with all wavelengths.

As one can see there will be some inherent geometric blur expressed as

a′ = a(1 + q/p) (230)
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Furthermore since these pinholes are so small (∼ 1×10−9 steradians) there
is also a blur due to diffraction ∼ λq/a. Where these two blurs are equivalent
is the optimal resolution.

A variation of pinhole imaging is called penumbral imaging. Here a large
aperture is used. While this results in the center of the image containing little
useful information, from the edges known as the penumbra the original signal
may be reconstructed.
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The full circular area of the aperture gives a signal-to-noise ratio improve-
ment over the pinhole of

√
D dx/R, a 10-100x improvement over the standard

pinhole.
A final variation is the pinhole array wherein data are aggregated from

many pinholes.

The signal to noise ratio increases as the square root of the total number
of pinholes used. As more pinholes are used, the image gets clearer.
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16.2 Instrumentation

Of course, none of the aforementioned techniques are of any use unless the final
x-ray photons can be converted to a recorded form, whether that be a voltage
signal, photographic plate, etc. Here we discuss the key instrumentation needed
to detect x-rays after whatever desired configuration has been established.

16.2.1 Photomultiplier Tube

X-ray photons can be converted into a voltage signal via the photoelectric
effect. Even though the cross section for bound electrons is much higher than
that of free ones, the photoelectric effect does not result in a sufficiently high
current on its own for practical purposes. Thus a photomultiplier tube is used.
It consists of a photocathode coupled to a series of dynodes which multiply
the original electron flux via secondary electron emission. This is quantified
by the quantum efficiency QE which relates the ratio of the electron flux to
photon flux.
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16.2.2 Microchannel Plate

An alternative to the photomultiplier tube is the microchannel plate. One
can consider the microchannel plate to be, in principle, an array of small
photomultiplier tubes. When electrons hit one of the many channels within the
larger array the electron flux is multiplied several times over before exiting:

These microchannels are arrayed in a plate, offering spatial resolution.
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Some common pitfalls with these types of diagnostics include:

1. Depletion of voltage due to an excess of charge
2. Space charge effects
3. Magnetic fields
4. Burning out the photocathode
5. Fragility of the equipment
6. Ground loops

16.2.3 Streak Cameras

In certain contexts like ICF, researchers are interested in the temporal evolu-
tion of plasmas on very small timescales. For x-ray measurements this can be
accomplished via streak cameras, which distribute a 1D-resolved spatial signal
over time, producing a 2D image. The basic working principle is as follows:
incoming x-ray photons are converted to electrons via the photoelectric effect.
These electrons are focused by optics and then deflected by an electric field.
By sweeping this electric field with time, electrons from different times will be
deflected by different amounts, resulting in dispersion in time.

These systems typically work with x-ray energies between 0.1−20 keV and
can achieve a spatial resolution of ∼ 100 µm. Similar techniques can be used
for optical wavelengths from 200−1000 nm, where < 1 ps temporal resolutions
are possible. This is how the VISAR system operates.
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A schematic of the physical steps required to convert the incoming photons
into a streak image is shown below. In Step 1 the photons are converted into
photoelectrons. Next, in Step 2 they are accelerated by an electric field. Since
all electrons go through this field, the energy spread ∆E/E is reduced, thereby
reducing the transit-time spreading.

In Step 3 the electrons are focused by electron “optics” in a manner much
analogous to how optical lenses can be used with visible light. In the final
step, Step 4, the electrons are subjected to another electric field perpendicular
to their direction of motion which deflects them. This field is varied in time,
spreading out the resultant location at which the electrons strike the final
surface. This surface can be a phosphor with charge coupled device (CCD), a
microchannel plate, or just film.

Common issues include the following:

1. Too many photons can damage the photocathode and result in space-charge
effects

2. No signal can be measured if there are conversely too few photons or if
there are misalignments or mistimings in the system

16.2.4 Crystal Imagers

Of course, the diffraction properties of x-rays can be directly exploited to
reflect a narrow band of x-ray energies according to Bragg’s law.
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Since the reflection is based on the crystal properties the material will be
tailored to the particular application. A curved mirror can act as a spherical
mirror for x-rays with a focal length f = R/2 as in classical optics. These
can achieve far larger collection areas of 1 × 10−3 − 1 × 10−4, 4-5 orders of
magnitude larger than for pinholes. Such results can also be resolved in space.
Below see a schematic of the XICS crystal spectrometer system from C-MOD
which uses a spherically-bent crystal and a 2D pixel detector.

16.3 Summary

• Optical techniques such as mirrors, pinholes and apertures can be used x-ray
images

• Photomultiplier tubes and microchannel plates convert x-ray photons into
voltage signals

• Streak cameras enable x-ray measurements with excellent time resolution
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17 Neutron and Proton Imaging

17.1 Neutron Imaging

As the lowest-temperature nuclear fusion reactions all produce neutrons, neu-
tron diagnostics have been critical for all experiment seeking to create a
burning plasma. Neutrons not only provide the most direct measurements of
fusion reactions but can also tell us about the plasma through which they
propagate. Gamma rays play a similar role.

Fig. 117: Neutrons emitted from the implosion of a DT capsule as in a NIF
shot. Primary neutrons escape the target unaffected and give data about the
hotspot. Since downscattered neutrons lose energy due to collisions with the
cold imploding shell, these give data about the surrounding cold fuel and the
implosion symmetry.

Time-integrated slices from several angles enable the reconstruction of the
3D shape of the implosion. These can be especially powerful when combined
with x-ray observations.

Unlike for x-rays, there are no standard optics for neutrons and gamma
rays since they are hard to shield and measure, both having mean free paths
in metals on the order of one centimeter.

Neutron imaging does however, in general, use apertures like for x-rays.
When this aperture is much smaller than the system this is essentially a camera
obscura pinhole technique yielding an image resembling the source. When the
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aperture size is larger than the source we can use penumbral imaging like
before.

Since neutrons have a large mean free path the walls surrounding the aper-
ture must be sufficiently thick in order for them to work. For thickness t, the
transmitted flux T is the incoming flux N0 multiplied by e−t/λ where t is the
wall thickness and λ the mean free path.

The ratio between N and T , gives the contrast ratio

CR = et/λ (231)

For example, the 20 cm apertures for 14.1MeV neutrons at NIF with λ =
3.1 cm yield CR ≈ 634. The higher this is, the clearer the image.

Since apertures are thick there is additional freedom to shape them - differ-
ent configurations can be optimized for different ends. Care must be exercised
to separate the features of the image from artifacts caused by the aperture.
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Ultimately many systems need to work together in order to generate a
neutron image.

The final signal is generated by neutron scattering off of hydrogen in plastic.
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17.2 Proton Radiography

Since neutrons are chargeless they cannot tell us about the electromagnetic
fields within a target. This is where protons come in. By sending protons
through the target and observing their deflection by the fields therein, we can
infer information about the electric and magnetic fields.

Individual protons leave damage tracks in CR-39 plastic. Through chemical
etching, these tracks expand into pits visible by microscope.

The proton energy can be inferred from the size of the pits.
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Filters can also be used as part of broader stacks to measure different
proton populations.

The angular deflection of a proton due to some field configuration is denoted
by α.

To infer the electromagnetic fields we can use the formulae for anticipated
deflections:
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∆αB =
e

mpVp

∫
B× dℓℓℓ (232)

∆αE =
e

mpV 2
p

∫
E⊥ dℓ (233)

There are two main methods to back out the fields from these. For the first,
the protons are divided into discrete beamlets which reveals the structure of
the distortions caused by the field (e.g. Petrasso et al, 2009).

For the second, the equation

∇ · α =
δI

I
(234)

is inverted (e.g. Bott et al, 2017).

17.3 Summary

• Neutrons and gamma rays offer information both about the fusion hotspot
and the colder surrounding plasma

• Neutrons are characterized by long mean free paths in metals, complicating
the design of apertures

• Proton trajectories can be used to infer the electric and magnetic fields
within a target plasma

17.4 Homework Problem Set 10

Due April 17, 2026

X-ray and Neutron imaging diagnostics - Pinhole camera foundation
The pinhole imager shown below has a small round pinhole aperture located

at (0, 0, 0) in a perfectly absorbing barrier in the (x, y) plane. The source
plane and image plane are also oriented in the (x, y) plane at z = −Ls and
z = Li, respectively. Since neutrons travel in straight lines, a neutron from a
source at point (x, y) in the source plane that passes through the pinhole will
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strike a point (x′, y′) = (−Mx,−My) at the image plane where the source
magnification M is defined to be positive.

1. Determine M in terms of other variables in the diagram.
2. If the pinhole has a finite diameter, d, determine the diameter, D, of the

image projected by the point source in terms of d and M .
3. Consider point sources A and B in the source plane that are casting round

images A′ and B′ at the image plane. Define the resolution, Rp, as the
separation between A and B that is required for A′ and B′ to just touch.
Determine Rp.
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18 Scattering of Electromagnetic Waves

Scattered light from plasma contains invaluable information that is difficult
to obtain otherwise. This is why measuring scattered light remains a powerful
plasma diagnostic despite its difficulty and expense.

The scattering process of incoming electromagnetic waves by plasma can be
described using either classical or quantum physics but with the same outcome
in the non-relativistic limit:

1. Classical picture: the incoming electromagnetic waves apply forces on elec-
trons, which get accelerated and emit electromagnetic waves as scattered
light;

2. Quantum picture: the incoming photons “collide” with electrons and get
“bounced off” as scattered light.

In this Lecture, we will use both treatments as convenient.
There are several different regimes depending on the incoming photon

energy. When incoming light is in the visible frequencies, the typical photon
energy is on the order of 1 eV which is much less than the electron rest mass
energy of about 511 keV. In this classical limit, the scattering process is called
Thomson scattering (see Fig. 118 for a well-known example); the incoming pho-
tons have little effect on the electrons. When the photon energy is comparable
or larger than the electron rest mass energy, the photon momentum cannot be
ignored and the scattering process is called Compton scattering; full relativis-
tic effects need to be taken into account. On the other hand, when electrons
are sufficiently energetic in the lab frame, the scattered photons are energized
and the scattering process is called inverse Compton scattering. Each of these
will be discussed in turn.

Fig. 118: (left panel) The solar corona is visible due to Thomson scatter-
ing of solar radiation; (right panel) various radiation intensities as a function
of distance from solar surface. P=photo, K=kontinuierlich or continuous,
F=Fraunhofer or dark referring absorption lines, E=Emission line.



Diagnostics Lecture Notes

DIAGNOSTICS (APRIL 28, 2026 ) 179

<latexit sha1_base64="cYMv6QYQE3KpcsfGtkfMwJn0dj0=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZK0pnVXcOOygn1AG8pkOmnHTmbCzEQoof/gxoUibv0fd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486iiRSkzaWDAheyFShFFO2ppqRnqJJCgOGemG06vc794Tqajgt3qWkCBGY04jipE2UmcwQRqqYbni2JcN37vwoGM7Tt2r+jnx6jWvCl2j5KiAFVrD8vtgJHAaE64xQ0r1XSfRQYakppiReWmQKpIgPEVj0jeUo5ioIFtcO4dnRhnBSEhTXMOF+n0iQ7FSszg0nTHSE/Xby8W/vH6qo0aQUZ6kmnC8XBSlDGoB89fhiEqCNZsZgrCk5laIJ0girE1AJRPC16fwf9LxbNe3/ZtapdlYxVEEJ+AUnAMX1EETXIMWaAMM7sADeALPlrAerRfrddlasFYzx+AHrLdPnN2PJw==</latexit>

ŝ
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Ei

Fig. 119: Scattered electromagnetic wave as emitted from oscillating electrons
driven by the incoming electromagnetic wave or light wave.

In most cases, ions do not participate the scattering process except for the
case of Thomson scattering in the coherent or collective mode (see below).

18.1 Thomson Scattering

18.1.1 Incoherent or Non-collective Thomson Scattering

We will base our discussion on that of Section 14, where we learned that
electromagnetic wave radiation was due to accelerated charges as illustrated
in Fig 119. The electric field Ei of the incoming electromagnetic wave drives
plasma electrons to oscillate and emit electromagnetic waves as scatted light.
In the non-relativistic limit, the electron acceleration is given by the equation
of motion,

v̇ = − e

me
Ei (235)

which can be used in the non-relativistic form of the far-field of electric field
due to oscillating electrons, Eq. (188), to yield,

Es = − e

4πϵ0

[
1

c2R
ŝ× ŝ× v̇

]
=
[re
R
ŝ× ŝ× Ėi

]
(236)

where the electron classical radius is re ≡ e2/4πϵ0mec
2. Here ŝ is R̂ in

Eq. (188).
From the Poynting vector of the scattered wave, Eq. (189) with R = 1, the

radiation power per solid angle is given by

dP

dΩs
= r2e sin

2 ϕ cϵ0 |Ei|2 . (237)
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The angular dependence with respect to Ei is also shown in Fig. (119). Since
cϵ0 |Ei|2 is the total incident power, the Thomson scattering cross-section, σ,
is given by

dσ

dΩs
= r2e sin

2 ϕ. (238)

Since dΩs = 2π sinϕ dϕ = −2π d(cosϕ), the total Thomson scatting cross-
section is

σ = 2πr2e

∫ π

0

sin3 ϕ dϕ = −2πr2e

∫ −1

1

sin2 ϕ d(cosϕ)

= 2πr2e

∫ 1

−1

(1− cos2 ϕ)d(cosϕ) =
8π

3
r2e . (239)

Here we observe several characteristics of Thomson scattering:

• σ is a constant; the scattered power is simply proportional to electron
density, ne, and the total scattered light power gives a measurement of ne.

• The scattered wave frequency is equal to the incident wave frequency, which
means that the scattered wave energy is equal to incident wave energy, i.e.,
Thomson scattering is elastic scattering.

• If the incident wave is linearly polarized, as shown in Fig. 119, the scattered
light is also linearly polarized.

• The backward-forward symmetry is kept during scattering process, implying
that the total scattered wave momentum is zero. This is consistent with the
non-relativistic assumption which will become inadequate when the incident
wave momentum is non-negligible.

More than just the electron density ne can be learned from Thomson scat-
tering. Similar to the discussion in Lecture 14, the line broadening of scattered
light contains information on electron temperature, Te, due to the Doppler
effect as explained below in two steps by using the quantum picture of Thomson
scattering:

Fig. 120: (left panel) Geometry of Thomson scattering measurement for inci-
dent laser wavenumber vector ki and observed scattered light wavenumber
vector kα; (right panel) scattering vector, k, due to electron velocity in the
same direction.
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1. Consider the rest frame of an electron moving at velocity V . The incident
laser wavenumber vector is ki and the observed scattered light wavenumber
vector is kα, as shown in the left panel of Fig. 120. The laser frequency
seen by the electron is Doppler-shifted from the laser frequency ωi in the
lab frame to be

ω′ = ωi

(
1− êi · V

c

)
(240)

where êi is the unit vector of ki. The scattered light remains at the same
frequency at ω′ in the electron rest frame in the non-relativistic limit as
discussed above.

2. Now return to the lab frame. The scattered laser frequency is Doppler-
shifted again from ω′ in the electron rest frame to

ωα = ω′
(
1 +

êα · V
c

)
(241)

where êα is the unit vector of kα.

By combining Eqs. (240) and (241), the total Doppler shift is

ω = ωα − ωi ≈ ωi
(êα − êi) · V

c
= ωi

k · V
kic

, (242)

where the direction of scattering vector k is shown in Fig. 120 and its size is
given by

|k| = |kα − ki| = 2 sin
α

2
ki. (243)

Therefore, the frequency or wavelength spread of scattered light reflects the
electron velocity distribution in the k direction. The simplest quantity that
can be determined by such measurements is the electron temperature, Te, and

Fig. 121: (left panel) Relativistic effects and (right panel) magnetic field
effects on Thomson scattering spectra.
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additional information such as non-thermal components could also be mea-
sured if there are an adequate number of photons available. Such measurements
are difficult in general due to the small Thomson scattering cross section but
have been getting easier recently due to technological advances.

Two additional effects are worth mentioning here: relativistic effects and
magnetic field effects. As discussed in Lecture 14, when electrons are relativis-
tic, the scattered light can exhibit beaming effects which increases the total
scattering power and also shifts towards higher energies or higher frequencies.
An example is shown in the left panel of Fig. 121 where spectra for electron
temperature increases from 2 keV to 50 keV with visible differences from 10
keV. Note that even 50 keV temperature is still small compared to electron rest
mass energy, the (inverse) Compton effects become non-negligible (see below).

Another effect is due to the magnetic field. Instead of traveling in straight
lines, the electron’s trajectory becomes helical when the magnetic field is suf-
ficiently strong. The resultant orbital integration becomes a summation of
Bessel functions, leading to harmonics in the broadened line shape as shown
in the right panel of Fig. 121. Note that this is observable only when k and
B are almost perpendicular to each other. Due to various difficulties, it is still
impractical to use this feature to measure B in hot plasmas; see Hutchinson
(2002) for more discussion.

Most practical challenges of Thomson scattering stem from the small cross
section: it requires intense lasers, little stray light, and low electronic noise
detectors. It also has to work against other radiation such as Bremsstrahlung.
Nonetheless, modern Thomson scattering diagnostics have become increasingly
sophisticated: one example is Laggner et al (2019) for hot plasmas in NSTX-U
and another example is Shi et al (2022) for relatively cold plasmas.

18.1.2 Coherent or Collective Thomson Scattering

The above discussion assumed that the measured scattering light by a detector
is a simple summation of the scattered light from all electrons. This is true
only when collective effects of plasma are absent, i.e., when the incident laser
wavelength is short compared to Debye length, kiλD ≫ 1. When kiλD ≪ 1,
the contribution to the scattering process from both the subject electron with
a charge of −e and its shielding cloud of electrons with a net charge of +e
need to be taken into account. As a result, the scattered wave power is greatly
reduced by the canceling effects due to shielding electrons.

When the subject particle is an ion with a charge of +e, then its shielding
cloud is made of electrons with a net charge of −e. Even though the scattering
power from the subject ion is small due to its slow acceleration, the scattering
power from the shield cloud of electrons remains large. In such a case, the
scattering light contains indirect but valuable information about ions! When
kiλD ≪ 1, Thomson scattering is said to be coherent or collective. In contrast,
when kiλD ≫ 1, Thomson scattering is said incoherent or non-collective.
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Fig. 122: Experimentally measured (a) IAW and (b) EPW spectra and
inferred plasma parameters (c) temperatures, (d) velocities, (e) densities, and
(f) ion charge state. From Ji et al (2024).

The coherent Thomson scattering power per frequency per solid angle is
given by Hutchinson (2002),

d2Ps

dνsdΩs
=
r2ePi

A
|êα × (êα × êi)|2 neV S(k, ω) (244)

where k = kα − ki and ω = ωα − ωi. Here V is the scattering volume and
A is incident beam area. S(k, ω) is called scattering form factor, representing
plasma collective effects and is given by

S(k, ω) ≈ 1

neTeV
|Ne(k, ω)|2 (245)

Here Ne(k, ω) is Fourier transformation of the Klimontovitch density which
includes all (incoherent and coherent) information about the discrete particles
in a finite volume and time period.

In a special case for uniform unmagnetized plasmas in the measurement vol-
ume, S(k, ω) can be explicitly calculated. In such a case, the plasma dielectric
constant is expressed as ϵ = 1 + χ where χ is the susceptibility, represent-
ing the effects of electric polarization due to electrons and ions, respectively,
χ = χe + χi. Each susceptibility can be calculated via the Vlasov equation,
which is an approximation of the Klimontovitch equation, see Chap. 1 of Ji
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(2024). With χe and χi known, the scattering form factor is given in Chap. 7.3
of Hutchinson (2002)

S(k, ω) =
2π

kne

[∣∣∣∣1− χe

1 + χe + χi

∣∣∣∣2 fek (wk )+
∣∣∣∣ χe

1 + χe + χi

∣∣∣∣2∑
i

Z2
i fik

(w
k

)]
,

(246)
where the first term represents contributions from incoherent electrons, the “1”
inside | . . . |2, and from coherent electron response the χe/(1 + χe + χi) term.
The second term represents contributions only from the shielding electron
response to the subject ion. fek and fik are the electron and ion velocity
distribution functions, respectively, projected in the k direction. When kiλD ≫
1, no coherent or collective effects exist, χe = 0; and S(k, ω) simply becomes
2π
kne

fek
(
w
k

)
, representing only incoherent effects from electrons as discussed in

the previous subsection. When kiλD ≪ 1, the shielding electron responses are
large, and thus χe is large and the first term approaches zero, representing
cancellation effects by the shielding electrons, while the second term remains
large.

Additional understanding can be gained by noticing where in Eq. (246) ϵ =
1+χe+χi appears in the denominator. For longitudinal waves in unmagnetized
plasmas, the dispersion relation is given by ϵ = 0 which yields electron plasma
waves (EPW) for electrons, ω2 = ω2

pe + 3(kvth,e)
2, and ion accoustic waves

(IAW) for ions, ω/k =
√
ZiTe/mi. In other words, during coherent Thomson

scattering when incident electromagnetic waves with wavelengths longer than
Debye length, among all coherent plasma responses, the responses with EPW
and IAW characteristics stand out like “resonance”. That is, for a given k,
the scattered light peaks at frequencies satisfying dispersion relation of ϵ = 0.
Thus, measuring these peaks and their widths provides a nearly complete set
of local plasma parameters of interest. An example is shown in Fig. 122.

The coherent Thomson scattering process discussed above is due to the
thermal fluctuations that exist intrinsically in plasmas such as discreteness of
particles represented in the Klimontovich equations. However, plasmas often
contain other fluctuations due to instabilities, and they can also scatter inci-
dent electromagnetic waves in principle. In such cases, Ne(k, ω) in Eq. (245)
can be simply replaced by the non-thermal density fluctuations ne(k, ω) due
to instabilities. An alternative way to explain this type of scattering is by
invoking the refractive index, N , discussed in Lecture 13. Electron density fluc-
tuations result in a fluctuating N which distorts the wavefront and thereby
causes incident waves to deviate from their original propagation path.

A typical setup is to measure frequency spectra for a given k. An example
is shown in Fig. 123 for a microwave scattering system (wavelength = 1.1 mm)
to measure the density fluctuations on electron scales in NSTX.
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Fig. 123: (left panel) Diagnostics setup for microwave scattering on NSTX
and (right panel) Measured spectrogram and frequency spectra at two different
times for k⊥ρe = 0.42. From Smith et al (2008).

18.2 Compton Scattering

The picture presented above on Thomson scattering is not fully self-consistent
based on classical physics. For example, the backward-forward symmetry is
kept during scattering process, as illustrated in Fig. 119, by ignoring the inci-
dent photon momentum. However, when the photon (or electron) energy is
comparable or larger than the electron rest mass energy, the momentum con-
servation needs to be enforced and the scattering process is called Compton
scattering ; full relativistic effects need to be taken into account.

Consider a case shown in Fig. 124 where an incident photon gets scattered
by an electron at rest. The four-momentum vectors of the photon and electron
before the collision are given by

Pµ
γ =

(
E

c
,
E

c
, 0, 0

)
Pµ
e = (mec, 0, 0, 0)
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Fig. 124: Compton scattering of a photon by an electron at rest. Modified
from Miyama et al (2008).
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and their counterparts after collision are

Pµ
γ,1 =

(
E1

c
,
E1

c
cos θ,

E1

c
sin θ, 0

)
Pµ
e,1 =

(√
p2 +m2

ec
2, p cos θe,−p sin θe, 0

)
.

Here the electron energy is given by
√
p2c2 +m2

ec
4 where p is electron momen-

tum. The three unknowns are E1, p, and θe, and can be solved by three
equations from the four-momentum conservation, Pµ

γ + Pµ
e = Pµ

γ,1 + Pµ
e,1,

E

c
+mec =

E1

c
+
√
p2 +m2

ec
2 (247)

E

c
=
E1

c
cos θ + p cos θe (248)

0 =
E1

c
sin θ − p sin θe. (249)

To eliminate θe, move the E1 term to the left-hand side in Eq. (248) and
Eq. (249), square and add them, leading to

E2 − 2EE1 cos θ + E2
1 = c2p2. (250)

Similarly, by moving the E1 term to the left-hand side in Eq. (247), and
squaring, we obtain

(E − E1)
2 + 2(E − E1)mec

2 +m2
ec

4 = c2p2 +m2
ec

4

(E − E1)
2 + 2(E − E1)mec

2 = c2p2. (251)

Equating Eq. (250) and Eq. (251) eliminates p, yielding the solution for E1,

E1 =
E

1 + E
mec2

(1− cos θ)
(252)

which can be rewritten as

λ1 = λ+ λc(1− cos θ). (253)

Here λc ≡ h/mec = 0.0243Å is the Compton wavelength for the photons
with electron rest mass energy. Therefore, the photons’ wavelengths increase
because they lose energy to the electrons. The fractional change in wavelength
is on the order of λc/λ, which is significant only when λ is sufficiently short
or the photons are relativistic. The scattering cross section gets smaller with
photon energy according to the well-known Klein-Nishina formula as an early
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achievement of quantum-electrodynamics (QED),

dσ

dΩs
=
r2e
2

E2
1

E2

(
E

E1
+
E1

E
− sin2 θ

)
, (254)

which reduces to Thomson scattering cross section, Eq. (238), in the limit of
E1 = E.

18.3 Inverse Compton Scattering

In contrast to the case when electrons are at rest in the lab frame while the
photon energy is relativistic, consider the opposite case when electrons move
at a finite speed of ve before colliding with photons, whose energy is non-
relativistic. Figure 125 (left panel) shows a case where photons can receive
energy from electrons, as opposed to losing energy by Compton scattering,
thus it is termed as inverse Compton scattering.

First, lets examine the frequency shift (or energy change) due to the
relativistic Doppler shift from the lab frame (K) to electron rest frame (K ′):

E′ = Eγ(1− β cos θ) (255)

E′
1 = E1γ(1− β cos θ1), (256)

where β = ve/c. Next, consider the electron rest frame as shown in
Fig. 125 (right panel). According to Eq. (252), E′

1 ≈ E′ since E′ ≪ mec
2.

Thus, equating Eq. (255) with Eq. (256) yields

E1 ≈ E
1− β cos θ

1− β cos θ1
> E (257)

since θ > θ1. This photon energy increase is called Sunyaev-Zel’dovich Effect or
SZE, and when averaged over a thermal electron distribution with temperature
of Te, the averaged fractional photon energy increase is given by〈

∆E

E

〉
=

4Te
mec2

= 0.04

(
Te

5keV

)
. (258)

SZE has been observed in Cosmic Microwave Background (CMB) radiation
when passing through hot plasmas in intra-cluster medium (ICM) of galaxy
clusters. Figure 126 shows an example of SZE distortion of CMB spectra for a
fictional cluster that is over 1000 times more massive than a typical cluster to
illustrate the small effect. Nonetheless, SZE has been used to detect and study
hot plasmas in the ICM as galaxy cluster structures (Carlstrom et al, 2002).
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Fig. 125: Inverse Compton scattering in the lab frame, K (left panel) in the
electron rest frame, K ′ (right panel). From Miyama et al (2008).

18.4 Summary

• Incoherent Thomson scattering is a powerful diagnostic to measure the elec-
tron velocity distribution function in hot plasmas of magnetically confined
fusion plasmas, despite its small cross section.

• Coherent or collective Thomson scattering, when kiλD ≪ 1, is also a pow-
erful diagnostic to measure various important plasma parameters, even
including ion information, through electron plasma wave (EPW) and ion
acoustic wave (IAW) resonances in high-energy-density (HED) plasmas.

• Coherent or collective Thomson scattering can be also used to measure short-
wavelength density fluctuations in magnetic confined fusion plasmas.

• When the photon energy is relativistic, they can lose energy through
Compton scattering.

• When electrons are hot, photons can receive energy via inverse Compton
scattering, called the Sunyaev-Zel’dovich effect important in cosmology and
astrophysics.

Fig. 126: Cosmic Microwave Background (CMB) radiation gets boosted in
energy due to Sunyaev-Zel’dovich Effect (SZE): schematic illustration (left
panel) and spectral distortion by a fictional cluster that is over 1000 times
more massive than a typical cluster from Carlstrom et al (2002) (right panel).
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18.5 Further Reading

• Chapter 7 of Hutchinson (2002)
• Froula et al (2011)
• Miyama et al (2008)

18.6 Homework Problem Set 11

Due April 17, 2026

1. Conceptually design a simple incoherent Thomson scattering system for
FLARE to measure ne = 5 × 1019m−3 and Te = 10eV. It is unknown if
a coherent Thomson scattering system is possible but please list possible
challenges for such a system. FLARE technical information can be found
at flare.pppl.gov.
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19 Neutral Particles

Electrically-neutral particles are an important component of plasmas. These
particles often critically influence other components, including both elec-
trons and ion species, as discussed in Section 15 on line radiation. At some
other times, active injection of neutral particles into plasmas creates numer-
ous opportunities to diagnose the plasma, not only for ions but also for the
magnetic field.

19.1 Collisional Processes and Neutral Particle Transport

There are three important types of collisions for neutral particles in plasmas:

1. Electron-impact ionization. For this process, the neutral particle speed is
unimportant as electrons typically move much faster. There is a sharp ion-
ization threshold (Fig. 127) at the Rydberg energy, Ry, with a cross-section
on the order of πa20 where a0 is Bohr radius.

2. Ion-impact ionization. The situation is similar to electron-impact ionization,
except ions need to be higher energy by a factor of mi/me.

3. Charge-exchange collisions. An electron jumps from neutral particles to ions
(instead of being set free), so that neutral particles are ionized while ions
recombine to neutrals or become one electron charge less ionized. If incident
and target atoms are of the same species, the charge exchange is said to be
symmetric and the bound electron does not change its energy other than the
energy differences between two atoms but reduced by me/mi. The “jump”
by the electron is of resonant nature with much larger efficiency than impact
ionization: the charge-exchange cross section ∼ 50πr20. However, when the
energy difference between two atoms is larger than Rymi/me, ∼ 20 keV
for hydrogen, the charge exchange cross section drops because the electrons
associated with incident atoms are too energetic to be captured by ions.
This is shown in Fig. 127.

Fig. 127: Cross-sections of charge-exchange, ion-impact and electron-impact
collisions for neutral particles. From (Hutchinson, 2002).



Diagnostics Lecture Notes

DIAGNOSTICS (APRIL 28, 2026 ) 191

CX

Fig. 128: (left panel) A typical experimental a setup of a Neutral Parti-
cle Analyzer (NPA). Cold neutrals penetrate into the hot plasma core where
charge-exchange collisions occur to release fast neutral particles, which become
ions in a stripping cell before being detected. (right panel) An example mea-
surement showing neutral energy spectra, indicative of hot ion temperature in
the core. From (Hutchinson, 2002).

The neutral particle transport, or neutral penetration into plasma, can be
discussed in a similar way to optical depth for photon transport in Lecture 6.
The probability for a neutral to survive along its travel path l from location
A to location B, using the mean number of collisions per unit length, α, is

PAB = exp

[
−
∫ B

A

α(l)dl

]
, (259)

where

α =
1

Va
[⟨σeve⟩ne + (⟨σivi⟩+ ⟨σcvi⟩)ni] . (260)

and Va is neutral particle speed. In hot fusion experiments, for the cold neu-
trals at the plasma’s edge from gas puffing or surface outgassing, the first term
on the right-hand side of Eq. (260) dominates. These cold neutrals do not pen-
etrate too deep into the plasma due to electron-impact ionization. For a small
number of neutrals which have managed to penetrate into the plasma core,
they charge exchange with hot ions which subsequently become fast neutral
particles. Measuring such fast neutral particles can provide valuable infor-
mation on ions and neutrals in the core. Figure 128 shows an experimental
setup of Neutral Particle Analyzer (NPA) and an example measurement. Such
measurements reveal the hot ion temperature in the core but require rather
complicated analysis, see Chap. 8.1 of Hutchinson (2002).

19.2 Neutral Beam Injection

Neutral Beam Injection (NBI) has been a major technique to heat fusion plas-
mas beyond about 1 keV, the maximum electron temperature achievable by
Ohmic heating. Figure 129 (left panel) shows a typical setup to generate NBI.
The ion source generates D+, D+

2 , and D+
3 deuterium molecules and get accel-

erated to equal energy, E, and dissociated in neutralizer. So in addition to the
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Fig. 129: Layout of a Neutral Beam Injection (NBI) system.

primary component of neutrals with energy of E, there are secondary compo-
nents with energies of E/2 and E/3. For such fast neutral particles, Va is much
larger than ion thermal speed. Therefore, the averaged cross section is simply

⟨σvi⟩ ≡
1

ni

∫
σ (|vi − Va|) |vi − Va|fi(vi)dvi ≈ σ(Va)Va. (261)

Thus, Eq. (260) becomes
α ≈ (σi + σc)ni, (262)

since the electron impact ionization term is small due to large Va. Therefore,
Eq. (259) becomes

PAB = exp

[
−(σi + σc)

∫ B

A

nidl

]
(263)

for fast neutral particle injection. For example, 10 keV neutrals can penetrate
by about 0.1 m into a plasma with density of 1020m−3. Neutrals with higher
energy can penetrate deeper but for typical positively charged ions, the neutral-
ization efficiency drops when approaching 100 keV (see above due to dropping
charge exchange cross section). Such difficulty does not exist for negatively
charged ions, and thus, Negative NBI or N-NBI has been used. Figure 129
(right panel) shows its neutralization efficiency and penetration length as func-
tions of energy. Modern tokamaks, such as the new JT-60SA, use extensively
both P-NBI and N-NBI systems, see Fig. 131. ITER uses two N-NBI systems
at 1 MeV to heat and fuel plasma due to its large size.

Active NBI systems for hot fusion plasmas also create unique opportunities
to diagnose plasmas. Below we discuss the following four specific techniques:

1. Charge-exchange with impurity ions – Charge Exchange Recombination
Spectroscopy (CHERS) to measure impurity temperature and flow;

2. Emission from beam atoms – Beam Emission Spectroscopy (BES) to
measure ne fluctuations;

3. Charge-exchange with majority ions - Main Ion Charge Exchange Spec-
troscopy (MICER) to measure majority ion temperature and flow;

4. Motional Stark Effect (MSE) to measure magnetic field pitch angle.
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Fig. 130: Neutralization efficiency for positive NBI and negative NBI as a
function of beam energy. From Hopf et al (2021).

Fig. 131: Layout of NBI systems for JT-60SA.

19.2.1 Charge Exchange Recombination Spectroscopy
(CHERS)

The underlying charge exchange process is

H0 +AZ+ −→ H+ +A∗(Z−1)+ −→ H+ +A(Z−1)+ + hν (264)

where the fully stripped impurity ions (AZ+) gain an electron (called hydrogen-
like) at an excited state (A∗(Z−1)+) and then decay to their ground state
(A(Z−1)+) by emitting a photon with energy of hν. The emitted photons
contain information about the impurity ions, which can be spectroscopically
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measured. From the intensity, the impurity density can be determined with
absolute calibration. From the Doppler shift and the broadening of the line,
impurity flow and temperature can be determined as in Lecture 7. This
technique enables fully stripped impurity ions (typically in hot fusion plas-
mas) to radiate and has a large number of possible lines to choose from.
Figure 132 shows a schematic layout of CHERS where good spatial resolutions
are achieved by crossing the measurement line-of-sights with NBI. Multiple
views allow measurements of different components of the impurity flow vector
as well as temperature anisotropy.

There are also some difficulties to overcome for this technique to be useful:

• Contributions from edge. Impurities get ionized at the plasma edge and
also radiate there. Removing edge contributions often is difficult and NBI
intensity modulation can help discriminate against background radiation;

• Contributions from the radiation “plume” along the field line due to electron-
impact ionization after charge exchange but before decay radiation. See
“plume” in Fig. 132;

• Fine structure in lines when temperature is low;
• Zeeman effect due to the magnetic field.

Figure 133 shows an example measurement after overcoming some of these
difficulties.

19.2.2 Beam Emission Spectroscopy (BES)

Line emissions from beam atoms after being excited by collisions with plasma
electrons are Doppler shifted, so they are easy to identify in the spectra. An
example is shown in Fig. 134 where different peaks are readily identifiable
for each beam component: E, E/2, and E/3, generated at the ion source as
mentioned above. (Three groups at each energy due to Stark splitting will be
discussed in the next subsection.) Although its line profile does not contain
information from the plasma, its intensity does. It is directly proportional to
electron density and only weakly depends on other parameters such as electron
temperature and ion temperature. The situation is ideal to use a bright and
visible line like Hα line at 656.3 nm to measure electron density fluctuations in
both space and time. The detection geometry is similar to what is shown for
CHERS, Fig. 132, but tangential views along flux surface are preferred due to

Fig. 132: Experimental setup for a CHERS system.
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Fig. 133: Example measurements of C6 ions by CHERS in DIII-D tokamak:
temperature, density, perpendicular and toroidal velocities. From Hutchinson
(2002).

Fig. 134: Example spectra during neutral beam injection into a tokamak and
fine spectral structures. From Hutchinson (2002).

small expected density variations along the field line. Since the beam Doppler
shift is also important, tangential NBI is required.

The line intensities can be modeled using time-dependent collisional radia-
tive models as discussed in Lecture 7 (Section 15). Since the initial condition
of injected neutral particles is known, the governing equations are greatly
simplified and can be integrated from t = 0 (Hutchinson, 2002),

dN1

dt
= −D1N1 (265)

dN2

dt
= P12N1 −D2N2 (266)

dN3

dt
= P13N1 + P23N2 −D3N3, (267)
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where Di is the total loss rate and Pij is the rate at which the excited state j
is populated from state i. This idea has led to a comprehensive spectral model
called FIDASIM (Fast Ion D Alpha Sim) code which provides predictions of
line spectra for Deuterium NBI-heated tokamaks (Heidbrink et al, 2011).

Figure 135 shows an example measurement of electron density fluctuation
by BES across a patch in DIII-D. Such measurements are used extensively in
turbulence analysis.

19.2.3 Motional Stark Effect (MSE) Diagnostics

As shown in Fig. 134, the line emission for each beam energy spits into 3
components: one α component and two π components. This is due to the
Stark shift (see Lecture 7) of line emission from the local motional electric
field, V × B where V is the beam velocity. The α component is polarized
perpendicular to and the π components are polarized parallel to the local
electric field. By measuring the polarization angle of these lines using refractive
index modulators (Levinton, 1999), the precise angle of local electric field and
thus magnetic field can be determined. This is called Motional Stark Effect
(MSE) diagnostics. Furthermore, each component of these lines further splits
into 3 lines due to the magnetic field strength, as shown in the right panel of
Fig. 134.

The geometry for the diagnostics is shown in Fig. 136. The local toroidal
coordinate (ϕ̂, θ̂, r̂) is defined at the intercept point between neutral beam and
sightline of the detector. The magnetic field vector at that location is given
by B = (Bϕ, Bθ, 0) and the injected neutral beam velocity vector is given by
V = (V cosα, 0,−V sinα), where V is neutral particle speed and α is the angle

between V and ϕ̂. Therefore, the motional electric field is given by

EM ≡ V ×B = (−V Bθ sinα, V Bϕ sinα, V Bθ cosα). (268)

Fig. 135: (left panel) A patch of DIII-D tokamak cross section measured
by BES diagnostics and (right panel) measured electron density fluctuations.
From G. McKee (2012).



Diagnostics Lecture Notes

DIAGNOSTICS (APRIL 28, 2026 ) 197

<latexit sha1_base64="RpWghOSlZdYljjzcuL/3jI1Zf/c=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURqT0WvHisYD+gDWWzmbZLN5uwOxFr6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgkRwja77bRU2Nre2d4q7pb39g8OyfXTc1nGqGLRYLGLVDagGwSW0kKOAbqKARoGATjC5mfudB1Cax/Iepwn4ER1JPuSMopEGdrmP8IhZCAgMYzUb2BW36i7grBMvJxWSozmwv/phzNIIJDJBte55boJ+RhVyJmBW6qcaEsomdAQ9QyWNQPvZ4vCZc26U0BnGypREZ6H+nshopPU0CkxnRHGsV725+J/XS3FY9zMukxRBsuWiYSocjJ15Ck7IlflXTA2hTHFzq8PGVFGGJquSCcFbfXmdtC+rXq1au7uqNOp5HEVySs7IBfHINWmQW9IkLcJISp7JK3mznqwX6936WLYWrHzmhPyB9fkDoUOTtQ==</latexit>

detector

<latexit sha1_base64="nxxbuXOyO3Z4vKTc3KyeyPmX+qk=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCF8OuSMwx4MVjBPOAJITZSScZMju7zPRGwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13VxBLYdDzvp2V1bX1jc3MVnZ7Z3dv3z04rJoo0RwqPJKRrgfMgBQKKihQQj3WwMJAQi0Y3Ez82hC0EZG6x1EMrZD1lOgKztBKbfe4ifCIaSg6F7FkCuhQwMO47ea8vDcFXSb+nOTIHOW2+9XsRDwJQSGXzJiG78XYSplGwSWMs83EQMz4gPWgYaliIZhWOj1/TM+s0qHdSNtSSKfq74mUhcaMwsB2hgz7ZtGbiP95jQS7xVYqVJwgKD5b1E0kxYhOsqAdoYGjHFnCuBb2Vsr7TDOONrGsDcFffHmZVC/zfiFfuLvKlYrzODLkhJySc+KTa1Iit6RMKoSTlDyTV/LmPDkvzrvzMWtdceYzR+QPnM8fpIWV6Q==</latexit>

mid-plane view

<latexit sha1_base64="hJMKPJZfi239YTcQzIs0Khe04aM=">AAAB/HicbVDLSgMxFM3UV62vapdugkVwVWZEapcFNy4r2Ae0Q8mkt21oJjMkd8Qy1F9x40IRt36IO//GtJ2Fth4IHM65h3tzglgKg6777eQ2Nre2d/K7hb39g8Oj4vFJy0SJ5tDkkYx0J2AGpFDQRIESOrEGFgYS2sHkZu63H0AbEal7nMbgh2ykxFBwhlbqF0s9hEdMFSSomaSBjc76xbJbcReg68TLSJlkaPSLX71BxJMQFHLJjOl6box+yjQKLmFW6CUGYsYnbARdSxULwfjp4vgZPbfKgA4jbZ9CulB/J1IWGjMNAzsZMhybVW8u/ud1ExzW/FSoOEFQfLlomEiKEZ03QQdCA0c5tYRxLeytlI+ZZhxtXwVbgrf65XXSuqx41Ur17qpcr2V15MkpOSMXxCPXpE5uSYM0CSdT8kxeyZvz5Lw4787HcjTnZJkS+QPn8wdXXpUz</latexit>

neutral beam

<latexit sha1_base64="OBJ0ptR0h+P3iT6wZxpHlVUaTvU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSqseCF48V7Ac2oWy2m2bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAqu0XG+rdLG5tb2Tnm3srd/cHhUPT7p6iRTlHVoIhLVD4hmgkvWQY6C9VPFSBwI1gsmt3O/98SU5ol8wGnK/JiMJQ85JWikRy8imHtpxGfDas2pOwvY68QtSA0KtIfVL2+U0CxmEqkgWg9cJ0U/Jwo5FWxW8TLNUkInZMwGhkoSM+3ni4tn9oVRRnaYKFMS7YX6eyInsdbTODCdMcFIr3pz8T9vkGF44+dcphkySZeLwkzYmNjz9+0RV4yimBpCqOLmVptGRBGKJqSKCcFdfXmddK/qbrPevG/UWo0ijjKcwTlcggvX0II7aEMHKEh4hld4s7T1Yr1bH8vWklXMnMIfWJ8/5F2RCQ==</latexit>

ω̂

<latexit sha1_base64="CGhHBlhnv4LGM0IEjOpGFUwiLhY=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCF48V7Ac0oUy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC8FwKRRvo0DJe6nmEIeSd8PJ3dzvPnFtRKIecZryIIaREpFggFby/TFg7uOYI8wG1Zpbdxeg68QrSI0UaA2qX/4wYVnMFTIJxvQ9N8UgB42CST6r+JnhKbAJjHjfUgUxN0G+uHlGL6wypFGibSmkC/X3RA6xMdM4tJ0x4NisenPxP6+fYXQb5EKlGXLFlouiTFJM6DwAOhSaM5RTS4BpYW+lbAwaGNqYKjYEb/XlddK5qnuNeuPhuta8LuIokzNyTi6JR25Ik9yTFmkTRlLyTF7Jm5M5L86787FsLTnFzCn5A+fzB3nwkfI=</latexit>

ω̂

<latexit sha1_base64="E0cb4KAPy8GgUJLq5but/gxWscQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mktB4LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i387hPXRsTqEWcJ9yM6ViIUjKKVuoMJxUzPh+WKW3WXIJvEy0kFcrSG5a/BKGZpxBUySY3pe26CfkY1Cib5vDRIDU8om9Ix71uqaMSNny3PnZMrq4xIGGtbCslS/T2R0ciYWRTYzojixKx7C/E/r59ieOtnQiUpcsVWi8JUEozJ4ncyEpozlDNLKNPC3krYhGrK0CZUsiF46y9vks5N1atX6w+1SrOWx1GEC7iEa/CgAU24hxa0gcEUnuEV3pzEeXHenY9Va8HJZ87hD5zPH6Z6j8A=</latexit>

r̂

<latexit sha1_base64="vIu3RO0qALn2Eu4WE9TZ93MQx2c=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQitcuCG5cV7APaUCbTSTt0MgkzN2II8VfcuFDErR/izr9x2mahrQcu93DOvcyd48eCa3Ccb6u0sbm1vVPereztHxwe2ccnXR0lirIOjUSk+j7RTHDJOsBBsH6sGAl9wXr+7Gbu9x6Y0jyS95DGzAvJRPKAUwJGGtnVIbBH8INs0Tlk3Twf2TWn7iyA14lbkBoq0B7ZX8NxRJOQSaCCaD1wnRi8jCjgVLC8Mkw0iwmdkQkbGCpJyLSXLY7P8blRxjiIlCkJeKH+3shIqHUa+mYyJDDVq95c/M8bJBA0vYzLOAEm6fKhIBEYIjxPAo+5YhREagihiptbMZ0SRSiYvComBHf1y+uke1l3G/XG3VWt1SziKKNTdIYukIuuUQvdojbqIIpS9Ixe0Zv1ZL1Y79bHcrRkFTtV9AfW5w/vm5WX</latexit>

V

<latexit sha1_base64="pq+pxzqzGus5YQsr+ZqOOm0kVEE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3w850kG15tbdBcg68QpSgwKtQfWrP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkwipDEiXalkKyUH9P5DQ2ZhqHtjOmODar3lz8z+tlGN0GuVBphlyx5aIokwQTMv+cDIXmDOXUEsq0sLcSNqaaMrT5VGwI3urL66R9Vfca9cbDda15XcRRhjM4h0vw4AaacA8t8IGBgGd4hTdHOS/Ou/OxbC05xcwp/IHz+QPDMo6h</latexit>

ω
<latexit sha1_base64="Lpq0zOTWVWeotvyuEIoNUz/hCgM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSa88TMuk9QwSZeLwlQQE5P562TIFaNGTC1Bqri9ldAxKqTGBlSyIXirL6+T9lXVq1fr97VKo5bHUYQzOIdL8OAaGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AIrdjxU=</latexit>ω

Fig. 136: Geometry for Motional Stark Effect diagnostics.

Now, assume the unit vector of the sightline is given by ŝ = (cosβ, 0, sinβ) as
shown in Fig. 136. The tangent of the detected polarization angle, γ, within
the perpendicular plane of ŝ is then given by

tan γ =
V Bθ cos(α+ β) + Er cosβ

V Bϕ sinα
. (269)

Here Er is radial electric field in the lab frame where ions are assumed to be
at rest and is given by

Er =
1

Zieno

∂Pi

∂r
, (270)

where Zi, ni, and Pi are ion charge, density and pressure, respectively. When
ions are not at rest in the lab frame, the additional motional electric field should
properly be added. Typically Er is much smaller than EM : Er ∼ 10kV/m
while EM ∼ 100kV/m. In such cases, the field line pitch angle, Bθ/Bϕ, can be
determined as

Bθ

Bϕ
= tan γ

sinα

cos(α+ β)
, (271)

which in turn can determinethe safety factor, q. One such example from TFTR
is shown in Fig. 137 from Levinton (1999).

The dependence of polarization angle on Er as shown in Eq. (269) provides
an opportunity to measure it, as Er is important in confinement physics. There
are three different ways in general:

1. Two different beams; this is equivalent to two different values of α.
2. Two different view angles; this is equivalent to two different values of β.
3. Two different energies of the same beam (E, E/2, E/3); this is equivalent

to two different values of V .

There are successful examples for each of the above.
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Fig. 137: Example measurements of field line pitch angle and safety factor
using MSE diagnostics from TFTR (Levinton, 1999).

Fig. 138: (left panel) Midplane view of MICER setup on DIII-D and example
of measured spectrum and background subtraction. From Haskey et al (2018).

19.2.4 Main Ion Charge Exchange Spectroscopy (MICER)

The original difficulties in measuring majority or main ions using charge
exchange spectroscopy have been due to strong background emissions from
various effects. However, significant progress over the years on the CHERS,
BES and MSE diagnostics, matched by comprehensive modeling efforts includ-
ing FIDASIM and a specially designed MICEFIT spectral fitter, it becomes
possible to cleanly separate out the background emissions from those from
main ions. The underlying process is similar to Eq. (264) with impurity ions
replaced by main ions, typically Deuterium ions,

D0 +D+ −→ D+ +D∗0 −→ D+ +D0 + hν. (272)

Figure 138 shows a MICER experimental setup on DIII-D for both core and
edge views (left panel) and an example spectrum for both measurement and
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Fig. 139: Various quantities of main ions (D) measured by MICER and impu-
rity ions (C) measured by CHERS. From Haskey et al (2018).

modeling. These measurements have sufficient precision to determine main ion
quantities which are compared well with impurity measurements by CHERS,
shown in Fig. 139.

It should be noted here that there exist other diagnostic techniques based
on neutral beam injection such as Zeeman effects to measure magnetic field.
While generally hard to apply, Zeeman diagnostics have been successfully used
to the measure solar magnetic field (see a recent review by Pevtsov et al
(2021)). It is described in Chap. 8.2 of Hutchinson (2002). Pellet injection to
fuel fusion reactions also provide similar opportunities to NBI.

19.3 Heavy Ion Beam Probe (HIBP)

Lastly, we briefly discuss a useful diagnostic based on injecting a beam of ions
at high energies which are sufficiently massive so that their ion gyroradius large

Fig. 140: Experimental setup for a heavy ion beam probe (HIBP). From
Crowley (1994).
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enough to directly travel out of the plasma. A typical Heavy Ion Beam Probe
(HIBP) setup is shown in Fig. 140, where Rb ions are injected into plasma.
In principle, the primary beam landing location contains integrated electric
and magnetic field information along their path, similar to the electron beam
technique used in spacecraft described in Fig. 28 in Lecture 3. However, since
the fields are highly nonuniform, multi-chord deconvolution is necessary as in
Abel inversion discussed in Lecture 13 and it is typically difficult to perform,
as both the electric field and magnetic fields are vectors.

The real usefulness of HIBP lies in its secondary beams, which form after
ions in the primary beam get further ionized by adding one more electron
charge. Due to their larger charge, they receive a larger force from electric and
magnetic fields, and thus follow a different path than the primary beam, see
Fig. 140. The landing location and its energy change from the primary beam
contains information on the location of ionization and electric potential at
that location, respectively. Determining the electric field requires information
on the spatial gradient of electric potential, which can pose a challenge. Since
the ionization is mainly by impact electrons, the secondary beam intensity
is proportional to electron density at the ionization location. With location,
electron density fluctuation, and electric potential measured simultaneously
with sufficient time resolution, detailed physics studies become possible on
topics such as turbulent transport due to electrostatic drift waves in tokamaks
and stellarators (Fujisawa, 2009).

19.4 Summary

• Three important collisional processes exist for neutral particles in plasmas
and charge exchange collision is a particularly process important at low
energies.

• Neutral particle transport properties are important to interpret passive
neutral particle measurements from hot fusion plasmas.

• Neutral beam injection (NBI), including Native NBI, is essential to heat
and fuel fusion plasmas but also provides unique opportunities to diagnose
plasmas.

• Charge Exchange Recombination Spectroscopy (CHERS) measures density,
velocity and temperature of impurity ions, Beam Emission Spectroscopy
(BES) measures electron density fluctuations, while Motional Stark Effect
(MSE) Diagnostics measure magnetic field pitch angle.

• By fully taking into account all emission lines, important properties of
majority ions can be determined by Main Ion Charge Exchange Spectroscopy
(MICER).

• Heavy Ion Beam Probe (HIBP) is a useful diagnostic to measure local
electron density and electric potential internal to hot fusion plasmas.

19.5 Further Reading

• Chapter 8 of Hutchinson (2002)
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19.6 Homework Problem Set 12

Due April 22, 2026

1. Calculate the minimum neutral hydrogen energy in order to reach the center
of ITER plasma assuming reasonable magnitudes and profiles for electron
density, electron temperature and ion temperature.

2. Consider a plasma with two ion species: protons and a single type of impu-
rity with charge Z. Suppose Zeff is measured by Bremsstrahlung radiation
and electron density ne is measured by an interferometer. What is the
proton density?

3. Discuss potential benefits and difficulties when adding beam energy modu-
lation to HIBP.
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