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1 Magnetohydrodynamic (MHD) Models

We begin with a few simple but important clari�cations:

MHD: It is obviously incorrect to call anything \hydro" when there is not
even a single water molecule present. This comes from a purely historical rea-
son: the plasma 
uid models that we are going to learn about are at least
partially based on 
uid dynamics, which started and matured (successfully!)
much earlier than modern plasma physics. In this sense, we will be also learn-
ing, to a lesser depth, about the extension of 
uid dynamics that includes
plasma e�ects, notably the electric conductivity properties. The correct name
should be \Magneto
uiddynamics", or MFD, which is unfortunately rarely
used. I note that the term \hydromagnetic" is being used synonymously.

Units: This is another matter that often goes with convention. Over the years,
di�erent subareas of each �eld gradually evolved towards one particular sys-
tem. In plasma physics, experimentalists tend to use SI while theoreticians
tend to use Gaussian. Heliophysics, a relatively new term that includes solar
physics, solar wind physics, and magnetospheric space physics, uses SI while
astrophysics, including both observation and theory, uses Gaussian regardless.
We may choose whatever unit system that we prefer, but we still need to know
how to convert from one to the other. Experimentally, there are additional
conventions that are being used, such as Torr versus Pascal versus psi versus
bar as units for pressure. A standard atmosphere of pressure is 760 Torr or
1:013� 105 Pascals which is an SI unit, N/m2. The other unit, bar, is not an
SI unit and is de�ned as 105 Pa, giving a standard atmospheric pressure to be
slightly over 1 bar.

Constructing Plasma Fluid Models: There are generally two approaches
to construct 
uid equations for plasma. The �rst is to follow the hierarchy of
plasma models, which will be discussed immediately below. This approach is
rigorous (and often tedious) by following �rst principles. However, it is clear
about the assumptions needed for each step. In principle, the consequences of
each assumption can be quanti�ed if needed. In reality, however, such conse-
quences or implications are often ignored in favor of simplicity and convenience,
which is understandably preferred.

The second approach is based on the continuum hypothesis, which has been
hugely successful for 
uid dynamics in the collisional limit, where the discrete-
ness of particles can be safely ignored. Here, microscopic origins of macroscopic
properties, such as pressure and volume, are not considered. As such, the con-
struction is rather heuristic in nature. Kinetic theory of gases, in contrast,
reveals links between microscopic and macroscopic properties, forming the
foundation of modern statistical mechanics.

In some senses, plasma models resemble gas models but with inherently
richer and deeper physics, involving electromagnetism with wide applica-
tions including fusion, astrophysics, and material processing. Regardless of
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the method of constructing plasma models, experimental and observational
veri�cation or confrontation is always the key to a successful model.

1.1 Hierarchy of Plasma Models

Albert Einstein once famously said, \Everything should be made as simple as
possible, but not simpler." This also speaks for plasma models. A hierarchy
of plasma models has been developed and applied successfully. Finding the
simplest possible model to describe a particular process is alwaysan art, but
typically one starts with a simple model by adding one ingredient at a time
until capturing the necessary feature of that process. What's the initial simple
model? Typically, we start with MHD. Below are plasma models in order of
increasing simplicity and greater assumptions.

1. Exact microscopic descriptions (Chap.7 in Krall and Trivelpiece, 1973):

ˆ Klimontovich(-Dupree) equation (Chap. 4 in Klimontovich, 1967; Dupree,
1963),

N (x ; v; t) =
X

i

� [x � x i (t)] � [v � v i (t)] (1)

dN
dt

= 0 : (2)

ˆ Distribution function, F , treating all particles statistically and satisfying
the Liouville equation,

dF
dt

= 0 : (3)

ˆ Reduced distributions are de�ned as integrated over coordinates of
all but one, two, three, etc. dimensions to obtain one-particle dis-
tribution functions, f 1(x 1; v1; t), two-particle distribution functions,
f 1;2(x 1; v1; x 2; v2; t), and so on. The one-particle distribution does not
contain information on interactions between particles. The two-particle
distribution contains information on binary interactions only. The three-
particle distribution contains information on three-particle interactions,
and so on.

ˆ BBGKY hierarchy (Bogoliubov, Born, Green, Kirkwood, Yvon) in statis-
tical physics for a system with a large number of interacting particles. The
one-particle distribution is decided by the two-particle distribution, which
is decided by the three-particle distribution, etc., forming an in�nite chain
of equations for reduced distribution functions.

ˆ Covered by AST554: Irreversible Processes in Plasma.

2. Boltzman/Vlasov Equations:
Boltzmann equation: evolution of the one-particle distribution f 1 � f with
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binary interactions (collisions):

df
dt

=
@f
@t

+ v �
@f
@x

+
q
m

(E + v � B ) �
@f
@v

=
�

�f
�t

�

coll
(4)

Vlasov equation: evolution of the one-particle distribution f 1 � f without
binary interactions (collisions):

df
dt

=
@f
@t

+ v �
@f
@x

+
q
m

(E + v � B ) �
@f
@v

= 0 (5)

3. Drift-kinetic/Gyro-kinetic Models: approximation based on guiding center
motion or charge ring motion.

4. Multi-
uid Models: approximation based on 
uid descriptions for each
species.

5. Single 
uid (MHD) Models: approximation based on a combined one 
uid
description.

6. Mean-�eld Theory/Models: approximation based on averaged
uid quanti-
ties over a certain spatial or temporal scale.

1.2 Multiple Scale Nature of Plasma Physics

Magnetized plasmas have a wide range of scales, and usually temporal scales
have their counterparts in spatial scales. Ordering spatial scales from large to
small:

ˆ Global system dynamics. Typically phenomena on this scale can be described
by the MHD model, but not always, such as low-temperature plasmas which
may require kinetic models from the outset.

ˆ Local thermal ion (electron) kinetic physics. When magnetized, ion (elec-
tron) kinetic physics are in the scale of ion (electron) gyro-radius or ion
(electron) skin depth, di � c=! pi = VA =
 i (de � c=! pe = VA =
 e), which is
the information propagation distance by Alfv�en speed in one ion (electron)
cyclotron time.

ˆ Debye-scale physics. Above the Debye length,� D , quasi-neutral plasma
physics applies while below� D non-neutral plasma physics applies (David-
son, 2001).

ˆ Atomic scale physics. Some atomic physics processes are important for
plasma physics such as ionization/recombination, inelastic processes of
atoms including excitation and photon emission, and high-energy particle
physics processes like pair plasma (electron positron pairs) creation.

One special case is energetic particles (much more energetic than thermal
energies) which can experience multiple scales along their trajectory. Examples
include cosmic ray particles in astrophysics and fusion products in laboratory
fusion reactors. They are so energetic that they can directly participate in
global scale physics, i.e. to cause MHD instabilities to grow or to be in
uenced
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by MHD scale processes directly. Some of these will be covered later in this
course.

In magnetized plasmas, the behavior of the magnetic �eld is part of plasma
physics. (In fact, plasmas are almost always magnetized whenever hot and
large enough | the so-called \dynamo" problem of plasmas. This will also
be covered later in the course.) The magnetic �eld has some inherent mul-
tiscale properties that we will see soon. Locally, they can form X-points or
O-points, 3D null-points, separatrices, and separators. Globally, magnetic 
ux
is conserved in ideal MHD, as are magnetic helicity and magnetic topology.
Magnetic �eld lines can form global 
ux surfaces, and when they don't, they
can be stochastic. Some of these will be covered.

Fig. 1 Multiple scale nature of magnetized plasma physics. Scales range from atomic,
Debye, electron, ion, and system (MHD) scales. Di�erent approaches cover a range of scales,
but none covers all scales.

Currently, no research approach can study the physics of all scales. This
is illustrated in Fig. 1. Fluid models, such as MHD models covered here, can
be successful in modeling global phenomena, while kinetic models, such as
drift-kinetic models or full-particle models, can adequately describe physics
on kinetic scales. Sometimes, \hybrid" models, in which electrons are treated
as 
uid while ions are treated kinetically, can cover much larger scales than
thermal ion kinetic scales at the expense of electron kinetic physics. Needless
to say, each of these models has necessary simplifying assumptions to be pro-
ductive, and sometimes these simplifying assumptions are intentional (as in
Einstein's quote above) to reveal the underlying essential physics of a partic-
ular phenomenon. Nonetheless, because of these assumptions, we can't be too
faithful for these models to accurately reproduce every feature of any particular
phenomenon.
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In space physics and astrophysics, remote sensing technology typically can
resolve only global 
uid scales while satellites in Earth's magnetosphere or
solar wind provide in-situ local measurements on ion or electron kinetic scales,
with limited information on larger scales. Due to the similar scales that they
cover, remote-sensing observations are often modeled by 
uid models while
in-situ measurements are modeled by kinetic models. In contrast, laboratory
experiments can advantageously provide both global and local measurements
simultaneously, but they are limited by achievable parameters due to available
hardware or resources. As such, one of the exciting aspects of plasma physics
is that the same phenomena or processes can be created on totally di�erent
scales { temporal or spatial { one can be extremely small or short occurring in
nanoseconds/micrometers, one can be extremely large and long spanning light
years, or in between these extremes, one can play out in human size! Combining
the strengths of each of these approaches can tell a very convincing story.

Typically, the protocol to investigate a new phenomenon in either fusion
or astrophysical multiscale plasmas is to begin with its global properties using
hydrodynamics or magnetohydrodynamics. In fusion plasmas, an MHD equi-
librium is established �rst in a magnetic con�guration, such as tokamak or
stellarator, followed by testing its MHD stability against various global lim-
its, such as achievable plasma beta or resistive wall time. After passing these
\checkups", it is then meaningful to investigate kinetic transport properties,
such as (neo)classical transport due to Coulomb collisions or anomalous trans-
port due to drift wave turbulence. This order of protocol follows the logic that
equilibrium and global stability are important on short time scales, typically
Alfv�en time scales, while transport time scales are much longer. For exam-
ple, the former time scales are typically shorter than one millisecond while the
latter time scales or con�nement time are typically long, such as 100 millisec-
onds in hot tokamaks. Other considerations, such as auxiliary heating or power
extraction, should be taken into account whenever needed. For simplicity, often
some of these steps can be skipped by assuming an idealized con�guration,
such as slab geometry where a local piece of plasma is considered, but with the
understanding that some important physics may be absent due to the limiting
assumptions.

A similar protocol can be drawn in astrophysics. Global structures, such as
stars, accretion disks, or jets, need to be established �rst, followed by testing
their global hydrodynamic or MHD stability against processes such as convec-
tion or shear instability. Then microscopic processes, such as kinetic properties
in shocks or dissipation in turbulence, are investigated. During this process,
there are other considerations such as observational limitations in the inter-
pretation of the indirectly measured quantities. As in fusion, often idealized
con�gurations are assumed to skip some of these steps to focus on a particular
subject of interest, but with the understanding of possible missing physics.
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1.3 Constructing Plasma Fluid Equations

Following the hierarchy of plasma models as discussed in Sec. 1.1, macroscopic
quantities are obtained by taking momentsof the Boltzmann equation, Eq. (4),
to remove the dependence on velocityv,

hg(x ; t)i �
Z

g(x ; v; t)f (x ; v; t)dv; (6)

which e�ectively calculates any quantity (can be a vector or a general tensor),
g, with weighted contributions based on the distribution f at each location
and time. Taking g = 1 yields the macroscopic particle density,

n(x ; t) =
Z

f (x ; v; t)dv; (7)

while taking g = mv yields the momentum density,

m hv(x ; t)i ) = m
Z

vf (x ; v; t)dv; (8)

leading to the macroscopic 
uid velocity V (x ; t) = hv(x ; t)i =n(x ; t).
When g = 1

2 m (v � V ) (v � V ), i.e. the velocity spread after the frame
shift to V , the corresponding moment ofg becomes the pressure tensor,

1
2

m h(v � V ) (v � V )i = pI + � ; (9)

where p is the isotropic macroscopic pressure,I is a unit tensor, and � is the
o�-diagonal pressure tensor. Thus, macroscopic temperature inunits of energy
can be de�ned asT(x ; t) = p(x ; t)=n(x ; t). Note that the diagonal components
of the pressure here can beanisotropic with respect to the magnetic �eld,
i.e. pressure in the parallel direction of the �eld lines can be di�erent from
pressure in other directions,pk 6= p? . For simplicity, we take the pressure to
be isotropic here.

Now the following MHD equations can be readily derived,

@n
@t

+ r � (nV ) = S; (10)

mn
�

@
@t

+ V � r
�

V � qn(E + V � B ) + r � P = R ; (11)

3
2

@p
@t

+ r �
�

3
2

pV
�

+ P : r V + r � q = Q; (12)

whereS =
R�

�f
�t

�

coll
dv is the plasma source viae.g. ionization or recombina-

tion due to collisions. R =
R

m (v � V )
�

�f
�t

�

coll
dv is the frictional force and



GPP II Lecture Notes

MHD ( 10/11/24 ) 11

Q =
R

1
2 m (v � V )2

�
�f
�t

�

coll
dv is the heating due to collisions.r � P includes

both of the pressure force and the viscous force (to be discussed later) and
P : r V is the work done on or by the 
uid.

The terms due to Coulomb collisions can be expressed in 
uid quantities
in principle if distribution functions are known, but their derivations can be
complicated. For local Maxwellians, they have been worked and summarized
by Braginskii (1965); also see more concise summaries (Wesson, 2011, p.84)
and (Kulsrud, 2005, Ch.8).

The continuity equation, Eq. (10), determines the evolution of density n,
but it requires information on the velocity V , which is determined by the
equation of motion, Eq.(11). Solving Eq. (11) for V evolution requires infor-
mation on P , which is determined by the next energy equation (12). However,

solving Eq. (12) requires information on heat 
ux q = 1
2 m

D
(v � V )2 (v � V )

E

and so on, forming an in�nite chain of equations. A standard closure scheme for
ideal MHD (Ch.4 & 9 Freidberg, 2014) is to introduce an equation of state for
an ideal gas, where frequent collisions are required to achieve thermodynamic
equilibrium, to replace Eq. (12) and all subsequent equations with,

d
dt

�
p
� 


�
=

�
@
@t

+ V � r
� �

p
� 


�
= 0 : (13)

Here � = mn is the mass density and
 = 5=3 is the ratio of speci�c heats of
a plasma. Equations (10), (11) and (13) therefore form a complete set of ideal

uid equations for each species of a plasma, after their RHS' are set to zero.

The above set of 
uid equations can be constructed for each species in a
plasma, and then combined for a single 
uid MHD model. For simplicity, we
treat electrons and singly charged ions as the only constituents of the plasma.
We de�ne macroscopic quantities of a single 
uid MHD model by combining
electron and ion 
uids as

� = mi ni + mene � mi ni � mi n; (14)

V =
mi ni Vi + meneVe

�
� Vi ; (15)

j = en(Vi � Ve) : (16)

It is trivial to combine electron and ion continuity equations into a single
continuity equation, @�=@t+ r � (� V ) = 0, but it is not straightforward for
the other two equations. For the energy equation, the energy equilibration
time between electrons and ions is typically long for hot plasmas, making it
di�cult to justify setting their temperatures as equal. In fact, it is rather rare
to have equal temperatures in fusion and astrophysical plasmas, except for
dense plasmas like stellar interiors. However, if thetotal energy is concerned,
the equilibration between di�erent species is not an issue, and Eq.(13) is valid
also for the single 
uid model after rede�ning p = pe + pi . Note that this is
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di�erent from the arguments given in Freidberg (2014). A similar strategy can
be applied to combine the equation of motion, Eq. (11), for electrons and ions:

mi n
�

@
@t

+ Vi � r
�

Vi � en(E + Vi � B ) + r � P i = R i ; (17)

men
�

@
@t

+ Ve � r
�

Ve + en(E + Ve � B ) + r � Pe = R e; (18)

whereR i (R e) is the frictional force on ions (electrons) due to electrons (ions),
and thus R i + R e = 0 when the two 
uids are combined. The combined
equation of motion, therefore, takes the form

�
�

@
@t

+ V � r
�

V � j � B � r p; (19)

where r � (P i + Pe) � r p is assumed. However, the relation toE is lost
during this combination. To keep this, the electron equation of motion is used,
generally referred asgeneralized Ohm's law, by rearranging terms of Eq. (18)
yielding

E + V � B = � j +
j � B

en
�

r � Pe

en
�

me

e

�
@
@t

+ Ve � r
�

Ve; (20)

where Eq. (16) is used and the plasma resistivity,� , is based on the frictional
force. The resistivity is usually a tensor (Braginskii, 1965) but it is taken to be
a scalar here for simplicity as inR = en� � j � en� j . Compared with V � B ,
the magnitudes of the last 3 terms of Eq. (20) respectively scale as

di

L
; � e

di

L
;

r
me

mi

de

L
; (21)

whereL is the characteristic length of the plasma and the characteristic speed
is taken to be Alfv�en speed, VA � B=

p
� 0� . Therefore, if the plasma is suf-

�ciently large, the last three terms in Eq. (20) can be dropped leading to
resistive Ohm's law

E + V � B = � j : (22)
(We note that there could be special cases where the resistive term is dominant
and the resistive Ohm's law is still largely valid, even for small plasmas which
do not necessarily satisfy conditions listed in Eq. (21).) Thus, Faraday's law
can be written as the magnetic �eld evolution equation,

@B
@t

= r � (V � B ) +
�
� 0

r 2B (23)

where r � B = 0 is used. The �rst term on the RHS of Eq. (23) represents
magnetic �eld evolution due to the moving plasma to which �eld lines are
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frozen (see GPP I), and the second term represents �eld di�usion due to �nite
resistivity. The relative magnitude between these two e�ects is often identi�ed
as the magnetic Reynolds number,

Rm �
� 0LV

�
(24)

where V is the characteristic speed of the plasma, which in general can be
di�erent from VA . Rm is important for di�erentially 
owing plasmas and will
be discussed in detail later in the class. When the plasma has little movement or
is static, V is often replaced byVA leading to the so-called Lundquist number,
S. In most fusion and astrophysical plasmas,Rm � 1 and/or S � 1, meaning
magnetic 
ux is mostly frozen to the plasma except at some special locations
of narrow widths, such as in shock wave layers or magnetic reconnection layers,
as will be discussed later in the class.

To complete this section, the remaining Maxwell's equations warrant some
discussion. Displacement current is negligible in non-relativistic plasmas,

r � B = � 0j +
1
c2

@E
@t

: (25)

To see this, the relative importance between electric and magnetic �elds can be
evaluated via Faraday's law in a plane wave approximation,E=cB � Vphase=c,
where phase velocityVphase � !=k ; ! and k are the plane wave's angular
frequency and wavenumber. Therefore, relative tor � B the displacement cur-
rent, (1=c2)@E=@t, scales proportionally as (Vphase=c)2 ! 0 in non-relativistic
plasmas whereVphase = O(VA ) in MHD (see later).

Note that dropping displacement current is consistent with the quasi-
neutrality requirement of a plasma. Taking divergence of Eq. (25) leads
to

r � j + � 0
@(r � E )

@t
= 0 (26)

where the second term is the time derivative of charge density,� � e(ni �
ne), according to Gauss's law. Therefore, dropping displacement current is
equivalent to demanding � � 0 which is the charge neutrality requirement,
as long as this is true for the initial condition at t = 0. To appreciate charge
neutrality, we can estimate �=e in a typical tokamak plasma with a size of 1
meter and temperature of 1 keV. The typical magnitude of (radial) electric
�eld measured in such plasmas is 1 kV/m. The mismatch of electron and ion
densities or�=e � (� 0=e)r � E � 6 � 1010m� 3, which is 9 orders of magnitude
lower than the typical density of such a plasma of 1020m� 3!

Using Ampere's law, the �nal set of resistive MHD equations are

@�
@t

+ r � (� V ) = 0 (27)

�
�

@
@t

+ V � r
�

V =
(r � B ) � B

� 0
� r p (28)
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�

@
@t

+ V � r
� �

p
� 


�
= 0 (29)

@B
@t

= r � (V � B ) +
�
� 0

r 2B (30)

with 8 equations for the 8 unknowns: � , p, V and B . The ideal MHD model
refers to the case when� = 0, or equivalently Rm ! 1 =S ! 1 . In order
for ideal MHD models to be valid, frequent collisions are needed for plasma
to stay near the thermodynamic equilibrium, but not too frequent to cause
substantial dissipation of the magnetic �eld.

1.4 Additional Remarks

We have seen quite a few assumptions or simpli�cations that went into the
derivation of the single-
uid MHD models. This raises legitimate concerns
about whether our models are valid when applied to real-world problems.
Nonetheless, MHD models are arguably one of the most successful plasma
models to capture global behaviors for both fusion and astrophysical plasmas.
There could be several reasons for it. MHD models are quite simple, com-
pared with other models in our hierarchy, and attempts have been made to
apply it to a wide range of cases. This practice follows Einstein's advice, as
the mean-�eld theory has not been as mature just yet to be practically use-
ful. Even though MHD models are more complicated than their hydrodynamic
counterparts, Navier-Stokes equations, the existence of a large volume of liter-
ature on the latter subject has served as a solid foundation for MHD models.
Experimentally or observationally, global scale phenomena in both fusion and
astrophysical plasmas have been the �rst to be detected and studied, which
helped motivate the use of MHD models as well.

Despite these successes, however, we should not take it for granted that
MHD models should be also applicable. Detailed discussion on their validity
can be found in the reading materials, but Fig. 2 shows a simple and practical

ow chart to check the validity of an MHD model. We begin with the question
if the plasma is non-relativistic, i.e. whether Alfv�en speed is much slower than
the speed of light. If not, displacement current and charge density need to
be included, with corresponding Maxwell's equations. If yes, we move on to
whether collision time or mean-free path is much shorter than the time or
length of interest. If it is, then the MHD models are valid. Otherwise, we
further examine whether the plasma size is much larger than ion kinetic scales
in the cross-�eld directions, and whether the plasma is periodic as in toroidal
con�nement systems in the parallel direction. If yes, there is a good chance
the MHD models can work, but otherwise, more complicated or sophisticated
models should be used.

As discussed in Sec.1, MHD models can also be derived based on Navier-
Stokes equations by adding the Lorentz force. For example, an incompressible
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Fig. 2 A 
ow chart to check the validity of an MHD model.

version is given by

�
@
@t

+ V � r
�

V =
j � B

�
�

r p
�

� g + � r 2V ; (31)

where gravity g and viscous forces are included as a convention. This introduces
another dimensionless parameter, the Reynolds number,

Re =
LV
�

(32)

where � is the kinematic viscosity. The ratio of Rm to Re is called the mag-
netic Prandtl number, Pm = � 0�=� , which is important in deciding the
nature of dissipation on small scales. Refer to (Kundu et al, 2015, Ch.1-4) for
fundamentals of Navier-Stokes equations.

Finally, a list of extensions to the simple MHD models is given below for
your reference:

Hall MHD: When important physics occurs on length scales comparable to
ion kinetic scales, Hall terms are restored in the model.j � B =en can be added
without incurring additional variables, but the electron pressure term, r p=en,
is either ignored or needs a link to the total pressure,p.
Electron MHD: When important physics occurs on length scales compara-
ble to electron kinetic scales while ions can be treated as background charge
neutralizers, electron MHD models (Bulanov et al, 1992) are employed. See
homework.
GR-MHD: When dealing with extreme conditions, such as near black holes,
general relativistic e�ects must be included.
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Radiative HD/MHD: When photons play an important role by interacting
with plasma, they can be added as an additional massless 
uid such as in some
laser-generated plasmas and astrophysical plasmas, which can become opaque
to photons with certain energies. Quantum e�ects can be important as well.
General Relativity Radiative HD/MHD (GRRMHD): When both
photons and general relativity are important, typically during accretion to
black holes such as for the Event Horizon Telescope (EHT) project.
MHD Plus a Neutral Particle Fluid: When plasma is partially ionized,
neutral particles participate in MHD through collisions with electrons and ions,
introducing e�ects such as ambipolar di�usion (Mestel and Spitzer, 1956).
MHD Plus Neutrinos: Neutrinos introduce an additional 
uid interacting
with electron 
uid through weak interactions, which is possibly important
for supernovae phenomena in astrophysics and in laser-produced laboratory
plasmas.

1.5 Summary
ˆ Hierarchy of plasma models from multi-body to kinetic to 
uid. MHD models

are arguably the most successful model for plasmas.
ˆ Plasma physics is multiscale and no method can cover all scales. Multiple

approaches are needed.
ˆ Construction of MHD models requires many assumptions but leads to a set

of simple 
uid equations.
ˆ Additional Remarks

{ Validity of MHD models is always a concern and should be checked often.
{ Navier-Stokes equation and 
uid mechanics provide a solid and useful

reference point for MHD.
{ Many extended MHD models exist to take into account of various e�ects.

1.6 Further Readings
ˆ Chapters 2 & 9 in Freidberg (2014)
ˆ Braginskii (1965), p.84 in Wesson (2011), Chapter 8 in Kulsrud (2005)
ˆ Chapters 1-4 in Kundu et al (2015)

1.7 Homework Problem Set 1

1. Check whether the following line-tied plasmas, in which the �eld lines
intercept conducting boundaries, can be treated properly by MHD models:

(a) Plasmas in the solar corona often exhibit �lamentary �eld-aligned struc-
tures with lengths in the order of 106 m and widths in the order of 105

m. The typical magnetic �eld has strength of 10 mT with a temperature
of T � 100eV and number density ofn � 1015m� 3.

(b) Plasmas in the tokamak scrape-o�-layer (SOL) typically have a tem-
perature of T � 100 eV and a number density ofn � 1019m� 3 at the
interface with the bulk plasma. Away from the bulk plasma, T and n fall
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o� exponentially with a scale length on the order of 1 cm. The magnetic
�eld has a strength of about 1 Tesla and travels for about 100 m before
intercepting the divertor plates.

2. Electron MHD Model:
(a) When ions are regarded as stationary, electrons carry all electric current.

Assuming uniform density and incompressible electron 
ow, derive the
Electron MHD (E-MHD) model:

@
@t

�
B � d2

er 2B
�

= r �
�
Ve �

�
B � d2

er 2B
��

+ � r 2B (33)

Ve = �
1

� 0en
r � B (34)

where de is electron skin depth.
(b) Discuss physical insights that you can develop from these equations for

the ideal E-MHD model.
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2 Magnetostatic Equilibrium

2.1 Conservation Forms of Ideal MHD Equations

The standard ideal MHD model equations can be summarized as

@�
@t

+ r � (� V ) = 0 ; (35)

�
�

@
@t

+ V � r
�

V =
(r � B ) � B

� 0
� r p; (36)

�
@
@t

+ V � r
� �

p
� 


�
= 0 ; (37)

@B
@t

= r � (V � B :) (38)

Note that they do not contain any dissipative e�ects, and as a result, many
conservation laws should hold.

Fig. 3 Magnetic �eld B passes through a surface S encircled by the loop l in a plasma
moving with a velocity of V (dl is an element of l ).

Magnetic 
ux conservation. Conservation of magnetic 
ux is also called
the \frozen-in" law of magnetic �eld to the plasma. The magnetic 
ux passing
through surface S is given by

	 =
Z

B � dS; (39)

and its time derivative moving with the plasma is given by

d	
dt

=
Z

@B
@t

� dS +
I

B � (V � dl ): (40)

The second term is due to the rate of change inS by the loop elementdl swept
with velocity V and can be written as

I
B � (V � dl ) = �

I
(V � B ) � dl = �

Z
r � (V � B ) � dS: (41)
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Using Faraday's law, we have

d	
dt

= �
Z

r � E �dS �
Z

r � (V � B ) �dS = �
Z

r � (E + V � B ) �dS = 0 :

(42)

Mass and momentum conservation. The conservation of mass is trivial
from Eq. (35), which can then be used to derive momentum conservation.
Multiplying Eq. (35) with V and adding to Eq. (36) yield the LHS,

V
@�
@t

+ �
@V
@t

+ ( � V � r ) V + V r � (� V ) =
@(� V )

@t
+ r � (� V V ) : (43)

The RHS of Eq. (36) can then be written in a tensor form, sincer � B = 0,

(r � B ) � B
� 0

� r p = r �
��

p +
B 2

2� 0

�
I �

BB
� 0

�
; (44)

leading to the momentum conservation,

@(� V )
@t

+ r �
��

p +
B 2

2� 0

�
I + � V V �

BB
� 0

�
= 0 : (45)

The �rst term in the divergence is the force due to plasma and magnetic
pressure. The second and third terms are the forces due to Reynolds and
Maxwell stresses, respectively.

Energy conservation. Performing dot product of Eq. (36) with V yields an
energy conservation equation. The �rst term becomes,

� V �
�

@
@t

+ V � r
�

V =
@
@t

�
1
2

�V 2
�

�
V 2

2
@�
@t

+ � V � r
�

V 2

2

�

=
@
@t

�
1
2

�V 2
�

�
V 2

2

�
@�
@t

+ r (� V )
�

+ r
�

1
2

�V 2V
�

=
@
@t

�
1
2

�V 2
�

+ r
�

1
2

�V 2V
�

; (46)

where we have used the mass conservation in Eq. (35). The second term
becomes

V � (j � B ) = � j � (V � B ) = j � E

= � r
�

E � B
� 0

�
+

B
� 0

� r � E

= � r
�

E � B
� 0

�
�

@
@t

�
B 2

2� 0

�
; (47)
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where the ideal Ohm's law and Faraday's law have been used. The �rst term
on RHS represents the Poynting vector for electromagnetic energy 
ux while
the second term represents the rate of change for the magnetic energy. The
last term of Eq. (36) after being dotted by V is

V � r p = r � (pV ) � pr � V : (48)

We will then replace r � V in terms of p using the continuity and energy
equations, Eq. (35) and Eq. (37). To do this, we divide Eq. (37) byp=� 
 to
yield,

d
dt

�
ln

�
p
� 


��
=

d
dt

(ln p � 
 ln � ) =
1
p

dp
dt

�


�

d�
dt

= 0 : (49)

Similarly, Eq. (35) can be written as

1
�

d�
dt

+ r � V = 0 ; (50)

which can be used to replaced�=dt in Eq. (49) yielding

dp
dt

=
@p
@t

+ V � r p = � 
p r � V : (51)

Finally, using this equation to eliminate r � V in Eq. (48) leads to

V � r p =
1


 � 1
@p
@t

+




 � 1
r � (pV ) : (52)

Combining all three terms, the energy conservation equation becomes

@W
@t

+ r � S = 0 ; (53)

W =
1
2

�V 2 +
p


 � 1
+

B 2

2� 0
; (54)

S =
�

1
2

�V 2 +
p


 � 1

�
V + pV +

E � B
� 0

: (55)

The total energy contains plasma kinetic energy, internal thermal energy 3p/2
when 
 = 5=3, and magnetic energy. The energy 
ux contains the 
ux of
plasma kinetic and internal thermal energy, work done on plasmapV , and
electromagnetic energy 
ux given by the Poynting vector.

Boundary conditions. Global properties of a system, such as its equilibrium
or stability, can critically depend on its boundary conditions. For plasma, the
normal boundaries can either be �xed and non-penetrating or free. For a �xed
boundary, like a solid wall, the normal component of velocity vanishes

n � V = 0 ; (56)
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wheren is the normal unit vector of the boundary. In contrast, the free surface
boundary deforms at the rate given by the normal component of the plasma's
velocity.

In the tangential direction, the boundaries can either be slippery, for an
inviscid 
uid or non-slippery, for a viscous 
uid. Assuming stationary bound-
aries, the tangential components of plasma's velocity must also vanish in the
non-slip condition,

n � V = 0 : (57)

Electromagnetic boundary conditions can either be perfectly conducting or
insulating. For perfect conductors, both the perpendicular magnetic �eld and
tangential electric �eld must vanish,

n � B = 0 ; (58)

n � E = 0 : (59)

For insulating boundaries, the normal current density must vanish

n � (r � B ) = 0 : (60)

More detailed discussion on various boundary conditions can be found in (Ch.3
Freidberg, 2014).

2.2 Virial Theorem

A closely related subject to global energy conservation is the virial theorem,
which is used to appreciate the required con�nement by either magnetic �elds
in laboratory magnetic fusion experiments or self-gravity in astrophysics.

We begin with a tensor identity (the proof is part of Homework 2),

r � (r � T ) = r � (r � T ) + Trace( T ) (61)

where T is a tensor and r is the position vector. For the momentum
conservation in Eq. (45), we have

d(� V )
dt

= � r � T = 0 ; (62)

where

T =
�

p +
B 2

2� 0

�
I + � V V �

BB
� 0

: (63)

The �rst term on the RHS from Eq. (61) vanishes in a steady state. It is also
straightforward to calculate

Trace(T ) = �V 2 + 3p +
B 2

2� 0
: (64)
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Since
R

r � (r � T ) dV =
R

(r � T ) � dS; where the surfaceS encloses the volume
V , the identity Eq. (61) becomes

Z
(r � T ) � dS =

Z �
�V 2 + 3p +

B 2

2� 0

�
dV: (65)

This equation leads to a contradiction whenr ! 1 . Because the integrand
of the RHS is positive de�nite, the volume integration remains positive and
�nite even when r ! 1 . In contrast, under the same condition, the LHS

Z
(r � T ) � dS /

Z
rB 2dS /

1
r 3 ! 0; (66)

where we have assumed that the magnetic dipoles decay the slowest,B / r � 3,
and the surface areaS / r 2. This contradiction means the magnetic �eld gen-
erated by the plasma cannot con�ne the plasma itself! However, it is possible
to con�ne plasma using its gravitational force (Homework 2). Therefore to
magnetically con�ne plasma in a laboratory, we need external magnetic �elds
generated by coils.

2.3 Magnetostatic Equilibrium in Toroidal Con�gurations

2.3.1 Grad-Shafranov Equation

Fig. 4 Nested magnetic 
ux surfaces in cylindrical coordinate system ( r; �; z ) where � is
the azimuthal angle.

The equation to determine steady-state static magnetic con�nement of
plasma is simply given by

j � B = r p; (67)

which implies
B � r p = j � r p = 0 : (68)
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Therefore, both vectors j and B must lie on the constant pressure contours
forming nested magnetic 
ux surfaces as illustrated in Fig. 4. We can use the
plasma pressurep to index the magnetic 
ux surfaces, andp is a (magnetic) 
ux
surface quantity. There exist many other 
ux surface quantities when plasma is
in magnetostatic equilibrium. Examples include plasma density, electron and
ion temperatures, as well as poloidal 
ux 	 and toroidal 
ux � when properly
integrated (see below).

We begin with a cylindrical coordinate system (r; �; z ), pictured in Fig. 4,
formed by the radial, azimuthal, and axial directions. We assume axisymmetry
for simplicity. Consider the 1D case when all quantities, includingp, depend
on only r . Then, the pressure force� r p is only in the radial direction, and
both B and j must have no radial component depending on onlyr ,

B = (0 ; B � ; Bz ); (69)

� 0j =
�

0; �
dBz

dr
;

1
r

d (rB � )
dr

�
: (70)

Therefore, the force balance equation, Eq. (67), can be expressed as

d
dr

�
B 2

� + B 2
z

2� 0

�
+

B 2
�

� 0r
= �

dp
dr

: (71)

The plasma pressure is con�ned by a combination of magnetic pressure and
magnetic tension force, as shown in the LHS of the above equation.

This con�nement system is calledscrew pinch due to the presence of both
Bz and B � . Z pinch is a special case withBz = 0 and the plasma is con�ned
purely by B � generated byj z . Another special case is thetheta pinch when
the plasma is con�ned purely by Bz generated byj � and B � = 0.

Con�ning plasma without open �eld lines requires the 
ux surfaces to
take a toroidal (doughnut) shape. For simplicity, we assume axisymmetry as
illustrated in Fig. 5. This con�guration is called toroidal pinch with major
radius R0 and minor radius a reduces the system into a 2D system. The orig-
inal cylindrical coordinate system (r; �; z ) shown in Fig. 4 now becomes a
toroidal coordinate system (r; �; � ) where � is toroidal angle and is related to
z through z = � �R 0. Figure 5 also introduces a new cylindrical coordinate
system (R; �; Z ) which is related to the toroidal coordinate system via

R = R0 + r cos�; (72)

� = � z=R0; (73)

Z = r sin �: (74)

Note that all coordinates here are right-handed. Flux surfaces (in red) are
nested but shifted radially outwards (called Shafranov Shift (Shafranov,
1966)). This shift is due to the hoop force di�erence from a stronger poloidal
�eld on the inner side of the torus than that on the outside (Ch.4 in Freidberg,
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2014). The center of 
ux surfaces when its area approaches zero is the mag-
netic axis at R = Ra which is also typically the location of maximum plasma
pressure. On the other side, the last closed 
ux surface is a circle with a radius
of a.

Fig. 5 Magnetic con�guration of toroidal con�nement system. Cylindrical coordinate sys-
tem is de�ned as ( R; �; Z ) while the toroidal coordinate system is de�ned as ( r; �; � ). Here
toroidal angle is � and poloidal angle is � . Other de�nitions: major radius is R0 and minor
radius is a. Magnetic axis is also shown in the �gure.

As in any 2D systems, a stream function, , can be introduced as,

BR = �
1
R

@ 
@Z

; (75)

BZ =
1
R

@ 
@R

; (76)

to satisfy

r � B =
1
R

@(RB R )
@R

+
@BZ
@Z

= �
1
R

@2 
@R@Z

+
1
R

@2 
@Z@R

= 0 : (77)

By comparing to the de�nition of the vector potential A in an axisymmetric
cylindrical system,  can be readily identi�ed as  = RA � .  is also closely
related to poloidal 
ux 	 de�ned as

	( R) = 2 �
Z R

R a

BZ (R0; 0)R0dR0 = 2 � [ (R; 0) �  (Ra ; 0)] = 2 � (R; 0); (78)

where Eq. (76) is used and (Ra ; 0) is set to be zero. Therefore, instead of
using pressurep, we can use poloidal 
ux  to uniquely label the 
ux surfaces.
(The plasma pressurep might not provide unique labels of the 
ux surfaces.)
Similarly, toroidal 
ux � can also be de�ned for each closed 
ux surface. Both
	 and � are 
ux surface quantities.
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Using  and toroidal �eld component, B � , and introducing F = RB � , we
can express current density via Ampere's law:

B =
�

�
1
R

@ 
@Z

; B � ;
1
R

@ 
@R

�
; (79)

� 0j =
�

�
@B�
@Z

; �
� �  

R
;

1
R

@F
@R

�
; (80)

� �  = R
@

@R

�
1
R

@ 
@R

�
+

@2 
@Z2

= R2r �
�

r  
R2

�
: (81)

By applying Stokes's theorem to Ampere's law,F (R) is shown to be related to
the total poloidal current passing through the circle with a radius ofR, I pol (R),

I pol (R) = 2 �� 0

Z R

0
j Z (R0)R0dR0 =

I
B � (R)Rd� = 2 �RB � (R) = 2 �F (R):

(82)
Finally, the R component of the force balance in Eq. (67) is given by

j � BZ � j Z B � =
@p
@R

; (83)

or

�
� �  
� 0R2

@ 
@R

�
F

� 0R2

@F
@R

=
@p
@R

: (84)

Multiplying by � � 0R2 and using chain rule of di�erentiation yield the
Grad-Shafranov equation by Grad & Rubin (1958) and Shafranov (
1960) (Shafranov, 1966),

� �  + F
dF
d 

+ � 0R2 dp
d 

= 0 : (85)

This equation can also be written in the toroidal coordinate system (r; �; � )
but in a somewhat more complicated form,

� �  =
1
r

@
@r

�
r

@ 
@r

�
+

1
r 2

@2 
@�2

�
1

R0 + r cos�

�
cos�

@ 
@r

�
sin �

r
@ 
@�

�

= � F
dF
d 

� � 0 (R0 + r cos� )2 dp
d 

: (86)

Analytical solutions of Grad-Shafranov equation exist, such as those by
Solov'ev (1968). In practice, the equation is solved numerically by specifying
F and p as functions of  with appropriate boundary conditions.

2.3.2 Characteristics of Toroidal Con�gurations

We should recognize that a toroidal system cannot con�ne plasma by using
a purely toroidal �eld B � . This limitation is because the charge-dependent
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guiding center drifts in the Z direction caused by the r B and the �eld cur-
vature. For example, the vacuum toroidal �eld generated by the toroidal �eld
coil current, I T F , decreases withR and is given by

B � =
� 0I T F

2�R
= 0 :2

�
I T F

MA

� �
R
m

� � 1

Tesla; (87)

where I T F is in the unit of mega ampere andR is in the meter unit. Usually,
we calculateI T F by multiplying the coil current by the number of turns of the
toroidal �eld coil system. The equation gives r B that is in the R direction so
does the �eld line curvature vector. Since the magnetic �eld is in the toroidal
direction, both r B and �eld curvature drifts are in the Z direction, but with
opposite signs for electrons and ions. This di�erence leads to charge buildup at
opposite ends of theZ direction generating an electric �eld EZ . The resulting
EZ � B � drift will cause ions and electrons to move radially outward and
losing con�nement. A poloidal component of the magnetic �eld, B � , is therefore
needed to short out the charge buildup along the �eld line direction to prevent
the loss of con�nement. This B � can be generated either by current 
owing in
the plasma (called plasma current,I p) as in toroidal pinches, such as tokamaks
or reversed �eld pinches (RFPs), or by external coils as in stellarators.

OnceB � is added to the existingB � , magnetic �eld lines on the 
ux surface
go around not only toroidally but also poloidally in helical paths. \Safety
factor" of a given 
ux surface  , q( ), is introduced to quantify the twistedness
of the �eld lines on that particular 
ux surface, i.e. the number of toroidal
turns for �eld lines to �nish one poloidal turn,

q(r ) �
1

2�

I
B �

RB �
ds =

2�
�

; (88)

where s is the distance along a �eld line. Here� is called rotational transform,
de�ned as the poloidal angle it travels per toroidal turn of a �eld line. Con-
ventionally, q is used for toroidal pinches while� is used for stellarators. In the
large aspect ratio limit R0=r � 1 of a circular plasma,

q(r ) =
# of toroidal turn
# of poloidal turn

�
B � =2�R 0

B � =2�r
=

rB �

R0B �
: (89)

Now we are ready to introduce the three di�erent types of �eld line
trajectories in toroidal systems. Field line in the plasma can either be:

Rational when the q is a rational number, i.e. q = n=m (n and m are positive
integers). The �eld line stays not only on a single 
ux surface but also on a
closed loop on the 
ux surface. For example,q = 3=2 means the �eld line wraps
around toroidally for exactly 3 turns for every 2 poloidal turns. Rational 
ux
surfaces are also important for MHD instabilities relating to the resonances of
n and m mode numbers.
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Ergodic when the q is an irrational number. In this case, a �eld line maps
an entire 
ux surface without closing the loop. This trajectory is an ideal
situation for 
ux surfaces without rational resonances.
Stochastic when a �eld line occupies avolume due to the loss of geometric
symmetry. This is undesirable for plasma con�nement as parallel transport
along �eld lines is much faster than perpendicular transport, leading to con-
stant p in the stochastic volume, i.e. loss of con�nement. It should be noted
that sometimes stochastic �eld lines are intentionally introduced to reduce
pressure gradient, such as to mediate disruptive behavior due to strong Edge-
Localized Mode or ELM, or to spread heat to a large volume in the divertor
region.

Finally, an important �gure of merit for plasma con�nement, the globally
de�ned plasma � warrants some discussion here. It makes sense to calculate
volume-averaged pressure rather than the local pressure,

hpi =
1
Vp

Z
pdV; (90)

where Vp is the plasma volume. The toroidal beta, � t , is the beta value when
vacuum toroidal �eld at R = R0, B0, is often used for convenience,

� t �
hpi

B 2
0=2� 0

: (91)

In contrast, the poloidal beta, de�ned as

� p �
hpi

B 2
� (r = a)=2� 0

; (92)

has more physical meanings. This can be illustrated using the cylindrical
approximation given by Eq. (71) which is valid when R0=a � 1. Multiplying
�r 2 to Eq. (71) and integrating from r = 0 to r = a yields

Z a

0
�r 2 d

dr

�
p +

B 2
� + B 2

z

2� 0

�
dr +

Z a

0
2�r

B 2
�

2� 0
dr = 0 : (93)

The �rst integration can be written as

�
�r 2

�
p +

B 2
� + B 2

z

2� 0

�� a

0
�

Z a

0
2�r

�
p +

B 2
� + B 2

z

2� 0

�
dr; (94)

which can be combined with the second integration to yield

�a 2
�

B 2
� (a) + B 2

z (a)
2� 0

�
=

Z a

0
2�r

�
p +

B 2
z

2� 0

�
dr; (95)
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Fig. 6 Diamagnetism versus paramagnetism as indicated by poloidal beta, � p .

where p(a) = 0 is used. Since volume averaged quantity here meanshxi =Ra
0 x2�dr=�a 2, we have

hpi +



B 2

z

�

2� 0
=

B 2
� (a) + B 2

z (a)
2� 0

; (96)

which can be rearranged to

� p �
hpi

B 2
� (a)=2� 0

= 1 +
B 2

z (a) �


B 2

z

�

B 2
� (a)

: (97)

Therefore, when� p < 1,


B 2

z

�
is larger than its edge value,B 2

z (a), implying the
plasma isparamagnetic. In contrast, when � p > 1, the plasma isdiamagnetic,
i.e.



B 2

z

�
is smaller thanB 2

z (a). This is illustrated in Fig. 6 where Bz is replaced
by B � in the toroidal system.

Total � , or � t in strong toroidal �eld systems like tokamaks, depends
strongly on geometry. This can be seen in

� � � t =
hpi

B 2
� =2� 0

= � p
a2

R2q2
a

; (98)

whereqa = q(a). Given � p � 1, � is higher for a smaller aspect ratio or a lower
edge safety factor,qa . However, lower qa can lead to MHD instabilities (see
later). Instead, elongating plasma cross-section, shown in Fig. 7, can increase
� without lowering qa . With a non-circular cross-section,qa is given by

qa �

p
(a2 + b2) =2

R
B �

B � (a)
=

aB �

RB � (a)

r
1 + � 2

2
; (99)

where elongation� � b=a. Therefore, � increases with� as in

� � � p
a2

R2q2
a

r
1 + � 2

2
: (100)
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Fig. 7 Elongated plasma cross section � = b=a > 1.

2.3.3 Force Balance in the Major Radius Direction

As implied by the virial theorem, some forms of the magnetic �eld by external
coils are required to con�ne the plasma. This requirement is not obvious in the
Grad-Shafranov equation as the magnetic �eld is assumed to be generated by
currents in both the plasma and the external coils. Here we discuss the force
balance in the R direction to explicitly calculate the required vertical �eld to
be generated by external sources.

The three forces acting on the toroidal plasma in theR direction are:

1. Hoop force,Fh , due to poloidal �eld, which is expanding,
2. Plasma pressure force,Fp, which is expanding,
3. Force due toroidal �eld, Fm , which can be either expanding or contracting

depending on� p.

The required vertical �eld, BV , can then be calculated by balancingI p � BV

with the sum of the above three forces. Below, we calculate each of these three
forces.

Hoop Force, Fh . The energy of a current-carrying loop is given by 1
2 L pI 2

p
where L p is the self-inductance of the current ring,

L p = � 0R
�

ln
8R
a

� 2 +
l i
2

�
; l i =



B 2

�

�

B 2
� (a)

: (101)

The hoop force can be calculated from the radial expansion of the current ring
to reduce its energy while keeping its 
ux L pI p constant,

Fh = �
@

@R

 
L pI 2

p

2

! �
�
�
�
�
L p I p =const

= �
1
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@
@R

�
(L pI p)2
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� �
�
�
�
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= �
(L pI p)2

2
@

@R

�
1

L p

�
=

I 2
p

2
@Lp
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=
� 0I 2

p

2

�
ln

8R
a

� 1 +
l i
2

�
: (102)
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Fig. 8 Forces acting on a toroidal plasma.

Pressure Force, Fp. The plasma pressure force acting on its cross-section is
hpi �a 2. From Fig. 8, for each small wedge ofd , the pressure forces from both
sides do not exactly cancel due to toroidal curvature, leading to a residual
radial force of hpi �a 2d . Integrating over 2� , we have

Fp = hpi �a 22� =
hpi

B 2
� (a)=2� 0

B 2
� (a)
2� 0

2� 2a2 =
� 0I 2

p

4
� p; (103)

where 2�aB � (a) = � 0I p and we have used the de�nition of � p.

Force due toroidal �eld, Fm . The expanding force of a toroidal �eld is due
to larger B � pressure on the inner side of the torus (recallB � / 1=R), and
the contracting force is due to theB � tension force. In a vacuum, they exactly
balance but in plasma, the net radial force depends on whether� p is larger

or smaller than unity, see Fig. 6. When � p > 1,
D

B 2
�

E
is smaller than B 2

� (a),

causing the net force points radially outward due to a weaker tension force.
The opposite happens when� p < 1. Using Eq. (97), we have

Fm =
B 2

� (a)

2� 0
�a 22� �

D
B 2

�

E

2� 0
�a 22� =

� 0I 2
p

4
(� p � 1) ; (104)

where the �rst term is due to the expanding B � pressure force while the second
term is due to the contracting tension force.

A vertical �eld, BV , is needed to balance all three forces,

2�RI pBV = Fh + Fp + Fm : (105)
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Substituting the forces that we have calculated before, we get

BV =
� 0I p

4�R

�
ln

8R
a

+ � p +
l i
2

�
3
2

�
: (106)

This vertical �eld can either be provided by a set of \vertical �eld coils" or
by the eddy currents 
owing in a conducting shell that encloses plasma. In
the latter case, however, the eddy currents will eventually decay, resulting in
a merely transient vertical �eld.

2.3.4 Various Toroidal Con�gurations

Fig. 9 Con�gurations for tokamak, Spherical Torus (ST), two versions of stellarators,
Reversed Field Pinch (RFP), Field Reversed Con�guration (FRC), and spheromak.

Below we brie
y comment on several toroidal con�nement con�gurations.

Tokamak is the most advanced and mature con�guration that the ITER
project is based. However, it is relatively large and complex with a moderate
con�nement e�ciency. In addition, it requires plasma current to be driven for
steady-state operation.
Spherical Torus (ST) is a tokamak at lower aspect ratios making it more
compact. It has higher betas or better con�nement e�ciencies, thus possibly
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more economical for fusion reactors. But it is less developed than tokamaks
and more restrictive in available space.
Stellarator provides rotational transform via external coils that can be nec-
essarily complicated with larger devices. This con�guration does not require
current drive and has less free energy for instabilities.
Reversed Field Pinch (RFP) is a tokamak at a much larger (� 10 times)
plasma current or low q. It requires much weaker external toroidal �elds giving
a signi�cant advantage but has many MHD instabilities to avoid.
Spheromak is an RFP at the unity aspect ratio. Its main advantage is
that it does not require a center stack. However, it also su�ers more global
instabilities.
Field Reversed Con�guration (FRC) is a spheromak without a toroidal
�eld. It has the highest plasma beta closer to unity but more free plasma
energy for instabilities. Classical FRCs do not have 
ux surfaces due to their
�eld lines forming loops within their poloidal planes.

Fig. 10 Locations of various con�gurations in the parameter space of aspect ratio and safety
factor, and also in the parameter space of ratio of the magnetic �eld generated internally to
the total �eld and plasma beta.

Figure 10 shows rough locations of these con�gurations in the parameter
space of the aspect ratio and the safety factor and the parameter space of
the ratio of internal to total magnetic �eld and the plasma beta. There is a
general tendency for higher plasma beta in systems with a higher proportion
of internally generated magnetic �elds. The plasmas in such systems are more
often \self-organized" with the magnetic con�gurations strongly in
uenced by
the plasma dynamics. We will discuss this concept further later in the class.

2.4 Summary
ˆ Conservation laws of ideal MHD plasmas on 
ux, mass, momentum, and

energy.
ˆ Virial theorem: A plasma cannot be con�ned by its self-generated magnetic

�eld but can by self-generated gravity.
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ˆ Magnetostatic equilibrium is generally given by the Grad-Shafranov
equation in 2D for axisymmetric toroidal systems. General cases in 1D are
screw pinches which include theta pinch and Z pinch as special cases.

ˆ Characteristics of toroidal con�nement systems

{ A simple toroidal �eld cannot con�ne plasma.
{ Safety factor and three types of �eld lines in toroidal plasmas.
{ Poloidal beta informs paramagnetism or diamagnetism of the plasma.
{ Plasma total beta or toroidal beta depends on the geometry and shape of

a toroidal plasma.

ˆ A vertical �eld is needed to balance the expanding radial forces.
ˆ Various toroidal con�gurations are brie
y discussed.

2.5 Further Readings
ˆ Chapters 3-6 in Freidberg (2014)
ˆ Chapter 4 in Kulsrud (2005)
ˆ Chapters 4 and 15 in Miyamoto (2016)
ˆ Chapter 3 in Wesson (2011)

2.6 Homework Problem Set 2

1. Virial theorem with self-gravity
(a) Prove the identity:

r � (r � T ) = r � (r � T ) + Trace( T ): (107)

(b) When gravity is important such as in the sun, we need to add the gravi-
tational force density � g to the equation of motion. In the presence of a
nearby massive body,g is a constant vector. When the system is in
u-
enced by its gravity (also known as a self-gravitating system),g will vary
according to

g = � r �; (108)

where gravitational potential � satis�es

r 2� = 4 �G�: (109)

Here G is the gravitational constant. Prove the corresponding stress
tensor is given by

Tg =
r � r �

4�G
�

(r � )2

8�G
I : (110)

(c) Generalize Virial Theorem to include self-gravity and show that gravity
can con�ne plasma (and magnetic �eld!).
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2. Z-pinch equilibrium and virial theorem
Consider a static ideal MHD Z-pinch equilibrium with

j (r ) = j 0
r 2=a2

(1 + r 2=a2)3 ; (111)

where j 0 is a constant.
(a) Calculate B � (r ) and p(r ). Express your answers in terms ofI , the total

current. Sketch the �elds and the currents as a function of r .
(b) Calculate the averaged \engineering beta", which is the ratio of the aver-

age plasma pressure to the external magnetic �eld pressure, as a �gure
of merit for reactor design.

(c) Since j (r ) vanishes whenr ! 1 , Z-pinch is apparently con�ned by its
own current. Doesn't this violate the virial theorem? Explain.
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3 Steady Flows

In this lecture, we will discusssteady 
ows , which have no time dependence,
in a variety of situations of both 
uid mechanics and plasma physics, includ-
ing liquid metals, solar wind, and tokamaks. Steady 
ows serve as the \base
state", based on which stability analyses are performed as the time-dependent
response to initial perturbations. This phenomenon is equivalent to the equi-
librium states of a magnetically con�ned plasma, which is subject to stability
analysis against initial perturbations.

3.1 Some Useful Concepts in Fluid Dynamics

3.1.1 Bernoulli's Equation

We begin with a set of useful concepts in 
uid dynamics governed by Navier-
Stokes equation (Kundu et al, 2015, Ch.4),

�
@
@t

+ V � r
�

V = �
r p
�

� r � + � r 2V ; (112)

where � is the gravitational potential. For simplicity, here we assume incom-
pressibility, which also reduces the continuity equation to constant density,� ,
and divergence free ofV ,

r � V = 0 : (113)

Using vector identity

(V � r ) V = r
�

V 2

2

�
� V � r � V ; (114)

Eq. (112) becomes,

@V
@t

+ r
�

V 2

2
+

p
�

+ �
�

= V � ! ; (115)

for inviscid 
ows with � = 0 and de�ning ! � r � V as the vorticity. For
irrotational 
ows where ! = 0, velocity can be expressed using velocity poten-
tial � such that V = r � . The above equation reduces to theBernoulli's
equation ,

r
�

@�
@t

+
V 2

2
+

p
�

+ �
�

= 0 ; (116)

which states that the sum of the four quantities within the parentheses remains
constant throughout the 
ow. Bernoulli's equation has been used widely in

uid dynamics, for example, in Pitot tube that measures velocity in a 
ow by
comparing pressure at a stagnation point whereV = 0 to the ambient pressure
with 
ow while keeping other quantities unchanged.
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3.1.2 Kelvin's Circulation Theorem

We can de�ne the circulation � of the velocity-�eld of a 
ow along a closed
loop C as

� �
I

C
V � dl =

Z
! � dS; (117)

which is also equivalent to the 
ux of vorticity passing through a surface S
enclosed byC. Kelvin's circulation theorem states that � remain conserved
in inviscid 
ows such that,

d�
dt

= 0 : (118)

The proof of this theorem is as follows. The rate of change for the circulation
can be written into two parts:

d�
dt

=
I

C

dV
dt

� dl +
I

C
V �

d (dl )
dt

: (119)

Using the inviscid version of Eq. (112), the �rst part will vanish:

I

C

dV
dt

� dl = �
I

C

�
r p
�

+ r �
�

� dl = �
1
�

I

C
dp �

I

C
d� = 0 : (120)

The proof completes as the second part will also vanish as

I

C
V �

d (dl )
dt

=
I

C
V � dV =

1
2

I

C
d

�
V 2�

= 0 : (121)

Kelvin's circulation theorem in the ideal 
uid is analogous to the magnetic

ux conservation in the ideal MHD. The vorticity �eld behaves similarly to
the magnetic �eld as both are divergence-free. The vortex line and the vortex
tube correspond to the magnetic �eld line and the 
ux tube. In addition, they
share many other important concepts as well.

3.1.3 Vorticity Equation

One such example of the similarity can be seen from the time evolution of
vorticity. Equation (114) can be rewritten as

(V � r ) V = r
�

V 2

2

�
+ ! � V : (122)

Using this equation and taking the curl of Eq. (112) in the nearly incom-
pressible limit, or the so-called Boussinesq approximation (Kundu et al, 2015,
Ch.4), yield

@!
@t

= r � (V � ! ) +
r � � r p

� 2 + � r 2! ; (123)
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where we have used

r �
�

r p
�

�
= r

�
1
�

�
� r p +

1
�

r � (r p) = �
r � � r p

� 2 : (124)

The �rst and third terms on the RHS of Eq. (123) have exactly the same shapes
as the terms in the magnetic �eld evolution equation of resistive MHD. The
second term on the RHS of Eq. (123) represents the vorticity generation due
to baroclinic e�ects, i.e. the gradient of � does not align with the gradient of p.
This second term explains vortex ring generation when a gas is heated locally.

However, there is also an analog of the baroclinic e�ects in MHD. Consider
a simpli�ed generalized Ohm's law,

E + V � B = � j �
r pe

ene
; (125)

where the electron pressure term is kept due to the conditions such as high
� e. Substituting E in Faraday's law yields a similar term called the Biermann
battery e�ect in

@B
@t

= r � (V � B ) +
r ne � r pe

en2
e

+
�
� 0

r 2B : (126)

The Biermann battery term can be used to explain magnetic �eld generation
in plasmas produced by lasers heating a local spot on a solid target.

3.1.4 Boundary Layer

One of the important concepts in 
uid dynamics is the boundary layer con-
necting ideal 
uid to non-slippery boundaries. This concept was introduced
by Ludwig Prandtl, who wanted to explain the �nite drag force measured in

ows where viscosity should be negligibly small. Globally, 
uid can be nearly
ideal with negligible viscosity (or resistivity in MHD 
uids), meaning that
Reynolds numberRe (or magnetic Reynolds numberRm or Lundquist num-
ber S) de�ned globally is large. However, locally close to the boundary, 
ow
needs to slow down to match the non-slip condition. The slowed-down 
ow
forms a surface layer next to the boundary with a large shear that can generate
the measured drag force. Thus, the locally de�ned Reynolds number becomes
small. The boundary layer concept separates 
ow into two regions: the outer
region where viscosity is unimportant and the inner region where viscosity is
important. This idea spreads into other �elds including plasma physics.

In two dimension, the components of Navier-Stokes equation for velocity
�eld ( u; v) are given by

u
@u
@x

+ v
@u
@y

= �
1
�

@p
@x

+ �
�

@2u
@x2

+
@2u
@y2

�
; (127)
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u
@v
@x

+ v
@v
@y

= �
1
�

@p
@y

+ �
�

@2v
@x2

+
@2v
@y2

�
; (128)

@u
@x

+
@v
@y

= 0 (129)

for the three variables u, v, and p. Instead of solving these equation exactly,
we will perform boundary layer analysisfocusing on the relative magnitudes
between the variables.

First, the length scale in x direction is L , which is much longer than the
boundary layer thickness � shown in Fig. 11. Therefore, from the continuity
equation, u should be much larger thanv with u � U1 � v such that

�
L

�
v

U1
! v �

�
L

U1 : (130)

Using these relations, Eq. (127) can be evaluated as

U2
1

L
+

�
L

U2
1

1
�

= �
1
�

@p
@x

+ �
�

U1

L 2 +
U1

� 2

�
; (131)

where the two left terms are comparable while the last term on RHS dominates
over the second to last term. The pressure term (1=� )@p=@xshould be com-
parable in the region away from the boundary and scale asU2

1 =L. Therefore,
the required � in the boundary layer to make the viscous term important is

U2
1

L
� �

U1

� 2 ! � �

r
�L
U1

=
L

p
Re

: (132)

Since typically Re � 1, the corresponding � is very thin. Therefore, even
if the global system is nearly ideal, local dissipation can be important by
forming thin (boundary) layers. Note that if we use � instead of L to de�ne
the \local" Reynolds number, Relocal =

p
Re becomes much smaller than the

global Re. However, this Relocal can still be large, causing the boundary layer
to be unstable and even turbulent. In MHD, boundary layers are important
for tearing mode instability and magnetic reconnection, which we will discuss
later in the class.

Fig. 11 Boundary layer with a thickness of � and its coordinate system ( x; y ).
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3.2 Steady Flows in Fluid Dynamics

A few representative one-dimensional laminar steady 
ows are described �rst,
followed by liquid metal 
ows under the in
uence of a magnetic �eld.

3.2.1 Flows Between Parallel Plates

Fig. 12 Flows driven between parallel plates. (left panel) Plane Poiseuille 
ow driven by
a constant pressure gradient in x direction. (right panel) Plane Couette 
ow driven by a
moving plate and a stationary plate.

Starting from the simpli�ed one-dimensional Navier-Stokes equation,
Eq. (112), without gravity

�
@
@t

+ u
@

@x

�
u = �

1
�

@p
@x

+ �
�

@2

@x2
+

@2

@z2

�
u; (133)

all terms except the �rst and last ones on the RHS will vanish when the 
ow
is driven only by a pressure gradient,

@2u
@z2

=
1

��
@p
@x

: (134)

This equation has solutions for plane Poiseuille 
ows,

u =
1

2��
@p
@x

z2 + Az + B =
1

2��
@p
@x

�
z2 � a2�

; (135)

where the constantA is zero due to the symmetry and the constantB can be
determined using the non-slip boundary conditionsu(a) = u(� a) = 0 at the
two parallel plates.

The plane Couette 
ow is when the 
ow is driven by a moving plate at z = a
with a speed ofU with a stationary plate at z = 0 with no pressure gradient
(@p=@x= 0). For this case, the constants of integration becomesA = U=a and
B = 0, which can be determined by substituting u(0) = 0 and u(a) = U giving:

u =
U
a

z: (136)
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3.2.2 Pipe Flows

Fig. 13 Flow driven by a constant pressure gradient in a pipe.

To derive the solution for 
ow driven by the pressure gradient in a circular
pipe, we need to use the Navier-Stokes equation in cylindrical coordinates:

�
@
@t

+ u
@

@x

�
u = �

1
�

@p
@x

+
�
r

@
@r

�
r

@u
@r

�
: (137)

The solution is given by,

u(r ) =
1

4��
@p
@x

+ A ln r + B: (138)

Here, the constants of integration A = 0 and B = � a2=4�� (@p=@x) can be
determined by enforcing u(a) = 0 and u(0) is �nite, leading to the parabolic
solution

u(r ) =
1

4��
@p
@x

�
r 2 � a2�

: (139)

3.2.3 Circular Couette Flows

Fig. 14 Circular Couette 
ow between concentric cylinders.

Rotating 
ow between two in�nitely long concentric cylinders needs to
satisfy the force balance in the radial direction,

u2
�

r
=

1
�

@p
@r

: (140)
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The 
ow pro�le is then determined by the azimuthal component of the Navier-
Stokes equation, Eq. (112),

@u�
@t

+
ur

r
@(ru � )

@r
+

u�

r
@u�
@�

+ uz
@u�
@z

=

�
1
�r

@p
@�

+ �
�

1
r 2

@
@r

�
r 3 @

@r

� u�

r

� �
+

1
r 2

@2u�

@�2
+

@2u�

@z2
+

2
r 2

@ur
@�

�
: (141)

Under the conditions that ur = 0, @=@t= 0, and @=@�= @=@z= 0, this
equation simpli�es to

@
@r

�
r 3 @

@r

� u�

r

� �
= 0 : (142)

This can then be solved to give

u� = Ar +
B
r

; (143)

where the constantsA and B are determined by boundary conditions given in
Fig. 14,

u� (R1) = 
 1R1; (144)

u� (R2) = 
 2R2; (145)

to yield

A =

 2R2

2 � 
 1R2
1

R2
2 � R2

1
; (146)

B =
R2

1R2
2(
 1 � 
 2)

R2
2 � R2

1
: (147)

3.2.4 Hartmann Flow

When a magnetic �eld, B0, is imposed in the z direction to plane Poiseuille

ow shown in Fig. 15, the pro�le is signi�cantly modi�ed due to Lorentz force
if the liquid is electrically conducting. The resulting 
ow is called Hartmann

ow in steady state (M•uller and B•uhler, 2001, Ch.4). Adding the Lorentz force,
Eq. (134) becomes

@2u
@z2

=
1

��
@p
@x

�
j y B0

��
; (148)

wherej y can be determined by the resistive MHD Ohm's law in they direction

j y =
Ey � uB0

�
: (149)
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Fig. 15 (left panel) Hartmann 
ow between parallel plates driven by a constant pressure
gradient in the x direction across magnetic �eld in the z direction. (right panel) Hartmann

ow pro�le 
attens as Ha increases.

Here Ey is a constant in the steady state, which can be seen from Faraday's
law in the x direction,

0 =
@Bx
@t

= ( r � E )x = �
@Ey
@z

: (150)

Therefore, Eq. (148) becomes

@2u
@z2

=
1

��
@p
@x

�
Ey B0

���
+

B 2
0

���
u; (151)

where the �rst two terms on RHS are constant and can be combined. The
solutions to this equation depend on the conductivities of the two parallel
plates, which for insulating parallel plates simpli�es to (M•uller and B•uhler,
2001, Ch.4)

u(z) = u0

�
1 �

coshHa(z=a)
coshHa

�
; (152)

where the Hartmann number is de�ned

Ha �
aB0

p
���

: (153)

As shown in Fig. 15, the 
ow pro�le signi�cantly 
attens as Ha increases. The
resulting boundary layers, called Hartmann layers, appear atz = � a with the
thickness ofO(a=Ha).

3.3 Solar Wind

The �rst question that came up for the solar atmosphere is whether it is
con�ned statically by gravity as in Earth's atmosphere. The answer to the
solar atmosphere con�nement problem is, surprisingly, related to its hot tem-
perature, which in itself is a well-known and well-studied but still unsolved
puzzle.
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Assuming a spherically symmetric system in a steady state, the continuity
and momentum equations for radial velocity u are given by

d
�
�ur 2

�

dr
= 0 ; (154)

�u
du
dr

= �
dp
dr

� �
GM �

r 2 ; (155)

where G = 6 :6743� 10� 11m3kg� 1s� 2 is the gravitational constant and M � =
1:99 � 1030kg is the solar mass. For simplicity, we assumeTe = Ti = T such
that � = ( m=2T)p with m denoting the ion mass. To seek static solutions, we
set u = 0 that leads to radial force balance

1
p

dp
dr

= �
GM � m

2T
1
r 2 : (156)

This equation has solutions in the form of

ln p =
GM � m

2T
1
r

+ C: (157)

The constant C is determined by the plasma pressurep0 at the solar surface
of r = R� = 6 :96� 108m giving us,

p(r ) = p0 exp
�

GM � m
2T

�
1
r

�
1

R�

��
: (158)

Assuming h = r � R� � R� , we can approximate

1
r

=
1

R� + h
=

1
R� (1 + h=R� )

�
1

R�

�
1 �

h
R�

�
; (159)

giving us

p(r ) � p0 exp
�

�
h
�

�
; (160)

where � = 2TR2
� =GM � m is the gravitational pressure scale height. If we use

a coronal temperature of 100 eV,� is about R� =10 that is roughly consistent
with observations.

In the opposite limit when r � R� , Eq. (158) becomes

p(1 ) = p0 exp
�

�
GM � m
2TR�

�
� p0 exp(� 8) � 5Pa; (161)

assumingT = 100 eV. This value is several orders of magnitude higher than
the interstellar medium pressure of 10� 13 � 10� 14 Pa (Kivelson and Russell,
1995). The mismatch shows that a static solar atmosphere cannot exist; plasma
must constantly 
ow out as the solar wind, as predicted by Parker in 1958.
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Let's return to the Eqs. (154) and (155) to solve for u. From Eq. (154),
nur 2 is a constant c such that n = c=ur2, which leads to

dn
dr

= �
2c

ur 3 �
c

u2r 2

du
dr

= �
2n
r

�
n
u

du
dr

: (162)

Rewriting Eq. (155) using � = ( m=2T)p yields

u
du
dr

= �
2T
mn

dn
dr

�
GM �

r 2 (163)

=
2T
m

�
2
r

+
1
u

du
dr

�
�

GM �

r 2 ; (164)

which can be reorganized to

�
u2 �

2T
m

�
1
u

du
dr

=
4T
mr

�
GM �

r 2 : (165)

On the other hand, Eq. (164) can be directly integrated to

1
2

u2 =
4T
m

ln r +
2T
m

ln u +
GM �

r
+ c0; (166)

where constant c0 is determined by the special solution ofuc =
p

2T=m at
r c = GM � m=4T to yield the full solutions:

u2 � u2
s

"

1 + ln
�

u
us

� 2
#

= 4u2
s ln

r
r c

+ 2GM �

�
1
r

�
1
r c

�
; (167)

where we de�ne sound speed asus =
p

2T=m. These numerical solutions were
given by Parker (1958) at the age of 30 in Fig. 16 where case 1 is the solar
breeze solution and case 2 is the solar wind solution. In the very next year,
the solar wind was discovered by the Luna 1 satellite of the Soviet Union, the
�rst satellite to escape from the Earth's gravity in January 1959. Recently, 60
years later, Parker Solar Probe was launched on August 12, 2018, to reach the
closest distance from the sun at� 10R� with the aim to study solar coronal
heating and solar wind acceleration.

Despite the solar wind velocity pro�le being purely radial, its streamlines
are not. This is because the sun rotates once every 25.4 days on average. As a
result, the streamline forms a spiral, called Parker spiral, as shown in Fig. 17,
behaving similarly to a rotating water sprinkler. The trajectory of the spiral
is determined by

u�

ur
=

!r
u

=
rd�
dr

; (168)
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Fig. 16 Solar breeze (case 1) and solar wind (case 2) solutions.

where! is the angular speed of solar rotation. We can then solve this equation
to give,

r � R� =
u
!

(� � � 0); (169)

where � 0 is the angle where the solar wind is �rst launched. The streamline
of solar wind is purely radial when it is launched from the solar surface and
gradually picks up azimuthal speed when it is further out. By the time it
reaches Earth, the angle is about 45� and becomes more azimuthal further
away from the sun.

Fig. 17 Parker spiral.
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On large scales, the solar wind plasma is nearly ideal, causing its magnetic
�eld lines to be frozen-in to the streamlines,

B �

B r
=

u�

ur
=

!r
u

: (170)

The radial magnetic �eld decreases fromB0 at r = R� following

B r (r ) = B0

�
R�

r

� 2

: (171)

In contrast, the azimuthal �eld decreases less as a function ofr ,

B � (r ) = B0
!R �

u
R�

r
: (172)

In summary, when r=R � � 1, u � const, and u� / r , the components of
magnetic �eld scale asB r / r � 2 and B � / r � 1. The ampli�cation of magnetic
�elds caused the solar wind to not only become supersonic but also to become
super-Alfv�enic. Currently, the Parker Solar Probe mission aims to reach the
point where the solar wind becomes Alfv�enic.

3.4 Rotation in Toroidal Con�nement System

Flow in magnetically con�ned plasma is closely related to the electric �eld in
the system. In toroidal pinches, the plasma current is driven inductively by the
toroidal electric �eld via an Ohmic transformer. The Lorentz force (between
the toroidal current and the poloidal �eld it generates) balances the radially
outward pressure force. On the timescales of the transport, the inwardE � B
drift balances the radially outward particle di�usion. Both inward forces form
the bases of \pinching" that support and con�ne plasma.

Fusion plasmas are fairly collisionless. Sometimes, it is bene�cial to consider
the physics picture of such plasma in the two-
uid models, describing the
electron and ion 
uids separately. The electric �eld enters radial force balance
for each 
uids,

� ene [E r + ( Ve � B )r ] =
dpe

dr
; (173)

eni [E r + ( Vi � B )r ] =
dpi

dr
; (174)

where E r depends on the chosen frame. Therefore, even at the rest frame of a
given species,E r is �nite and is in the order of

E r �
1

en
dp
dr

�
eT(0)

a
� 10 keV/m; (175)
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whereT(0) is the temperature at the center anda is the minor radius. HereE r

is the so-called ambipolar electric �eld that arises via communications between
ions and electrons to maintain charge neutrality. E r is electrostatic in nature
and can be expressed as the gradient of electrostatic potential in the order of
T(0)=eat the plasma center relative to its edge value. The sign ofE r contains
information on which species is preferably lost through the edge.

Neutral Beam Injection can also deliberately inject angular momentum to
cause the plasma to rotate with �nite Vi� in the laboratory frame. Sometimes
plasma can \spontaneously" rotate without apparent angular momentum
input due to asymmetric momentum losses by ions in the toroidal direction.

Fig. 18 Finite rotation causes density non-uniformity on the 
ux surface due to centrifugal
e�ects.

With a �nite plasma rotation, due to the centrifugal force, the magnetic axis
shifts radially outward beyond the Shafranov shift that we discussed before. For
the same reason, the �nite ion rotation causes pressure non-uniformity on the

ux surfaces. The change is mostly in the plasma density as heat transport is
fast along the parallel direction. This invalidates the Grad-Shafranov equation
that was derived based on the constant pressure (density) on the 
ux surfaces.

For a constant angular velocity 
 in the laboratory frame, density and
the associated ambipolar electric potential� a pro�les on a given 
ux surface
can be calculated as follows. Since centrifugal force acts only on +R direction
shown in Fig. 18), its projection on the tangential direction of a given 
ux
surfaces with an angle � is nm
 2R cos� . Therefore, the force balance on the
surface for a constant temperature,T, is given by

T
dn
ds

= nm
 2R cos� � qnEa ; (176)

where dn=ds = ( dn=dR) cos� and Ea = � (d� a=dR) cos� . Removing cos�
from the above equation yields

1
n

dn
dR

=
m
 2

T
R �

q
T

d� a

dR
; (177)
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which can be rewritten as

d ln n =
1
2

m
 2d
�
R2

�

T
�

qd� a

T
: (178)

Integrating this equation yields

n = n0 exp

"
1
2 m
 2

�
R2 � R2

0

�
� q� a

T

#

; (179)

where n = n0 and � 0 = 0 at R = R0. Therefore, we have an equation for each
species, and by ignoring electron mass,

ni = n0 exp

"
1
2 mi 
 2

�
R2 � R2

0

�
� e� a

Ti

#

; (180)

ne = n0 exp
�

e� a

Te

�
: (181)

Ambipolar electric potential � a can be solved by settingne = ni ,

e� a =
Te

Te + Ti

1
2

mi 
 2 �
R2 � R2

0

�
; (182)

and the density pro�le,

n = n0 exp
M 2

2

" �
R
R0

� 2

� 1

#

; (183)

where M = 
 R0=
p

(Te + Ti )=mi is the Mach number of rotation. If M � 1
and the minor radius of a 
ux surface r � R0, the density variation on the

ux surface is given by

� n
n0

� M 2 2r
R0

: (184)

3.5 Summary
ˆ Useful 
uid dynamics concepts: Bernoulli's equation, Kelvin's circulation

theorem, vorticity equation and its similarity to MHD, and boundary layers
formed on non-slip boundaries.

ˆ Steady 
ows in 
uid dynamics: 
ows between parallel plates, pipe 
ow,
circular Couette 
ow.

ˆ MHD (liquid metal) 
ows across the magnetic �eld in a channel: Hartmann

ow and Hartmann layer.

ˆ Solar wind must exist: Parker spiral.
ˆ Rotation and electric �eld in toroidal pinches.
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3.6 Further Readings
ˆ Chapters 5,9,10 in Kundu et al (2015)
ˆ Chapter 4 in M•uller and B•uhler (2001)
ˆ Chapter 4 in Kivelson and Russell (1995)
ˆ Chapter 3 in Wesson (2011)

3.7 Homework Problem Set 3

1. de Laval nozzle
(a) The de Laval nozzle is a tube that has a throat in the middle to accelerate

a hot gas from a subsonic speed to a supersonic speed, as widely used
in rocket engine nozzles and supersonic jet engines. Derive and solve the
equation for the gas 
ow speed.

(b) Show that de Laval nozzle shares the same working principle with the
solar wind acceleration.

2. Two-
uid model of solar wind
(a) Derive equations for ion and electron 
uids for solar wind and show that

the ion equation reduces to Parker's original equation while the electron
equation de�nes ambipolar electric potential. Assuming uniform solar
wind temperature of Ti = Te = 10eV, and plasma density at the solar
surface isns = 1020m� 3 while at local interstellar medium is nlism =
105m� 3, estimate electric potential at the solar surface relative to that
of the local interstellar medium.

(b) Illustrate how this electric potential modi�es gravitational potential for
ions and electrons, especially during solar wind acceleration. Discuss the
physical insights that you can get by noting that the ion and electron
thermal speeds satisfyvth;i � v1 � vth;e in the solar corona where
Ti = Te = 100eV. Here v1 = 6 � 105m s� 1 is the escape velocity from
the solar surface.

3. Hartmann 
ow
(a) In the one-dimensional Hartmann 
ow problem, derive and solve the

governing equation for the 
ow pro�le.
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(b) When boundaries are electrically insulating, the return current has to

ow within the MHD 
uid. In this case, the total current within the
MHD 
uid in the direction perpendicular to both the magnetic �eld and

ow vanishes. Determine the maximum 
ow at the channel center and
total 
ow rate as a function of the Hartmann number. Where does the
return current 
ow? Does it impede or accelerate the 
ow?
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4 Waves, Discontinuities, and Shocks

4.1 Linear MHD Waves

We begin with a local approximation of a large MHD system such that locally
the plasma is homogeneous (all spatial derivatives vanish so that� 0, p0, V0

and B 0 are constant), static (by taking the local moving frame so V0 = 0),
magnetized (B 0 6= 0), and ideal ( � = 0). Then, we assume a given variable,
a, deviates from its equilibrium value, a0, by an in�nitesimally small linear
perturbation, a1, such that

a = a0 + a1; a1 � a0: (185)

When two variables, saya and b, multiply, we have

ab= a0b0 + ( a1b0 + a0b1) + a1b1 (186)

where a0b0, a1b0 + a0b1, and a1b1 are the zeroth (equilibrium), �rst (linear),
and second (nonlinear) order terms, respectively, satisfying

a0b0 � a1b0 + a0b1 � a1b1: (187)

Because of these separations between orders, we can formulate equations
only within each order, i.e., zeroth order equations involving only equilibrium
quantities before perturbations, �rst-order or linear equations only involving
�rst-order perturbation and higher order terms, etc. Here we are interested in
small-amplitude waves in ideal MHD 
uid, or linear MHD waves, and thus,
we will construct �rst-order or linearized MHD equations.

Substituting all MHD variables with the breakdowns of equilibrium values
and perturbed values, the linearized ideal MHD equations are given by

@�1
@t

+ r � (� 0V1) = 0 ; (188)

@
@t

 
p1

� 

0

� 

p0

� 
 +1
0

� 1

!

= 0 ; (189)

� 0
@V1

@t
=

(r � B 1) � B 0

� 0
� r p1; (190)

@B 1

@t
= r � (V1 � B 0) ; (191)

where all variables have their usual meanings.
Now let us introduce the displacement vector of the 
uid as a function of

space and time,� (r ; t). This displacement vector comes from integrating the
perturbed velocity, V1, over time as the 
uid is displaced from its original
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position at t = 0

� (r ; t) �
Z t

0
V1(r ; t0)dt0; (192)

or conversely

V1(r ; t) =
d� ( r; t )

dt
�

@� ( r; t )
@t

: (193)

The approximation here refers to the linearized equations with more elaborate
discussions on the displacement vector given in Kulsrud (2005, Ch.4).

Using V1 expressed in� , all other linear perturbations can also be expressed
conveniently in � :

� 1 = � � 0r � � ; (194)

p1 = 

p0

� 0
� 1 = � 
p 0r � � ; (195)

B 1 = r � (� 1 � B 0) : (196)

Thus, the equation of motion, Eq. (190), can be fully expressed in� ,

� 0
@2�
@t2

=
1
� 0

(r � B 1) � B 0 � r p1

=
1
� 0

f r � [r � (� � B 0)]g � B 0 + 
p 0r (r � � ) : (197)

Let us assume all perturbed quantities are the real parts of complex
functions of angular frequency ! and wavenumber k in the plane wave
decomposition

� = <
h

~� ei (k �r � !t )
i

: (198)

Then, the spatial and time derivatives of such quantities are equivalent to the
factors of i k and � i! , respectively. Equation (197) therefore becomes

� 0! 2� =
1
� 0

f k � [k � (� � B 0)]g � B 0 + 
p 0k (k � � ) ; (199)

or
V 2

ph � = V 2
A

n
k̂ �

h
k̂ �

�
� � b̂

�io
� b̂ + V 2

s k̂
�

k̂ � �
�

; (200)

whereVph (� !=k ), Vs(�
p


p 0=� 0), and VA (� B0=
p

� 0� 0), are the wave phase
speed, sound speed, and Alfv�en speed, respectively.k̂ and b̂ are the unit vectors
of k and B 0.

Without loss of generality, we choose the coordinate shown in Fig. 19 where
the vectors are given by

b̂ = (0 ; 0; 1); (201)

k = ( k? ; 0; kk ) = k(sin �; 0; cos� ); (202)

k̂ = (sin �; 0; cos� ); (203)
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Fig. 19 Coordinate for the magnetic �eld and wavenumber directions.

� = ( � x ; � y ; � z ): (204)

Therefore, we have:

� � b̂ = ( � y ; � � x ; 0);

k̂ �
�

� � b̂
�

= ( � z cos�; � y cos�; � � x sin � ) ;

k̂ �
h
k̂ �

�
� � b̂

�i
=

�
� � y cos2 �; � x cos2 � + � x sin2 �; � y sin � cos�

�
;

n
k̂ �

h
k̂ �

�
� � b̂

�io
� b̂ =

�
� x ; � y cos2 �; 0

�
;

k̂ � � = � x sin � + � z cos�;

k̂
�

k̂ � �
�

= ( � x sin � + � z cos� ) (sin �; 0; cos� ) :

Equation (200) can then be written as

V 2
ph

2

4
� x

� y

� z

3

5 = V 2
A

2

4
� x

� y cos�
0

3

5 + V 2
s

2

4
� x sin2 � + � z sin � cos�

0
� x sin � cos� + � z cos2 �

3

5 ; (205)

and rearranged to

2

4
V 2

ph � V 2
A � V 2

s sin2 � 0 � V 2
s sin � cos�

0 V 2
ph � V 2

A cos2 � 0
� V 2

s sin � cos� 0 V 2
ph � V 2

s cos2 �

3

5

2

4
� x

� y

� z

3

5 = 0 : (206)

Thus, the dispersion relation of MHD waves is given by

�
V 2

ph � V 2
A cos2 �

� �
V 4

ph � V 2
ph

�
V 2

s + V 2
A

�
+ V 2

A V 2
s cos2 �

�
= 0 : (207)
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The �rst pair of roots of this dispersion relation,

Vph = � VA cos�; (208)

represents the shear Alfv�en waves, also known as the intermediate waves,
derived by Alfv�en in 1942. The phase speed of the waves is in between the
phase speeds of the two magnetosonic waves (see below). Alfv�en waves involve
only wavenumbers in the magnetic �eld direction due to the bending �eld
lines. Only the displacement component in they direction, � y , participates in
the wave motion. Thus, Alfv�en waves are transverse waves without compres-
sion, propagating in the direction of the �eld line and not in the perpendicular
direction.

The other two pairs of roots of the dispersion relation are given by

V 2
ph =

V 2
A + V 2

s

2
�

1
2

q
(V 2

A � V 2
s )2 + 4V 2

A V 2
s sin2 �; (209)

representing the fast and slow magnetosonic waves derived by Spitzer in 1962,
involving both the Alfv�en waves and the sound waves. Magnetosonic waves'
perturbations are �nite only for � x and � z : � x along the k? direction as in
the sound waves but also compressing or decompressing magnetic �eld while
� z along kk direction compressing the plasma. The relative phase between the
two directions of perturbation determines the type of waves. When the two
of them work in concert, i.e. restoring forces are constructive to each other,
phase velocity increases resulting in fast waves. When the restoring forces
are destructive to each other, phase velocity decreases and can even vanish,
resulting in slow waves.

Magnetosonic waves are described by

�
V 2

ph � V 2
A � V 2

s sin2 � � V 2
s sin � cos�

� V 2
s sin � cos� V 2

ph � V 2
s cos2 �

� �
� x

� z

�
= 0 ; (210)

which reduces to the two decoupled waves

�
V 2

ph � V 2
A 0

0 V 2
ph � V 2

s

� �
� x

� z

�
= 0 ; (211)

when � = 0. The waves with only nonzero � x bend the magnetic �eld lines
and propagate at Vph = � VA , which are the transverse shear Alfv�en waves. In
contrast, the waves with only nonzero� z compress the plasma and propagate
at Vph = � Vs, which are the longitudinal sound waves. The fast wave phase
speed takes whichever is larger betweenVA and Vs.

When � = �= 2, Eq. (210) becomes

�
V 2

ph �
�
V 2

A + V 2
s

�
0

0 V 2
ph

� �
� x

� z

�
= 0 ; (212)
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resulting in fast longitudinal waves with nonzero � x that compress both the
magnetic �eld and the plasma propagating at Vph = �

p
V 2

A + V 2
s . At any other

angles between� = 0 and � = �= 2, both the transverse and the longitudinal
modes of magnetosonic waves are mixed as shown by Friedricks in 1957 in
Fig. 20 for both VA > V s (� < 1) and VA < V s (� > 1) cases.

Fig. 20 Friedricks diagrams for both VA > V s and VA < V s cases.

Finally, we will discuss the total number of waves in MHD. According
to our ideal MHD model, there are 8 variables with 8 equations, and thus
there should be 8 waves available. However, our dispersion relation has only 6
waves: two Alfv�en waves and four magnetosonic waves. The missing waves are
called \entropy waves" (Kulsrud, 2005, Ch.5). These waves are trivial, involv-
ing only perturbations in density and pressure but without plasma motions
nor magnetic �eld compression resulting in zero frequencies.

4.2 Surface Gravity Waves

Fig. 21 Coordinate system for surface gravity waves.

We turn our attention to surface gravity waves which are illustrative for
many common wave properties, including MHD waves. In this case, the static
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uid has a free-surface on the top and a solid bottom supported by a vertical
pressure gradient,

dp0

dz
= � �g: (213)

Linear perturbations give free surface deformation� (x; t ), pressure perturba-
tion p1(x; z; t ), and 2D velocity perturbation V1 = ( u; 0; v), where u and v are
the functions of x, z, and t. Assuming incompressibility r � V1 = 0, we can
introduce a stream function  (x; z; t ) so that

u =
@ 
@z

; v = �
@ 
@x

: (214)

As before, we further assume that the linear mode decomposition of waves,

 = <
h
 e i (kx � !t )

i
: (215)

The equation for  can then be derived from the equation of motion,

�
@V1

@t
= � r p1: (216)

Taking the y component from the curl of this equation we have:

(r � V1)y =
@u
@z

�
@v
@x

=
@2 
@z2

+
@2 
@x2

= 0 ; (217)

which leads to
@2 
@z2

= �
@2 
@x2

= k2 ; (218)

with solutions in the form of

 (z) = Aekz + Be� kz : (219)

Here A and B are determined by the boundary conditions at the bottom of
the 
uid z = � h,

vjz= � h = �
@ 
@x

�
�
�
�
z= � h

= 0 (220)

or
Ae� kh + Bekh = 0; B = � Ae� 2kh : (221)

Substituting to Eq. (219) yields

 (z) = 2 Ae� kh ek (z+ h) � e� k (z+ h)

2
= A sinh [k (z + h)]; (222)
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where we have rede�ned 2Ae� kh ! A for simplicity. p1 can then be determined
by using the x component of Eq. (216),

� i�!
@ 
@z

= �
@p1
@x

= � ikp1; (223)

and thus,
p1 = �!A cosh [k (z + h)]: (224)

Kinematic Boundary Condition . The surface deformation� can be related
to the velocity of the free surface in the following way,

vjz=0 = �
@ 
@x

�
�
�
�
z=0

= � ik jz=0 = � ikA sinh (kh)ei (kx � !t ) =
@�
@t

= � i!�;

(225)
which leads to,

� =
k
!

A sinh (kh)ei (kx � !t ) : (226)

Dynamic Boundary Condition . The force across the massless free surface
should vanish,

p1jz=0 +
@p0
@z

�
�
�
�
z=0

� + T
@2�
@x2

= 0 ; (227)

where T is the surface tension coe�cient. Using vertical force balance and the
solution for p1, we have

A�! cosh (kh) � �g� � k2T � = 0 ; (228)

which can be rewritten to obtain the dispersion relation by substituting � ,

�! 2 =
�
�g + k2T

�
k tanh kh: (229)

For T = 0, we have two limiting cases of this dispersion:

!
k

=
p

gh when kh � 1; shallow water limit (230)

!
k

=

r
g
k

when kh � 1; deep water limit: (231)

4.3 Wave Dispersion, Nonlinearity, and Hydraulic Jumps

When the phase velocity of a wave,Vph = != k , is equal to its group velocity,
Vg = @!=@k, the wave is said to be non-dispersive,i.e., the waveform does not
change during its propagation. When the two velocities di�er, the wave is dis-
persive, i.e., the waveform spreads during its propagation. The non-dispersive
waves include light waves in a vacuum, sound waves in the air, MHD waves,
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Fig. 22 Wave steepening due to its large amplitude.

and surface gravity waves in shallow water or long wavelength limit. Disper-
sive waves include surface gravity waves in deep water or short wavelength
limit. Many non-MHD plasma waves are dispersive such as Whistler waves or
ion acoustic waves in the short wavelength limit.

Some waves can be non-dispersive when they are linear but turn dispersive
or steepen (the opposite of dispersive) due to the nonlinear e�ects when their
amplitudes are large enough. Illustrations in Fig. 22 (Kundu et al, 2015, Ch.7)
show the time evolution of a surface wave with large amplitude. Since the
phase velocity is given by

p
gh, the part with high elevation will have a faster

phase velocity and can catch up with the depressed part with a slower phase
velocity. This leads to the steepening of wave gradient between the elevation
and depression, eventually forming a hydraulic jump (see below) that breaks
the wave. A similar situation occurs for a sound wave with phase velocity given
by

p

p=� . Locally increased pressure due to compression can lead to a faster

phase velocity that can catch up with the part with decreased pressure due to
decompression. Magnetosonic waves can exhibit similar steepening since they
compress the magnetic �eld (and plasma), resulting in the change of phase
velocity when the amplitude is large.

The nonlinear steepening of �nite-amplitude waves can be balanced by
their linear wave dispersion so that the combined e�ects lead to non-dispersive
behavior. A well-known example (Kundu et al, 2015, Ch.7) is the \soliton"
solutions of a �nite-amplitude surface gravity wave with a long wavelength
when compared to the depth, governed by Korteweg-de Vries (KdV) equation
which was derived in 1895 to explain the observation by Russell in 1844.

Many cases of the nonlinear steepening of �nite-amplitude waves are
balanced by �nite dissipation generated on the steepened wavefront, as exem-
pli�ed in Fig. 22. Consider the case of a hydraulic jump formed by steepening
of surface gravity waves shown in the initial frame of the jump in Fig. 23. The
dimensionless parameter (c.f. Mach number in the case of shock) controlling
hydraulic jumps is the Froude number F r � u=Vph = u=

p
gh. The 
ow is

supercritical if F r > 1 and subcritical if F r < 1. Therefore in Fig. 23, we must
have F r 1 = u1=

p
gh1 > 1 and F r 2 = u2=

p
gh2 < 1.
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Fig. 23 Hydraulic jump in a stationary frame.

Mass and horizontal momentum conservation demand their 
uxes are
unchanged

u1h1 = u2h2 = Q; (232)

�g
h1

2
� h1 + �u 1Q = �g

h2

2
� h2 + �u 2Q; (233)

where the forces on the upstream and downstream of the jump come from the
averaged pressure,�gh 1=2 and �gh 2=2, multiplied by the height h1 and h2,
respectively. UsingQ to eliminate u1 = Q=h1 and u2 = Q=h2 from the second
equation yields

g
2

�
h2

1 � h2
2

�
= Q

�
Q
h2

�
Q
h1

�
: (234)

Removing the trivial solution of u1 = u2 simpli�es the above equation to

gh1h2 (h1 + h2) = 2 Q2: (235)

Treating F r 2
1 = u2

1=gh1 = Q2=gh3
1 as a given value, the above equation

becomes an equation forh2=h1:

�
h2

h1

� 2

+
�

h2

h1

�
� 2F r 2

1 = 0 ; (236)

which can be solved to �nd

h2

h1
=

p
8F r 2

1 + 1 � 1
2

�
p

2F r 1 �
1
2

(237)

in the F r 1 � 1 limit.
A 
uid parcel will lose its mechanical and gravitational potential energy as

it goes through the hydraulic jump. To see this, we can calculate the mechanical
and gravitational energy change through the jump:

1
2

u2
1 +

1
2

gh1 �
�

1
2

u2
2 +

1
2

gh2

�
=

Q2

2

�
1
h2

1
�

1
h2

2

�
+

g
2

(h1 � h2)
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=
h1 � h2

2

�
g � Q2 h1 + h2

h2
1h2

2

�

=
g(h1 � h2)

2

 

1 �
1
2

(h1 + h2)2

h1h2

!

=
g(h2 � h1)

�
h2

1 + h2
2

�

4h1h2
> 0; (238)

where Eq. (235) was used. The lost energy becomes heat due to dissipation
by eddies in the hydraulic jump, as the total energy must be conserved. In
general, entropy is generated by dissipation when waves break.

4.4 Gas Dynamic Shock Waves

Fig. 24 Lab frame and shock frame of a shock front.

Nonlinear steepening in compressible gas generates a shock wave. In
the shock front, dissipation produces entropy similar to a hydraulic jump.
Figure 24 shows two commonly used frame-of-references when the 
ow is nor-
mal to the shock front: the lab frame using u and the shock frame usingv. In
either frame, subscript 1 denotes the undisturbed region ahead or upstream of
the shock while subscript 2 denotes the disturbed region behind or downstream
of the shock.

In the lab frame, the undisturbed gas is at rest with u1 = 0 while the
shock front propagates at speedushock , faster than sound speed. In the shock
frame, the shock front is at rest with vshock = 0 so that the undisturbed gas
moves towards the shock atv1 = � ushock . It is more common and convenient
to analyze shock waves based on the shock frame.
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In a steady state, the relations between upstream and downstream param-
eters follow conservation laws (continuity, momentum, and energy):

� 2v2 = � 1v1; (239)

p2 + � 2v2
2 = p1 + � 1v2

1 ; (240)
�

1
2

� 2v2
2 +




 � 1

p2

�
v2 =

�
1
2

� 1v2
1 +




 � 1

p1

�
v1: (241)

Assuming X � � 2=� 1, from the continuity equation (239), we have v2=v1 =
1=X . Now, it is convenient to de�ne Mach number, M � v1=vs, where sound
speedvs =

p

p 1=� 1 or � 1=p1 = 
=v 2

s . From the momentum equation (240),
we have:

p2

p1
= 1 +

� 1v2
1

p1
�

� 2v2
2

p1

= 1 +

v 2

1

v2
s

�

v 2

1

v2
s

�
� 2

� 1
�

v2
2

v2
1

= 1 + 
M 2 � 
M 2 � X �
1

X 2

= 1 + 
M 2
�

1 �
1
X

�
: (242)

We need an equation to solve forX as a function of M . To do so, we divide
the energy conservation equation (241) by continuity equation (239) to have

1
2

v2
2 +




 � 1

p2

� 2
=

1
2

v2
1 +




 � 1

p1

� 1
: (243)

Using p1=� 1 = v2
s =
 and

p2

� 2
=

p1

� 1
�

� 1

� 2
�

p2

p1

=
v2

s



�

1
X

�
1 + 
M 2

�
1 �

1
X

��
; (244)

then after dividing by v2
s , Eq. (243) becomes

1
2

M 2

X 2 +
1


 � 1
1
X

�
1 + 
M 2

�
1 �

1
X

��
=

1
2

M 2 +
1


 � 1
: (245)

Removing the trivial solution of X � 1, we get

X =
� 2

� 1
=

(
 + 1) M 2

2 + ( 
 � 1)M 2 = 1 +
2(M 2 � 1)

2 + ( 
 � 1)M 2 (246)
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and therefore

v2

v1
=

1
X

= 1 �
2(M 2 � 1)
(
 + 1) M 2 ;

p2

p1
= 1 + 
M 2

�
1 �

1
X

�
= 1 +

2
 (M 2 � 1)

 + 1

: (247)

As a result, the ratio between downstream quantities to their upstream values
can be expressed by the upstream Mach number. Both density and pressure
will increase while the velocity will decrease whenM > 1.

How much does the velocity decrease relative to the local sound speed?
The Mach number at the downstream, M 2 � v2=vs;2, and the downstream
sound speed,vs;2 =

p

p 2=� 2, can be calculated by rewriting the momentum

equation (240) as
p2 + 
p 2M 2

2 = p1 + 
p 1M 2: (248)

After some algebra and by using Eq. (247) this leads to,

M 2
2 =

(
 � 1)M 2 + 2
2
M 2 � 
 + 1

= 1 �
(
 + 1)( M 2 � 1)

2
 (M 2 � 1) + 
 + 1
; (249)

which is < 1 as long asM > 1. This means that the 
ow transitions from
being supersonic to subsonic by passing through the shock.

It is useful to calculate u2 in the lab frame after the shock wave,

u2

ushock
=

v1 � v2

v1
= 1 �

v2

v1
=

2(M 2 � 1)
(
 + 1) M 2 = 1 �

(
 � 1)M 2 + 2
(
 + 1) M 2 : (250)

Rankine and Hugoniot relationsdetermines the relations between upstream
and downstream quantities of the shock wave which are named after their
independent derivation. In principle, there should not be an upper limit in M ,
and in the limit of M ! 1 , we have

� 2

� 1
!


 + 1

 � 1

;
v2

v1
!


 � 1

 + 1

;
p2

p1
! 1 : (251)

For 
 = 5=3, they simplify to

� 2

� 1
! 4;

v2

v1
!

1
4

;
u2

ushock
!

3
4

: (252)

It is interesting to note that the downstream pressure can increase without a
bound under a strong shock. Yet, density and velocity can not do so due to
the conservation of mass and momentum.

Global conservation laws based on the ideal 
uid equations do not contain
the physics within the shock layer. The shock layer has a �nite thickness which
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is determined by the dissipation inside of it. In gas dynamics, the viscous
e�ects are important and re
ected in the Reynolds number of the shock,

Reshock =
� � v

�
� 1; (253)

where� is the shock layer thickness, � v is the velocity change across the shock,
and � is the kinematic viscosity. Estimating � v � vs and

� �
� 2

mfp

� collision
=

� mfp

� collision
� mfp = vs � mfp ; (254)

we have,
� � � mfp : (255)

The result means that the thickness of a shock is on the order of mean-free-
path of the gas molecules. In room-temperature air, the mean free path is very
short, typically below 1 micron, and thus the shock layers are very thin.

4.5 MHD Discontinuities and Shocks

As seen from the discussion of gas dynamic shock, conservation laws can
directly lead to the Rankine and Hugoniot relations between upstream and
downstream quantities regardless of the details within the shock front. This
method is powerful as it can determine the global structures of a large system
in its steady state without requiring us to know the speci�c form of the dissi-
pation processes. Using the conservative forms of the ideal MHD system given
in Lecture 2, we can derive the corresponding Rankine and Hugoniot relations
for MHD dicontinuities and shocks.

Instead of using subscript 1 and 2 for the upstream and downstream quan-
tities, we introduce a pair of square brackets to denote changes across the
shock,i.e., [a] = a2 � a1 for any quantities a. When the quantity a is conserved
across the shock, we have [a] = 0.

Therefore, the three jump conditions from ideal MHD conservation laws
are:

[� V � n ] = 0 ; (256)
�
� V (V � n ) +

�
p +

B 2

2� 0

�
n �

B
� 0

(B � n )
�

= 0 ; (257)
��

1
2

�V 2 +




 � 1
p
�

V � n +
E � B

� 0
� n

�
= 0 ; (258)

where n is the normal unit vector of the shock layer (or discontinuity layer,
see below). Additional jump conditions come from the Maxwell's equations,

[E � n ] = [ � (V � B ) � n ] = 0 ; (259)
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[B � n ] = 0 ; (260)

where the �rst jump condition states that the tangential component of the
electric �eld must be continuous in a steady state due to Faraday's law. The
second condition enforces that the normal component of the magnetic �eld
must be continuous due to its divergence-free nature.

More useful forms of these jump conditions can be derived (Gurnett and
Bhattacharjee, 2017, Ch.8). We will use subscripts \n" and \ t" to denote a
vector's normal and tangential components to the shock front. Equations (256)
and (260) can then be written as,

[�V n ] = 0 ; (261)

[Bn ] = 0 : (262)

The second equation leads to
�
B 2

n

�
= 0 and therefore

�
B 2

�
=

�
B 2

n + B 2
t

�
=�

B 2
t

�
. Using this relation, the momentum equation (257) can be split to its

normal component, �
�V 2

n + p +
B 2

t

2� 0

�
= 0 ; (263)

and its tangential component,

�
�V n Vt � Bn

B t

� 0

�
= 0 : (264)

Since

E � B = � (V � B ) � B = B � (V � B ) = B 2V � (B � V ) B

the energy jump condition Eq. (258) can be written as

��
1
2

�V 2 +




 � 1
p +

B 2

� 0

�
Vn � (B � V )

Bn

� 0

�
= 0 : (265)

Lastly, the tangential electric �eld jump condition is

[Vn � B t + Vt � B n ] = 0 : (266)

Equations (261) to (266) form a complete set of 6 jump conditions (Rankine
and Hugoniot relations) across discontinuities or shocks for ideal MHD system
with 6 unknowns: � , p, Vn , Vt , Bn , and B t .

Di�erent types of MHD discontinuities can be classi�ed according to the
di�erence in density and normal velocity as shown in Table 1.

The �rst non-trivial discontinuity is the contact discontinuity where the
density changes ([� ] 6= 0), but the normal velocity vanishes (Vn = 0), i.e. no
plasma passes across the layer. There are two cases of contact discontinuities:
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Table 1 Classi�cation of MHD discontinuities and shocks according to (Landau and
Lifshitz, 1960, Ch.8).

Vn = 0 Vn 6= 0
[� ] = 0 Trivial Rotational discontinuity
[� ] 6= 0 Contact discontinuity Shock wave

Bn 6= 0 and Bn = 0. For the case with Bn 6= 0, most of the quantities do not
change across the shock front:

ˆ [Vt ] = 0 based on the electric �eld jump condition Eq. (266).
ˆ [B t ] = 0 based on the tangential component of momentum jump condition

Eq. (264).
ˆ [p] = 0 based on the normal component of momentum jump condition

Eq. (263) where
�
B 2

t

�
= 0 is used.

Since [� ] / [n] 6= 0 while [ p] = 0, [T] 6= 0 must occur in cases such as when
a heat source is suddenly applied. However, it is typically di�cult for such
contact discontinuity to form in a plasma when the heat transport is fast.

The second case of contact discontinuity, often calledtangential disconti-
nuity , occurs whenBn = 0. Contrary to the �rst case, many quantities do
jump across the discontinuity front:

ˆ [Vt ] 6= 0 in general sinceBn = 0 in the electric �eld jump condition Eq. (266).
ˆ [B t ] 6= 0 in general sinceBn = 0 in the tangential component of momentum

jump condition Eq. (264).
ˆ

h
p + B 2

t
2� 0

i
= 0 based on the normal component of momentum jump condition

Eq. (263) even when
�
B 2

t

�
6= 0 in general.

In this case, the plasma 
ow and the magnetic �eld parallel to the discontinuity
surface can change their magnitude and direction while maintaining the force
balance. An example of this case is Earth's magnetopause where (the shocked)
solar wind plasma in contact with Earth's magnetosphere as shown in Fig. 25.
The tangential discontinuity maintains a sharp boundary between these two
plasmas, parallel to the majority of the 
ow and magnetic �eld of solar wind
plasma. Occasionally, this approximation is violated by magnetic reconnection
(see later) at sporadic places. A similar tangential discontinuity, called the
heliopause, exists when solar wind plasma meets interstellar plasma in the
galaxy.

The second non-trivial discontinuity in Table 1 is the rotational discontinu-
ity where the density is continuous but the normal component of velocity has
a �nite value, i.e. plasma 
ows across the layer. In this case, since the mass

ow must be continuous [�V n ] = 0 according to Eq. (261), the normal velocity
needs to be continuous, [Vn ] = 0. Since [Bn ] = 0 according to Eq. (262), the
tangential component of momentum continuity Eq. (264) leads to

�V n [Vt ] =
Bn

� 0
[B t ] : (267)
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Fig. 25 Earth's magnetopause as a tangential discontinuity between the magnetosphere
and magnetosheath, containing the shocked plasma from the solar wind.

From the continuous tangential electric �eld Eq. (266), we have

Vn � [B t ] + [ Vt ] � B n = 0 ; (268)

which can be rewritten by substituting [ Vt ] from Eq. (267) as

Vn Vn � [B t ] =
Bn

� 0�
B n � [B t ] (269)

or

Vn = �
B n

p
� 0�

= � n VA cos�; (270)

where � is the angle between the normal direction of the discontinuity and
magnetic �eld. Magnetic �eld and 
ow change directions by rotation across the
discontinuity but not their magnitude. This can be identi�ed as Alfv�en waves
propagating in the direction � away from the magnetic �eld, as we discussed
earlier in the linear waves section. However, the tangential discontinuity is
actually a result of Alfv�en waves in the nonlinear regime.

From this example, it is natural to expect that di�erent types of MHD
discontinuities or shocks can develop based on the di�erent types of MHD
waves via nonlinear steepening. Since there are three di�erent types of MHD
waves, there are three general types of MHD discontinuities or shocks. For
discontinuities that we have discussed so far, the contact discontinuity with
Bn = 0 corresponds to the fast or slow mode since any increase inp needs
to be compensated by the decrease inB 2=2� 0 and vice versa. However, the
contact discontinuity with Bn 6= 0 is a special case corresponding to entropy
wave as there is no quantities to have a jump other than the density and
temperature. The rotational discontinuity belongs to the Alfv�en mode as just
discussed above.

Three di�erent types of MHD shocks are illustrated in their shock frames
in Fig. 26. Just like solving the dispersion relation for linear MHD waves, these
three solutions can be found in a cubic equation (Anderson, 1963) by system-
atically solving (Gurnett and Bhattacharjee, 2017, Ch.8) the jump condition
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Fig. 26 Three types of MHD shocks.

Eqs. (261) to (266), similar to the gas dynamic case above, which has only one
solution. In addition to the sonic Mach number, M , Alfv�en Mach number, M A ,
is also introduced as a control parameter with its relation to M determined
by the plasma beta. All three cases have the downstream pressure increasing
over the shock front, converted from the 
ow and magnetic energy. The normal
component of the magnetic �eld needs to be kept constant. However, there are
three possibilities for the tangential component of the magnetic �eld, B t . If B t

increases such thatB t 2 > B t 1 in concert with the pressure increase (p2 > p 1),
the resulting shock is a fast mode shock. It can be thought as if the shock front
propagates so fast thatB t piles up after the shock front. The bow shock in
front of Earth facing the solar wind is a fast mode shock as shown in Fig. 25.
The opposite happens whenB t decreases downstreamB t 2 < B t 1 during the
slow mode shock even if the plasma pressure still increasesp2 > p 1. In between
these modes, there is an intermediate Alfv�en wave mode whereB t 2 = B t 1

while the B t vector rotates 180� as a special case of rotational discontinuity.
However, intermediate mode shocks have a �nite density jump [� ] 6= 0, which
is absent in the rotational discontinuities. Both cases are the manifestations of
nonlinear Alfv�en waves.

As in linear MHD waves, the shock front orientation with respect to the
upstream magnetic �eld is important. Figure 26 shows the cases for oblique
shocks when 0< � < �= 2. When the shock's normal direction is parallel to
the magnetic �eld, � = 0, the shock is called parallel shock. Sometimes, even
� can be not exactly zero, but the shocks behave quite similarly to the case of
� = 0. These cases are often called quasi-parallel shocks (� � 0). In such cases,
charged particles in collisionless plasmas freely pass through the shock front
over a long distance without any constraints from the large-scale magnetic
�eld. As a result, the thin shock layers can a�ect the large volume of plasmas
both upstream and downstream, causing complicated plasma kinetic dynamics
called \foreshock".
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In contrast, perpendicular (� = �= 2) or quasi-perpendicular (� � �= 2)
shocks have their charged particles strongly constrained by the large-scale
magnetic �eld with their kinetic dynamics relatively concentrated in the shock
layer. Quasi-perpendicular shocks tend to form as a result of rapidly expanding
upstream plasma (such as supernova explosion), which sweeps the downstream
magnetic �eld to align with the parallel direction of the shock front. In all cases,
however, the large-scale magnetic �eld matters such that the plasma beta is
a key control parameter that will determine not only relative speeds between
VA and Vs (thus M and M A ) but also the acceleration of charged particles
due to the di�erent degrees of magnetization. Charged particle acceleration by
collisionless shocks (where collisions are negligible during the shock transition
time) is an active and rich area of research as many solar energetic particles and
high-energy cosmic rays are considered the direct results of kinetic dynamics
occurring around the shock fronts.

4.6 Summary
ˆ Linear MHD waves: Alfv�en waves, fast and slow magnetosonic waves.
ˆ Surface gravity waves are dispersive in the short wavelength limit and non-

dispersive in the long wavelength limit.
ˆ Nonlinear steepening can balance the wave dispersion, but in many cases, it

causes waves to form discontinuities and shocks.
ˆ Derivation of Rankine-Hugoniot relations for the gas dynamic shocks.
ˆ MHD discontinuities: contact (tangential) discontinuities and rotational

discontinuities.
ˆ MHD shocks include fast and slow mode shocks and Alfv�en mode shocks.

Charged particle acceleration occurs during MHD shocks.

4.7 Further Readings
ˆ Chapters 5 and 6 in Kulsrud (2005)
ˆ Chapters 7 and 15 in Kundu et al (2015)
ˆ Chapters 6 and 8 in Gurnett and Bhattacharjee (2017)
ˆ Chapter 5 in Kivelson and Russell (1995)

4.8 Homework Problem Set 4

1. Phase velocity of intermediate waves.
Prove that the phase velocity of intermediate waves (shear Alfv�en waves)
is always not slower than that of slow waves and simultaneously not faster
than that of fast waves:

Vph,slow � Vph,A � Vph,fast : (271)

2. Interfacial waves between two 
uids.
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(a) Derive the dispersion relation of angular frequency,! , and wave vector,
k, for interfacial waves between two 
uids with di�erent densities, � 1 and
� 2, under gravity. Each 
uid is considered to occupy half of the whole
space and the surface tension is ignored.

(b) Under what condition does either ! or k have to be complex, indicating
the existence of an instability (Rayleigh-Taylor Instability)?

(c) How does this instability condition change when the surface tension is
included?

3. Perpendicular MHD shock.
(a) When B is parallel to the shock front, show that the Rankine-Hugoniot

relation can be written as

� 2V2 = � 1V1;

p2 + � 2V 2
2 +

B 2
2

2� 0
= p1 + � 1V 2

1 +
B 2

1

2� 0
;

�




 � 1
p2 +

� 2V 2
2

2
+

B 2
2

� 0

�
V2 =

�




 � 1
p1 +

� 1V 2
1

2
+

B 2
1

� 0

�
V1;

B2V2 = B1V1:

(b) De�ning � 2=� 1 � X such that V2=V1 = 1=X and B2=B1 = X .
Show that for � 1 � p1=(B 2

1=2� 0): we havep2=p1 given by

p2

p1
= 1 + 
M 2

�
1 �

1
X

�
+

1 � X 2

� 1
: (272)

(c) Show that X satis�es

2(2 � 
 )X 2 +
�
2� 1 + ( 
 � 1)� 1M 2 + 2

�

X � 
 (
 + 1) � 1M 2 = 0 ; (273)

which will always have a positive root as long as 1< 
 < 2. We can also
recover the gas dynamic case in the large� 1 limit.

(d) In the small � 1 limit, however, instead of M it makes better sense to use
the magnetosonic Mach number de�ned as

M MS �
V1p

V 2
s + V 2

A

: (274)

Revise the equation in part (c) usingM MS . What value should X take in
the large M MS limit? How does it compare with the gas dynamic case?
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5 Energy Principle

5.1 Stability Analysis

Fig. 27 Stability of a system at equilibrium.

It is important to know the stability properties of a given (magneto)static
equilibrium or a base state 
ow, both of which we have learned in previ-
ous lectures. Di�erent kinds of system stability at equilibrium are illustrated
in Fig. 27, where a ball is placed on di�erent surfaces under a constant
gravitational force:

ˆ If the surface is 
at, the ball is at a neutrally stable position. If we place
the ball away from its original location, it will not move toward its original
position.

ˆ If the surface is in the form of a valley, the ball is at a stable against (in�nites-
imally) small linear perturbations at the bottom of it. If we place the ball
away from its original location at the bottom of the valley, it will return
to its original position. The ball will eventually settle at the bottom of the
surface if it has �nite friction.

ˆ If the surface is in the form of a hill, the ball is at an unstable position on
top of it. If we move the ball away from the peak, the distance to its original
location will increase over time.

ˆ However, if there is a hill outside the valley, even if the ball can be stable lin-
early, it will be nonlinearly unstable against �nite-amplitude perturbations
if the perturbation is su�ciently large, pushing the ball beyond the edge of
the valley.

ˆ Conversely, if there is a valley outside the hill, the ball can be nonlinearly
stable as the distance from the original location will not increase further
after the initial growth.

In general, di�erent combinations of the surface landscape can exhibit dif-
ferent stability properties. Among these, however, the linear stability of a given
system against in�nitesimally small perturbations is by far the �rst question
that will be asked. Fortunately, answering this question will also be the easiest.
As such, in this lecture, we will focus on linear stability analysis.

To study the stability of a system, there are three di�erent approaches. The
most practical way is to treat it as an initial value problem, which is often per-
formed numerically. Experimental research on stability can also be regarded
as taking this approach, although with some subtleties. Usually, it is di�cult
to set up an unstable system in the �rst place. Some techniques can be used to
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mediate the di�culties. For example, by starting with a stable system, we can
gradually adjust the system toward the desired state through a sequence of
equilibrium states. When an instability with a growth rate comparable to the
adjustment rate is encountered, the system will not change further despite the
adjustment. If the growth rate is large, we may be able to see a sudden onset of
instability which may disrupt the system depending on the nature of the insta-
bility. This is a practical approach as it can be implemented numerically and
experimentally. However, it is often ine�cient as it tests one particular initial
condition at a time. Of course, one should not forget that the experimental
investigations do provide the \�nal" answers.

The second approach is based on the normal mode analysis. Any linear per-
turbations can be decomposed as a summation of normal modes of the system.
In principle, since linear normal modes are independent of each other, we can
examine the system stability against each mode one by one. It is still ine�-
cient as the number of normal modes is close to in�nite. However, the approach
is systematic, which often results in the identi�cation of clear trends during
the process. This approach is usually performed numerically and occasionally
analytically.

The third approach is based on the variational analysis, which is the subject
of this lecture with the name \energy principle". Using a minimization pro-
cess, we can �nd the least stable perturbation to a particular system. If such
a perturbation is still stable, the system is stable against all perturbations.
Therefore, this method is powerful as it leads to such sweeping statements.
The details of this approach can sometimes be di�cult and less accurate in
determining growth rates. However, once we can do it successfully, the energy
principle can easily determine stability boundaries and often provide physically
intuitive insights that are otherwise di�cult to obtain.

The statement of energy principle (Bernstein et al, 1958; Hain et al, 1957)
is,

When the total energy of a system is conserved, the growth of per-
turbation kinetic energy at the expense of the magnetic, thermal, or
gravitational potential energy corresponds to instability � .
� There are some exceptions.

5.2 Linear Force Operator

When we analyze a linear wave, we used the plane wave decomposition for
each wavenumber vector,k , and angular frequency,! , to derive the dispersion
relation relating them. Typically, we treat k as a real vector to solve the
dispersion relation for ! , which is generally a complex numbers. Assuming
! = ! r + i
 , we have the displacement vector� given by

� / ei k �r � i! r t + 
t ; (275)

which shows that the displacement grows exponentially in time as a linear
instability when 
 > 0. From the linear wave analysis, all solutions that we
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obtained are real with 
 = 0. This is expected since we have assumed local
spatial homogeneity of the plasma, which contains no free energy for the waves
to grow unstable.

However, if we are concerned with the plasma at a large system scale, spa-
tial homogeneity is no longer a reasonable assumption. This prevents the plane
wave decomposition in the space of wavenumberk . Therefore, all equilibrium
quantities: � 0, p0, and B 0 can have spatial dependencies. Only the equilibrium
velocity can still be homogeneous such thatV0 = 0 in a proper frame where the
plasma is in static equilibrium. This choice of V0 = 0 will be discussed later.

In this case, using linear velocity perturbation V1 expressed as a function
of the linear displacement vector� (similar to the previous lecture), all other
linear perturbations can be expressed conveniently in� but with modi�cations
due to spatial in-homogeneity:

� 1 = � r � (� 0� ) ; (276)

p1 = � 
p 0r � � � � � r p0; (277)

Q � B 1 = r � (� � B 0) : (278)

The equation of motion then becomes

� 0
@2�
@t2

=
1
� 0

(r � Q) � B 0 +
1
� 0

(r � B 0) � Q + r (
p 0r � � + � � r p0)

� F (� ); (279)

where F (� ) is called force operator which is a function of the displacement
vector � .

F (� ) is self-adjoint, which is a special mathematical property for linear
operators. This means the adjoint of F is itself: F y = F . In other words,
for any pair of displacement vectors,� and � , satisfying the same boundary
conditions, the self-adjoint property of F demands

Z
� � F (� )dr =

Z
� � F (� )dr : (280)

The self-adjoint property of the force operator places ideal MHD spectral the-
ory on the same solid ground as in quantum mechanics (Goedbloed and Poedts,
2004, Ch.6). To see this, we can de�ne an inner product by treating plasma
density � (r ) as a weight function,

h� ; � i �
1
2

Z
� (� � � � ) dr ; (281)

so that
�

� ;
F (� )

�

�
�

1
2

Z
� � � F (� )dr =

1
2

Z
� � F (� � )dr �

�
F (� )

�
; �

�
: (282)
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Therefore, as long as the norm,jj � jj �
p

h� ; � i , is bounded or �nite, a Hilbert
space can be de�ned. Furthermore, we can consider normal modes of the
solution,

� = �̂ e� i!t (283)
such that the equation of motion, Eq. (279), can be written as

F (�̂ ) = � �! 2 �̂ : (284)

We use � for �̂ interchangeably, depending on the context without the loss
of generality. With this de�nition, we have a complete set of correspondence
between the equation of motion in static ideal MHD and the Schr•odinger
equation in quantum mechanics. We summarize the correspondence in Table 2
below.

Table 2 Correspondence between ideal MHD and quantum mechanics in Hilbert space.

Quantum Mechanics Static Ideal MHD
Hamiltonian, H Force operator, F (� )=�
Energy level, E Frequency or growth rate, � ! 2

Wave function,  Displacement vector, �
Schr•odinger equation, H = E Equation of motion, F (� ) = � �! 2 �

Inner product, h 1 ;  2 i � 1
2

R
 �

1  2dr
Weighed inner product,
h� ; � i � 1

2

R
� (� � � � ) dr

Self-adjoint, hH 1 ;  2 i = h 1 ; H 2 i Self-adjoint,
D

F ( � )
� ; �

E
=

D
� ; F ( � )

�

E

Norm, jj  jj �
p

h ;  i Norm, jj � jj �
p

h� ; � i

Compared to quantum mechanics, where the wave function and its norm
have speci�c physical interpretations as the probability of �nding the desired
particle, the physical interpretation of the norm in ideal MHD, jj � jj , is less
clear. However,jj _� jj2 has a clear physical meaning,

jj _� jj2 �
D

_� ; _�
E

=
1
2

Z
� _� 2dr =

1
2

Z
�V 2

1 dr ; (285)

which is the kinetic energy of perturbed velocity. By establishing this full
correspondence, all mathematical techniques that were developed in spectral
theory from quantum mechanics can be directly applied to ideal MHD spectral
analysis. Details can be found in Goedbloed and Poedts (2004).

Among these, there are two important consequences of the self-adjoint
property of the linear force operator, F (� ). Multiplying � � to Eq. (284) and
integrating over space yield

� ! 2
Z

� � � � � dr =
Z

� � � F (� )dr : (286)

Alternatively, we can take the complex conjugate of Eq. (284) �rst,

F (� � ) = � �! � 2� � ; (287)
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then multiply it with � before integrating over space, leading to

� ! � 2
Z

� � � � � dr =
Z

� � F (� � )dr : (288)

This is identical to Eq. (286) due to the self-adjointness of F , Eq. (280).
Therefore, we have

! 2 = ! � 2: (289)

This means that ! is either real (stability), as in our linear MHD wave analy-
sis, or purely imaginary, representing a purely growing (instability) or purely
damping system without any oscillation. This is in contrast to the cases where
! is complex with both nonzero real and imaginary parts. Sometimes, the
instability with nonzero real frequency is called \overstability". While many
non-MHD plasma instabilities have nonzero real frequencies, ideal MHD insta-
bilities discussed here must be purely growing. Therefore, when the system
transitions from stability to instability by varying � , ! 2 must go through the
origin of the complex plane. In other words, the stability boundary can be
determined by ! 2 = 0 or F (� ) = 0.

The second important consequence of self-adjointness ofF (� ) is to establish
the orthogonality of its eigenfunctions. Suppose thatm and n are any two of
eigenmodes such that

� �! 2
m � m = F (� m ) (290)

� �! 2
n � n = F (� n ): (291)

Taking dot products of the �rst equation by � n and the second equation by
� n , and then taking their di�erences leads to

�
! 2

m � ! 2
n

� Z
� � n � � m dr =

Z
[� m � F (� n ) � � n � F (� m )] dr = 0 ; (292)

where self-adjointness ofF is used. Therefore, the eigenfunctions form a
complete set of mutually orthogonal eigenmodes.

Proof of the self-adjoint property of force operator, Eq. (280), can be done
in three di�erent ways:

ˆ The �rst way is by performing vector operations of � � F (� ) and � � F (� )
to show that they are equal. This approach was taken by the original
authors (Bernstein et al, 1958) and also by most of the textbooks such as in
Goedbloed and Poedts (2004). But the process is quite tedious and prone
to errors.

ˆ The second way is to purposely rearrange a large number of terms in groups
of symmetric forms between� and � so that they are obviously equal. This
has been done nicely by Freidberg (2014). The process still involves quite a
lot of vector operations.
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ˆ The third way is an indirect but formal and elegant proof by Kulsrud in
1964 (Kulsrud, 2005), which we reproduce below in a short form.

We begin by de�ning the total energy in the system,

E = K + W ; K �
Z

1
2

�V 2dr ; W �
Z �

B 2

2� 0
+

p

 � 1

+ ��
�

dr ; (293)

where K is the total kinetic energy, W is the total potential energy including
magnetic, thermal and gravitational energy. � is the gravitational potential.
The system is perturbed at t = 0 by some adjustments which can occur before
t < 0 and up to t = 0. This initial perturbation may or may not change E but
as soon as the initial imposition of perturbation ends for t � 0, the energy is
conserved such thatE(t � 0) = const., while allowing the conversion of energy
from one form to another. As stated previously, instability will occur if the
initial perturbation can grow to lower potential energy in favor of perturbed
kinetic energy without bounds. If the initial perturbation is in�nitesimally
small, the instability is linear instability.

Now we expand bothK and W to the second order of in�nitesimally small
displacement � after the initial perturbation is imposed,

E = K 0 + K 1(� ) + K 2(� ; � ) + ::: + W0 + W1(� ) + W2(� ; � ) + ::: (294)

with each terms can be calculate below:

K 0 =
1
2

Z
� 0V 2

0 dr = 0 ;

K 1(� ) =
Z �

� 0V0 �
@�
@t

+
1
2

� 1V 2
0

�
dr = 0 ;

K 2(� ; � ) =
1
2

Z "

� 0

�
@�
@t

� 2

+ 2 � 1V0 �
@�
@t

#

dr =
1
2

Z
� 0

�
@�
@t

� 2

dr ;(295)

W0 =
Z �

B 2
0

2� 0
+

p0


 � 1
+ � 0�

�
dr ; (296)

W1(� ) =
@W
@�

� � = 0 ;

W2(� ; � ) =
@2W
@� @�

: �� ; (297)

where V0 = 0 is from the assumption used and@W=@� = 0 is due to the fact
that the system is in an equilibrium residing at an extremum of the potential
energy W with regard to � . As a result, we have

E =
1
2

Z
� 0

�
@�
@t

� 2

dr + W0 + W2(� ; � ); (298)
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which is conserved fort � 0. Therefore,

@E
@t

=
Z

� 0
@�
@t

�
@2�
@t2

dr + W2

�
@�
@t

; �
�

+ W2

�
� ;

@�
@t

�
= 0 : (299)

De�ning � � @� =@t, which is an independent vector from� at least at t = 0 1,
and using the equation of motion Eq. (279), we �nally have

Z
� � F (� )dr + W2(� ; � ) + W2(� ; � ) = 0 : (300)

Swapping � and � in this equation leads to
Z

� � F (� )dr + W2(� ; � ) + W2(� ; � ) = 0 : (301)

which can be compared with the previous equation. This leads to the elegant
proof of self-adjointness ofF from the symmetry of equations, Eq. (280):R

� � F (� )dr =
R

� � F (� )dr . An additional consequence of the above equation
is obtained by setting � = � such that

W2(� ; � ) = �
1
2

Z
� � F (� )dr � �W (� ; � ); (302)

where the latter expression of �W is called energy integral. This equation
provides a convenient way to calculate the energy integral.

5.3 Energy Principle

The energy principle states

The system is stable if and only if for all possible� , �W (� ; � ) > 0.

Proving su�cient conditions for stability is straightforward by using energy
conservation after initial perturbation t � 0,

E � W0 =
1
2

Z
� 0

�
@�
@t

� 2

dr + �W (� ; � ); (303)

which is a constant. Since�W is positive de�nite for all possible � , the per-
turbed kinetic energy, which is also positive de�nite, cannot grow. Thus, the
system is stable.

Proving necessary conditions of the energy principle is less straightforward.
Among many versions of the proof, an elegant theorem by Laval et al (1965)

1 One might argue that for t > 0, @� =@t may not be an independent vector as it satis�es
ideal MHD equations. However, at t = 0, @� =@t can be imposed as part of initial perturbation,
independent from the choice of � .
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is described below. The necessary condition statement reads: a stable system
leads to positive �W for all possible � . This is equivalent to the statement: if
there exists a � 0 such that �W (� 0; � 0) < 0, then the system is unstable. This
is what we intend to prove.

De�ne 
 0 such that


 2
0 �

� �W (� 0; � 0)
1
2

R
�� 2

0dr
=

� �W (� 0; � 0)
I (� 0; � 0)

> 0; (304)

where the integral I (� ; � ) is de�ned as

I (� ; � ) �
1
2

Z
� � � � dr =

1
2

Z
�� 2dr : (305)

Consequently, we have

_I (� ; � ) =
Z

� � � _� dr ; (306)

•I (� ; � ) =
Z

�
�

_� 2 + � � •�
�

dr

= 2
h
I ( _� ; _� ) � �W (� ; � )

i
; (307)

where Z
� � � •� dr =

Z
� � F (� )dr = � 2�W (� ; � ) (308)

is used according to Eqs. (279) and (302). Now we are ready to calculate
Eq. (303) as follows

E � W0 = I
h

_� (t); _� (t)
i

+ �W [� (t); � (t)] (309)

= I
h

_� (0); _� (0)
i

+ �W [� (0); � (0)]

= 
 2
0 I (� 0; � 0) + �W (� 0; � 0) (310)

= 0 ; (311)

where we used the choice of_� (0) � 
 0� (0) = 
 0� 0 for the step in Eq. (310) and
the de�nition of 
 0 in Eq. (304) for the step in Eq. (311). (Note that the choice
of _� (0) � 
 0� 0 is consistent with the expected purely growing modes when the
system is unstable). Therefore, from the steps in Eq. (309) and Eq. (311), we
have

�W (� ; � ) = � I ( _� ; _� ); (312)

which can be substituted into Eq. (307) to yield

•I (� ; � ) = 4 I ( _� ; _� ): (313)
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Now by using Schwarz inequality:

� Z
� � � _� dr

� 2

�
� Z

�� 2dr
� � Z

� _� 2dr
�

(314)

and Eq. (306) for _I (� ; � ), we have

h
_I (� ; � )

i 2
� 2I (� ; � ) � 2I ( _� ; _� )

= I (� ; � ) •I (� ; � ); (315)

where Eq. (313) is used. This inequality can be simply written as _I 2 � I •I ,
which can be divided by I 2 to yield

•I
I

�

 
_I
I

! 2

� 0 or
d
dt

 
_I
I

!

� 0: (316)

_I=I is a growing function of time for t > 0.Therefore,

_I
I

�
�
�
�
�
t = t

�
_I
I

�
�
�
�
�
t =0

= 2 
 0: (317)

The last equal sign of this equation is due to

_I (� 0; � 0) =
Z

� � 0 � _� (0)dr

= 
 0

Z
�� 2

0dr

= 2 
 0I (� 0; � 0): (318)

Solving Eq. (317) yields a solution which grows at least exponentially,
indicating instability,

I [� (t); � (t)] � e2
 0 t I (� 0; � 0): (319)

5.4 Additional Remarks

Now that we have proved the energy principle, let us summarize its advantages:

ˆ Finding one trial displacement vector � such that �W < 0 is su�cient to
show that the system is unstable.

ˆ Marginal stability can be determined by using the F (� ) = 0 contour.
ˆ The energy integral �W < 0 has a physically intuitive form which can

provide physical understanding (next lecture).
ˆ There exists a practical method to numerically test ideal MHD stability.
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Furthermore, the energy principle can be extended to include a vac-
uum region surrounding the plasma with contributions from the surface
that separates them, see (Freidberg, 2014, Ch.8). This is calledExtended
Energy Principle. Energy principle can also be extended to other MHD mod-
els (Freidberg, 2014, Ch.10) other than the ideal MHD model discussed
here.

Fig. 28 Stability of an electrically charged ball on the top of hill in a vertical magnetic �eld.

Finally, the energy principle can fail. One particular example is when the
force operatorF is a function of not only � but also _� or velocity. An example of
this is the case of an electrically charged ball on a hill under a vertical magnetic
�eld, shown in Fig. 28 (Kulsrud, 2005, Ch.7). Without the magnetic �eld,
the ball is unstable to the downward gravitational potential energy (�W <
0). With a strong enough �eld, however, the ball can initially go down the
hill but when it picks up some speed, the Lorentz force (which is a function
of velocity) acts to turn it around and eventually returns it to its original
position. Therefore, �nding a particular displacement to lower its potential
energy (�W < 0) is insu�cient to guarantee its instability. Another case is
when the system has an equilibrium 
ow. Contradicting cases can occur: the
system can be unstable even if�W is always positive because the growing
perturbation 
ow energy was mistaken as increased potential energy or a 
ow
shear can stabilize instabilities that are due to�W < 0.

5.5 Summary
ˆ The basic idea of stability analysis and energy principle are powerful tools

for analyzing MHD systems.
ˆ The self-adjoint property of the force operator in ideal MHD systems is

fundamental to the energy principle.
ˆ Advantages and caveats of using energy principle.

5.6 Further Readings
ˆ Chapter 7 in Kulsrud (2005)
ˆ Chapters 8, 9 and 10 in Freidberg (2014)
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ˆ Chapter 4 in Miyamoto (2016)

5.7 Homework Problem Set 5

1. Complex argument for energy integral.
Given the energy principle for any real displacement, prove that it can be
extended to any complex displacement� : The system is stable if and only if

�W (� � ; � ) > 0 (320)

where � � is the complex conjugate of� .

2. Simple proof of the energy principle.
Consider a case with some displacement� 0 such that the change in poten-
tial energy �W (� 0; � 0) � � a < 0, causing the system to be unstable.

(a) By choosing initial conditions at t = 0: � (0) = � 0 and _� (0) = 0, calculate
the total perturbation energy at t � 0,

� (t) =
1
2

Z
� _� 2dr + �W (� ; � ); (321)

and show that � (t) < 0.
(b) Prove that the system is unstable by showing that

I (� ; � ) �
1
2

Z
�� 2dr (322)

grows at least as fast asatn when t ! 1 . What is the value of n?
(c) Why is the total perturbation energy not conserved (� (t) < 0) in this

case? What does the existence of this case mean to the energy principle
proof given in the class?
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6 Applications of Energy Principle

In this lecture, we will illustrate the usefulness of the energy principle by apply-
ing it to generic cases in astrophysics and fusion plasmas. Including gravity,
g, the force operator, F , acting on the displacement vector� is given by

F (� ) =
1
� 0

(r � Q) � B + j � Q + r (
p r � � + � � r p) � gr � (� � ); (323)

where � 0j = r � B , Q = r � (� � B ), and all subscript \0" have been
dropped for equilibrium quantities. The energy integral �W can be calculated
using �W = � 1

2

R
� � F (� )dV. The �rst term of the integrand is

1
� 0

� � [(r � Q) � B ] = �
1
� 0

(r � Q) � (� � B )

= �
Q2

� 0
+

1
� 0

r � [(� � B ) � Q] ; (324)

where the contribution from the last term on RHS to the �W integration
vanishes with proper boundary conditions. The second term of the integrand is

� � (j � Q) = � j � (� � Q): (325)

The third term of the integrand is

� � r (
p r � � ) = r � (� 
p r � � ) � 
p (r � � )2 ; (326)

where the �rst term on RHS vanishes in the �W integration with proper
boundary conditions. The fourth term of the integrand is

� � r (� � r p) = r � (� (� � r p)) � (� � r p) ( r � � ) ; (327)

where the �rst term on RHS vanishes again. The last term of the integrand is
simply,

� � � g (� r � � + � � r � ) : (328)

Combining all terms yields

2�W =
Z �

Q2

� 0
+ j � (� � Q) + 
p (r � � )2 + ( � � r p) ( r � � )

+ � � g (� r � � + � � r � )
�

dV: (329)
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6.1 Convective Instability

We will �rst consider convective instability, which occurs when plasma is purely
con�ned by the gravitational force with no magnetic �eld involved,

� g = r p: (330)

Using this equation, the energy integral Eq. (329) simpli�es to

2�W =
Z h


p (r � � )2 + ( � � r p) ( r � � ) + � � g (� r � � + � � r � )
i

dV

=
Z �


p (r � � )2 + 2 ( � � r p) ( r � � ) +
(� � r p)( � � r � )

�

�
dV

=
Z "


p
�

r � � +
� � r p


p

� 2

�
(� � r p)2


p
+

(� � r p)( � � r � )
�

#

dV

=
Z "


p
�

r � � +
� � r p


p

� 2

�
� � r p



� �

�
r p
p

�

 r �

�

� #

dV

=
Z "


p
�

r � � +
� � r p


p

� 2

�
� � r p



� � r ln

�
p
� 


� #

dV: (331)

The �rst term is positive de�nite and can be made zero by choosingr � � to
minimize �W . The second term, however, can have either sign. For stability,
the pressure gradient,r p, and entropy gradient, r s � CV r ln(p=� 
 ), should
be in opposite directions. This requirement is the same as the Schwarzchild cri-
terion (Schwarzschild, 1906) for stellar convection, which we have reproduced
here in a few lines using the energy principle.

6.2 Interchange Instability

Fig. 29 The coordinate system for interchange instability and Parker instability: the mag-
netic �eld is in the x direction, ( g) and magnetic �eld gradient are in the � z direction.

Now, let us consider the case when a 1D cold plasma is supported by a
magnetic �eld against constant gravitational force as shown in Fig. 29. When
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the plasma pressure is negligible, the force balance is given by,

� g =
r B 2

2� 0
: (332)

Ignoring the pressure terms, the energy integral becomes

2�W =
Z �

Q2

� 0
+ j � (� � Q) + � � g (� r � � + � � r � )

�
dV: (333)

We �rst focus on displacement that does not vary along the magnetic �eld
direction. The magnetic �eld does not bend, (B � r )� = 0, i.e. � does not vary
in the x direction but is only compressed or decompressed in they � z plane.
Under this condition, expanding Q yields

Q = r � (� � B )

= ( B � r )� + � (r � B ) � B (r � � ) � (� � r )B

= � B (r � � ) � (� � r )B : (334)

We further restrict the displacement from compressing or decompressing mag-
netic �eld such that Q = 0 by choosing plasma compressibility r � � to
be

r � � = �
(� � r )B

B
: (335)

Then, from Eq. (333) we have,

2�W =
Z

� � g (� r � � + � � r � ) dV

=
Z

� � g
�
� �

(� � r )B
B

+ � � r �
�

dV

=
Z

� (� � g) � �
�

r �
�

�
r B
B

�
dV

=
Z

� (� � g) ( � � r ) ln
�
B

dV: (336)

Therefore, g and r ln �
B need to be in the same direction for stability. This

requirement is a su�cient condition for stability as we limit the choices of �
such that Q = 0. It turns out that this is also the necessary condition (Kulsrud,
2005, Ch.7) (also see Homework Set 6) as long as there is no bent �eld lines,
i.e. (B � r )� = 0.

The physical picture of this instability is shown in Fig. 30. Total magnetic
energy will not change when we swap the locations of two tubes with the same

ux at di�erent heights without bending. The magnetic energy of a 
ux tube
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Fig. 30 Interchange instability as an MHD analog of Rayleigh-Taylor instability. The darker
color indicates a stronger magnetic �eld and denser plasma.

is given by

WB =
Z

B 2

2� 0
Sdl =

� 2

2� 0

Z
dl
S

; (337)

where B is assumed to be uniform within a su�ciently small tube of cross-
section areaS.

R
Sdl is the volume integral along the tube and � = BS is the

magnetic 
ux.
Consider 
ux tube 1 with 
ux � 1 and cross-section area ofS1 and 
ux

tube 2 with 
ux � 2 and cross-section area ofS2. The change in magnetic �eld
energy due to interchanging them is

�W B = ( WB1 + WB2 )after � (WB1 + WB2 )before

=
�

� 2
1

2� 0

Z
dl
S2

+
� 2

2

2� 0

Z
dl
S1

�
�

�
� 2

1

2� 0

Z
dl
S1

+
� 2

2

2� 0

Z
dl
S2

�

=
�

� 2
1

2� 0
�

� 2
2

2� 0

� � Z
dl
S2

�
Z

dl
S1

�
= 0 : (338)

The change vanishes when �1 = � 2, even in the case whenS1 6= S2. According
to the equilibrium force balance, Eq. (332), B needs to increase in the same
direction as gravity. However, if plasma density � does not increase as fast as
B , the quantity �=B will decrease, causing the plasma mass per magnetic 
ux
to decrease in the direction of gravity.

In other words, interchanging two identical 
ux tubes at di�erent heights
can lower the gravitational potential energy, even if the magnetic energy does
not change. The potential energy is lowered because the mass moving down-
ward is more than the mass moving upward. This instability is therefore called
interchange instability, which is essentially a Rayleigh-Taylor instability (see
Homework Set 4) in ideal MHD (Kruskal and Schwarzschild (1954)) with a
heavy 
uid (plasma) sitting on top of a light 
uid (magnetic �eld) against
gravity.

The physical picture of this instability with a sharp boundary between
plasma and vacuum is illustrated in Fig. 31 (Miyamoto, 2016, Ch.6). The mag-
netic �eld is higher on the vacuum side to support the plasma against gravity
pointing towards the vacuum side. Under the gravitational potential, both ions
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Fig. 31 Interchange instability in plasma with a sharp boundary against vacuum.

and electrons undergog � B drift in opposite directions along the surface,
maintaining the shape of the unperturbed surface. After the perturbation, the
ions' surface will di�er from the electrons' surface, shown in Fig. 31. The dif-
ference will create charge separation, and therefore electric �eld parallel the
surface. TheE � B drift from this electric �eld is the same for both species and
has a phase that reinforces the initial perturbation, resulting in instability.

6.3 Parker Instability

In the previous section on interchange instability, we did not allow displace-
ment to vary along the magnetic �eld direction. One may wonder what would
happen if we did. We might think that this would lead to a more stable system
because bending �eld lines increase magnetic potential energy or�W . It turns
out this is not the case, but instead, we will encounter a new instability called
Parker instability (Parker, 1966, 1967). Allowing the plasma to slide down
along the �eld line can lower the gravitational potential energy more than the
increase in magnetic energy via �eld line bending. Below, we illustrate how
this can happen (Kulsrud, 2005, Ch.7).

We relax (B � r )� = 0 by allowing � to vary in the x direction bending the
�eld lines. In addition, we imposed the previous condition on the perpendicular
components� ? (� y and � z ):

r � � ? = �
(� � r )B

B
: (339)

Then we have

Q = ( B � r )� � B (r � � ) � (� � r )B

= ( B � r )( � x x̂ + � ? ) � B
�

@�x
@x

+ r � � ?

�
� (� � r )B

= ( B � r )� ? ; (340)

giving Qk = 0 and Q? = ( B � r )� ? due to �eld line bending. x̂ is the unit
vector in the x or B direction. Therefore, the �rst term of �W integrand in
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Eq. (333) is
Q2

?

� 0
=

[(B � r )� ? ]2

� 0
: (341)

Since the equilibrium j is in the y direction, the second term of�W integrand
is

j � (� � Q? ) = j y (� � Q? )y ; (342)

where j y = (1 =� 0)@B=@z. Therefore we have

Q? =
�

0; B
@�y
@x

; B
@�z
@x

�
;

(� � Q? )y = � � x B
@�z
@x

;

j y (� � Q? )y = �
1

2� 0

@B2

@z
� x

@�z
@x

= � �g� x
@�z
@x

; (343)

where the force balance Eq. (332) is used. Integrating by parts and removing
the surface terms as before, we obtain

Z
j � (� � Q? )dV =

Z
�g� z

@�x
@x

=
Z

� � � g
@�x
@x

: (344)

Since� x now depends onx, the third term in the integrand of �W , Eq. (333),
has another identical term. We have

2�W =
Z "

[(B � r )� ? ]2

� 0
+ � (� � g) ( � � r ) ln

�
B

+ 2 � � � g
@�x
@x

#

dV: (345)

Comparing the �W for interchange instability, there are two extra terms.
The �rst term is due to the increased magnetic energy from bending the �eld
lines, while the second term is due to the change of gravitational energy,
which can be made negative by choosing the proper parameters. Assuming the
wavenumber in the x direction is kx , the �rst term scales like (Bk x � z )2=� 0

while the second term scales like 2�gk x � x � z = 2B 2kx � x � z=hz � 0, given that

Fig. 32 Parker instability or magnetic buoyancy instability.
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�g = B 2=hz � 0 with hz as the vertical scale height. Taking the ratio of these
two terms yields the condition for �W to be negative,

2� x

kx hz � z
> 1 or � x >

1
2

kx hz � z : (346)

It means that for each choice ofhz , kx , and � z , the plasma can always be
made unstable for a su�ciently large parallel displacement, � x . In this sce-
nario, the plasma will slide down along the bent �eld lines to the lower
gravitational potential with a change greater than the increased magnetic
potential energy. Sometimes this instability is called magnetic buoyancy insta-
bility. The depleted �eld lines rise upward, given that they are lighter than the
surroundings, reinforcing the plasma to slide downward, see Fig. 32.

6.4 Interchange Instability Without Gravity

The last combination of forces is the case when the plasma with �nite pressure
is con�ned by a magnetic �eld without gravity,

r p = j � B (347)

We have described this case with the Grad-Shafranov equation in Lecture 2.
Even neglecting the gravity, a magnetically con�ned plasma will experience
an e�ective \gravity" due to the curved �eld lines, as indicated in the guiding
center motion of a charged particle (Miyamoto, 2016, Ch.6),

Vgc =
E � b

B
+

b



�

 

g +
v2

? =2 + v2
k

R
n

!

+ vkb (348)

where b � B =B. 
 is the cyclotron angular frequency including the sign of
charge,n is the unit vector of the �eld line curvature with radius R. When a
charged particle moves along the curved �eld line, it experiences an e�ective
gravity due to the centrifugal force. Therefore, the e�ective gravity is in the
opposite direction of �eld line curvature vector.

There are two possibilities for �eld line curvature shown in Fig. 33. When
the �eld line curvature vector points away from plasma or e�ective gravity
points towards the plasma, the situation is similar to the case where a light 
uid
(magnetic �eld) sits on top of a heavy 
uid (plasma). This is because the mag-
netic curvature vector is in the same direction of �eld strength gradient vector,
especially in the low beta system wherej � B = ( B � r )B � r (B 2=2� 0) � 0.
In this case, the plasma is stable against interchange instability or Rayleigh-
Taylor instability. The �eld line curvature in this case is labeled as \good
curvature", con�ning the plasma in a low magnetic �eld region or the (absolute)
minimum-B con�guration.

In contrast, when the e�ective gravity points away from the plasma, the
system is unstable to interchange instability. This con�guration is similar to
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Fig. 33 Good and bad curvatures of �eld lines for con�ning plasma.

the case with a heavy 
uid sitting on top of a light 
uid corresponding to the
\bad curvature", con�ning the plasma in a high magnetic �eld region.

The concept of good and bad �eld line curvatures for interchange instabil-
ity can be applied to stability analysis of magnetically con�ned plasmas, see
Fig. 34. The middle section of a mirror con�guration has a bad curvature, while
the cusp con�guration has good curvatures everywhere. However, both su�er
from losing particles due to the loss-cones along the �eld lines. The toroidal
con�guration does not have the loss-cones, but its �eld line curvatures can be
mixed. The �eld lines on the outer side will always have bad curvatures. The
inner side curvature can be good when theq is large enough. Since the �eld
lines pass through both inner and outer sides within the same 
ux surface,
the concept of (average) minimum-B con�guration is needed to analyze its
stability against interchange instability (see later).

Previously when we described the interchange instability under gravity, we
demonstrated the importance of examining whether the gravitational poten-
tial energy can be lowered as we interchange the two magnetic 
ux tubes
without changing the total magnetic energy. Here, we can follow the same
procedure to determine the stability by examining whether the plasma inter-
nal energy, pV=(
 � 1) where V is the 
ux tube volume, can be lowered by
interchanging two magnetic 
ux tubes without changing the magnetic energy.
Consider two 
ux tubes, 1 and 2, with their pressure and volume, (p1; V1)
and (p2; V2), respectively. When the plasma follows the adiabatic process to

Fig. 34 Good and bad curvatures of �eld lines in mirror, cusp, and toroidal con�gurations.
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preserve entropy, the pressure after the interchange needs to satisfy,

p0
1V 


2 = p1V 

1 ; (349)

p0
2V 


1 = p2V 

2 ; (350)

wherep0
� is the pressure after plasma in tube� has been swapped to the other

tube's location. Therefore, we have

p0
1 = p1

�
V1

V2

� 


; (351)

p0
2 = p2

�
V2

V1

� 


: (352)

The change in plasma internal energy can be calculated as

(
 � 1)�W = ( p0
1V2 � p1V1) + ( p0

2V1 � p2V2) (353)

= p1V 

1 V 1� 


2 � p1V1 + p2V 1� 

1 V 


2 � p2V2: (354)

Now, we assume that tube 2 is located right next to tube 1, such that

p2 = p1 + �p; (355)

V2 = V1 + �V: (356)

Up to the quadratic terms, this leads to the following relations:

V 

1 V 1� 


2 = V 

1

�
V1

�
1 +

�V
V1

�� 1� 


= V1

"

1 + (1 � 
 )
�V
V1

+
(1 � 
 )( � 
 )

2

�
�V
V1

� 2
#

; (357)

V 1� 

1 V 


2 = V 1� 

1

�
V1

�
1 +

�V
V1

�� 


= V1

"

1 + 

�V
V1

+

 (
 � 1)

2

�
�V
V1

� 2
#

; (358)

p2V2 = p1V1

�
1 +

�p
p1

� �
1 +

�V
V1

�

= p1V1

�
1 +

�p
p1

+
�V
V1

+
�p�V
p1V1

�
: (359)

Then, the internal energy change is

(
 � 1)�W = p1V1

"

1 + (1 � 
 )
�V
V1

�

 (1 � 
 )

2

�
�V
V1

� 2
#

� p1V1 (360)
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+ p1

�
1 +

�p
p1

�
V1

"

1 + 

�V
V1

+

 (
 � 1)

2

�
�V
V1

� 2
#

(361)

� p1V1

�
1 +

�p
p1

+
�V
V1

+
�p�V
p1V1

�
(362)

= ( 
 � 1)p1V1

"



�

�V
V1

� 2

+
�p�V
p1V1

#

; (363)

which simpli�es to

�W = p1

�
�p�V

p1
+ 


(�V )2

V1

�
= p1�V � ln (pV 
 ) : (364)

This reminds us of Schwarzschild criterion if we identify V with 1=� .
In the edge of a magnetically con�ned plasma, pressurep must eventually

decrease to zero. As such,�p should lower p towards the plasma boundary. As
a su�cient condition for plasma to be stable against interchange instability,
�p�V needs to be positive. Thus,�V needs to be negative to compensate for
the negative �p ,

�V =
Z

�Sdl =
Z

� �
B

dl = � �
Z

dl
B

< 0: (365)

Here S is the cross-sectional area of the 
ux tube,dl is the element length
along the tube, and � � = B�S is the increment of magnetic 
ux. Therefore,
the magnetic �eld strength needs to increase towards the boundary to lower
the volume occupied by a given 
ux tube. This is equivalent to the requirement
for the minimum-B con�guration.

The volume per 
ux or speci�c volume is formally de�ned as

U �
dV
d�

=
Z

dl
B

; (366)

which can be calculated for a magnetically con�ned toroidal plasma as a func-
tion of 
ux surface. In this case, V is considered as the volume inside a given

ux surface containing the toroidal 
ux �. Therefore, the stability condition
against interchange instability can be expressed as

dU
d�

=
d2V
d� 2 � V 00< 0: (367)

Since the integration in Eq. (366) is along the �eld lines, passing through
both the inner and outer sides of a torus, the con�gurations satisfying
the above condition are called average minimum-B or magnetic well con-
�gurations (Miyamoto, 2016, Ch.6). The magnetic well depth is de�ned
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as
� U
U

=
U0 � Ua

U0
; (368)

where U0 and Ua are the speci�c volumes at the magnetic axis and the outer-
most magnetic surface. This is another �gure of merit for a given con�nement
con�guration.

6.5 Ballooning Instability

Fig. 35 E�ective gravity in magnetically con�ned plasma and ballooning instability.

There are no direct counterparts of Parker instability when we allow the
bending of �eld lines for the case with �nite plasma pressure con�ning magnetic
�eld without gravity. As illustrated in Fig. 35, the direction of e�ective gravity
changes following the good and bad curvatures. Bending the �eld lines on
the bad curvature sides reduces the energy integral as the change in plasma
internal energy or pressure can overcome the increase in magnetic energy. In
contrast, we do not want to bend at good curvature locations where plasma
pressure has to increase.

The corresponding instability is called ballooning instability which can
occur even when the plasma is stable to the interchange instability, similar to
the Parker instability. The con�nement performance for modern tokamak is
typically limited by the ballooning instabilities. We can stabilize this instabil-
ity by introducing a large magnetic shear across the 
ux surfaces or imposing
a large radial derivative of the safety factor dq=dr = q0, which we will discuss
later.

6.6 Summary
ˆ Pressure-driven instabilities include convective instability and interchange

instability (similar to Rayleigh-Taylor instability) without bending �eld
lines, as summarized in the left panel of Fig. 36.

ˆ When �eld lines can be bent, Parker instability can occur when gravity force
is dominant while ballooning instability on bad curvature locations can occur
when the pressure is dominant, as summarized in the right panel of Fig. 36.

ˆ For magnetically con�ned plasma, �eld lines can have locations of good and
bad curvatures.
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Fig. 36 Summary of stability conditions against interchange instability for each pair of
forces (left panel) and the modi�cations in red due to �eld line bending (right panel)

ˆ The absolute and average minimum-B con�gurations are de�ned for stability
against interchange instability in magnetically con�ned plasmas.

6.7 Further Readings
ˆ Chapter 7 in Kulsrud (2005)
ˆ Chapter 8 in Freidberg (2014)
ˆ Chapter 6 in Miyamoto (2016)

6.8 Homework Problem Set 6

Stability condition for a magnetized plasma con�ned by gravity.

An ideal MHD plasma occupies half of the space fromz = 0 and z = 1 ,
supported by a superconducting and solid boundary atz = 0. Plasma mass
density � , pressurep, and magnetic �eld strength are functions of z only, and
the static equilibrium is given by

d
dz

�
p +

B 2

2� 0

�
= � �g; (369)

where B is in the x direction and g is a constant gravity pointing in the � z
direction.

1. Assume that the displacement vector is given by� = ( � x ; � y ; � z ) exp(ik x x +
ik y y) where i� x (� � ), i� y (� � ), and � z (� � ) are real functions of z. Note
here that � x and � y are out of the phase of� z to allow Parker instabilities.
Substitute the real part of the complex displacement vector (� ) into the
energy integral (�W ), and make use of the equilibrium, Eq.(1), to show

�W =
1
2

Z 1

0
dz

(
B 2

� 0

"

k2
x

�
� 2 + � 2�

+
�

d�
dz

+ ky �
� 2

#

+ 
p
�

d�
dz

+ kx � + ky �
� 2

� 2�g�
�

d�
dz

+ kx � + ky �
�

� g� 2 d�
dz

)

;
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where 
 is the adiabatic index.

2. When kx = 0, only interchange instabilities are possible and� drops out
from �W .

(a) Show in this case that the energy integral reduces to

�W =
1
2

Z 1

0
dz

�
� g� 2

�
d�
dz

+
� 2g


p + B 2=� 0

�

+
�


p +
B 2

� 0

� �
d�
dz

+ ky � �
�g�


p + B 2=� 0

� 2
#

:

(b) What is the necessary and su�cient condition for interchange stability?
(c) Show that this condition reduces to g � r ln( �=B ) � 0 in the cold plasma

limit.
(d) Show that this condition reduces to Schwarzschild Criterion in the

unmagnetized limit.

3. When kx 6= 0, Parker instabilities also become possible.
(a) Show in this case that the energy integral can be expressed as

�W =
1
2

Z 1

0
dz

" �
k2

x
B 2

� 0
�

� 2g2


p
� g

d�
dz

�
� 2 +

B 2

� 0

k2
x

k2
x + k2

y

�
d�
dz

� 2

+ 
p
�

d�
dz

+ kx � + ky � �
�g�

p

� 2

+
�
k2

x + k2
y

� B 2

� 0

�
� +

ky (d�=dz)
k2

x + k2
y

� 2
#

:

(b) Show that the necessary and su�cient condition against both inter-
change and Parker stabilities are given by

�
d�
dz

>
� 2g

p

: (370)

(c) Discuss this condition in the following three limits:
(i) cold plasma limit
(ii) unmagnetized limit
(iii) zero gravity limit.

4. Find an example of a warm plasma which is stable to interchange
instabilities but unstable to Parker instabilities.
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7 MHD Instabilities in Cylindrical Plasmas

Now that we have seen the usefulness of the energy principle in evaluating
the ideal MHD stability of a given system, we will systematically use it to
examine magnetically con�ned fusion plasmas in these two following lectures.
The ideal MHD equilibrium is given by r p = j � B and the corresponding
energy integral is given by

2�W =
Z �

Q2

� 0
+ j � (� � Q) + 
p (r � � )2 + ( � � r p) ( r � � )

�
dV: (371)

For our purpose here, we will rearrange the energy integral into di�erent terms
with direct physical meanings.

De�ne � = � ? + � kb where b is the unit vector along B . Then, we have

Q = r � (� � B ) = r � (� ? � B );

(� � r p) ( r � � ) = ( � ? � r p) ( r � � ) = r � (� (� ? � r p)) � � � r (� ? � r p);

j � (� � Q) = � � � (j � Q) = � (� ? + � kb) � (j � Q):

After dropping the r � (� (� ? � r p)) term, which vanishes by taking � = 0 on
the volume surface, the second and fourth terms of the integrand in Eq. (371)
become

j � (� � Q) + ( � � r p) ( r � � ) = �
�
� ? + � kb

�
� [j � Q + r (� ? � r p)] ; (372)

where the terms proportional to � k vanish as they can also be written as

B � (j � Q) = � Q � (j � B ) = � Q � (r p) = � r � (pQ) ;

B � r (� ? � r p) = r � [(� ? � r p) B ] ;

sincer � Q = 0. Therefore, Eq. (371) becomes

2�W =
Z �

Q2

� 0
+ 
p (r � � )2 + ( � ? � r p) ( r � � ? ) � � ? � (j � Q)

�
dV: (373)

Now we break down Q and j into their parallel and perpendicular
components,

Q = Q? + Qkb;

j = j ? + j kb =
b � r p

B
+ j kb;

where

Qk =
B � r � (� ? � B )

B
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=
r � [(� ? � B ) � B ] + ( � ? � B ) � r � B

B

= �
r �

�
B 2� ?

�
+ � 0� ? � (j � B )

B

= �
B 2(r � � ? ) + ( � ? � r )B 2 + � 0(� ? � r )p

B

= � B (r � � ? + 2 � ? � � ) �
� 0

B
(� ? � r )p: (374)

Here, we have used the magnetic curvature vector� = b � r b which is related
to the curvature radius of �eld lines (Freidberg, 2014, Appendix D). Now, we
are ready to calculate the last term of the integrand in Eq. (373) as follows,

� ? � (j � Q) = � ? �
�
j � (Q? + Qkb)

�

= � ? � (j � Q? ) + Qk � ? � (j � b)

= Q? � (� ? � j ) + Qk � ? � (j ? � b)

= Q? �
�
� ? � j kb

�
+ Qk � ? �

�
b � r p

B
� b

�

=
j k

B
(� ? � B ) � Q? �

Qk

B
(� ? � r ) p: (375)

Substituting the equation above and Eq. (374) forQk both to Eq. (373), after
some algebra, we �nally get,

2�W =
Z "

jQ? j2

� 0
+

B 2

� 0
jr � � ? + 2 � ? � � j2 + 
p jr � � j2

� 2 (� ? � r p) ( � ? � � ) �
j k

B
(� ? � B ) � Q?

#

dV; (376)

which is a physically intuitive form of energy integral (Freidberg, 2014, Ch.8).
Each of these terms represents the contribution of a particular physical e�ect
to the energy integral:

ˆ jQ? j2 represents the increase in magnetic energy due to the �eld line bending
and is associated with Alfv�en waves.

ˆ jr � � ? + 2 � ? � � j2 represents the increase in magnetic energy due to the
�eld compression and is associated with magnetosonic waves.

ˆ 
p jr � � j2 represents the increase in plasma internal energy due to compres-
sion.

ˆ � 2 (� ? � r p) ( � ? � � ) represents the increase or decrease in plasma internal
energy depending on the relative direction betweenr p and � . When these
two vectors are in the same direction, this term is negative de�nite and can
cause pressure-driven instabilities, corresponding to bad curvature cases.
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When the two vectors are in opposite directions, this term is positive de�nite
and plasma is stable against pressure-driven instabilities.

ˆ � j k

B (� ? � B ) � Q? can have either sign representing either the increase
or decrease in magnetic energy. When the term is negative, the plasma is
unstable to (parallel) current-driven instabilities.

Therefore, the ideal MHD instability for a given system requires the exis-
tence of displacements that can generate su�cient negative contributions via
the last two terms more than positive contributions via the �rst three terms
of the energy integral, Eq. (676). Before we discuss each possible instabil-
ity for magnetically con�ned plasmas, we summarize the general instabilities
classi�cations below.

ˆ Classi�cations by free-energy source:

{ Pressure-driven, e.g. interchange instability.
{ Current-driven, e.g. kink instability.
{ Flow-shear-driven, e.g. Kelvin-Helmholtz instability.

ˆ Classi�cations by location (for fusion plasmas):

{ Internal, e.g. internal kink with no surface displacements.
{ External, e.g. external kink with �nite surface displacement.

ˆ Classi�cations by model:

{ Ideal MHD, e.g. kink instability.
{ Resistive MHD, e.g. tearing instability.
{ Kinetic, e.g. ion acoustic instability.

ˆ Classi�cations by wavelength or frequency:

{ Macroscopic, e.g. MHD instability.
{ Microscopic, e.g. kinetic instability.

We will not cover kinetic or microscopic instabilities in this class.

7.1 MHD Stability of Theta-Pinch Plasmas

Consider an in�nitely long theta-pinch plasma con�ned by axial magnetic �eld
Bz (r ) as a function of radius r , generated by current in the � direction. The
radial force balance is given by

d
dr

�
p +

B 2
z

2� 0

�
= 0 : (377)

Since there is no azimuthal �eld B � = 0, the current along magnetic �eld
vanishesj k = 0, and the �eld lines are straight such that � = 0. The energy
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integral Eq. (676) becomes

2�W =
Z "

jQ? j2

� 0
+

B 2

� 0
jr � � ? j2 + 
p jr � � j2

#

dV � 0; (378)

showing that theta pinches are always stable against all ideal MHD insta-
bilities. Nonetheless, we are interested in knowing theleast stablemodes for
theta-pinch plasmas.

As before, we decompose modes of displacements into di�erent azimuthal
mode numbers,m, and axial wavenumbers,k, such that

� = � (r )ei (m� + kz ) :

Now, we take the following two steps to minimize�W by choosing the proper
� = ( � r ; � � ; � z ) to �nd the least stable modes:

1. We choose a certain� k (= � z ) to minimize �W by satisfying the incompress-
ibility condition, r � � = 0 or

r � � =
1
r

@
@r

(r� r ) +
1
r

@��
@�

+
@�z
@z

= 0 ;

which can be rewritten as

1
r

(r� r )0+
im
r

� � + ik� z = 0

or
� k =

i
kr

�
(r� r )0+ im� �

�
: (379)

2. Next, we calculateQ = r � (� ? � B ) using

� ? = ( � r ; � � ; 0);

B = (0 ; 0; B );

� ? � B = ( � � B; � � r B; 0) � A :

We have

Q? = ( r � A )? =
�

1
r

@Az
@�

�
@A�
@z

;
@Ar
@z

�
@Az
@r

; 0
�

= ikB (� r ; � � ; 0):

Therefore, the energy integral per unit axial length, L , is given by

�W
L

=
�
� 0

Z a

0
rdr

"

k2B 2
�

j� r j2 + j� � j2
�

+ B 2

�
�
�
�
(r� r )0

r
+

im
r

� �

�
�
�
�

2
#

; (380)
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where a is the plasma radius. Since this�W is quadratic in � � , we proceed
to complete the squares for� � ,

k2 j� � j2 +

�
�
�
�
(r� r )0

r
+

im
r

� �

�
�
�
�

2

� k2 j� � j2 + jb+ ia� � j2

=
�
a2 + k2�

� 2
� + b2 + iab� �

� � iab� � �

=
�
�
a2 + k2�

� 2
� + iab� �

� � iab� � � +
a2b2

a2 + k2

�
+ b2 �

a2b2

a2 + k2

=

�
�
�
�
p

a2 + k2� � �
iab

p
a2 + k2

�
�
�
�

2

+
k2b2

a2 + k2

=
k2b2

a2 + k2 ;

which is minimized when

� � =
iab

a2 + k2 =
im

m2 + k2r 2 (r� r )0: (381)

Therefore, the energy integral in Eq. (380) reduces to

�W
L

=
�
� 0

Z a

0
rdrk 2B 2

"

j� r j2 +
1

m2 + k2r 2

�
�
�
�
(r� r )0

r

�
�
�
�

2
#

: (382)

Of course, this is still positive de�nite, regardless of the choices for� r . In
the long wavelength limit, k ! 0, we have�W ! 0 when theta-pinches are
least stable.

In this exercise, �W is minimized by incompressibility, which determines
� k as a function of � ? . In the next step, the non-radial component of � ? , � �

in the case of theta-pinch, can be determined as a function of� r to further
minimize �W via a quadratic form. Then, the remaining task is to minimize
�W by choosing a proper� r . This strategy applies to other 1D Z-pinch and
screw pinch plasmas.

7.2 MHD Stability of Z-Pinch Plasmas

In Z-pinches, current in the z-direction generates the �eld in the � -direction,
B � . The 1D equilibrium is given by

B �

� 0r
d
dr

(rB � ) +
dp
dr

= 0 : (383)

The parallel direction is now along the � direction with kk = m=r. Since the
�rst step as described in the theta-pinch section requireskk 6= 0, we divide our
discussion below into the two cases:m 6= 0 and m = 0.
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7.2.1 Z-Pinch Stability for m 6= 0 Mode

In this case, we can follow the same procedure that we used for� -pinch plasmas.
From the incompressibility condition, we can express� k as

� k = � � =
i
m

�
(r� r )0+ ik� z

�
: (384)

Since

� ? = ( � r ; 0; � z )

B = (0 ; B; 0)

� ? � B = ( � � zB; 0; � r B ) � A ;

we have

Q? = ( r � A )? =
�

1
r

@Az
@�

�
@A�
@z

; 0;
1
r

@
@r

(rA � ) �
1
r

@Ar
@�

�
=

imB
r

(� r ; 0; � z ):

Since� = � êr =r, we have 2� ? � � = � 2� r =r. We then calculate

r � � ? + 2 � ? � � =
1
r

(r� r )0+ ik� z � 2
� r

r

= r
@
@r

�
� r

r

�
+ ik� z ;

and j k = 0. Therefore, the energy integral is given by

�W
L

=
�
� 0

Z a

0
W (r )rdr

W (r ) = jQ? j2 + B 2 jr � � ? + 2 � ? � � j2 � 2� 0(� � r p)( � � � � )

=
m2B 2

r 2

�
j� r j2 + j� z j2

�
+ B 2

�
�
�
�
�
r

�
� r

r

� 0

+ ik� z

�
�
�
�
�

2

+
2� 0p0

r
j� r j2 :(385)

As before, we complete the squares for� z giving,

m2

r 2 � 2
z +

�
�
�
�
�
r

�
� r

r

� 0

+ ik� z

�
�
�
�
�

2

� a2� 2
z + jb+ ik� z j2

= ( a2 + k2)� 2
z + b2 � ibk� �

z + ib� k� z

=
�
(a2 + k2)� 2

z + ib� k� z � ibk� �
z +

b2k2

a2 + k2

�
+ b2 �

b2k2

a2 + k2

=

�
�
�
�
p

a2 + k2� z � i
bk

p
a2 + k2

�
�
�
�

2

+
a2b2

a2 + k2
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=
a2b2

a2 + k2 ;

which is minimized when

� z =
ibk

a2 + k2 =
ikr 3

m2 + k2r 2

�
� r

r

� 0

: (386)

Therefore, we have

W (r ) =
a2b2B 2

a2 + k2 +
m2B 2

r 2 j� r j2 +
2� 0p0

r
j� r j2

=
�
2� 0rp0+ m2B 2�

�
�
�
�
� r

r

�
�
�
�

2

+
m2r 2B 2

m2 + k2r 2

�
�
�
�
�

�
� r

r

� 0
�
�
�
�
�

2

: (387)

The last term is positive de�nite and approaches zero whenk ! 1 . For the
�rst term to be non-negative, we need

2rp0+ m2 B 2

� 0
� 0: (388)

Using the equilibrium condition in Eq. (383),

p0 = �
B

� 0r
(rB )0;

the stability condition, Eq. (388), becomes

� 2B
@(rB )

@r
+ m2B 2 � 0

� 2
�

B 2 + rB
@B
@r

�
+ m2B 2 � 0

(m2 � 2)B 2 � r
@B2

@r
: (389)

The azimuthal �eld B (r ) is related to the total axial current within the radius
r satisfying

2�rB = � 0�r 2j 0

B =
� 0r
2

j 0;

where j 0 is the averaged current density within r . Sincej 0 must remain �nite
when r ! 0, we can assume thatB = �r for su�ciently small r . The stability
condition, Eq. (389), becomes

(m2 � 2)� 2r 2 � r 2� 2r or
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m2 � 2 � 2

m2 � 4

m � 2:

Therefore, the Z-pinch plasmas are always unstable to them = 1 kink, driven
by the pressure gradient, as shown in Fig. 37. The magnetic �eld pressure is
stronger in the part where the Z-pinch plasma kinks away, thus reinforcing the
initial deformation.

Fig. 37 Pressure-driven m = 1 kink instability in Z-pinch.

7.2.2 Z-Pinch Stability for m = 0 Mode

For m = 0 mode, � k = � � does not appear in the energy integral. Therefore,
we can skip the �rst step of the incompressibility condition and directly go to
the second step. There is no �eld line bending such thatQ? = 0. There are
three integrands within the energy integral which is quadratic in � z ,

W (r ) = B 2

�
�
�
�
�
r

�
� r

r

� 0

+ ik� z

�
�
�
�
�

2

+ 
� 0p

�
�
�
�
(r� r )0

r
+ ik� z

�
�
�
�

2

+
2� 0p0

r
j� r j2 : (390)

As usual, we can complete the squares for� z and then minimize the energy
integral to yield

W (r ) =
��

4
B 2

B 2=� 0 + 
p

�
p + 2 � 0rp0

�
j� r j2

r 2 : (391)

Thus, the stability condition against m = 0 modes is given by (Homework 7),

�
rp0

p
<

2
B 2=� 0


p + B 2=� 0
: (392)

When this condition is violated, the resulting interchange instability is called
sausage instability, as shown in Fig. 38. The parts with smaller cross sections
have strongerB � due to the total current conservation. The stronger �eld gives
a larger inward pinch force reinforcing the initial deformation. The opposite
happens for the parts with larger cross sections. The Z-pinch plasma stability
analysis was given by Kadomtsev in 1966.
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Fig. 38 Pressure-driven m = 0 sausage instability in Z-pinch.

7.3 MHD Stability of Screw Pinch

7.3.1 Pressure-driven instabilities

We are now ready to examine the MHD stability of a general screw pinch
plasma, which can be regarded as a \straight" tokamak. The equilibrium is
given by

B �

� 0r
d
dr

(rB � ) +
d
dr

�
p +

B 2
z

2� 0

�
= 0 : (393)

We will still follow the standard two-step process to minimize the energy
integral but in the general con�guration given above.

The displacement vector, � = ( � r ; � � ; � z ), can be decomposed to� =
(� r ; � (r ); � k (r )) where the parallel displacement,� k , is given by

� k =
� � B

B
: (394)

The quantity � is the third component of � in a direction that forms a
right-hand coordinate system with the radial and the parallel directions.
The �rst step to minimize energy integral is to determine � k through the
incompressibility condition, r � � = ik k � k + r � � ? = 0, leading to

� k =
i

kk
r � � ? ; (395)

where kk is the parallel wavenumber,

kk =
k � B

B
=

kB z + mB � =r
B

: (396)

When kk 6= 0, � k determined in this way in terms of � ? is well behaved,
but questions arise on how to determine� k at locations where kk = 0, which
are called resonant surfaces. To overcome this di�culty, we introduce a small
positive constant, (�k k )2, to remove singularity near such surfaces by replacing
Eq. (395) with

� k =
ik k

k2
k + ( �k k )2 r � � ?
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so that

r � � =
(�k k )2

k2
k + ( �k k )2 r � � ? (397)

goes to zero when (�k k )2 ! 0. In other words, by an choosing arbitrarily
small (�k k )2, plasma compressibility makes a vanishingly small contribution
to energy integral even when isolated resonant surfaces exist in the plasma.

As usual, the second step, which is tedious but straightforward (Freidberg,
2014, Ch.11), is to complete the squares in terms of� and to choose

� =
i

r (k2 + m2=r2)B

�
2kB � � r +

� m
r

Bz � kB �

� d(r� r )
dr

�

to yield the minimized energy integral

�W
L

=
�
� 0

Z a

0
dr

"

f
�

d� r

dr

� 2

+ g� 2
r

#

; (398)

f =
r (mB � � krB z )2

m2 + k2r 2 ;

g =
2� 0k2r 2

m2 + k2r 2 p0+
(mB � � krB z )2

r
k2r 2 + m2 � 1

m2 + k2r 2

+
2k2r 2(k2r 2B 2

z � m2B 2
� )

(m2 + k2r 2)2 ;

where � r (r = a) = 0 is assumed for internal modes.
Now, let us apply this to \straight" tokamaks with L = 2 �R 0, where R0 is

the major radius. f and g in Eq. (398) can be written as

f =
rB 2

� (m � nq)2

m2 + k2r 2 ;

g =
2� 0k2r 2

m2 + k2r 2 p0+
B 2

� (m � nq)2

r
k2r 2 + m2 � 1

m2 + k2r 2

+
2k2r 2B 2

� (n2q2 � m2)
(m2 + k2r 2)2 ; (399)

where k = n=R0 and q = rB z=R0B � is the safety factor. It is clear that
at rational surfaces, q = m=n, all terms vanish except the term containing
pressure gradient,p0, which can be negative. This non-zero term leads to the
local interchange instability narrowly localized at the exact rational surfaces.
At any distance from the rational surfaces, other terms become positive if the
magnetic �eld has a shear orq0 6= 0, contributing to the stabilization of the
mode. It is especially true for the term proportional to f multiplied by d� r =dr.
If � r is so localized, then the value ofd� r =dr must be large. Any �nite f can
e�ectively stabilize the local interchange instability. The detailed competition
between two e�ects was worked out by Suydam in 1958, leading toSuydam
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Criterion for local pressure-driven interchange stability (see Miyamoto, 2016,
Ch.6 for a concise derivation),

rB 2
z

� 0

�
q0

q

�
+ 8p0 > 0: (400)

Soon after, in 1960, Mercier worked out a generalized stability condition
against local interchange instability calledMercier Criterion due to toroidal
e�ects in the large aspect ratio limit (Freidberg, 2014, Ch.12),

rB 2
z

� 0

�
q0

q

�
+ 8p0(1 � q2) > 0: (401)

When q > 1, the local interchange instability is stabilized due to slightly more
good curvature than bad curvature (up to the second order) near the rational
surfaces when �eld lines trace around in the toroidal direction.

Away from the rational surfaces, however, the ideal MHD stability is deter-
mined by further minimizing Eq. (398) with respect to all possible � r . The
equation that � r needs to satisfy can be derived using the variational principle
as in the following. The integral that is to be minimized can be written as

I (� ) =
Z b

a
drF (r; �; � 0); F = f � 02 + g� 2: (402)

When � is perturbed by a small �� , the change inI (� ) is given by

�I = I (� + �� ) � I (� )

=
Z b

a
dr

�
@F
@�

�� +
@F
@�0

�� 0
�

=
Z b

a
dr

�
@F
@�

�� +
@F
@�0

(�� )0
�

=
Z b

a
dr��

"
@F
@�

�
�

@F
@�0

� 0
#

;

where the last step is accomplished by integration by parts,

Z b

a
dr

@F
@�0

(�� )0 =
�

@F
@�0

��
� b

a
�

Z b

a
dr

�
@F
@�0

� 0

��:

For I (� ) to be at an extremum for arbitrary � , the Euler-Lagrange equation is
therefore given by

@F
@�

�
�

@F
@�0

� 0

= 0 ;
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leading to the desired equation for� ,

d
dr

�
f

d�
dr

�
� g� = 0 : (403)

Newcomb, in 1960, developed a general numerical procedure to solve this
equation to �nd necessary and su�cient conditions for ideal MHD stability of
screw pinch plasmas (Freidberg, 2014, see Ch.11 for details). Alternately, we
can perform the normal mode eigenvalue analysis to calculate the growth rate
for each mode using equations derived by Hain and L•ust (1958),

d
dr

�
A(r )

d(r� )
dr

�
� C(r )( r� ) = 0 ; (404)

which has similar structures as in Eq. (403) with proper boundary conditions.

7.3.2 Current-driven instabilities

Fig. 39 Sawtooth oscillations in tokamaks (von Goeler et al, 1974) and their interpretation.

In addition to the pressure-driven instabilities, both analyses by Newcomb
and Hain & L•ust include the current-driven instability. This type of instability
originates from the last term of Eq. (676) and later from the last term of
Eq. (399) whenq < m=n. When the rational surface is within the plasma, the
mode is calledinternal current-driven kink instabilities, which are di�erent in
nature from the pressure-driven kink instabilities that we discussed previously.
A classic example is sawtooth oscillations observed in tokamaks (von Goeler
et al, 1974) shown in Fig. 39. The plasma within theq = 1 surface with q < 1
is unstable to m=n = 1=1 kink instability, eventually leading to magnetic
reconnection (see later) at theq = 1 surface.
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Fig. 40 Physical picture of current-driven kink instability: left by Bateman (1978) and
right by Johnson et al (1958).

Current-driven kink instabilities can occur due to the rational surface out-
side of the plasma, with the mode being calledexternal kink instabilities. In
this case, the energy integral that we have discussed so far needs an addition
due to the �nite displacement at the plasma surface at r = a:

�W
L

=
�
� 0

Z a

0
dr

"

f
�

d� r

dr

� 2

+ g� 2
r

#

+
�
� 0

�
n2q2 � m2

m2 + k2r 2

�

r = a
B 2

� � 2
a ; (405)

where � a is the value of � r at r = a. There are more additions to this integral
due to the surface current on the plasma and the magnetic �eld perturbation
in the vacuum region outside the plasma. We will not discuss these as they do
not add more physics to this lecture and their details can be found in Chapter
11 of Freidberg (2014).

When qa � q(a) < 1, the surface term in Eq. (405) is negative, leading
to the external 1/1 kink instability that is disruptive for plasma discharges.
Demanding qa > 1 places an upper limit in plasma current for a given
toroidal �eld, commonly known as the Kruskal-Shafranov limit (Kruskal and
Schwarzschild, 1954; Shafranov, 1956). Two versions of the physical picture
of current-driven kink instability are shown in Fig. (40). The left version
illustrates that a kink current channel can receive an additional radial force
reinforcing the initial deformation. The right version shows an elaborated pic-
ture where reinforcement to the initial deformation, due to a larger poloidal
�eld pressure, occurs only when the �eld line twist is larger than 90 degrees
over a quarter of a wavelength, which translates to theq < 1 condition.

The external current-driven kink instabilities can be stabilized by a close-
�t conducting wall at r = b, as shown in Fig. 41. The deformed plasma induces
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eddy currents in the wall, and if the wall is conducting enough and close
enough, the generated restoring force due to the eddy current can stabilize the
instability. In practice, however, the conducting wall has a �nite skin time, � w ,
beyond which the eddy currents decay while the external kink modes grow.
These are calledresistive wall modes , which can be dangerous for the long-
pulse discharges common in present-day's experiments. The growth rate of
resistive wall modes can be estimated (Freidberg, 2014, Ch.11) as follow:

ˆ The external kink is stable with a superconducting wall at r = b: minimized
energy integral is positive de�nite min( �W b) > 0.

ˆ The external kink is unstable without wall: min( �W 1 ) < 0.
ˆ Growth rate 
 w is related to the skin time of a resistive wall, � w , as in


 w � w =
� min( �W 1 )

min( �W b)
: (406)

Fig. 41 A conducting wall surrounding plasma can stabilize external kink modes.

There are multiple ways to stabilize resistive wall modes:

ˆ Active feedback by external coils with corresponding mode numbers and
phase, with su�ciently fast responses;

ˆ Plasma 
ow with a su�cient speed before eddy currents decay, but without
causing new instabilities (
ow-shear-driven, see later);

ˆ Wall rotation with a su�cient speed.

All of these solutions are expensive and non-perfect in some ways, and thus
resistive wall mode suppression is still an active area of research.

All instabilities discussed in this lecture are dangerous and can terminate
discharge by causingmajor disruptions. In general, operation parameter space
is constrained by current limit due to (external) kink and (internal) tearing
instability and by density limit either due to radiation from high-Z impuri-
ties or pressure-driven instabilities. Some detailed discussions can be found in
(Wesson, 2011, Ch.7).
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7.4 Summary
ˆ The general strategy to minimize energy integral is to remove two compo-

nents of the displacement vector in terms of radial displacement, which can
be solved using a di�erential equation with proper boundary conditions.

{ Theta-pinch stability.
{ Z-pinch stability.
{ Screw-pinch stability, as a straight tokamak.

ˆ Suydam criterion for local pressure-drive instabilities.
ˆ Global stability methods include Newcomb's method and eigenvalue analy-

sis.
ˆ Internal current-driven kink and sawtooth oscillations that are observed in

tokamaks.
ˆ External current-driven kink instabilities and resistive wall modes that are

related to major disruptions.

7.5 Further Readings
ˆ Chapter 11 (and 12) in Freidberg (2014)
ˆ Chapter 7 in Wesson (2011)
ˆ Chapter 6 in Miyamoto (2016)

7.6 Homework Problem Set 7

1. Sausage instability in Z-pinch plasmas.
(a) Prove the stability condition

�
rp0

p
<

2
B 2
� =� 0


p + B 2
� =� 0

: (407)

in the following two ways:
(i) by constructing a complete square with regard to the z-component of

the displacement vector based on Energy Principle.
(ii) by using the stability condition against interchange instability,

�V � [ln (PV 
 )] > 0 (408)

where �V and � [ln (PV 
 )] are di�erences in the volume V and the
quantity ln ( PV 
 ) between two nearby 
ux tubes.

(b) Is a Z-pinch plasma with uniform axial current density stable to the
sausage mode?

2. Plasma con�nement by a current-carrying wire.
(a) Suppose that an ideal MHD plasma is con�ned by the magnetic �eld gen-

erated by an in�nitely long, current-carrying wire. The plasma pressure
is a function of radius: P(r ) / r � � when r ! 1 . What is the maximum
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� for which this con�guration is stable to the interchange instability?
What is the pro�le for plasma � ?

(b) Next, wrap the wire into a current-carrying ring with a radius of a.
Suppose that the pressure pro�leP(r ) / r � � when r=a ! 1 . What is
the maximum � for which this con�guration is stable to the interchange
instability? What is the pro�le for plasma � in this case? Discuss the
implications for plasma con�nement.
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8 MHD Instabilities in Toroidal Plasmas

In this lecture, we will discuss the ideal MHD stability of toroidally con�ned
plasmas, built on our understanding of one-dimensional cylindrical plasmas
that we discussed in the previous lecture. The toroidal geometry is necessary
to remove end losses that one-dimensional systems su�er from. Compared with
cylindrical plasmas, toroidal screw pinches or simply toroidal pinches can be
more stable, exempli�ed by the Mercier criterion against interchange instabil-
ities which we have discussed brie
y in the previous lecture, or more unstable,
such as by ballooning instabilities. In this lecture, we discuss the following
three topics on the toroidal e�ects:

ˆ Ballooning instabilities , that occur only on the bad curvature side of a
torus, while the system is interchange stable due to magnetic well or average
minimum-B con�guration. There are two speci�c types of instabilities due
to toroidal e�ects:

{ Edge-Localized Modes (ELM) , that limit the \pedestal height" during
the H-mode operation.

{ External ballooning-kink modes , that limit the plasma beta until
disruptive events occur.

ˆ Toroidal Alfv�en Eigenmodes (TAE) and their relatives, driven by ener-
getic ions. There exists a zoo of Alfv�en modes and energetic particle modes.
Their nonlinear consequences de�ne the physics of burning plasma, one of
the main subjects for the ITER project to study experimentally.

ˆ Vertical and horizontal instabilities of plasma positions . These typi-
cally belong to plasma controls but can also be related to major disruptions
and solar eruptions based on 
ux rope stability.

8.1 Ballooning Instabilities

Fig. 42 Structure of a ballooning mode in a toroidal plasma from Miyamoto (2016).

As previously discussed, even when the averaged minimum-B con�guration
stabilizes interchange instabilities, ballooning instabilities can still occur in
locations with bad magnetic curvature within a toroidal plasma. As a result,
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ballooning instability e�ectively sets the limit of plasma beta, which we can
estimate as follow.

The situation is illustrated in Fig. 42, where the instability is localized in
the outboard side of a torus. In order for a �eld line to travel a distance of 2�r ,
completing a full circle around the magnetic axis in the poloidal direction, it
needs to travel a distance of 2�Rq in the toroidal direction. Assuming that the
ballooning mode is localized only on the outboard side over 1 radian (about
57� ) out of 2� radians (360� ) in a full circle, the toroidal distance that a �eld
line travels is Rq, which can be considered as an e�ective wavelength for the
ballooning mode. Rq is often called the connection length for the �eld lines
shorting out charge separation in the axial direction due to ther B drift in a
simple toroidal �eld, which we discussed in Lecture 2.

The ballooning modes are unstable when the released plasma internal
energy is larger than the increase in magnetic �eld energy due to the �eld line
bending. In the energy integral, the increase of magnetic �eld energy can be
estimated as

jQ? j2 � j B r j2 �

�
�
�
�B

� r

Rq

�
�
�
�

2

�
�

B
Rq

� 2

j� r j2 : (409)

The released plasma internal energy can be estimated as

� 2 (� ? � r p) ( � �
? � � ) � � 2

p0

a
1
R

j� r j2 ; (410)

where r p � p0=a with p0 being the plasma pressure at the center.a is the
plasma minor radius with the magnetic curvature radius de�ned as 1=R. The
ballooning modes are stabilized when the increase of magnetic energy is larger
than the decrease of internal energy or

1
� 0

�
B
Rq

� 2

� 2
p0

aR
: (411)

This relation leads to the beta limit,

� �
p0

B 2=2� 0
�

a
Rq2 =

�
q2 ; (412)

where � � a=R is the inverse of the aspect ratio. This simple estimate recovers
the same result from a much more involved calculation in Miyamoto (2016).
Taking � = 1=3 and qa = 3, we estimate the beta limit of 1=33 � 3:7%, which
is not too far o� from the present day's tokamaks!

However, accurate analysis of the ballooning mode stability boundary
turned out to be a di�cult task. The reason is due to the existence of magnetic
shear (q0 6= 0), which is crucial to stabilize ballooning (and interchange) insta-
bilities but causes di�erent periodicity of �eld lines in toroidal and poloidal
directions at each radial location, illustrated in Fig. 43. Any single ballooning
mode needs to have a �nite radial extent to contribute meaningfully to the
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Fig. 43 When magnetic shear is �nite q0 6= 0, �eld lines have di�erent pitch angles, thus
di�erent periodicities, at di�erent radii when looking into a toroidal plasma in the radial
direction.

energy integral, thus requiring the inclusion of multiple pairs of poloidal and
toroidal mode numbers (m; n). In addition, each of these modes in the toroidal
system is coupled to other modes due to various geometric factors, which we
will explain later in this lecture. Because of these reasons, a single ballooning
mode requires a large number of mutually coupled mode number pairs (m; n).
This requirement takes away the advantages of the eigenvalue analysis, which
can be performed for each mode independently.

This di�culty was solved by the concept of \quasi-modes", introduced
by Connor et al (1979) in the so-called ballooning formalism. The idea is
to decompose the displacement vector,� (r; �; � ), as a summation of \quasi-
modes", �� (r; �; � ), such that

� (r; �; � ) =
X

jm j� m max
j n j� n max

�� (r; � + 2m�; � + 2n� ): (413)

Unlike the standard Fourier modes, which are periodic in both � and � and
de�ned only in the domain of [� �; � ], the quasi-modes are non-periodic and
de�ned in the domains of (� mmax �; m max � ) and (� nmax �; n max � ). The infor-
mation stored beyond the primary domain of [� �; � ] contains contributions
from other coupled modes. Whenmmax = nmax = 1 , � decomposed in this
way is periodic since shifting the summation in eitherm or n does not make
any di�erence. In practice, quasi-modes are constructed with small-amplitude
periodic oscillations superimposed on a non-periodic envelope that decays suf-
�ciently fast towards zero up to mmax or nmax . In this case, the periodicity of
� is approximately satis�ed since the contribution loss from the end of sum-
mation is small when m or n is shifted. In the quasi-mode decomposition,
we still sum over a large number of modes as in the Fourier-mode decom-
position. The di�erence is that all quasi-modes are the single modes de�ned
recursively in a much larger domain than 2� ! Figure 44 shows an example
of quasi-mode over [� 10�; 10� ], used to construct the full eigenfunction over
[� �; � ] with reasonable accuracy with the corresponding mode structures in
physical space (Freidberg, 2014, Ch.12).

Using quasi-modes, it is straightforward to �nd marginal stability, de�ned
as

F (� ) = 0 ; (414)
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