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1 Magnetohydrodynamic (MHD) Models

We begin with a few simple but important clarifications:

MHD: It is obviously incorrect to call anything “hydro” when there is not
even a single water molecule present. This comes from a purely historical rea-
son: the plasma fluid models that we are going to learn about are at least
partially based on fluid dynamics, which started and matured (successfully!)
much earlier than modern plasma physics. In this sense, we will be also learn-
ing, to a lesser depth, about the extension of fluid dynamics that includes
plasma effects, notably the electric conductivity properties. The correct name
should be “Magnetofluiddynamics”, or MFD, which is unfortunately rarely
used. I note that the term “hydromagnetic” is being used synonymously.

Units: This is another matter that often goes with convention. Over the years,
different subareas of each field gradually evolved towards one particular sys-
tem. In plasma physics, experimentalists tend to use SI while theoreticians
tend to use Gaussian. Heliophysics, a relatively new term that includes solar
physics, solar wind physics, and magnetospheric space physics, uses SI while
astrophysics, including both observation and theory, uses Gaussian regardless.
We may choose whatever unit system that we prefer, but we still need to know
how to convert from one to the other. Experimentally, there are additional
conventions that are being used, such as Torr versus Pascal versus psi versus
bar as units for pressure. A standard atmosphere of pressure is 760 Torr or
1.013× 105 Pascals which is an SI unit, N/m2. The other unit, bar, is not an
SI unit and is defined as 105 Pa, giving a standard atmospheric pressure to be
slightly over 1 bar.

Constructing Plasma Fluid Models: There are generally two approaches
to construct fluid equations for plasma. The first is to follow the hierarchy of
plasma models, which will be discussed immediately below. This approach is
rigorous (and often tedious) by following first principles. However, it is clear
about the assumptions needed for each step. In principle, the consequences of
each assumption can be quantified if needed. In reality, however, such conse-
quences or implications are often ignored in favor of simplicity and convenience,
which is understandably preferred.
The second approach is based on the continuum hypothesis, which has been

hugely successful for fluid dynamics in the collisional limit, where the discrete-
ness of particles can be safely ignored. Here, microscopic origins of macroscopic
properties, such as pressure and volume, are not considered. As such, the con-
struction is rather heuristic in nature. Kinetic theory of gases, in contrast,
reveals links between microscopic and macroscopic properties, forming the
foundation of modern statistical mechanics.
In some senses, plasma models resemble gas models but with inherently

richer and deeper physics, involving electromagnetism with wide applica-
tions including fusion, astrophysics, and material processing. Regardless of
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the method of constructing plasma models, experimental and observational
verification or confrontation is always the key to a successful model.

1.1 Hierarchy of Plasma Models

Albert Einstein once famously said, “Everything should be made as simple as
possible, but not simpler.” This also speaks for plasma models. A hierarchy
of plasma models has been developed and applied successfully. Finding the
simplest possible model to describe a particular process is always an art, but
typically one starts with a simple model by adding one ingredient at a time
until capturing the necessary feature of that process. What’s the initial simple
model? Typically, we start with MHD. Below are plasma models in order of
increasing simplicity and greater assumptions.

1. Exact microscopic descriptions (Chap.7 in Krall and Trivelpiece, 1973):

• Klimontovich(-Dupree) equation (Chap. 4 in Klimontovich, 1967; Dupree,
1963),

N(x,v, t) =
∑

i

δ [x− xi(t)] δ [v − vi(t)] (1)

dN

dt
= 0. (2)

• Distribution function, F , treating all particles statistically and satisfying
the Liouville equation,

dF

dt
= 0. (3)

• Reduced distributions are defined as integrated over coordinates of
all but one, two, three, etc. dimensions to obtain one-particle dis-
tribution functions, f1(x1,v1, t), two-particle distribution functions,
f1,2(x1,v1,x2,v2, t), and so on. The one-particle distribution does not
contain information on interactions between particles. The two-particle
distribution contains information on binary interactions only. The three-
particle distribution contains information on three-particle interactions,
and so on.

• BBGKY hierarchy (Bogoliubov, Born, Green, Kirkwood, Yvon) in statis-
tical physics for a system with a large number of interacting particles. The
one-particle distribution is decided by the two-particle distribution, which
is decided by the three-particle distribution, etc., forming an infinite chain
of equations for reduced distribution functions.

• Covered by AST554: Irreversible Processes in Plasma.

2. Boltzman/Vlasov Equations:
Boltzmann equation: evolution of the one-particle distribution f1 ≡ f with
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binary interactions (collisions):

df

dt
=
∂f

∂t
+ v · ∂f

∂x
+

q

m
(E + v ×B) · ∂f

∂v
=

(
δf

δt

)

coll

(4)

Vlasov equation: evolution of the one-particle distribution f1 ≡ f without
binary interactions (collisions):

df

dt
=
∂f

∂t
+ v · ∂f

∂x
+

q

m
(E + v ×B) · ∂f

∂v
= 0 (5)

3. Drift-kinetic/Gyro-kinetic Models: approximation based on guiding center
motion or charge ring motion.

4. Multi-fluid Models: approximation based on fluid descriptions for each
species.

5. Single fluid (MHD) Models: approximation based on a combined one fluid
description.

6. Mean-field Theory/Models: approximation based on averaged fluid quanti-
ties over a certain spatial or temporal scale.

1.2 Multiple Scale Nature of Plasma Physics

Magnetized plasmas have a wide range of scales, and usually temporal scales
have their counterparts in spatial scales. Ordering spatial scales from large to
small:

• Global system dynamics. Typically phenomena on this scale can be described
by the MHD model, but not always, such as low-temperature plasmas which
may require kinetic models from the outset.

• Local thermal ion (electron) kinetic physics. When magnetized, ion (elec-
tron) kinetic physics are in the scale of ion (electron) gyro-radius or ion
(electron) skin depth, di ≡ c/ωpi = VA/Ωi (de ≡ c/ωpe = VA/Ωe), which is
the information propagation distance by Alfvén speed in one ion (electron)
cyclotron time.

• Debye-scale physics. Above the Debye length, λD, quasi-neutral plasma
physics applies while below λD non-neutral plasma physics applies (David-
son, 2001).

• Atomic scale physics. Some atomic physics processes are important for
plasma physics such as ionization/recombination, inelastic processes of
atoms including excitation and photon emission, and high-energy particle
physics processes like pair plasma (electron positron pairs) creation.

One special case is energetic particles (much more energetic than thermal
energies) which can experience multiple scales along their trajectory. Examples
include cosmic ray particles in astrophysics and fusion products in laboratory
fusion reactors. They are so energetic that they can directly participate in
global scale physics, i.e. to cause MHD instabilities to grow or to be influenced
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by MHD scale processes directly. Some of these will be covered later in this
course.

In magnetized plasmas, the behavior of the magnetic field is part of plasma
physics. (In fact, plasmas are almost always magnetized whenever hot and
large enough — the so-called “dynamo” problem of plasmas. This will also
be covered later in the course.) The magnetic field has some inherent mul-
tiscale properties that we will see soon. Locally, they can form X-points or
O-points, 3D null-points, separatrices, and separators. Globally, magnetic flux
is conserved in ideal MHD, as are magnetic helicity and magnetic topology.
Magnetic field lines can form global flux surfaces, and when they don’t, they
can be stochastic. Some of these will be covered.

Approaches: Models, Observations and Labs
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Fig. 1 Multiple scale nature of magnetized plasma physics. Scales range from atomic,
Debye, electron, ion, and system (MHD) scales. Different approaches cover a range of scales,
but none covers all scales.

Currently, no research approach can study the physics of all scales. This
is illustrated in Fig. 1. Fluid models, such as MHD models covered here, can
be successful in modeling global phenomena, while kinetic models, such as
drift-kinetic models or full-particle models, can adequately describe physics
on kinetic scales. Sometimes, “hybrid” models, in which electrons are treated
as fluid while ions are treated kinetically, can cover much larger scales than
thermal ion kinetic scales at the expense of electron kinetic physics. Needless
to say, each of these models has necessary simplifying assumptions to be pro-
ductive, and sometimes these simplifying assumptions are intentional (as in
Einstein’s quote above) to reveal the underlying essential physics of a partic-
ular phenomenon. Nonetheless, because of these assumptions, we can’t be too
faithful for these models to accurately reproduce every feature of any particular
phenomenon.
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In space physics and astrophysics, remote sensing technology typically can
resolve only global fluid scales while satellites in Earth’s magnetosphere or
solar wind provide in-situ local measurements on ion or electron kinetic scales,
with limited information on larger scales. Due to the similar scales that they
cover, remote-sensing observations are often modeled by fluid models while
in-situ measurements are modeled by kinetic models. In contrast, laboratory
experiments can advantageously provide both global and local measurements
simultaneously, but they are limited by achievable parameters due to available
hardware or resources. As such, one of the exciting aspects of plasma physics
is that the same phenomena or processes can be created on totally different
scales – temporal or spatial – one can be extremely small or short occurring in
nanoseconds/micrometers, one can be extremely large and long spanning light
years, or in between these extremes, one can play out in human size! Combining
the strengths of each of these approaches can tell a very convincing story.

Typically, the protocol to investigate a new phenomenon in either fusion
or astrophysical multiscale plasmas is to begin with its global properties using
hydrodynamics or magnetohydrodynamics. In fusion plasmas, an MHD equi-
librium is established first in a magnetic configuration, such as tokamak or
stellarator, followed by testing its MHD stability against various global lim-
its, such as achievable plasma beta or resistive wall time. After passing these
“checkups”, it is then meaningful to investigate kinetic transport properties,
such as (neo)classical transport due to Coulomb collisions or anomalous trans-
port due to drift wave turbulence. This order of protocol follows the logic that
equilibrium and global stability are important on short time scales, typically
Alfvén time scales, while transport time scales are much longer. For exam-
ple, the former time scales are typically shorter than one millisecond while the
latter time scales or confinement time are typically long, such as 100 millisec-
onds in hot tokamaks. Other considerations, such as auxiliary heating or power
extraction, should be taken into account whenever needed. For simplicity, often
some of these steps can be skipped by assuming an idealized configuration,
such as slab geometry where a local piece of plasma is considered, but with the
understanding that some important physics may be absent due to the limiting
assumptions.

A similar protocol can be drawn in astrophysics. Global structures, such as
stars, accretion disks, or jets, need to be established first, followed by testing
their global hydrodynamic or MHD stability against processes such as convec-
tion or shear instability. Then microscopic processes, such as kinetic properties
in shocks or dissipation in turbulence, are investigated. During this process,
there are other considerations such as observational limitations in the inter-
pretation of the indirectly measured quantities. As in fusion, often idealized
configurations are assumed to skip some of these steps to focus on a particular
subject of interest, but with the understanding of possible missing physics.
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1.3 Constructing Plasma Fluid Equations

Following the hierarchy of plasma models as discussed in Sec. 1.1, macroscopic
quantities are obtained by taking moments of the Boltzmann equation, Eq. (4),
to remove the dependence on velocity v,

⟨g(x, t)⟩ ≡
∫
g(x,v, t)f(x,v, t)dv, (6)

which effectively calculates any quantity (can be a vector or a general tensor),
g, with weighted contributions based on the distribution f at each location
and time. Taking g = 1 yields the macroscopic particle density,

n(x, t) =

∫
f(x,v, t)dv, (7)

while taking g = mv yields the momentum density,

m ⟨v(x, t)⟩) = m

∫
vf(x,v, t)dv, (8)

leading to the macroscopic fluid velocity V (x, t) = ⟨v(x, t)⟩ /n(x, t).
When g = 1

2m (v − V ) (v − V ), i.e. the velocity spread after the frame
shift to V , the corresponding moment of g becomes the pressure tensor,

1

2
m ⟨(v − V ) (v − V )⟩ = pI +Π, (9)

where p is the isotropic macroscopic pressure, I is a unit tensor, and Π is the
off-diagonal pressure tensor. Thus, macroscopic temperature in units of energy
can be defined as T (x, t) = p(x, t)/n(x, t). Note that the diagonal components
of the pressure here can be anisotropic with respect to the magnetic field,
i.e. pressure in the parallel direction of the field lines can be different from
pressure in other directions, p∥ ̸= p⊥. For simplicity, we take the pressure to
be isotropic here.

Now the following MHD equations can be readily derived,

∂n

∂t
+∇ · (nV ) = S, (10)

mn

(
∂

∂t
+ V ·∇

)
V − qn (E + V ×B) +∇ · P = R, (11)

3

2

∂p

∂t
+∇ ·

(
3

2
pV

)
+ P : ∇V +∇ · q = Q, (12)

where S =
∫ (

δf
δt

)
coll

dv is the plasma source via e.g. ionization or recombina-

tion due to collisions. R =
∫
m (v − V )

(
δf
δt

)
coll

dv is the frictional force and
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Q =
∫

1
2m (v − V )

2
(

δf
δt

)
coll

dv is the heating due to collisions. ∇ ·P includes

both of the pressure force and the viscous force (to be discussed later) and
P : ∇V is the work done on or by the fluid.

The terms due to Coulomb collisions can be expressed in fluid quantities
in principle if distribution functions are known, but their derivations can be
complicated. For local Maxwellians, they have been worked and summarized
by Braginskii (1965); also see more concise summaries (Wesson, 2011, p.84)
and (Kulsrud, 2005, Ch.8).

The continuity equation, Eq. (10), determines the evolution of density n,
but it requires information on the velocity V , which is determined by the
equation of motion, Eq.(11). Solving Eq. (11) for V evolution requires infor-
mation on P , which is determined by the next energy equation (12). However,

solving Eq. (12) requires information on heat flux q = 1
2m
〈
(v − V )

2
(v − V )

〉

and so on, forming an infinite chain of equations. A standard closure scheme for
ideal MHD (Ch.4 & 9 Freidberg, 2014) is to introduce an equation of state for
an ideal gas, where frequent collisions are required to achieve thermodynamic
equilibrium, to replace Eq. (12) and all subsequent equations with,

d

dt

(
p

ργ

)
=

(
∂

∂t
+ V ·∇

)(
p

ργ

)
= 0. (13)

Here ρ = mn is the mass density and γ = 5/3 is the ratio of specific heats of
a plasma. Equations (10), (11) and (13) therefore form a complete set of ideal
fluid equations for each species of a plasma, after their RHS’ are set to zero.

The above set of fluid equations can be constructed for each species in a
plasma, and then combined for a single fluid MHD model. For simplicity, we
treat electrons and singly charged ions as the only constituents of the plasma.
We define macroscopic quantities of a single fluid MHD model by combining
electron and ion fluids as

ρ = mini +mene ≈ mini ≈ min, (14)

V =
miniVi +meneVe

ρ
≈ Vi, (15)

j = en (Vi − Ve) . (16)

It is trivial to combine electron and ion continuity equations into a single
continuity equation, ∂ρ/∂t + ∇ · (ρV ) = 0, but it is not straightforward for
the other two equations. For the energy equation, the energy equilibration
time between electrons and ions is typically long for hot plasmas, making it
difficult to justify setting their temperatures as equal. In fact, it is rather rare
to have equal temperatures in fusion and astrophysical plasmas, except for
dense plasmas like stellar interiors. However, if the total energy is concerned,
the equilibration between different species is not an issue, and Eq.(13) is valid
also for the single fluid model after redefining p = pe + pi. Note that this is
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different from the arguments given in Freidberg (2014). A similar strategy can
be applied to combine the equation of motion, Eq. (11), for electrons and ions:

min

(
∂

∂t
+ Vi ·∇

)
Vi − en (E + Vi ×B) +∇ · Pi = Ri, (17)

men

(
∂

∂t
+ Ve ·∇

)
Ve + en (E + Ve ×B) +∇ · Pe = Re, (18)

where Ri (Re) is the frictional force on ions (electrons) due to electrons (ions),
and thus Ri + Re = 0 when the two fluids are combined. The combined
equation of motion, therefore, takes the form

ρ

(
∂

∂t
+ V ·∇

)
V ≈ j ×B −∇p, (19)

where ∇ · (Pi + Pe) ≈ ∇p is assumed. However, the relation to E is lost
during this combination. To keep this, the electron equation of motion is used,
generally referred as generalized Ohm’s law, by rearranging terms of Eq. (18)
yielding

E + V ×B = ηj +
j ×B

en
− ∇ · Pe

en
− me

e

(
∂

∂t
+ Ve ·∇

)
Ve, (20)

where Eq. (16) is used and the plasma resistivity, η, is based on the frictional
force. The resistivity is usually a tensor (Braginskii, 1965) but it is taken to be
a scalar here for simplicity as in R = enη · j ≈ enηj. Compared with V ×B,
the magnitudes of the last 3 terms of Eq. (20) respectively scale as

di
L
, βe

di
L
,

√
me

mi

de
L
, (21)

where L is the characteristic length of the plasma and the characteristic speed
is taken to be Alfvén speed, VA ≡ B/

√
µ0ρ. Therefore, if the plasma is suf-

ficiently large, the last three terms in Eq. (20) can be dropped leading to
resistive Ohm’s law

E + V ×B = ηj. (22)

(We note that there could be special cases where the resistive term is dominant
and the resistive Ohm’s law is still largely valid, even for small plasmas which
do not necessarily satisfy conditions listed in Eq. (21).) Thus, Faraday’s law
can be written as the magnetic field evolution equation,

∂B

∂t
= ∇× (V ×B) +

η

µ0
∇2B (23)

where ∇ · B = 0 is used. The first term on the RHS of Eq. (23) represents
magnetic field evolution due to the moving plasma to which field lines are
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frozen (see GPP I), and the second term represents field diffusion due to finite
resistivity. The relative magnitude between these two effects is often identified
as the magnetic Reynolds number,

Rm ≡ µ0LV

η
(24)

where V is the characteristic speed of the plasma, which in general can be
different from VA. Rm is important for differentially flowing plasmas and will
be discussed in detail later in the class. When the plasma has little movement or
is static, V is often replaced by VA leading to the so-called Lundquist number,
S. In most fusion and astrophysical plasmas, Rm≫ 1 and/or S ≫ 1, meaning
magnetic flux is mostly frozen to the plasma except at some special locations
of narrow widths, such as in shock wave layers or magnetic reconnection layers,
as will be discussed later in the class.

To complete this section, the remaining Maxwell’s equations warrant some
discussion. Displacement current is negligible in non-relativistic plasmas,

∇×B = µ0j +
1

c2
∂E

∂t
. (25)

To see this, the relative importance between electric and magnetic fields can be
evaluated via Faraday’s law in a plane wave approximation, E/cB ∼ Vphase/c,
where phase velocity Vphase ≡ ω/k; ω and k are the plane wave’s angular
frequency and wavenumber. Therefore, relative to∇×B the displacement cur-
rent, (1/c2)∂E/∂t, scales proportionally as (Vphase/c)

2 → 0 in non-relativistic
plasmas where Vphase = O(VA) in MHD (see later).

Note that dropping displacement current is consistent with the quasi-
neutrality requirement of a plasma. Taking divergence of Eq. (25) leads
to

∇ · j + ϵ0
∂(∇ ·E)

∂t
= 0 (26)

where the second term is the time derivative of charge density, σ ≡ e(ni −
ne), according to Gauss’s law. Therefore, dropping displacement current is
equivalent to demanding σ ≈ 0 which is the charge neutrality requirement,
as long as this is true for the initial condition at t = 0. To appreciate charge
neutrality, we can estimate σ/e in a typical tokamak plasma with a size of 1
meter and temperature of 1 keV. The typical magnitude of (radial) electric
field measured in such plasmas is 1 kV/m. The mismatch of electron and ion
densities or σ/e ∼ (ϵ0/e)∇ ·E ∼ 6× 1010m−3, which is 9 orders of magnitude
lower than the typical density of such a plasma of 1020m−3!

Using Ampere’s law, the final set of resistive MHD equations are

∂ρ

∂t
+∇ · (ρV ) = 0 (27)

ρ

(
∂

∂t
+ V ·∇

)
V =

(∇×B)×B

µ0
−∇p (28)
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(
∂

∂t
+ V ·∇

)(
p

ργ

)
= 0 (29)

∂B

∂t
= ∇× (V ×B) +

η

µ0
∇2B (30)

with 8 equations for the 8 unknowns: ρ, p, V and B. The ideal MHD model
refers to the case when η = 0, or equivalently Rm → ∞/S → ∞. In order
for ideal MHD models to be valid, frequent collisions are needed for plasma
to stay near the thermodynamic equilibrium, but not too frequent to cause
substantial dissipation of the magnetic field.

1.4 Additional Remarks

We have seen quite a few assumptions or simplifications that went into the
derivation of the single-fluid MHD models. This raises legitimate concerns
about whether our models are valid when applied to real-world problems.
Nonetheless, MHD models are arguably one of the most successful plasma
models to capture global behaviors for both fusion and astrophysical plasmas.
There could be several reasons for it. MHD models are quite simple, com-
pared with other models in our hierarchy, and attempts have been made to
apply it to a wide range of cases. This practice follows Einstein’s advice, as
the mean-field theory has not been as mature just yet to be practically use-
ful. Even though MHD models are more complicated than their hydrodynamic
counterparts, Navier-Stokes equations, the existence of a large volume of liter-
ature on the latter subject has served as a solid foundation for MHD models.
Experimentally or observationally, global scale phenomena in both fusion and
astrophysical plasmas have been the first to be detected and studied, which
helped motivate the use of MHD models as well.

Despite these successes, however, we should not take it for granted that
MHD models should be also applicable. Detailed discussion on their validity
can be found in the reading materials, but Fig. 2 shows a simple and practical
flow chart to check the validity of an MHD model. We begin with the question
if the plasma is non-relativistic, i.e. whether Alfvén speed is much slower than
the speed of light. If not, displacement current and charge density need to
be included, with corresponding Maxwell’s equations. If yes, we move on to
whether collision time or mean-free path is much shorter than the time or
length of interest. If it is, then the MHD models are valid. Otherwise, we
further examine whether the plasma size is much larger than ion kinetic scales
in the cross-field directions, and whether the plasma is periodic as in toroidal
confinement systems in the parallel direction. If yes, there is a good chance
the MHD models can work, but otherwise, more complicated or sophisticated
models should be used.

As discussed in Sec.1, MHD models can also be derived based on Navier-
Stokes equations by adding the Lorentz force. For example, an incompressible
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Fig. 2 A flow chart to check the validity of an MHD model.

version is given by

(
∂

∂t
+ V ·∇

)
V =

j ×B

ρ
− ∇p

ρ
− g + ν∇2V , (31)

where gravity g and viscous forces are included as a convention. This introduces
another dimensionless parameter, the Reynolds number,

Re =
LV

ν
(32)

where ν is the kinematic viscosity. The ratio of Rm to Re is called the mag-
netic Prandtl number, Pm = µ0ν/η, which is important in deciding the
nature of dissipation on small scales. Refer to (Kundu et al, 2015, Ch.1-4) for
fundamentals of Navier-Stokes equations.

Finally, a list of extensions to the simple MHD models is given below for
your reference:

Hall MHD: When important physics occurs on length scales comparable to
ion kinetic scales, Hall terms are restored in the model. j×B/en can be added
without incurring additional variables, but the electron pressure term, ∇p/en,
is either ignored or needs a link to the total pressure, p.
Electron MHD: When important physics occurs on length scales compara-
ble to electron kinetic scales while ions can be treated as background charge
neutralizers, electron MHD models (Bulanov et al, 1992) are employed. See
homework.
GR-MHD: When dealing with extreme conditions, such as near black holes,
general relativistic effects must be included.



GPP II Lecture Notes

16 MHD (10/11/24 )

Radiative HD/MHD: When photons play an important role by interacting
with plasma, they can be added as an additional massless fluid such as in some
laser-generated plasmas and astrophysical plasmas, which can become opaque
to photons with certain energies. Quantum effects can be important as well.
General Relativity Radiative HD/MHD (GRRMHD): When both
photons and general relativity are important, typically during accretion to
black holes such as for the Event Horizon Telescope (EHT) project.
MHD Plus a Neutral Particle Fluid: When plasma is partially ionized,
neutral particles participate in MHD through collisions with electrons and ions,
introducing effects such as ambipolar diffusion (Mestel and Spitzer, 1956).
MHD Plus Neutrinos: Neutrinos introduce an additional fluid interacting
with electron fluid through weak interactions, which is possibly important
for supernovae phenomena in astrophysics and in laser-produced laboratory
plasmas.

1.5 Summary

• Hierarchy of plasma models from multi-body to kinetic to fluid. MHDmodels
are arguably the most successful model for plasmas.

• Plasma physics is multiscale and no method can cover all scales. Multiple
approaches are needed.

• Construction of MHD models requires many assumptions but leads to a set
of simple fluid equations.

• Additional Remarks

– Validity of MHD models is always a concern and should be checked often.
– Navier-Stokes equation and fluid mechanics provide a solid and useful
reference point for MHD.

– Many extended MHD models exist to take into account of various effects.

1.6 Further Readings

• Chapters 2 & 9 in Freidberg (2014)
• Braginskii (1965), p.84 in Wesson (2011), Chapter 8 in Kulsrud (2005)
• Chapters 1-4 in Kundu et al (2015)

1.7 Homework Problem Set 1

1. Check whether the following line-tied plasmas, in which the field lines
intercept conducting boundaries, can be treated properly by MHD models:

(a) Plasmas in the solar corona often exhibit filamentary field-aligned struc-
tures with lengths in the order of 106 m and widths in the order of 105

m. The typical magnetic field has strength of 10 mT with a temperature
of T ∼ 100eV and number density of n ∼ 1015m−3.

(b) Plasmas in the tokamak scrape-off-layer (SOL) typically have a tem-
perature of T ∼ 100 eV and a number density of n ∼ 1019m−3 at the
interface with the bulk plasma. Away from the bulk plasma, T and n fall
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off exponentially with a scale length on the order of 1 cm. The magnetic
field has a strength of about 1 Tesla and travels for about 100 m before
intercepting the divertor plates.

2. Electron MHD Model:
(a) When ions are regarded as stationary, electrons carry all electric current.

Assuming uniform density and incompressible electron flow, derive the
Electron MHD (E-MHD) model:

∂

∂t

(
B − d2e∇2B

)
= ∇×

[
Ve ×

(
B − d2e∇2B

)]
+ η∇2B (33)

Ve = − 1

µ0en
∇×B (34)

where de is electron skin depth.
(b) Discuss physical insights that you can develop from these equations for

the ideal E-MHD model.
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2 Magnetostatic Equilibrium

2.1 Conservation Forms of Ideal MHD Equations

The standard ideal MHD model equations can be summarized as

∂ρ

∂t
+∇ · (ρV ) = 0, (35)

ρ

(
∂

∂t
+ V ·∇

)
V =

(∇×B)×B

µ0
−∇p, (36)

(
∂

∂t
+ V ·∇

)(
p

ργ

)
= 0, (37)

∂B

∂t
= ∇× (V ×B.) (38)

Note that they do not contain any dissipative effects, and as a result, many
conservation laws should hold.

3

Conservative of Magnetic Flux or 
“Frozen-In” of Magnetic Field to Ideal MHD Plasma
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l

Fig. 3 Magnetic field B passes through a surface S encircled by the loop l in a plasma
moving with a velocity of V (dl is an element of l).

Magnetic flux conservation. Conservation of magnetic flux is also called
the “frozen-in” law of magnetic field to the plasma. The magnetic flux passing
through surface S is given by

Ψ =

∫
B · dS, (39)

and its time derivative moving with the plasma is given by

dΨ

dt
=

∫
∂B

∂t
· dS +

∮
B · (V × dl). (40)

The second term is due to the rate of change in S by the loop element dl swept
with velocity V and can be written as

∮
B · (V × dl) = −

∮
(V ×B) · dl = −

∫
∇× (V ×B) · dS. (41)
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Using Faraday’s law, we have

dΨ

dt
= −

∫
∇×E ·dS−

∫
∇×(V ×B)·dS = −

∫
∇×(E + V ×B)·dS = 0.

(42)

Mass and momentum conservation. The conservation of mass is trivial
from Eq. (35), which can then be used to derive momentum conservation.
Multiplying Eq. (35) with V and adding to Eq. (36) yield the LHS,

V
∂ρ

∂t
+ ρ

∂V

∂t
+ (ρV ·∇)V + V ∇ · (ρV ) =

∂ (ρV )

∂t
+∇ · (ρV V ) . (43)

The RHS of Eq. (36) can then be written in a tensor form, since ∇ ·B = 0,

(∇×B)×B

µ0
−∇p = ∇ ·

[(
p+

B2

2µ0

)
I − BB

µ0

]
, (44)

leading to the momentum conservation,

∂ (ρV )

∂t
+∇ ·

[(
p+

B2

2µ0

)
I + ρV V − BB

µ0

]
= 0. (45)

The first term in the divergence is the force due to plasma and magnetic
pressure. The second and third terms are the forces due to Reynolds and
Maxwell stresses, respectively.

Energy conservation. Performing dot product of Eq. (36) with V yields an
energy conservation equation. The first term becomes,

ρV ·
(
∂

∂t
+ V ·∇

)
V =

∂

∂t

(
1

2
ρV 2

)
− V 2

2

∂ρ

∂t
+ ρV ·∇

(
V 2

2

)

=
∂

∂t

(
1

2
ρV 2

)
− V 2

2

[
∂ρ

∂t
+∇ (ρV )

]
+∇

(
1

2
ρV 2V

)

=
∂

∂t

(
1

2
ρV 2

)
+∇

(
1

2
ρV 2V

)
, (46)

where we have used the mass conservation in Eq. (35). The second term
becomes

V · (j ×B) = −j · (V ×B) = j ·E

= −∇
(
E ×B

µ0

)
+

B

µ0
·∇×E

= −∇
(
E ×B

µ0

)
− ∂

∂t

(
B2

2µ0

)
, (47)
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where the ideal Ohm’s law and Faraday’s law have been used. The first term
on RHS represents the Poynting vector for electromagnetic energy flux while
the second term represents the rate of change for the magnetic energy. The
last term of Eq. (36) after being dotted by V is

V ·∇p = ∇ · (pV )− p∇ · V . (48)

We will then replace ∇ · V in terms of p using the continuity and energy
equations, Eq. (35) and Eq. (37). To do this, we divide Eq. (37) by p/ργ to
yield,

d

dt

[
ln

(
p

ργ

)]
=

d

dt
(ln p− γ ln ρ) =

1

p

dp

dt
− γ

ρ

dρ

dt
= 0. (49)

Similarly, Eq. (35) can be written as

1

ρ

dρ

dt
+∇ · V = 0, (50)

which can be used to replace dρ/dt in Eq. (49) yielding

dp

dt
=
∂p

∂t
+ V ·∇p = −γp∇ · V . (51)

Finally, using this equation to eliminate ∇ · V in Eq. (48) leads to

V ·∇p =
1

γ − 1

∂p

∂t
+

γ

γ − 1
∇ · (pV ) . (52)

Combining all three terms, the energy conservation equation becomes

∂W

∂t
+∇ · S = 0, (53)

W =
1

2
ρV 2 +

p

γ − 1
+
B2

2µ0
, (54)

S =

(
1

2
ρV 2 +

p

γ − 1

)
V + pV +

E ×B

µ0
. (55)

The total energy contains plasma kinetic energy, internal thermal energy 3p/2
when γ = 5/3, and magnetic energy. The energy flux contains the flux of
plasma kinetic and internal thermal energy, work done on plasma pV , and
electromagnetic energy flux given by the Poynting vector.

Boundary conditions. Global properties of a system, such as its equilibrium
or stability, can critically depend on its boundary conditions. For plasma, the
normal boundaries can either be fixed and non-penetrating or free. For a fixed
boundary, like a solid wall, the normal component of velocity vanishes

n · V = 0, (56)
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where n is the normal unit vector of the boundary. In contrast, the free surface
boundary deforms at the rate given by the normal component of the plasma’s
velocity.

In the tangential direction, the boundaries can either be slippery, for an
inviscid fluid or non-slippery, for a viscous fluid. Assuming stationary bound-
aries, the tangential components of plasma’s velocity must also vanish in the
non-slip condition,

n× V = 0. (57)

Electromagnetic boundary conditions can either be perfectly conducting or
insulating. For perfect conductors, both the perpendicular magnetic field and
tangential electric field must vanish,

n ·B = 0, (58)

n×E = 0. (59)

For insulating boundaries, the normal current density must vanish

n · (∇×B) = 0. (60)

More detailed discussion on various boundary conditions can be found in (Ch.3
Freidberg, 2014).

2.2 Virial Theorem

A closely related subject to global energy conservation is the virial theorem,
which is used to appreciate the required confinement by either magnetic fields
in laboratory magnetic fusion experiments or self-gravity in astrophysics.

We begin with a tensor identity (the proof is part of Homework 2),

∇ · (r · T ) = r · (∇ · T ) + Trace(T ) (61)

where T is a tensor and r is the position vector. For the momentum
conservation in Eq. (45), we have

d (ρV )

dt
= −∇ · T = 0, (62)

where

T =

(
p+

B2

2µ0

)
I + ρV V − BB

µ0
. (63)

The first term on the RHS from Eq. (61) vanishes in a steady state. It is also
straightforward to calculate

Trace(T ) = ρV 2 + 3p+
B2

2µ0
. (64)
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Since
∫ ∇ ·(r · T ) dV =

∫
(r · T ) ·dS, where the surface S encloses the volume

V , the identity Eq. (61) becomes

∫
(r · T ) · dS =

∫ (
ρV 2 + 3p+

B2

2µ0

)
dV. (65)

This equation leads to a contradiction when r → ∞. Because the integrand
of the RHS is positive definite, the volume integration remains positive and
finite even when r → ∞. In contrast, under the same condition, the LHS

∫
(r · T ) · dS ∝

∫
rB2dS ∝ 1

r3
→ 0, (66)

where we have assumed that the magnetic dipoles decay the slowest, B ∝ r−3,
and the surface area S ∝ r2. This contradiction means the magnetic field gen-
erated by the plasma cannot confine the plasma itself! However, it is possible
to confine plasma using its gravitational force (Homework 2). Therefore to
magnetically confine plasma in a laboratory, we need external magnetic fields
generated by coils.

2.3 Magnetostatic Equilibrium in Toroidal Configurations

2.3.1 Grad-Shafranov Equation
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Fig. 4 Nested magnetic flux surfaces in cylindrical coordinate system (r, θ, z) where θ is
the azimuthal angle.

The equation to determine steady-state static magnetic confinement of
plasma is simply given by

j ×B = ∇p, (67)

which implies
B ·∇p = j ·∇p = 0. (68)
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Therefore, both vectors j and B must lie on the constant pressure contours
forming nested magnetic flux surfaces as illustrated in Fig. 4. We can use the
plasma pressure p to index the magnetic flux surfaces, and p is a (magnetic) flux
surface quantity. There exist many other flux surface quantities when plasma is
in magnetostatic equilibrium. Examples include plasma density, electron and
ion temperatures, as well as poloidal flux Ψ and toroidal flux Φ when properly
integrated (see below).

We begin with a cylindrical coordinate system (r, θ, z), pictured in Fig. 4,
formed by the radial, azimuthal, and axial directions. We assume axisymmetry
for simplicity. Consider the 1D case when all quantities, including p, depend
on only r. Then, the pressure force −∇p is only in the radial direction, and
both B and j must have no radial component depending on only r,

B = (0, Bθ, Bz), (69)

µ0j =

(
0,−dBz

dr
,
1

r

d (rBθ)

dr

)
. (70)

Therefore, the force balance equation, Eq. (67), can be expressed as

d

dr

(
B2

θ +B2
z

2µ0

)
+
B2

θ

µ0r
= −dp

dr
. (71)

The plasma pressure is confined by a combination of magnetic pressure and
magnetic tension force, as shown in the LHS of the above equation.

This confinement system is called screw pinch due to the presence of both
Bz and Bθ. Z pinch is a special case with Bz = 0 and the plasma is confined
purely by Bθ generated by jz. Another special case is the theta pinch when
the plasma is confined purely by Bz generated by jθ and Bθ = 0.

Confining plasma without open field lines requires the flux surfaces to
take a toroidal (doughnut) shape. For simplicity, we assume axisymmetry as
illustrated in Fig. 5. This configuration is called toroidal pinch with major
radius R0 and minor radius a reduces the system into a 2D system. The orig-
inal cylindrical coordinate system (r, θ, z) shown in Fig. 4 now becomes a
toroidal coordinate system (r, θ, ϕ) where ϕ is toroidal angle and is related to
z through z = −ϕR0. Figure 5 also introduces a new cylindrical coordinate
system (R,ϕ, Z) which is related to the toroidal coordinate system via

R = R0 + r cos θ, (72)

ϕ = −z/R0, (73)

Z = r sin θ. (74)

Note that all coordinates here are right-handed. Flux surfaces (in red) are
nested but shifted radially outwards (called Shafranov Shift (Shafranov,
1966)). This shift is due to the hoop force difference from a stronger poloidal
field on the inner side of the torus than that on the outside (Ch.4 in Freidberg,
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2014). The center of flux surfaces when its area approaches zero is the mag-
netic axis at R = Ra which is also typically the location of maximum plasma
pressure. On the other side, the last closed flux surface is a circle with a radius
of a.
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Fig. 5 Magnetic configuration of toroidal confinement system. Cylindrical coordinate sys-
tem is defined as (R, ϕ, Z) while the toroidal coordinate system is defined as (r, θ, ϕ). Here
toroidal angle is ϕ and poloidal angle is θ. Other definitions: major radius is R0 and minor
radius is a. Magnetic axis is also shown in the figure.

As in any 2D systems, a stream function, ψ, can be introduced as,

BR = − 1

R

∂ψ

∂Z
, (75)

BZ =
1

R

∂ψ

∂R
, (76)

to satisfy

∇ ·B =
1

R

∂ (RBR)

∂R
+
∂BZ

∂Z
= − 1

R

∂2ψ

∂R∂Z
+

1

R

∂2ψ

∂Z∂R
= 0. (77)

By comparing to the definition of the vector potential A in an axisymmetric
cylindrical system, ψ can be readily identified as ψ = RAϕ. ψ is also closely
related to poloidal flux Ψ defined as

Ψ(R) = 2π

∫ R

Ra

BZ(R
′, 0)R′dR′ = 2π [ψ(R, 0)− ψ(Ra, 0)] = 2πψ(R, 0), (78)

where Eq. (76) is used and ψ(Ra, 0) is set to be zero. Therefore, instead of
using pressure p, we can use poloidal flux ψ to uniquely label the flux surfaces.
(The plasma pressure p might not provide unique labels of the flux surfaces.)
Similarly, toroidal flux Φ can also be defined for each closed flux surface. Both
Ψ and Φ are flux surface quantities.
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Using ψ and toroidal field component, Bϕ, and introducing F = RBϕ, we
can express current density via Ampere’s law:

B =

(
− 1

R

∂ψ

∂Z
,Bϕ,

1

R

∂ψ

∂R

)
, (79)

µ0j =

(
−∂Bϕ

∂Z
,−∆∗ψ

R
,
1

R

∂F

∂R

)
, (80)

∆∗ψ = R
∂

∂R

(
1

R

∂ψ

∂R

)
+
∂2ψ

∂Z2
= R2∇ ·

(∇ψ

R2

)
. (81)

By applying Stokes’s theorem to Ampere’s law, F (R) is shown to be related to
the total poloidal current passing through the circle with a radius of R, Ipol(R),

Ipol(R) = 2πµ0

∫ R

0

jZ(R
′)R′dR′ =

∮
Bϕ(R)Rdϕ = 2πRBϕ(R) = 2πF (R).

(82)
Finally, the R component of the force balance in Eq. (67) is given by

jϕBZ − jZBϕ =
∂p

∂R
, (83)

or

− ∆∗ψ
µ0R2

∂ψ

∂R
− F

µ0R2

∂F

∂R
=

∂p

∂R
. (84)

Multiplying by −µ0R
2 and using chain rule of differentiation yield the

Grad-Shafranov equation by Grad & Rubin (1958) and Shafranov (
1960) (Shafranov, 1966),

∆∗ψ + F
dF

dψ
+ µ0R

2 dp

dψ
= 0. (85)

This equation can also be written in the toroidal coordinate system (r, θ, ϕ)
but in a somewhat more complicated form,

∆∗ψ =
1

r

∂

∂r

(
r
∂ψ

∂r

)
+

1

r2
∂2ψ

∂θ2
− 1

R0 + r cos θ

(
cos θ

∂ψ

∂r
− sin θ

r

∂ψ

∂θ

)

= −F dF
dψ

− µ0 (R0 + r cos θ)
2 dp

dψ
. (86)

Analytical solutions of Grad-Shafranov equation exist, such as those by
Solov’ev (1968). In practice, the equation is solved numerically by specifying
F and p as functions of ψ with appropriate boundary conditions.

2.3.2 Characteristics of Toroidal Configurations

We should recognize that a toroidal system cannot confine plasma by using
a purely toroidal field Bϕ. This limitation is because the charge-dependent
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guiding center drifts in the Z direction caused by the ∇B and the field cur-
vature. For example, the vacuum toroidal field generated by the toroidal field
coil current, ITF , decreases with R and is given by

Bϕ =
µ0ITF

2πR
= 0.2

(
ITF

MA

)(
R

m

)−1

Tesla, (87)

where ITF is in the unit of mega ampere and R is in the meter unit. Usually,
we calculate ITF by multiplying the coil current by the number of turns of the
toroidal field coil system. The equation gives ∇B that is in the R direction so
does the field line curvature vector. Since the magnetic field is in the toroidal
direction, both ∇B and field curvature drifts are in the Z direction, but with
opposite signs for electrons and ions. This difference leads to charge buildup at
opposite ends of the Z direction generating an electric field EZ . The resulting
EZ × Bϕ drift will cause ions and electrons to move radially outward and
losing confinement. A poloidal component of the magnetic field, Bθ, is therefore
needed to short out the charge buildup along the field line direction to prevent
the loss of confinement. This Bθ can be generated either by current flowing in
the plasma (called plasma current, Ip) as in toroidal pinches, such as tokamaks
or reversed field pinches (RFPs), or by external coils as in stellarators.

Once Bθ is added to the existing Bϕ, magnetic field lines on the flux surface
go around not only toroidally but also poloidally in helical paths. “Safety
factor” of a given flux surface ψ, q(ψ), is introduced to quantify the twistedness
of the field lines on that particular flux surface, i.e. the number of toroidal
turns for field lines to finish one poloidal turn,

q(r) ≡ 1

2π

∮
Bϕ

RBθ
ds =

2π

ι
, (88)

where s is the distance along a field line. Here ι is called rotational transform,
defined as the poloidal angle it travels per toroidal turn of a field line. Con-
ventionally, q is used for toroidal pinches while ι is used for stellarators. In the
large aspect ratio limit R0/r ≫ 1 of a circular plasma,

q(r) =
# of toroidal turn

# of poloidal turn
≈ Bϕ/2πR0

Bθ/2πr
=

rBϕ

R0Bθ
. (89)

Now we are ready to introduce the three different types of field line
trajectories in toroidal systems. Field line in the plasma can either be:

Rational when the q is a rational number, i.e. q = n/m (n and m are positive
integers). The field line stays not only on a single flux surface but also on a
closed loop on the flux surface. For example, q = 3/2 means the field line wraps
around toroidally for exactly 3 turns for every 2 poloidal turns. Rational flux
surfaces are also important for MHD instabilities relating to the resonances of
n and m mode numbers.
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Ergodic when the q is an irrational number. In this case, a field line maps
an entire flux surface without closing the loop. This trajectory is an ideal
situation for flux surfaces without rational resonances.
Stochastic when a field line occupies a volume due to the loss of geometric
symmetry. This is undesirable for plasma confinement as parallel transport
along field lines is much faster than perpendicular transport, leading to con-
stant p in the stochastic volume, i.e. loss of confinement. It should be noted
that sometimes stochastic field lines are intentionally introduced to reduce
pressure gradient, such as to mediate disruptive behavior due to strong Edge-
Localized Mode or ELM, or to spread heat to a large volume in the divertor
region.

Finally, an important figure of merit for plasma confinement, the globally
defined plasma β warrants some discussion here. It makes sense to calculate
volume-averaged pressure rather than the local pressure,

⟨p⟩ = 1

Vp

∫
pdV, (90)

where Vp is the plasma volume. The toroidal beta, βt, is the beta value when
vacuum toroidal field at R = R0, B0, is often used for convenience,

βt ≡
⟨p⟩

B2
0/2µ0

. (91)

In contrast, the poloidal beta, defined as

βp ≡ ⟨p⟩
B2

θ (r = a)/2µ0
, (92)

has more physical meanings. This can be illustrated using the cylindrical
approximation given by Eq. (71) which is valid when R0/a ≫ 1. Multiplying
πr2 to Eq. (71) and integrating from r = 0 to r = a yields

∫ a

0

πr2
d

dr

(
p+

B2
θ +B2

z

2µ0

)
dr +

∫ a

0

2πr
B2

θ

2µ0
dr = 0. (93)

The first integration can be written as

[
πr2

(
p+

B2
θ +B2

z

2µ0

)]a

0

−
∫ a

0

2πr

(
p+

B2
θ +B2

z

2µ0

)
dr, (94)

which can be combined with the second integration to yield

πa2
(
B2

θ (a) +B2
z (a)

2µ0

)
=

∫ a

0

2πr

(
p+

B2
z

2µ0

)
dr, (95)
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Fig. 6 Diamagnetism versus paramagnetism as indicated by poloidal beta, βp.

where p(a) = 0 is used. Since volume averaged quantity here means ⟨x⟩ =∫ a

0
x2πdr/πa2, we have

⟨p⟩+
〈
B2

z

〉

2µ0
=
B2

θ (a) +B2
z (a)

2µ0
, (96)

which can be rearranged to

βp ≡ ⟨p⟩
B2

θ (a)/2µ0
= 1 +

B2
z (a)−

〈
B2

z

〉

B2
θ (a)

. (97)

Therefore, when βp < 1,
〈
B2

z

〉
is larger than its edge value, B2

z (a), implying the
plasma is paramagnetic. In contrast, when βp > 1, the plasma is diamagnetic,
i.e.

〈
B2

z

〉
is smaller than B2

z (a). This is illustrated in Fig. 6 where Bz is replaced
by Bϕ in the toroidal system.

Total β, or βt in strong toroidal field systems like tokamaks, depends
strongly on geometry. This can be seen in

β ≈ βt =
⟨p⟩

B2
ϕ/2µ0

= βp
a2

R2q2a
, (98)

where qa = q(a). Given βp ∼ 1, β is higher for a smaller aspect ratio or a lower
edge safety factor, qa. However, lower qa can lead to MHD instabilities (see
later). Instead, elongating plasma cross-section, shown in Fig. 7, can increase
β without lowering qa. With a non-circular cross-section, qa is given by

qa ≈
√

(a2 + b2) /2

R

Bϕ

Bθ(a)
=

aBϕ

RBθ(a)

√
1 + κ2

2
, (99)

where elongation κ ≡ b/a. Therefore, β increases with κ as in

β ≈ βp
a2

R2q2a

√
1 + κ2

2
. (100)



GPP II Lecture Notes

MHD (10/11/24 ) 29

€ 
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b

Fig. 7 Elongated plasma cross section κ = b/a > 1.

2.3.3 Force Balance in the Major Radius Direction

As implied by the virial theorem, some forms of the magnetic field by external
coils are required to confine the plasma. This requirement is not obvious in the
Grad-Shafranov equation as the magnetic field is assumed to be generated by
currents in both the plasma and the external coils. Here we discuss the force
balance in the R direction to explicitly calculate the required vertical field to
be generated by external sources.

The three forces acting on the toroidal plasma in the R direction are:

1. Hoop force, Fh, due to poloidal field, which is expanding,
2. Plasma pressure force, Fp, which is expanding,
3. Force due toroidal field, Fm, which can be either expanding or contracting

depending on βp.

The required vertical field, BV , can then be calculated by balancing Ip × BV

with the sum of the above three forces. Below, we calculate each of these three
forces.

Hoop Force, Fh. The energy of a current-carrying loop is given by 1
2LpI

2
p

where Lp is the self-inductance of the current ring,

Lp = µ0R

(
ln

8R

a
− 2 +

li
2

)
; li =

〈
B2

θ

〉

B2
θ (a)

. (101)

The hoop force can be calculated from the radial expansion of the current ring
to reduce its energy while keeping its flux LpIp constant,

Fh = − ∂

∂R

(
LpI

2
p

2

)∣∣∣∣∣
LpIp=const

= −1

2

∂

∂R

(
(LpIp)

2

Lp

)∣∣∣∣
LpIp=const

= − (LpIp)
2

2

∂

∂R

(
1

Lp

)
=
I2p
2

∂Lp

∂R
=
µ0I

2
p

2

(
ln

8R

a
− 1 +

li
2

)
. (102)



GPP II Lecture Notes

30 MHD (10/11/24 )

Fig. 8 Forces acting on a toroidal plasma.

Pressure Force, Fp. The plasma pressure force acting on its cross-section is
⟨p⟩πa2. From Fig. 8, for each small wedge of dψ, the pressure forces from both
sides do not exactly cancel due to toroidal curvature, leading to a residual
radial force of ⟨p⟩πa2dψ. Integrating over 2π, we have

Fp = ⟨p⟩πa22π =
⟨p⟩

B2
θ (a)/2µ0

B2
θ (a)

2µ0
2π2a2 =

µ0I
2
p

4
βp, (103)

where 2πaBθ(a) = µ0Ip and we have used the definition of βp.

Force due toroidal field, Fm. The expanding force of a toroidal field is due
to larger Bϕ pressure on the inner side of the torus (recall Bϕ ∝ 1/R), and
the contracting force is due to the Bϕ tension force. In a vacuum, they exactly
balance but in plasma, the net radial force depends on whether βp is larger

or smaller than unity, see Fig. 6. When βp > 1,
〈
B2

ϕ

〉
is smaller than B2

ϕ(a),

causing the net force points radially outward due to a weaker tension force.
The opposite happens when βp < 1. Using Eq. (97), we have

Fm =
B2

ϕ(a)

2µ0
πa22π −

〈
B2

ϕ

〉

2µ0
πa22π =

µ0I
2
p

4
(βp − 1) , (104)

where the first term is due to the expanding Bϕ pressure force while the second
term is due to the contracting tension force.

A vertical field, BV , is needed to balance all three forces,

2πRIpBV = Fh + Fp + Fm. (105)
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Substituting the forces that we have calculated before, we get

BV =
µ0Ip
4πR

(
ln

8R

a
+ βp +

li
2
− 3

2

)
. (106)

This vertical field can either be provided by a set of “vertical field coils” or
by the eddy currents flowing in a conducting shell that encloses plasma. In
the latter case, however, the eddy currents will eventually decay, resulting in
a merely transient vertical field.

2.3.4 Various Toroidal Configurations

Fig. 9 Configurations for tokamak, Spherical Torus (ST), two versions of stellarators,
Reversed Field Pinch (RFP), Field Reversed Configuration (FRC), and spheromak.

Below we briefly comment on several toroidal confinement configurations.

Tokamak is the most advanced and mature configuration that the ITER
project is based. However, it is relatively large and complex with a moderate
confinement efficiency. In addition, it requires plasma current to be driven for
steady-state operation.
Spherical Torus (ST) is a tokamak at lower aspect ratios making it more
compact. It has higher betas or better confinement efficiencies, thus possibly
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more economical for fusion reactors. But it is less developed than tokamaks
and more restrictive in available space.
Stellarator provides rotational transform via external coils that can be nec-
essarily complicated with larger devices. This configuration does not require
current drive and has less free energy for instabilities.
Reversed Field Pinch (RFP) is a tokamak at a much larger (∼ 10 times)
plasma current or low q. It requires much weaker external toroidal fields giving
a significant advantage but has many MHD instabilities to avoid.
Spheromak is an RFP at the unity aspect ratio. Its main advantage is
that it does not require a center stack. However, it also suffers more global
instabilities.
Field Reversed Configuration (FRC) is a spheromak without a toroidal
field. It has the highest plasma beta closer to unity but more free plasma
energy for instabilities. Classical FRCs do not have flux surfaces due to their
field lines forming loops within their poloidal planes.

Aspect Ratio

Safety Factor

0

1

10

1 2 4 8

CT

ST Tokamak

Stellarator

RFP

b

1

0.1

0.1 1

Internal Current

(Self Organization Effects)

FRC

Stellerator
Tokamak

ST Spheromak

RFP

total

int

B
B

Fig. 10 Locations of various configurations in the parameter space of aspect ratio and safety
factor, and also in the parameter space of ratio of the magnetic field generated internally to
the total field and plasma beta.

Figure 10 shows rough locations of these configurations in the parameter
space of the aspect ratio and the safety factor and the parameter space of
the ratio of internal to total magnetic field and the plasma beta. There is a
general tendency for higher plasma beta in systems with a higher proportion
of internally generated magnetic fields. The plasmas in such systems are more
often “self-organized” with the magnetic configurations strongly influenced by
the plasma dynamics. We will discuss this concept further later in the class.

2.4 Summary

• Conservation laws of ideal MHD plasmas on flux, mass, momentum, and
energy.

• Virial theorem: A plasma cannot be confined by its self-generated magnetic
field but can by self-generated gravity.
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• Magnetostatic equilibrium is generally given by the Grad-Shafranov
equation in 2D for axisymmetric toroidal systems. General cases in 1D are
screw pinches which include theta pinch and Z pinch as special cases.

• Characteristics of toroidal confinement systems

– A simple toroidal field cannot confine plasma.
– Safety factor and three types of field lines in toroidal plasmas.
– Poloidal beta informs paramagnetism or diamagnetism of the plasma.
– Plasma total beta or toroidal beta depends on the geometry and shape of
a toroidal plasma.

• A vertical field is needed to balance the expanding radial forces.
• Various toroidal configurations are briefly discussed.

2.5 Further Readings

• Chapters 3-6 in Freidberg (2014)
• Chapter 4 in Kulsrud (2005)
• Chapters 4 and 15 in Miyamoto (2016)
• Chapter 3 in Wesson (2011)

2.6 Homework Problem Set 2

1. Virial theorem with self-gravity
(a) Prove the identity:

∇ · (r · T ) = r · (∇ · T ) + Trace(T ). (107)

(b) When gravity is important such as in the sun, we need to add the gravi-
tational force density ρg to the equation of motion. In the presence of a
nearby massive body, g is a constant vector. When the system is influ-
enced by its gravity (also known as a self-gravitating system), g will vary
according to

g = −∇ϕ, (108)

where gravitational potential ϕ satisfies

∇2ϕ = 4πGρ. (109)

Here G is the gravitational constant. Prove the corresponding stress
tensor is given by

Tg =
∇ϕ∇ϕ

4πG
− (∇ϕ)2

8πG
I. (110)

(c) Generalize Virial Theorem to include self-gravity and show that gravity
can confine plasma (and magnetic field!).
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2. Z-pinch equilibrium and virial theorem
Consider a static ideal MHD Z-pinch equilibrium with

j(r) = j0
r2/a2

(1 + r2/a2)3
, (111)

where j0 is a constant.
(a) Calculate Bθ(r) and p(r). Express your answers in terms of I, the total

current. Sketch the fields and the currents as a function of r.
(b) Calculate the averaged “engineering beta”, which is the ratio of the aver-

age plasma pressure to the external magnetic field pressure, as a figure
of merit for reactor design.

(c) Since j(r) vanishes when r → ∞, Z-pinch is apparently confined by its
own current. Doesn’t this violate the virial theorem? Explain.
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3 Steady Flows

In this lecture, we will discuss steady flows, which have no time dependence,
in a variety of situations of both fluid mechanics and plasma physics, includ-
ing liquid metals, solar wind, and tokamaks. Steady flows serve as the “base
state”, based on which stability analyses are performed as the time-dependent
response to initial perturbations. This phenomenon is equivalent to the equi-
librium states of a magnetically confined plasma, which is subject to stability
analysis against initial perturbations.

3.1 Some Useful Concepts in Fluid Dynamics

3.1.1 Bernoulli’s Equation

We begin with a set of useful concepts in fluid dynamics governed by Navier-
Stokes equation (Kundu et al, 2015, Ch.4),

(
∂

∂t
+ V ·∇

)
V = −∇p

ρ
−∇Φ+ ν∇2V , (112)

where Φ is the gravitational potential. For simplicity, here we assume incom-
pressibility, which also reduces the continuity equation to constant density, ρ,
and divergence free of V ,

∇ · V = 0. (113)

Using vector identity

(V ·∇)V = ∇
(
V 2

2

)
− V ×∇× V , (114)

Eq. (112) becomes,

∂V

∂t
+∇

(
V 2

2
+
p

ρ
+Φ

)
= V × ω, (115)

for inviscid flows with ν = 0 and defining ω ≡ ∇ × V as the vorticity. For
irrotational flows where ω = 0, velocity can be expressed using velocity poten-
tial ϕ such that V = ∇ϕ. The above equation reduces to the Bernoulli’s
equation,

∇
(
∂ϕ

∂t
+
V 2

2
+
p

ρ
+Φ

)
= 0, (116)

which states that the sum of the four quantities within the parentheses remains
constant throughout the flow. Bernoulli’s equation has been used widely in
fluid dynamics, for example, in Pitot tube that measures velocity in a flow by
comparing pressure at a stagnation point where V = 0 to the ambient pressure
with flow while keeping other quantities unchanged.
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3.1.2 Kelvin’s Circulation Theorem

We can define the circulation Γ of the velocity-field of a flow along a closed
loop C as

Γ ≡
∮

C

V · dl =
∫

ω · dS, (117)

which is also equivalent to the flux of vorticity passing through a surface S
enclosed by C.Kelvin’s circulation theorem states that Γ remain conserved
in inviscid flows such that,

dΓ

dt
= 0. (118)

The proof of this theorem is as follows. The rate of change for the circulation
can be written into two parts:

dΓ

dt
=

∮

C

dV

dt
· dl+

∮

C

V · d (dl)
dt

. (119)

Using the inviscid version of Eq. (112), the first part will vanish:

∮

C

dV

dt
· dl = −

∮

C

(∇p

ρ
+∇Φ

)
· dl = −1

ρ

∮

C

dp−
∮

C

dΦ = 0. (120)

The proof completes as the second part will also vanish as

∮

C

V · d (dl)
dt

=

∮

C

V · dV =
1

2

∮

C

d
(
V 2
)
= 0. (121)

Kelvin’s circulation theorem in the ideal fluid is analogous to the magnetic
flux conservation in the ideal MHD. The vorticity field behaves similarly to
the magnetic field as both are divergence-free. The vortex line and the vortex
tube correspond to the magnetic field line and the flux tube. In addition, they
share many other important concepts as well.

3.1.3 Vorticity Equation

One such example of the similarity can be seen from the time evolution of
vorticity. Equation (114) can be rewritten as

(V ·∇)V = ∇
(
V 2

2

)
+ ω × V . (122)

Using this equation and taking the curl of Eq. (112) in the nearly incom-
pressible limit, or the so-called Boussinesq approximation (Kundu et al, 2015,
Ch.4), yield

∂ω

∂t
= ∇× (V × ω) +

∇ρ×∇p

ρ2
+ ν∇2ω, (123)
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where we have used

∇×
(∇p

ρ

)
= ∇

(
1

ρ

)
×∇p+

1

ρ
∇× (∇p) = −∇ρ×∇p

ρ2
. (124)

The first and third terms on the RHS of Eq. (123) have exactly the same shapes
as the terms in the magnetic field evolution equation of resistive MHD. The
second term on the RHS of Eq. (123) represents the vorticity generation due
to baroclinic effects, i.e. the gradient of ρ does not align with the gradient of p.
This second term explains vortex ring generation when a gas is heated locally.

However, there is also an analog of the baroclinic effects in MHD. Consider
a simplified generalized Ohm’s law,

E + V ×B = ηj − ∇pe
ene

, (125)

where the electron pressure term is kept due to the conditions such as high
βe. Substituting E in Faraday’s law yields a similar term called the Biermann
battery effect in

∂B

∂t
= ∇× (V ×B) +

∇ne ×∇pe
en2

e

+
η

µ0
∇2B. (126)

The Biermann battery term can be used to explain magnetic field generation
in plasmas produced by lasers heating a local spot on a solid target.

3.1.4 Boundary Layer

One of the important concepts in fluid dynamics is the boundary layer con-
necting ideal fluid to non-slippery boundaries. This concept was introduced
by Ludwig Prandtl, who wanted to explain the finite drag force measured in
flows where viscosity should be negligibly small. Globally, fluid can be nearly
ideal with negligible viscosity (or resistivity in MHD fluids), meaning that
Reynolds number Re (or magnetic Reynolds number Rm or Lundquist num-
ber S) defined globally is large. However, locally close to the boundary, flow
needs to slow down to match the non-slip condition. The slowed-down flow
forms a surface layer next to the boundary with a large shear that can generate
the measured drag force. Thus, the locally defined Reynolds number becomes
small. The boundary layer concept separates flow into two regions: the outer
region where viscosity is unimportant and the inner region where viscosity is
important. This idea spreads into other fields including plasma physics.

In two dimension, the components of Navier-Stokes equation for velocity
field (u, v) are given by

u
∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

(
∂2u

∂x2
+
∂2u

∂y2

)
, (127)
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u
∂v

∂x
+ v

∂v

∂y
= −1

ρ

∂p

∂y
+ ν

(
∂2v

∂x2
+
∂2v

∂y2

)
, (128)

∂u

∂x
+
∂v

∂y
= 0 (129)

for the three variables u, v, and p. Instead of solving these equation exactly,
we will perform boundary layer analysis focusing on the relative magnitudes
between the variables.

First, the length scale in x direction is L, which is much longer than the
boundary layer thickness δ shown in Fig. 11. Therefore, from the continuity
equation, u should be much larger than v with u ∼ U∞ ≫ v such that

δ

L
∼ v

U∞
→ v ∼ δ

L
U∞. (130)

Using these relations, Eq. (127) can be evaluated as

U2
∞
L

+
δ

L
U2
∞
1

δ
= −1

ρ

∂p

∂x
+ ν

(
U∞
L2

+
U∞
δ2

)
, (131)

where the two left terms are comparable while the last term on RHS dominates
over the second to last term. The pressure term (1/ρ)∂p/∂x should be com-
parable in the region away from the boundary and scale as U2

∞/L. Therefore,
the required δ in the boundary layer to make the viscous term important is

U2
∞
L

∼ ν
U∞
δ2

→ δ ∼
√
νL

U∞
=

L√
Re

. (132)

Since typically Re ≫ 1, the corresponding δ is very thin. Therefore, even
if the global system is nearly ideal, local dissipation can be important by
forming thin (boundary) layers. Note that if we use δ instead of L to define
the “local” Reynolds number, Relocal =

√
Re becomes much smaller than the

global Re. However, this Relocal can still be large, causing the boundary layer
to be unstable and even turbulent. In MHD, boundary layers are important
for tearing mode instability and magnetic reconnection, which we will discuss
later in the class.

Fig. 11 Boundary layer with a thickness of δ and its coordinate system (x, y).
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3.2 Steady Flows in Fluid Dynamics

A few representative one-dimensional laminar steady flows are described first,
followed by liquid metal flows under the influence of a magnetic field.

3.2.1 Flows Between Parallel Plates
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U

Fig. 12 Flows driven between parallel plates. (left panel) Plane Poiseuille flow driven by
a constant pressure gradient in x direction. (right panel) Plane Couette flow driven by a
moving plate and a stationary plate.

Starting from the simplified one-dimensional Navier-Stokes equation,
Eq. (112), without gravity

(
∂

∂t
+ u

∂

∂x

)
u = −1

ρ

∂p

∂x
+ ν

(
∂2

∂x2
+

∂2

∂z2

)
u, (133)

all terms except the first and last ones on the RHS will vanish when the flow
is driven only by a pressure gradient,

∂2u

∂z2
=

1

ρν

∂p

∂x
. (134)

This equation has solutions for plane Poiseuille flows,

u =
1

2ρν

∂p

∂x
z2 +Az +B =

1

2ρν

∂p

∂x

(
z2 − a2

)
, (135)

where the constant A is zero due to the symmetry and the constant B can be
determined using the non-slip boundary conditions u(a) = u(−a) = 0 at the
two parallel plates.

The plane Couette flow is when the flow is driven by a moving plate at z = a
with a speed of U with a stationary plate at z = 0 with no pressure gradient
(∂p/∂x = 0). For this case, the constants of integration becomes A = U/a and
B = 0, which can be determined by substituting u(0) = 0 and u(a) = U giving:

u =
U

a
z. (136)



GPP II Lecture Notes

40 MHD (10/11/24 )

3.2.2 Pipe Flows
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u(r)

Fig. 13 Flow driven by a constant pressure gradient in a pipe.

To derive the solution for flow driven by the pressure gradient in a circular
pipe, we need to use the Navier-Stokes equation in cylindrical coordinates:

(
∂

∂t
+ u

∂

∂x

)
u = −1

ρ

∂p

∂x
+
ν

r

∂

∂r

(
r
∂u

∂r

)
. (137)

The solution is given by,

u(r) =
1

4ρν

∂p

∂x
+A ln r +B. (138)

Here, the constants of integration A = 0 and B = −a2/4ρν(∂p/∂x) can be
determined by enforcing u(a) = 0 and u(0) is finite, leading to the parabolic
solution

u(r) =
1

4ρν

∂p

∂x

(
r2 − a2

)
. (139)

3.2.3 Circular Couette Flows

Fig. 14 Circular Couette flow between concentric cylinders.

Rotating flow between two infinitely long concentric cylinders needs to
satisfy the force balance in the radial direction,

u2θ
r

=
1

ρ

∂p

∂r
. (140)
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The flow profile is then determined by the azimuthal component of the Navier-
Stokes equation, Eq. (112),

∂uθ
∂t

+
ur
r

∂ (ruθ)

∂r
+
uθ
r

∂uθ
∂θ

+ uz
∂uθ
∂z

=

− 1

ρr

∂p

∂θ
+ ν

(
1

r2
∂

∂r

[
r3
∂

∂r

(uθ
r

)]
+

1

r2
∂2uθ
∂θ2

+
∂2uθ
∂z2

+
2

r2
∂ur
∂θ

)
. (141)

Under the conditions that ur = 0, ∂/∂t = 0, and ∂/∂θ = ∂/∂z = 0, this
equation simplifies to

∂

∂r

[
r3
∂

∂r

(uθ
r

)]
= 0. (142)

This can then be solved to give

uθ = Ar +
B

r
, (143)

where the constants A and B are determined by boundary conditions given in
Fig. 14,

uθ(R1) = Ω1R1, (144)

uθ(R2) = Ω2R2, (145)

to yield

A =
Ω2R

2
2 − Ω1R

2
1

R2
2 −R2

1

, (146)

B =
R2

1R
2
2(Ω1 − Ω2)

R2
2 −R2

1

. (147)

3.2.4 Hartmann Flow

When a magnetic field, B0, is imposed in the z direction to plane Poiseuille
flow shown in Fig. 15, the profile is significantly modified due to Lorentz force
if the liquid is electrically conducting. The resulting flow is called Hartmann
flow in steady state (Müller and Bühler, 2001, Ch.4). Adding the Lorentz force,
Eq. (134) becomes

∂2u

∂z2
=

1

ρν

∂p

∂x
− jyB0

ρν
, (148)

where jy can be determined by the resistive MHD Ohm’s law in the y direction

jy =
Ey − uB0

η
. (149)
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B0

Fig. 15 (left panel) Hartmann flow between parallel plates driven by a constant pressure
gradient in the x direction across magnetic field in the z direction. (right panel) Hartmann
flow profile flattens as Ha increases.

Here Ey is a constant in the steady state, which can be seen from Faraday’s
law in the x direction,

0 =
∂Bx

∂t
= (∇×E)x = −∂Ey

∂z
. (150)

Therefore, Eq. (148) becomes

∂2u

∂z2
=

1

ρν

∂p

∂x
− EyB0

ρνη
+
B2

0

ρνη
u, (151)

where the first two terms on RHS are constant and can be combined. The
solutions to this equation depend on the conductivities of the two parallel
plates, which for insulating parallel plates simplifies to (Müller and Bühler,
2001, Ch.4)

u(z) = u0

(
1− coshHa(z/a)

coshHa

)
, (152)

where the Hartmann number is defined

Ha ≡ aB0√
ρνη

. (153)

As shown in Fig. 15, the flow profile significantly flattens as Ha increases. The
resulting boundary layers, called Hartmann layers, appear at z = ±a with the
thickness of O(a/Ha).

3.3 Solar Wind

The first question that came up for the solar atmosphere is whether it is
confined statically by gravity as in Earth’s atmosphere. The answer to the
solar atmosphere confinement problem is, surprisingly, related to its hot tem-
perature, which in itself is a well-known and well-studied but still unsolved
puzzle.
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Assuming a spherically symmetric system in a steady state, the continuity
and momentum equations for radial velocity u are given by

d
(
ρur2

)

dr
= 0, (154)

ρu
du

dr
= −dp

dr
− ρ

GM⊙
r2

, (155)

where G = 6.6743× 10−11m3kg−1s−2 is the gravitational constant and M⊙ =
1.99 × 1030kg is the solar mass. For simplicity, we assume Te = Ti = T such
that ρ = (m/2T )p with m denoting the ion mass. To seek static solutions, we
set u = 0 that leads to radial force balance

1

p

dp

dr
= −GM⊙m

2T

1

r2
. (156)

This equation has solutions in the form of

ln p =
GM⊙m

2T

1

r
+ C. (157)

The constant C is determined by the plasma pressure p0 at the solar surface
of r = R⊙ = 6.96× 108m giving us,

p(r) = p0 exp

[
GM⊙m

2T

(
1

r
− 1

R⊙

)]
. (158)

Assuming h = r −R⊙ ≪ R⊙, we can approximate

1

r
=

1

R⊙ + h
=

1

R⊙(1 + h/R⊙)
≈ 1

R⊙

(
1− h

R⊙

)
, (159)

giving us

p(r) ≈ p0 exp

(
−h
λ

)
, (160)

where λ = 2TR2
⊙/GM⊙m is the gravitational pressure scale height. If we use

a coronal temperature of 100 eV, λ is about R⊙/10 that is roughly consistent
with observations.

In the opposite limit when r ≫ R⊙, Eq. (158) becomes

p(∞) = p0 exp

(
−GM⊙m

2TR⊙

)
≈ p0 exp(−8) ≈ 5Pa, (161)

assuming T = 100 eV. This value is several orders of magnitude higher than
the interstellar medium pressure of 10−13 − 10−14 Pa (Kivelson and Russell,
1995). The mismatch shows that a static solar atmosphere cannot exist; plasma
must constantly flow out as the solar wind, as predicted by Parker in 1958.



GPP II Lecture Notes

44 MHD (10/11/24 )

Let’s return to the Eqs. (154) and (155) to solve for u. From Eq. (154),
nur2 is a constant c such that n = c/ur2, which leads to

dn

dr
= − 2c

ur3
− c

u2r2
du

dr
= −2n

r
− n

u

du

dr
. (162)

Rewriting Eq. (155) using ρ = (m/2T )p yields

u
du

dr
= − 2T

mn

dn

dr
− GM⊙

r2
(163)

=
2T

m

(
2

r
+

1

u

du

dr

)
− GM⊙

r2
, (164)

which can be reorganized to

(
u2 − 2T

m

)
1

u

du

dr
=

4T

mr
− GM⊙

r2
. (165)

On the other hand, Eq. (164) can be directly integrated to

1

2
u2 =

4T

m
ln r +

2T

m
lnu+

GM⊙
r

+ c′, (166)

where constant c′ is determined by the special solution of uc =
√

2T/m at
rc = GM⊙m/4T to yield the full solutions:

u2 − u2s

[
1 + ln

(
u

us

)2
]
= 4u2s ln

r

rc
+ 2GM⊙

(
1

r
− 1

rc

)
, (167)

where we define sound speed as us =
√

2T/m. These numerical solutions were
given by Parker (1958) at the age of 30 in Fig. 16 where case 1 is the solar
breeze solution and case 2 is the solar wind solution. In the very next year,
the solar wind was discovered by the Luna 1 satellite of the Soviet Union, the
first satellite to escape from the Earth’s gravity in January 1959. Recently, 60
years later, Parker Solar Probe was launched on August 12, 2018, to reach the
closest distance from the sun at ∼ 10R⊙ with the aim to study solar coronal
heating and solar wind acceleration.

Despite the solar wind velocity profile being purely radial, its streamlines
are not. This is because the sun rotates once every 25.4 days on average. As a
result, the streamline forms a spiral, called Parker spiral, as shown in Fig. 17,
behaving similarly to a rotating water sprinkler. The trajectory of the spiral
is determined by

uϕ
ur

=
ωr

u
=
rdϕ

dr
, (168)
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Fig. 16 Solar breeze (case 1) and solar wind (case 2) solutions.

where ω is the angular speed of solar rotation. We can then solve this equation
to give,

r −R⊙ =
u

ω
(ϕ− ϕ0), (169)

where ϕ0 is the angle where the solar wind is first launched. The streamline
of solar wind is purely radial when it is launched from the solar surface and
gradually picks up azimuthal speed when it is further out. By the time it
reaches Earth, the angle is about 45◦ and becomes more azimuthal further
away from the sun.

Fig. 17 Parker spiral.
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On large scales, the solar wind plasma is nearly ideal, causing its magnetic
field lines to be frozen-in to the streamlines,

Bϕ

Br
=
uϕ
ur

=
ωr

u
. (170)

The radial magnetic field decreases from B0 at r = R⊙ following

Br(r) = B0

(
R⊙
r

)2

. (171)

In contrast, the azimuthal field decreases less as a function of r,

Bθ(r) = B0
ωR⊙
u

R⊙
r
. (172)

In summary, when r/R⊙ ≫ 1, u ∼ const, and uϕ ∝ r, the components of
magnetic field scale as Br ∝ r−2 and Bϕ ∝ r−1. The amplification of magnetic
fields caused the solar wind to not only become supersonic but also to become
super-Alfvénic. Currently, the Parker Solar Probe mission aims to reach the
point where the solar wind becomes Alfvénic.

3.4 Rotation in Toroidal Confinement System

Flow in magnetically confined plasma is closely related to the electric field in
the system. In toroidal pinches, the plasma current is driven inductively by the
toroidal electric field via an Ohmic transformer. The Lorentz force (between
the toroidal current and the poloidal field it generates) balances the radially
outward pressure force. On the timescales of the transport, the inward E×B
drift balances the radially outward particle diffusion. Both inward forces form
the bases of “pinching” that support and confine plasma.

Fusion plasmas are fairly collisionless. Sometimes, it is beneficial to consider
the physics picture of such plasma in the two-fluid models, describing the
electron and ion fluids separately. The electric field enters radial force balance
for each fluids,

−ene [Er + (Ve ×B)r] =
dpe
dr

, (173)

eni [Er + (Vi ×B)r] =
dpi
dr
, (174)

where Er depends on the chosen frame. Therefore, even at the rest frame of a
given species, Er is finite and is in the order of

Er ∼ 1

en

dp

dr
∼ eT (0)

a
∼ 10 keV/m, (175)
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where T (0) is the temperature at the center and a is the minor radius. Here Er

is the so-called ambipolar electric field that arises via communications between
ions and electrons to maintain charge neutrality. Er is electrostatic in nature
and can be expressed as the gradient of electrostatic potential in the order of
T (0)/e at the plasma center relative to its edge value. The sign of Er contains
information on which species is preferably lost through the edge.

Neutral Beam Injection can also deliberately inject angular momentum to
cause the plasma to rotate with finite Viϕ in the laboratory frame. Sometimes
plasma can “spontaneously” rotate without apparent angular momentum
input due to asymmetric momentum losses by ions in the toroidal direction.
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flux surface

Fig. 18 Finite rotation causes density non-uniformity on the flux surface due to centrifugal
effects.

With a finite plasma rotation, due to the centrifugal force, the magnetic axis
shifts radially outward beyond the Shafranov shift that we discussed before. For
the same reason, the finite ion rotation causes pressure non-uniformity on the
flux surfaces. The change is mostly in the plasma density as heat transport is
fast along the parallel direction. This invalidates the Grad-Shafranov equation
that was derived based on the constant pressure (density) on the flux surfaces.

For a constant angular velocity Ω in the laboratory frame, density and
the associated ambipolar electric potential ϕa profiles on a given flux surface
can be calculated as follows. Since centrifugal force acts only on +R direction
shown in Fig. 18), its projection on the tangential direction of a given flux
surface s with an angle α is nmΩ2R cosα. Therefore, the force balance on the
surface for a constant temperature, T , is given by

T
dn

ds
= nmΩ2R cosα− qnEa, (176)

where dn/ds = (dn/dR) cosα and Ea = −(dϕa/dR) cosα. Removing cosα
from the above equation yields

1

n

dn

dR
=
mΩ2

T
R− q

T

dϕa
dR

, (177)
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which can be rewritten as

d lnn =
1

2

mΩ2d
(
R2
)

T
− qdϕa

T
. (178)

Integrating this equation yields

n = n0 exp

[
1
2mΩ2

(
R2 −R2

0

)
− qϕa

T

]
, (179)

where n = n0 and ϕ0 = 0 at R = R0. Therefore, we have an equation for each
species, and by ignoring electron mass,

ni = n0 exp

[
1
2miΩ

2
(
R2 −R2

0

)
− eϕa

Ti

]
, (180)

ne = n0 exp

(
eϕa
Te

)
. (181)

Ambipolar electric potential ϕa can be solved by setting ne = ni,

eϕa =
Te

Te + Ti

1

2
miΩ

2
(
R2 −R2

0

)
, (182)

and the density profile,

n = n0 exp
M2

2

[(
R

R0

)2

− 1

]
, (183)

where M = ΩR0/
√

(Te + Ti)/mi is the Mach number of rotation. If M ≪ 1
and the minor radius of a flux surface r ≪ R0, the density variation on the
flux surface is given by

∆n

n0
≈M2 2r

R0
. (184)

3.5 Summary

• Useful fluid dynamics concepts: Bernoulli’s equation, Kelvin’s circulation
theorem, vorticity equation and its similarity to MHD, and boundary layers
formed on non-slip boundaries.

• Steady flows in fluid dynamics: flows between parallel plates, pipe flow,
circular Couette flow.

• MHD (liquid metal) flows across the magnetic field in a channel: Hartmann
flow and Hartmann layer.

• Solar wind must exist: Parker spiral.
• Rotation and electric field in toroidal pinches.
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3.6 Further Readings

• Chapters 5,9,10 in Kundu et al (2015)
• Chapter 4 in Müller and Bühler (2001)
• Chapter 4 in Kivelson and Russell (1995)
• Chapter 3 in Wesson (2011)

3.7 Homework Problem Set 3

1. de Laval nozzle
(a) The de Laval nozzle is a tube that has a throat in the middle to accelerate

a hot gas from a subsonic speed to a supersonic speed, as widely used
in rocket engine nozzles and supersonic jet engines. Derive and solve the
equation for the gas flow speed.

(b) Show that de Laval nozzle shares the same working principle with the
solar wind acceleration.

2. Two-fluid model of solar wind
(a) Derive equations for ion and electron fluids for solar wind and show that

the ion equation reduces to Parker’s original equation while the electron
equation defines ambipolar electric potential. Assuming uniform solar
wind temperature of Ti = Te = 10eV, and plasma density at the solar
surface is ns = 1020m−3 while at local interstellar medium is nlism =
105m−3, estimate electric potential at the solar surface relative to that
of the local interstellar medium.

(b) Illustrate how this electric potential modifies gravitational potential for
ions and electrons, especially during solar wind acceleration. Discuss the
physical insights that you can get by noting that the ion and electron
thermal speeds satisfy vth,i ≪ v∞ ≪ vth,e in the solar corona where
Ti = Te = 100eV. Here v∞ = 6 × 105m s−1 is the escape velocity from
the solar surface.

3. Hartmann flow
(a) In the one-dimensional Hartmann flow problem, derive and solve the

governing equation for the flow profile.
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(b) When boundaries are electrically insulating, the return current has to
flow within the MHD fluid. In this case, the total current within the
MHD fluid in the direction perpendicular to both the magnetic field and
flow vanishes. Determine the maximum flow at the channel center and
total flow rate as a function of the Hartmann number. Where does the
return current flow? Does it impede or accelerate the flow?
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4 Waves, Discontinuities, and Shocks

4.1 Linear MHD Waves

We begin with a local approximation of a large MHD system such that locally
the plasma is homogeneous (all spatial derivatives vanish so that ρ0, p0, V0

and B0 are constant), static (by taking the local moving frame so V0 = 0),
magnetized (B0 ̸= 0), and ideal (η = 0). Then, we assume a given variable,
a, deviates from its equilibrium value, a0, by an infinitesimally small linear
perturbation, a1, such that

a = a0 + a1; a1 ≪ a0. (185)

When two variables, say a and b, multiply, we have

ab = a0b0 + (a1b0 + a0b1) + a1b1 (186)

where a0b0, a1b0 + a0b1, and a1b1 are the zeroth (equilibrium), first (linear),
and second (nonlinear) order terms, respectively, satisfying

a0b0 ≫ a1b0 + a0b1 ≫ a1b1. (187)

Because of these separations between orders, we can formulate equations
only within each order, i.e., zeroth order equations involving only equilibrium
quantities before perturbations, first-order or linear equations only involving
first-order perturbation and higher order terms, etc. Here we are interested in
small-amplitude waves in ideal MHD fluid, or linear MHD waves, and thus,
we will construct first-order or linearized MHD equations.

Substituting all MHD variables with the breakdowns of equilibrium values
and perturbed values, the linearized ideal MHD equations are given by

∂ρ1
∂t

+∇ · (ρ0V1) = 0, (188)

∂

∂t

(
p1
ργ0

− γ
p0

ργ+1
0

ρ1

)
= 0, (189)

ρ0
∂V1

∂t
=

(∇×B1)×B0

µ0
−∇p1, (190)

∂B1

∂t
= ∇× (V1 ×B0) , (191)

where all variables have their usual meanings.
Now let us introduce the displacement vector of the fluid as a function of

space and time, ξ(r, t). This displacement vector comes from integrating the
perturbed velocity, V1, over time as the fluid is displaced from its original
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position at t = 0

ξ(r, t) ≈
∫ t

0

V1(r, t
′)dt′, (192)

or conversely

V1(r, t) =
dξ(r, t)

dt
≈ ∂ξ(r, t)

∂t
. (193)

The approximation here refers to the linearized equations with more elaborate
discussions on the displacement vector given in Kulsrud (2005, Ch.4).

Using V1 expressed in ξ, all other linear perturbations can also be expressed
conveniently in ξ:

ρ1 = −ρ0∇ · ξ, (194)

p1 = γ
p0
ρ0
ρ1 = −γp0∇ · ξ, (195)

B1 = ∇× (ξ1 ×B0) . (196)

Thus, the equation of motion, Eq. (190), can be fully expressed in ξ,

ρ0
∂2ξ

∂t2
=

1

µ0
(∇×B1)×B0 −∇p1

=
1

µ0
{∇× [∇× (ξ ×B0)]} ×B0 + γp0∇ (∇ · ξ) . (197)

Let us assume all perturbed quantities are the real parts of complex
functions of angular frequency ω and wavenumber k in the plane wave
decomposition

ξ = ℜ
[
ξ̃ei(k·r−ωt)

]
. (198)

Then, the spatial and time derivatives of such quantities are equivalent to the
factors of ik and −iω, respectively. Equation (197) therefore becomes

ρ0ω
2ξ =

1

µ0
{k × [k × (ξ ×B0)]} ×B0 + γp0k (k · ξ) , (199)

or
V 2
phξ = V 2

A

{
k̂ ×

[
k̂ ×

(
ξ × b̂

)]}
× b̂+ V 2

s k̂
(
k̂ · ξ

)
, (200)

where Vph(≡ ω/k), Vs(≡
√
γp0/ρ0), and VA(≡ B0/

√
µ0ρ0), are the wave phase

speed, sound speed, and Alfvén speed, respectively. k̂ and b̂ are the unit vectors
of k and B0.

Without loss of generality, we choose the coordinate shown in Fig. 19 where
the vectors are given by

b̂ = (0, 0, 1), (201)

k = (k⊥, 0, k∥) = k(sin θ, 0, cos θ), (202)

k̂ = (sin θ, 0, cos θ), (203)
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✓

Fig. 19 Coordinate for the magnetic field and wavenumber directions.

ξ = (ξx, ξy, ξz). (204)

Therefore, we have:

ξ × b̂ = (ξy,−ξx, 0),
k̂ ×

(
ξ × b̂

)
= (ξz cos θ, ξy cos θ,−ξx sin θ) ,

k̂ ×
[
k̂ ×

(
ξ × b̂

)]
=
(
−ξy cos2 θ, ξx cos2 θ + ξx sin

2 θ, ξy sin θ cos θ
)
,

{
k̂ ×

[
k̂ ×

(
ξ × b̂

)]}
× b̂ =

(
ξx, ξy cos

2 θ, 0
)
,

k̂ · ξ = ξx sin θ + ξz cos θ,

k̂
(
k̂ · ξ

)
= (ξx sin θ + ξz cos θ) (sin θ, 0, cos θ) .

Equation (200) can then be written as

V 2
ph



ξx
ξy
ξz


 = V 2

A




ξx
ξy cos θ

0


+ V 2

s



ξx sin

2 θ + ξz sin θ cos θ
0

ξx sin θ cos θ + ξz cos
2 θ


 , (205)

and rearranged to



V 2
ph − V 2

A − V 2
s sin2 θ 0 −V 2

s sin θ cos θ

0 V 2
ph − V 2

A cos2 θ 0

−V 2
s sin θ cos θ 0 V 2

ph − V 2
s cos2 θ





ξx
ξy
ξz


 = 0. (206)

Thus, the dispersion relation of MHD waves is given by

(
V 2
ph − V 2

A cos2 θ
) [
V 4
ph − V 2

ph

(
V 2
s + V 2

A

)
+ V 2

AV
2
s cos2 θ

]
= 0. (207)
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The first pair of roots of this dispersion relation,

Vph = ±VA cos θ, (208)

represents the shear Alfvén waves, also known as the intermediate waves,
derived by Alfvén in 1942. The phase speed of the waves is in between the
phase speeds of the two magnetosonic waves (see below). Alfvén waves involve
only wavenumbers in the magnetic field direction due to the bending field
lines. Only the displacement component in the y direction, ξy, participates in
the wave motion. Thus, Alfvén waves are transverse waves without compres-
sion, propagating in the direction of the field line and not in the perpendicular
direction.

The other two pairs of roots of the dispersion relation are given by

V 2
ph =

V 2
A + V 2

s

2
± 1

2

√
(V 2

A − V 2
s )

2
+ 4V 2

AV
2
s sin2 θ, (209)

representing the fast and slow magnetosonic waves derived by Spitzer in 1962,
involving both the Alfvén waves and the sound waves. Magnetosonic waves’
perturbations are finite only for ξx and ξz: ξx along the k⊥ direction as in
the sound waves but also compressing or decompressing magnetic field while
ξz along k∥ direction compressing the plasma. The relative phase between the
two directions of perturbation determines the type of waves. When the two
of them work in concert, i.e. restoring forces are constructive to each other,
phase velocity increases resulting in fast waves. When the restoring forces
are destructive to each other, phase velocity decreases and can even vanish,
resulting in slow waves.

Magnetosonic waves are described by

[
V 2
ph − V 2

A − V 2
s sin2 θ −V 2

s sin θ cos θ

−V 2
s sin θ cos θ V 2

ph − V 2
s cos2 θ

] [
ξx
ξz

]
= 0, (210)

which reduces to the two decoupled waves

[
V 2
ph − V 2

A 0

0 V 2
ph − V 2

s

] [
ξx
ξz

]
= 0, (211)

when θ = 0. The waves with only nonzero ξx bend the magnetic field lines
and propagate at Vph = ±VA, which are the transverse shear Alfvén waves. In
contrast, the waves with only nonzero ξz compress the plasma and propagate
at Vph = ±Vs, which are the longitudinal sound waves. The fast wave phase
speed takes whichever is larger between VA and Vs.

When θ = π/2, Eq. (210) becomes

[
V 2
ph −

(
V 2
A + V 2

s

)
0

0 V 2
ph

] [
ξx
ξz

]
= 0, (212)
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resulting in fast longitudinal waves with nonzero ξx that compress both the
magnetic field and the plasma propagating at Vph = ±

√
V 2
A + V 2

s . At any other
angles between θ = 0 and θ = π/2, both the transverse and the longitudinal
modes of magnetosonic waves are mixed as shown by Friedricks in 1957 in
Fig. 20 for both VA > Vs (β < 1) and VA < Vs (β > 1) cases.
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✓
<latexit sha1_base64="YCYqWE2DveF+EPOTMk2rKVo56eQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPSUDbbbbt0kw27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtkBouRcwbKFDydqI5jULJW+HoZuq3Hrg2QsX3OE54ENFBLPqCUbSS30H+hJmR6nHSLVfcqjsDWSZeTiqQo94tf3V6iqURj5FJaozvuQkGGdUomOSTUic1PKFsRAfctzSmETdBNjt5Qk6s0iN9pW3FSGbq74mMRsaMo9B2RhSHZtGbiv95for9qyATcZIij9l8UT+VBBWZ/k96QnOGcmwJZVrYWwkbUk0Z2pRKNgRv8eVl0jyrehfV87vzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzBx0okc8=</latexit>

slow

<latexit sha1_base64="cd/pac3z1WUVobl/0KcW4SGISo4=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ilbg/5E2YhNTjtlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nj95Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCaz/8lAaM5QTiyhTAt7K2EjqilDm1LJhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMIjhGV7hzUHnxXl3PhatBSefOYY/cD5/APntkbg=</latexit>

fast

<latexit sha1_base64="guanLrMuIrTdKo+EDX41XTij4v0=">AAAB+HicbVBNS8NAEN34WetHqx69BIvoqSRS1GPVi8cK9gOaUDbbSbt0swm7k2IN/SVePCji1Z/izX/j9uOgrQ8GHu/NMDMvSATX6Djf1srq2vrGZm4rv72zu1co7h80dJwqBnUWi1i1AqpBcAl15CiglSigUSCgGQxuJ35zCErzWD7gKAE/oj3JQ84oGqlTLHgIj5hdi3DonYIcd4olp+xMYS8Td05KZI5ap/jldWOWRiCRCap123US9DOqkDMB47yXakgoG9AetA2VNALtZ9PDx/aJUbp2GCtTEu2p+nsio5HWoygwnRHFvl70JuJ/XjvF8MrPuExSBMlmi8JU2BjbkxTsLlfAUIwMoUxxc6vN+lRRhiarvAnBXXx5mTTOy+5FuXJfKVVv5nHkyBE5JmfEJZekSu5IjdQJIyl5Jq/kzXqyXqx362PWumLNZw7JH1ifP+clk0I=</latexit>

Alfvén
<latexit sha1_base64="Izc+gDSCZugs+1Vk1/GfP9mAHCg=">AAAB/3icbVDLSsNAFJ34rK2PqODGTbAKrkoioi6LblxWsA9oQ5hMJu3QyYOZm2KJWfgrblwo4kpw7R+480N07aTtQlsPDBzOuZd75rgxZxJM81Obm19YXFourBRLq2vrG/rmVkNGiSC0TiIeiZaLJeUspHVgwGkrFhQHLqdNt3+R+80BFZJF4TUMY2oHuBsynxEMSnL0nY4bcS/A0EsbmdMBegNp3MscvWxWzBGMWWJNSLm6//X6Pih91xz9o+NFJAloCIRjKduWGYOdYgGMcJoVO4mkMSZ93KVtRUMcUGmno/yZcaAUz/AjoV4Ixkj9vZHiQMph4KrJPKmc9nLxP6+dgH9mpyyME6AhGR/yE25AZORlGB4TlAAfKoKJYCqrQXpYYAKqsqIqwZr+8ixpHFWsk8rxlWrjHI1RQLtoDx0iC52iKrpENVRHBN2ie/SInrQ77UF71l7Go3PaZGcb/YH29gPiVpsa</latexit>

Vph

<latexit sha1_base64="FRmriIqL08vRVLq9diNikh6Qf6Q=">AAAB8XicbVDLSgNBEOyNrxhfUcGLl8UgeAq7IuoxxIvHBMwDkyXMTmaTIbOzy0yvGJb8hRcPingV/8Iv8ObFb3HyOGhiQUNR1U13lx8LrtFxvqzM0vLK6lp2PbexubW9k9/dq+soUZTVaCQi1fSJZoJLVkOOgjVjxUjoC9bwB1djv3HHlOaRvMFhzLyQ9CQPOCVopNt6p43sHlM96uQLTtGZwF4k7owUSgfVb/5e/qh08p/tbkSTkEmkgmjdcp0YvZQo5FSwUa6daBYTOiA91jJUkpBpL51cPLKPjdK1g0iZkmhP1N8TKQm1Hoa+6QwJ9vW8Nxb/81oJBpdeymWcIJN0uihIhI2RPX7f7nLFKIqhIYQqbm61aZ8oQtGElDMhuPMvL5L6adE9L55VTRplmCILh3AEJ+DCBZTgGipQAwoSHuAJni1tPVov1uu0NWPNZvbhD6y3H+MAlMU=</latexit>

Vs
<latexit sha1_base64="xuHY7HMiN0Ifmdnw6eQgTuo+Mh0=">AAAB8XicbVDLSgNBEOz1GeMrKnjxshgET2FXRD3GePGYgHlgsoTZyWwyZHZ2mekVw5K/8OJBEa/iX/gF3rz4LU4eB00saCiquunu8mPBNTrOl7WwuLS8sppZy65vbG5t53Z2azpKFGVVGolINXyimeCSVZGjYI1YMRL6gtX9/tXIr98xpXkkb3AQMy8kXckDTgka6bbWbiG7x/Ry2M7lnYIzhj1P3CnJF/cr3/y99FFu5z5bnYgmIZNIBdG66ToxeilRyKlgw2wr0SwmtE+6rGmoJCHTXjq+eGgfGaVjB5EyJdEeq78nUhJqPQh90xkS7OlZbyT+5zUTDC68lMs4QSbpZFGQCBsje/S+3eGKURQDQwhV3Nxq0x5RhKIJKWtCcGdfnie1k4J7VjitmDRKMEEGDuAQjsGFcyjCNZShChQkPMATPFvaerRerNdJ64I1ndmDP7DefgCXBpST</latexit>

VA

<latexit sha1_base64="3JG998sW2p6ItrmPDOTv1Zdv4mE=">AAACCXicbVC7SgNBFJ01PmJ8rVraDAZBUMJuCGqlURvLCOYByRpmJ5NkyOzDmbtiWLa18VdsLBSxtbew82+cPARNPDBw7jn3cuceNxRcgWV9GTOp2bn5hfRiZml5ZXXNXN+oqCCSlJVpIAJZc4ligvusDBwEq4WSEc8VrOr2zgd+9ZZJxQP/CvohczzS8XmbUwJaapq4oW4kxJVmA9gdxKfJdX7vp1C6SJpm1spZQ+BpYo9JtljYPzlOhR+lpvnZaAU08pgPVBCl6rYVghMTCZwKlmQakWIhoT3SYXVNfeIx5cTDSxK8o5UWbgdSPx/wUP09ERNPqb7n6k6PQFdNegPxP68eQfvIibkfRsB8OlrUjgSGAA9iwS0uGQXR14RQyfVfMe0SSSjo8DI6BHvy5GlSyefsg1zhUqdxhkZIoy20jXaRjQ5REV2gEiojiu7RI3pGL8aD8WS8Gm+j1hljPLOJ/sB4/wZlcJ0H</latexit>q
V 2

A + V 2
s

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="WYiOcaCelYB4ORxLW3Q7F88S4so=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXEhJpKjLUjcuK9gHtKFMppN26OTBzI1YQ9z4K25cKOLWv3Dn3zhNs9DWA5d7OOdeZu5xI8EVWNa3UVhaXlldK66XNja3tnfM3b2WCmNJWZOGIpQdlygmeMCawEGwTiQZ8V3B2u74auq375hUPAxuYRIxxyfDgHucEtBS3zx4OMU9YPfgeknWOST1NO1bfbNsVawMeJHYOSmjHI2++dUbhDT2WQBUEKW6thWBkxAJnAqWlnqxYhGhYzJkXU0D4jPlJNkFKT7WygB7odQVAM7U3xsJ8ZWa+K6e9AmM1Lw3Ff/zujF4l07CgygGFtDZQ14sMIR4GgcecMkoiIkmhEqu/4rpiEhCQYdW0iHY8ycvktZZxT6vVG+q5Vo9j6OIDtEROkE2ukA1dI0aqIkoekTP6BW9GU/Gi/FufMxGC0a+s4/+wPj8AbRIlxI=</latexit>

z,B0

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓
<latexit sha1_base64="YCYqWE2DveF+EPOTMk2rKVo56eQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPSUDbbbbt0kw27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtkBouRcwbKFDydqI5jULJW+HoZuq3Hrg2QsX3OE54ENFBLPqCUbSS30H+hJmR6nHSLVfcqjsDWSZeTiqQo94tf3V6iqURj5FJaozvuQkGGdUomOSTUic1PKFsRAfctzSmETdBNjt5Qk6s0iN9pW3FSGbq74mMRsaMo9B2RhSHZtGbiv95for9qyATcZIij9l8UT+VBBWZ/k96QnOGcmwJZVrYWwkbUk0Z2pRKNgRv8eVl0jyrehfV87vzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzBx0okc8=</latexit>

slow

<latexit sha1_base64="cd/pac3z1WUVobl/0KcW4SGISo4=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ilbg/5E2YhNTjtlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nj95Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCaz/8lAaM5QTiyhTAt7K2EjqilDm1LJhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMIjhGV7hzUHnxXl3PhatBSefOYY/cD5/APntkbg=</latexit>

fast

<latexit sha1_base64="guanLrMuIrTdKo+EDX41XTij4v0=">AAAB+HicbVBNS8NAEN34WetHqx69BIvoqSRS1GPVi8cK9gOaUDbbSbt0swm7k2IN/SVePCji1Z/izX/j9uOgrQ8GHu/NMDMvSATX6Djf1srq2vrGZm4rv72zu1co7h80dJwqBnUWi1i1AqpBcAl15CiglSigUSCgGQxuJ35zCErzWD7gKAE/oj3JQ84oGqlTLHgIj5hdi3DonYIcd4olp+xMYS8Td05KZI5ap/jldWOWRiCRCap123US9DOqkDMB47yXakgoG9AetA2VNALtZ9PDx/aJUbp2GCtTEu2p+nsio5HWoygwnRHFvl70JuJ/XjvF8MrPuExSBMlmi8JU2BjbkxTsLlfAUIwMoUxxc6vN+lRRhiarvAnBXXx5mTTOy+5FuXJfKVVv5nHkyBE5JmfEJZekSu5IjdQJIyl5Jq/kzXqyXqx362PWumLNZw7JH1ifP+clk0I=</latexit>

Alfvén

<latexit sha1_base64="Izc+gDSCZugs+1Vk1/GfP9mAHCg=">AAAB/3icbVDLSsNAFJ34rK2PqODGTbAKrkoioi6LblxWsA9oQ5hMJu3QyYOZm2KJWfgrblwo4kpw7R+480N07aTtQlsPDBzOuZd75rgxZxJM81Obm19YXFourBRLq2vrG/rmVkNGiSC0TiIeiZaLJeUspHVgwGkrFhQHLqdNt3+R+80BFZJF4TUMY2oHuBsynxEMSnL0nY4bcS/A0EsbmdMBegNp3MscvWxWzBGMWWJNSLm6//X6Pih91xz9o+NFJAloCIRjKduWGYOdYgGMcJoVO4mkMSZ93KVtRUMcUGmno/yZcaAUz/AjoV4Ixkj9vZHiQMph4KrJPKmc9nLxP6+dgH9mpyyME6AhGR/yE25AZORlGB4TlAAfKoKJYCqrQXpYYAKqsqIqwZr+8ixpHFWsk8rxlWrjHI1RQLtoDx0iC52iKrpENVRHBN2ie/SInrQ77UF71l7Go3PaZGcb/YH29gPiVpsa</latexit>

Vph

<latexit sha1_base64="FRmriIqL08vRVLq9diNikh6Qf6Q=">AAAB8XicbVDLSgNBEOyNrxhfUcGLl8UgeAq7IuoxxIvHBMwDkyXMTmaTIbOzy0yvGJb8hRcPingV/8Iv8ObFb3HyOGhiQUNR1U13lx8LrtFxvqzM0vLK6lp2PbexubW9k9/dq+soUZTVaCQi1fSJZoJLVkOOgjVjxUjoC9bwB1djv3HHlOaRvMFhzLyQ9CQPOCVopNt6p43sHlM96uQLTtGZwF4k7owUSgfVb/5e/qh08p/tbkSTkEmkgmjdcp0YvZQo5FSwUa6daBYTOiA91jJUkpBpL51cPLKPjdK1g0iZkmhP1N8TKQm1Hoa+6QwJ9vW8Nxb/81oJBpdeymWcIJN0uihIhI2RPX7f7nLFKIqhIYQqbm61aZ8oQtGElDMhuPMvL5L6adE9L55VTRplmCILh3AEJ+DCBZTgGipQAwoSHuAJni1tPVov1uu0NWPNZvbhD6y3H+MAlMU=</latexit>

Vs
<latexit sha1_base64="xuHY7HMiN0Ifmdnw6eQgTuo+Mh0=">AAAB8XicbVDLSgNBEOz1GeMrKnjxshgET2FXRD3GePGYgHlgsoTZyWwyZHZ2mekVw5K/8OJBEa/iX/gF3rz4LU4eB00saCiquunu8mPBNTrOl7WwuLS8sppZy65vbG5t53Z2azpKFGVVGolINXyimeCSVZGjYI1YMRL6gtX9/tXIr98xpXkkb3AQMy8kXckDTgka6bbWbiG7x/Ry2M7lnYIzhj1P3CnJF/cr3/y99FFu5z5bnYgmIZNIBdG66ToxeilRyKlgw2wr0SwmtE+6rGmoJCHTXjq+eGgfGaVjB5EyJdEeq78nUhJqPQh90xkS7OlZbyT+5zUTDC68lMs4QSbpZFGQCBsje/S+3eGKURQDQwhV3Nxq0x5RhKIJKWtCcGdfnie1k4J7VjitmDRKMEEGDuAQjsGFcyjCNZShChQkPMATPFvaerRerNdJ64I1ndmDP7DefgCXBpST</latexit>

VA

<latexit sha1_base64="3JG998sW2p6ItrmPDOTv1Zdv4mE=">AAACCXicbVC7SgNBFJ01PmJ8rVraDAZBUMJuCGqlURvLCOYByRpmJ5NkyOzDmbtiWLa18VdsLBSxtbew82+cPARNPDBw7jn3cuceNxRcgWV9GTOp2bn5hfRiZml5ZXXNXN+oqCCSlJVpIAJZc4ligvusDBwEq4WSEc8VrOr2zgd+9ZZJxQP/CvohczzS8XmbUwJaapq4oW4kxJVmA9gdxKfJdX7vp1C6SJpm1spZQ+BpYo9JtljYPzlOhR+lpvnZaAU08pgPVBCl6rYVghMTCZwKlmQakWIhoT3SYXVNfeIx5cTDSxK8o5UWbgdSPx/wUP09ERNPqb7n6k6PQFdNegPxP68eQfvIibkfRsB8OlrUjgSGAA9iwS0uGQXR14RQyfVfMe0SSSjo8DI6BHvy5GlSyefsg1zhUqdxhkZIoy20jXaRjQ5REV2gEiojiu7RI3pGL8aD8WS8Gm+j1hljPLOJ/sB4/wZlcJ0H</latexit>q
V 2

A + V 2
s

<latexit sha1_base64="P4lVKsbCMegYDDJaZmksYc0zN5A=">AAAB/nicbZDLSgMxFIYz9VbrbVR04yZYBFdlRkRdSa0bly3YC7TDkEkzbWjmQnJGLEPBV3HjQilufQCfwJ0bn8X0ImjrD4GP/5zDOfm9WHAFlvVpZBYWl5ZXsqu5tfWNzS1ze6emokRSVqWRiGTDI4oJHrIqcBCsEUtGAk+wute7HtXrd0wqHoW30I+ZE5BOyH1OCWjLNfdqbgvYPaRXg8sfVAPXzFsFayw8D/YU8sX9yhcflt7LrvnRakc0CVgIVBClmrYVg5MSCZwKNsi1EsViQnukw5oaQxIw5aTj8wf4SDtt7EdSvxDw2P09kZJAqX7g6c6AQFfN1kbmf7VmAv6Fk/IwToCFdLLITwSGCI+ywG0uGQXR10Co5PpWTLtEEgo6sZwOwZ798jzUTgr2WeG0otMooYmy6AAdomNko3NURDeojKqIohQ9omf0YjwYT8bQeJ20ZozpzC76I+PtG7hhmbE=</latexit>

VA > Vs
<latexit sha1_base64="OciUpQqPkH6Ree0L1NP0TQTiwtk=">AAAB/nicbZC7SgNBFIZn4y3G26poYzMYBKuwK6IWFjE2lgmYCyTLMjuZTYbMXpg5K4Yl4KvYWCjB1gfwCexsfBYnF0ETfxj4+M85nDO/FwuuwLI+jczC4tLySnY1t7a+sbllbu/UVJRIyqo0EpFseEQxwUNWBQ6CNWLJSOAJVvd616N6/Y5JxaPwFvoxcwLSCbnPKQFtueZezW0Bu4f0anD5g2rgmnmrYI2F58GeQr64X/niw9J72TU/Wu2IJgELgQqiVNO2YnBSIoFTwQa5VqJYTGiPdFhTY0gCppx0fP4AH2mnjf1I6hcCHru/J1ISKNUPPN0ZEOiq2drI/K/WTMC/cFIexgmwkE4W+YnAEOFRFrjNJaMg+hoIlVzfimmXSEJBJ5bTIdizX56H2knBPiucVnQaJTRRFh2gQ3SMbHSOiugGlVEVUZSiR/SMXowH48kYGq+T1owxndlFf2S8fQO1RZmv</latexit>

VA < Vs

Fig. 20 Friedricks diagrams for both VA > Vs and VA < Vs cases.

Finally, we will discuss the total number of waves in MHD. According
to our ideal MHD model, there are 8 variables with 8 equations, and thus
there should be 8 waves available. However, our dispersion relation has only 6
waves: two Alfvén waves and four magnetosonic waves. The missing waves are
called “entropy waves” (Kulsrud, 2005, Ch.5). These waves are trivial, involv-
ing only perturbations in density and pressure but without plasma motions
nor magnetic field compression resulting in zero frequencies.

4.2 Surface Gravity Waves

<latexit sha1_base64="XlzX+gU0458n4nuTTlU0jUxpOG0=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TMAskAyhp1OTtOlZ6O4RYsgTePGgiFd9GO9exLexsxw08YeGj/+voqvKTwRX2nG+rczC4tLySnbVXlvf2NzKbe9UVZxKhhUWi1jWfapQ8AgrmmuB9UQiDX2BNb93NcprdygVj6Mb3U/QC2kn4gFnVBurfN/K5Z2CMxaZB3cK+YsP+zx5/7JLrdxnsx2zNMRIM0GVarhOor0BlZozgUO7mSpMKOvRDjYMRjRE5Q3Ggw7JgXHaJIileZEmY/d3x4CGSvVD31SGVHfVbDYy/8saqQ7OvAGPklRjxCYfBakgOiajrUmbS2Ra9A1QJrmZlbAulZRpcxvbHMGdXXkeqkcF96RwXHbyxUuYKAt7sA+H4MIpFOEaSlABBggP8ATP1q31aL1Yr5PSjDXt2YU/st5+AEvFkEQ=</latexit>z
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solid bottom

Fig. 21 Coordinate system for surface gravity waves.

We turn our attention to surface gravity waves which are illustrative for
many common wave properties, including MHD waves. In this case, the static
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fluid has a free-surface on the top and a solid bottom supported by a vertical
pressure gradient,

dp0
dz

= −ρg. (213)

Linear perturbations give free surface deformation δ(x, t), pressure perturba-
tion p1(x, z, t), and 2D velocity perturbation V1 = (u, 0, v), where u and v are
the functions of x, z, and t. Assuming incompressibility ∇ · V1 = 0, we can
introduce a stream function ψ(x, z, t) so that

u =
∂ψ

∂z
; v = −∂ψ

∂x
. (214)

As before, we further assume that the linear mode decomposition of waves,

ψ = ℜ
[
ψei(kx−ωt)

]
. (215)

The equation for ψ can then be derived from the equation of motion,

ρ
∂V1

∂t
= −∇p1. (216)

Taking the y component from the curl of this equation we have:

(∇× V1)y =
∂u

∂z
− ∂v

∂x
=
∂2ψ

∂z2
+
∂2ψ

∂x2
= 0, (217)

which leads to
∂2ψ

∂z2
= −∂

2ψ

∂x2
= k2ψ, (218)

with solutions in the form of

ψ(z) = Aekz +Be−kz. (219)

Here A and B are determined by the boundary conditions at the bottom of
the fluid z = −h,

v|z=−h = − ∂ψ

∂x

∣∣∣∣
z=−h

= 0 (220)

or
Ae−kh +Bekh = 0; B = −Ae−2kh. (221)

Substituting to Eq. (219) yields

ψ(z) = 2Ae−kh e
k(z+h) − e−k(z+h)

2
= A sinh [k (z + h)], (222)
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where we have redefined 2Ae−kh → A for simplicity. p1 can then be determined
by using the x component of Eq. (216),

−iρω∂ψ
∂z

= −∂p1
∂x

= −ikp1, (223)

and thus,
p1 = ρωA cosh [k (z + h)]. (224)

Kinematic Boundary Condition. The surface deformation δ can be related
to the velocity of the free surface in the following way,

v|z=0 = − ∂ψ

∂x

∣∣∣∣
z=0

= −ikψ|z=0 = −ikA sinh (kh)ei(kx−ωt) =
∂δ

∂t
= −iωδ,

(225)
which leads to,

δ =
k

ω
A sinh (kh)ei(kx−ωt). (226)

Dynamic Boundary Condition. The force across the massless free surface
should vanish,

p1|z=0 +
∂p0
∂z

∣∣∣∣
z=0

δ + T
∂2δ

∂x2
= 0, (227)

where T is the surface tension coefficient. Using vertical force balance and the
solution for p1, we have

Aρω cosh (kh)− ρgδ − k2Tδ = 0, (228)

which can be rewritten to obtain the dispersion relation by substituting δ,

ρω2 =
(
ρg + k2T

)
k tanh kh. (229)

For T = 0, we have two limiting cases of this dispersion:

ω

k
=
√
gh when kh≪ 1; shallow water limit (230)

ω

k
=

√
g

k
when kh≫ 1; deep water limit. (231)

4.3 Wave Dispersion, Nonlinearity, and Hydraulic Jumps

When the phase velocity of a wave, Vph = ω/k, is equal to its group velocity,
Vg = ∂ω/∂k, the wave is said to be non-dispersive, i.e., the waveform does not
change during its propagation. When the two velocities differ, the wave is dis-
persive, i.e., the waveform spreads during its propagation. The non-dispersive
waves include light waves in a vacuum, sound waves in the air, MHD waves,
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Fig. 22 Wave steepening due to its large amplitude.

and surface gravity waves in shallow water or long wavelength limit. Disper-
sive waves include surface gravity waves in deep water or short wavelength
limit. Many non-MHD plasma waves are dispersive such as Whistler waves or
ion acoustic waves in the short wavelength limit.

Some waves can be non-dispersive when they are linear but turn dispersive
or steepen (the opposite of dispersive) due to the nonlinear effects when their
amplitudes are large enough. Illustrations in Fig. 22 (Kundu et al, 2015, Ch.7)
show the time evolution of a surface wave with large amplitude. Since the
phase velocity is given by

√
gh, the part with high elevation will have a faster

phase velocity and can catch up with the depressed part with a slower phase
velocity. This leads to the steepening of wave gradient between the elevation
and depression, eventually forming a hydraulic jump (see below) that breaks
the wave. A similar situation occurs for a sound wave with phase velocity given
by
√
γp/ρ. Locally increased pressure due to compression can lead to a faster

phase velocity that can catch up with the part with decreased pressure due to
decompression. Magnetosonic waves can exhibit similar steepening since they
compress the magnetic field (and plasma), resulting in the change of phase
velocity when the amplitude is large.

The nonlinear steepening of finite-amplitude waves can be balanced by
their linear wave dispersion so that the combined effects lead to non-dispersive
behavior. A well-known example (Kundu et al, 2015, Ch.7) is the “soliton”
solutions of a finite-amplitude surface gravity wave with a long wavelength
when compared to the depth, governed by Korteweg-de Vries (KdV) equation
which was derived in 1895 to explain the observation by Russell in 1844.

Many cases of the nonlinear steepening of finite-amplitude waves are
balanced by finite dissipation generated on the steepened wavefront, as exem-
plified in Fig. 22. Consider the case of a hydraulic jump formed by steepening
of surface gravity waves shown in the initial frame of the jump in Fig. 23. The
dimensionless parameter (c.f. Mach number in the case of shock) controlling
hydraulic jumps is the Froude number Fr ≡ u/Vph = u/

√
gh. The flow is

supercritical if Fr > 1 and subcritical if Fr < 1. Therefore in Fig. 23, we must
have Fr1 = u1/

√
gh1 > 1 and Fr2 = u2/

√
gh2 < 1.
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Fig. 23 Hydraulic jump in a stationary frame.

Mass and horizontal momentum conservation demand their fluxes are
unchanged

u1h1 = u2h2 = Q, (232)

ρg
h1
2

· h1 + ρu1Q = ρg
h2
2

· h2 + ρu2Q, (233)

where the forces on the upstream and downstream of the jump come from the
averaged pressure, ρgh1/2 and ρgh2/2, multiplied by the height h1 and h2,
respectively. Using Q to eliminate u1 = Q/h1 and u2 = Q/h2 from the second
equation yields

g

2

(
h21 − h22

)
= Q

(
Q

h2
− Q

h1

)
. (234)

Removing the trivial solution of u1 = u2 simplifies the above equation to

gh1h2 (h1 + h2) = 2Q2. (235)

Treating Fr21 = u21/gh1 = Q2/gh31 as a given value, the above equation
becomes an equation for h2/h1:

(
h2
h1

)2

+

(
h2
h1

)
− 2Fr21 = 0, (236)

which can be solved to find

h2
h1

=

√
8Fr21 + 1− 1

2
≈

√
2Fr1 −

1

2
(237)

in the Fr1 ≫ 1 limit.
A fluid parcel will lose its mechanical and gravitational potential energy as

it goes through the hydraulic jump. To see this, we can calculate the mechanical
and gravitational energy change through the jump:

1

2
u21 +

1

2
gh1 −

(
1

2
u22 +

1

2
gh2

)
=
Q2

2

(
1

h21
− 1

h22

)
+
g

2
(h1 − h2)
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=
h1 − h2

2

(
g −Q2h1 + h2

h21h
2
2

)

=
g (h1 − h2)

2

(
1− 1

2

(h1 + h2)
2

h1h2

)

=
g (h2 − h1)

(
h21 + h22

)

4h1h2
> 0, (238)

where Eq. (235) was used. The lost energy becomes heat due to dissipation
by eddies in the hydraulic jump, as the total energy must be conserved. In
general, entropy is generated by dissipation when waves break.

4.4 Gas Dynamic Shock Waves
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Fig. 24 Lab frame and shock frame of a shock front.

Nonlinear steepening in compressible gas generates a shock wave. In
the shock front, dissipation produces entropy similar to a hydraulic jump.
Figure 24 shows two commonly used frame-of-references when the flow is nor-
mal to the shock front: the lab frame using u and the shock frame using v. In
either frame, subscript 1 denotes the undisturbed region ahead or upstream of
the shock while subscript 2 denotes the disturbed region behind or downstream
of the shock.

In the lab frame, the undisturbed gas is at rest with u1 = 0 while the
shock front propagates at speed ushock, faster than sound speed. In the shock
frame, the shock front is at rest with vshock = 0 so that the undisturbed gas
moves towards the shock at v1 = −ushock. It is more common and convenient
to analyze shock waves based on the shock frame.
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In a steady state, the relations between upstream and downstream param-
eters follow conservation laws (continuity, momentum, and energy):

ρ2v2 = ρ1v1, (239)

p2 + ρ2v
2
2 = p1 + ρ1v

2
1 , (240)(

1

2
ρ2v

2
2 +

γ

γ − 1
p2

)
v2 =

(
1

2
ρ1v

2
1 +

γ

γ − 1
p1

)
v1. (241)

Assuming X ≡ ρ2/ρ1, from the continuity equation (239), we have v2/v1 =
1/X. Now, it is convenient to define Mach number, M ≡ v1/vs, where sound
speed vs =

√
γp1/ρ1 or ρ1/p1 = γ/v2s . From the momentum equation (240),

we have:

p2
p1

= 1 +
ρ1v

2
1

p1
− ρ2v

2
2

p1

= 1 +
γv21
v2s

− γv21
v2s

· ρ2
ρ1

· v
2
2

v21

= 1 + γM2 − γM2 ·X · 1

X2

= 1 + γM2

(
1− 1

X

)
. (242)

We need an equation to solve for X as a function of M . To do so, we divide
the energy conservation equation (241) by continuity equation (239) to have

1

2
v22 +

γ

γ − 1

p2
ρ2

=
1

2
v21 +

γ

γ − 1

p1
ρ1
. (243)

Using p1/ρ1 = v2s/γ and

p2
ρ2

=
p1
ρ1

· ρ1
ρ2

· p2
p1

=
v2s
γ

· 1

X

[
1 + γM2

(
1− 1

X

)]
, (244)

then after dividing by v2s , Eq. (243) becomes

1

2

M2

X2
+

1

γ − 1

1

X

[
1 + γM2

(
1− 1

X

)]
=

1

2
M2 +

1

γ − 1
. (245)

Removing the trivial solution of X − 1, we get

X =
ρ2
ρ1

=
(γ + 1)M2

2 + (γ − 1)M2
= 1 +

2(M2 − 1)

2 + (γ − 1)M2
(246)
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and therefore

v2
v1

=
1

X
= 1− 2(M2 − 1)

(γ + 1)M2
,

p2
p1

= 1 + γM2

(
1− 1

X

)
= 1 +

2γ(M2 − 1)

γ + 1
. (247)

As a result, the ratio between downstream quantities to their upstream values
can be expressed by the upstream Mach number. Both density and pressure
will increase while the velocity will decrease when M > 1.

How much does the velocity decrease relative to the local sound speed?
The Mach number at the downstream, M2 ≡ v2/vs,2, and the downstream

sound speed, vs,2 =
√
γp2/ρ2, can be calculated by rewriting the momentum

equation (240) as
p2 + γp2M

2
2 = p1 + γp1M

2. (248)

After some algebra and by using Eq. (247) this leads to,

M2
2 =

(γ − 1)M2 + 2

2γM2 − γ + 1
= 1− (γ + 1)(M2 − 1)

2γ(M2 − 1) + γ + 1
, (249)

which is < 1 as long as M > 1. This means that the flow transitions from
being supersonic to subsonic by passing through the shock.

It is useful to calculate u2 in the lab frame after the shock wave,

u2
ushock

=
v1 − v2
v1

= 1− v2
v1

=
2(M2 − 1)

(γ + 1)M2
= 1− (γ − 1)M2 + 2

(γ + 1)M2
. (250)

Rankine and Hugoniot relations determines the relations between upstream
and downstream quantities of the shock wave which are named after their
independent derivation. In principle, there should not be an upper limit in M ,
and in the limit of M → ∞, we have

ρ2
ρ1

→ γ + 1

γ − 1
;

v2
v1

→ γ − 1

γ + 1
;

p2
p1

→ ∞. (251)

For γ = 5/3, they simplify to

ρ2
ρ1

→ 4;
v2
v1

→ 1

4
;

u2
ushock

→ 3

4
. (252)

It is interesting to note that the downstream pressure can increase without a
bound under a strong shock. Yet, density and velocity can not do so due to
the conservation of mass and momentum.

Global conservation laws based on the ideal fluid equations do not contain
the physics within the shock layer. The shock layer has a finite thickness which
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is determined by the dissipation inside of it. In gas dynamics, the viscous
effects are important and reflected in the Reynolds number of the shock,

Reshock =
δ∆v

ν
∼ 1, (253)

where δ is the shock layer thickness, ∆v is the velocity change across the shock,
and ν is the kinematic viscosity. Estimating ∆v ∼ vs and

ν ∼
λ2mfp

τcollision
=

λmfp

τcollision
λmfp = vsλmfp, (254)

we have,
δ ∼ λmfp. (255)

The result means that the thickness of a shock is on the order of mean-free-
path of the gas molecules. In room-temperature air, the mean free path is very
short, typically below 1 micron, and thus the shock layers are very thin.

4.5 MHD Discontinuities and Shocks

As seen from the discussion of gas dynamic shock, conservation laws can
directly lead to the Rankine and Hugoniot relations between upstream and
downstream quantities regardless of the details within the shock front. This
method is powerful as it can determine the global structures of a large system
in its steady state without requiring us to know the specific form of the dissi-
pation processes. Using the conservative forms of the ideal MHD system given
in Lecture 2, we can derive the corresponding Rankine and Hugoniot relations
for MHD dicontinuities and shocks.

Instead of using subscript 1 and 2 for the upstream and downstream quan-
tities, we introduce a pair of square brackets to denote changes across the
shock, i.e., [a] = a2−a1 for any quantities a. When the quantity a is conserved
across the shock, we have [a] = 0.

Therefore, the three jump conditions from ideal MHD conservation laws
are:

[ρV · n] = 0, (256)[
ρV (V · n) +

(
p+

B2

2µ0

)
n− B

µ0
(B · n)

]
= 0, (257)

[(
1

2
ρV 2 +

γ

γ − 1
p

)
V · n+

E ×B

µ0
· n
]
= 0, (258)

where n is the normal unit vector of the shock layer (or discontinuity layer,
see below). Additional jump conditions come from the Maxwell’s equations,

[E × n] = [− (V ×B)× n] = 0, (259)
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[B · n] = 0, (260)

where the first jump condition states that the tangential component of the
electric field must be continuous in a steady state due to Faraday’s law. The
second condition enforces that the normal component of the magnetic field
must be continuous due to its divergence-free nature.

More useful forms of these jump conditions can be derived (Gurnett and
Bhattacharjee, 2017, Ch.8). We will use subscripts “n” and “t” to denote a
vector’s normal and tangential components to the shock front. Equations (256)
and (260) can then be written as,

[ρVn] = 0, (261)

[Bn] = 0. (262)

The second equation leads to
[
B2

n

]
= 0 and therefore

[
B2
]
=
[
B2

n +B2
t

]
=[

B2
t

]
. Using this relation, the momentum equation (257) can be split to its

normal component, [
ρV 2

n + p+
B2

t

2µ0

]
= 0, (263)

and its tangential component,

[
ρVnVt −Bn

Bt

µ0

]
= 0. (264)

Since

E ×B = − (V ×B)×B = B × (V ×B) = B2V − (B · V )B

the energy jump condition Eq. (258) can be written as

[(
1

2
ρV 2 +

γ

γ − 1
p+

B2

µ0

)
Vn − (B · V )

Bn

µ0

]
= 0. (265)

Lastly, the tangential electric field jump condition is

[Vn ×Bt + Vt ×Bn] = 0. (266)

Equations (261) to (266) form a complete set of 6 jump conditions (Rankine
and Hugoniot relations) across discontinuities or shocks for ideal MHD system
with 6 unknowns: ρ, p, Vn, Vt, Bn, and Bt.

Different types of MHD discontinuities can be classified according to the
difference in density and normal velocity as shown in Table 1.

The first non-trivial discontinuity is the contact discontinuity where the
density changes ([ρ] ̸= 0), but the normal velocity vanishes (Vn = 0), i.e. no
plasma passes across the layer. There are two cases of contact discontinuities:
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Table 1 Classification of MHD discontinuities and shocks according to (Landau and
Lifshitz, 1960, Ch.8).

Vn = 0 Vn ̸= 0
[ρ] = 0 Trivial Rotational discontinuity
[ρ] ̸= 0 Contact discontinuity Shock wave

Bn ̸= 0 and Bn = 0. For the case with Bn ̸= 0, most of the quantities do not
change across the shock front:

• [Vt] = 0 based on the electric field jump condition Eq. (266).
• [Bt] = 0 based on the tangential component of momentum jump condition
Eq. (264).

• [p] = 0 based on the normal component of momentum jump condition
Eq. (263) where

[
B2

t

]
= 0 is used.

Since [ρ] ∝ [n] ̸= 0 while [p] = 0, [T ] ̸= 0 must occur in cases such as when
a heat source is suddenly applied. However, it is typically difficult for such
contact discontinuity to form in a plasma when the heat transport is fast.

The second case of contact discontinuity, often called tangential disconti-
nuity, occurs when Bn = 0. Contrary to the first case, many quantities do
jump across the discontinuity front:

• [Vt] ̸= 0 in general since Bn = 0 in the electric field jump condition Eq. (266).
• [Bt] ̸= 0 in general since Bn = 0 in the tangential component of momentum
jump condition Eq. (264).

•
[
p+

B2
t

2µ0

]
= 0 based on the normal component of momentum jump condition

Eq. (263) even when
[
B2

t

]
̸= 0 in general.

In this case, the plasma flow and the magnetic field parallel to the discontinuity
surface can change their magnitude and direction while maintaining the force
balance. An example of this case is Earth’s magnetopause where (the shocked)
solar wind plasma in contact with Earth’s magnetosphere as shown in Fig. 25.
The tangential discontinuity maintains a sharp boundary between these two
plasmas, parallel to the majority of the flow and magnetic field of solar wind
plasma. Occasionally, this approximation is violated by magnetic reconnection
(see later) at sporadic places. A similar tangential discontinuity, called the
heliopause, exists when solar wind plasma meets interstellar plasma in the
galaxy.

The second non-trivial discontinuity in Table 1 is the rotational discontinu-
ity where the density is continuous but the normal component of velocity has
a finite value, i.e. plasma flows across the layer. In this case, since the mass
flow must be continuous [ρVn] = 0 according to Eq. (261), the normal velocity
needs to be continuous, [Vn] = 0. Since [Bn] = 0 according to Eq. (262), the
tangential component of momentum continuity Eq. (264) leads to

ρVn [Vt] =
Bn

µ0
[Bt] . (267)
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Fig. 25 Earth’s magnetopause as a tangential discontinuity between the magnetosphere
and magnetosheath, containing the shocked plasma from the solar wind.

From the continuous tangential electric field Eq. (266), we have

Vn × [Bt] + [Vt]×Bn = 0, (268)

which can be rewritten by substituting [Vt] from Eq. (267) as

VnVn × [Bt] =
Bn

µ0ρ
Bn × [Bt] (269)

or

Vn = ± Bn√
µ0ρ

= ±nVA cos θ, (270)

where θ is the angle between the normal direction of the discontinuity and
magnetic field. Magnetic field and flow change directions by rotation across the
discontinuity but not their magnitude. This can be identified as Alfvén waves
propagating in the direction θ away from the magnetic field, as we discussed
earlier in the linear waves section. However, the tangential discontinuity is
actually a result of Alfvén waves in the nonlinear regime.

From this example, it is natural to expect that different types of MHD
discontinuities or shocks can develop based on the different types of MHD
waves via nonlinear steepening. Since there are three different types of MHD
waves, there are three general types of MHD discontinuities or shocks. For
discontinuities that we have discussed so far, the contact discontinuity with
Bn = 0 corresponds to the fast or slow mode since any increase in p needs
to be compensated by the decrease in B2/2µ0 and vice versa. However, the
contact discontinuity with Bn ̸= 0 is a special case corresponding to entropy
wave as there is no quantities to have a jump other than the density and
temperature. The rotational discontinuity belongs to the Alfvén mode as just
discussed above.

Three different types of MHD shocks are illustrated in their shock frames
in Fig. 26. Just like solving the dispersion relation for linear MHD waves, these
three solutions can be found in a cubic equation (Anderson, 1963) by system-
atically solving (Gurnett and Bhattacharjee, 2017, Ch.8) the jump condition
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<latexit sha1_base64="GhSV9ezP3xawBPp1brHEB0t7eg0=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWakqMuCG5cV7APaoWTSTBuayQzJjViHfokbF4q49VPc+Tdm2llo64HA4Zx7uDcnTAXX4Hnfztr6xubWdmmnvLu3f1BxD4/aOjGKshZNRKK6IdFMcMlawEGwbqoYiUPBOuHkJvc7D0xpnsh7mKYsiMlI8ohTAlYauJU+sEfITKohj80GbtWreXPgVeIXpIoKNAfuV3+YUBMzCVQQrXu+l0KQEQWcCjYr941mKaETMmI9SyWJmQ6y+eEzfGaVIY4SZZ8EPFd/JzISaz2NQzsZExjrZS8X//N6BqLrIOMyNcAkXSyKjMCQ4LwFPOSKURBTSwhV3N6K6ZgoQsF2VbYl+MtfXiXti5p/Wavf1auNelFHCZ2gU3SOfHSFGugWNVELUWTQM3pFb86T8+K8Ox+L0TWnyByjP3A+fwDDT5PG</latexit>

upstream
<latexit sha1_base64="M2wd+IWR2DzwKdjACE3u1m076iE=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSKuiy4cVnBPqANZTKZtEMnkzBzYy2xn+LGhSJu/RJ3/o2TNgttPTBwOOce7p3jJ4JrcJxva219Y3Nru7RT3t3bPzi0K0dtHaeKshaNRay6PtFMcMlawEGwbqIYiXzBOv74Jvc7D0xpHst7mCbMi8hQ8pBTAkYa2JU+sEfIgngiNeTB2cCuOjVnDrxK3IJUUYHmwP7qBzFNIyaBCqJ1z3US8DKigFPBZuV+qllC6JgMWc9QSSKmvWx++gyfGSXAYazMk4Dn6u9ERiKtp5FvJiMCI73s5eJ/Xi+F8NrLuExSYJIuFoWpwBDjvAcccMUoiKkhhCpubsV0RBShYNoqmxLc5S+vkvZFzb2s1e/q1Ua9qKOETtApOkcuukINdIuaqIUomqBn9IrerCfrxXq3Phaja1aROUZ/YH3+AFqClK0=</latexit>

downstream

<latexit sha1_base64="MRujEDNyNJvh3itoA17iDeBM3KQ=">AAAB+nicbVA9SwNBEN2LXzF+XbS0WQyCVbiToBYWARvLCOYDkiPsbTbJkr3dY3fOGM78FBsLRWz9JXb+GzfJFZr4YODx3gwz88JYcAOe9+3k1tY3Nrfy24Wd3b39A7d42DAq0ZTVqRJKt0JimOCS1YGDYK1YMxKFgjXD0c3Mbz4wbbiS9zCJWRCRgeR9TglYqesWO8AeITVCjbEZKjqadt2SV/bmwKvEz0gJZah13a9OT9EkYhKoIMa0fS+GICUaOBVsWugkhsWEjsiAtS2VJGImSOenT/GpVXq4r7QtCXiu/p5ISWTMJAptZ0RgaJa9mfif106gfxWkXMYJMEkXi/qJwKDwLAfc45pREBNLCNXc3orpkGhCwaZVsCH4yy+vksZ52b8oV+4qpep1FkceHaMTdIZ8dImq6BbVUB1RNEbP6BW9OU/Oi/PufCxac042c4T+wPn8Ae+6lG4=</latexit>

slow shock
<latexit sha1_base64="SQV8o/kLLIzO9zxO7LbNzlBT1sg=">AAAB+nicbVA9SwNBEN2LXzF+XbS0WQyCVbgTUQuLgI1lBPMByRH2NnvJkr3dY3dODWd+io2FIrb+Ejv/jZvkCk18MPB4b4aZeWEiuAHP+3YKK6tr6xvFzdLW9s7unlvebxqVasoaVAml2yExTHDJGsBBsHaiGYlDwVrh6Hrqt+6ZNlzJOxgnLIjJQPKIUwJW6rnlLrBHyCJiAJuhoqNJz614VW8GvEz8nFRQjnrP/er2FU1jJoEKYkzH9xIIMqKBU8EmpW5qWELoiAxYx1JJYmaCbHb6BB9bpY8jpW1JwDP190RGYmPGcWg7YwJDs+hNxf+8TgrRZZBxmaTAJJ0vilKBQeFpDrjPNaMgxpYQqrm9FdMh0YSCTatkQ/AXX14mzdOqf149uz2r1K7yOIroEB2hE+SjC1RDN6iOGoiiB/SMXtGb8+S8OO/Ox7y14OQzB+gPnM8fzASUVw==</latexit>

fast shock
<latexit sha1_base64="wXDpEyMFQEaWwymLWKxCc9QcjPU=">AAAB/XicbVC5TsNAEF1zEy5zdDQrIgRVZKMIKChANJRBIoAUW9F6MyarrNfW7jgQrIhfoaEAIVr+g46/YXMUXE8a6em9Gc3MizIpDHrepzMxOTU9Mzs3X1pYXFpecVfXLk2aaw51nspUX0fMgBQK6ihQwnWmgSWRhKuoczrwr7qgjUjVBfYyCBN2o0QsOEMrNd2NAOEOixMZd4MdUPSWdaHfdMtexRuC/iX+mJTJGLWm+xG0Up4noJBLZkzD9zIMC6ZRcAn9UpAbyBjvsBtoWKpYAiYshtf36bZVWjROtS2FdKh+nyhYYkwviWxnwrBtfnsD8T+vkWN8GBZCZTmC4qNFcS4ppnQQBW0JDRxlzxLGtbC3Ut5mmnG0gZVsCP7vl/+Sy72Kv1+pnlfLx0fjOObIJtkiu8QnB+SYnJEaqRNO7skjeSYvzoPz5Lw6b6PWCWc8s05+wHn/AoNllUE=</latexit>

Alfvén wave

<latexit sha1_base64="Tt/9vgS9HOWwxM1J8aPIcuvqGKw=">AAAB/nicbVDLSsNAFJ3UV62vVHEh3QSL4KokIurCRdGNyxbsA5oQJpNJO3TyYOZGLKHgr7hxoYhbv8KFO/0aJ20X2npg4HDOvdwzx0s4k2CaX1phaXllda24XtrY3Nre0cu7bRmngtAWiXksuh6WlLOItoABp91EUBx6nHa84XXud+6okCyObmGUUCfE/YgFjGBQkqvv217M/RDDILsauzbQe8issatXzZo5gbFIrBmp1st25bt58NFw9U/bj0ka0ggIx1L2LDMBJ8MCGOF0XLJTSRNMhrhPe4pGOKTSySbxx8aRUnwjiIV6ERgT9fdGhkMpR6GnJvOgct7Lxf+8XgrBhZOxKEmBRmR6KEi5AbGRd2H4TFACfKQIJoKprAYZYIEJqMZKqgRr/suLpH1Ss85qp03VxiWaoogq6BAdIwudozq6QQ3UQgRl6BE9oxftQXvSXrW36WhBm+3soT/Q3n8Ap0iY4A==</latexit>

B1

<latexit sha1_base64="oIwgZKK9s/XdeVgW+QjlZlJVOEE=">AAAB/nicbVDLSsNAFJ34rPWVKi6km2ARXJWkiLpwUXTjsgX7gCaEyWTSDp08mLkRSwj4K25cKOLWr3DhTr/G6WOhrQcGDufcyz1zvIQzCab5pS0tr6yurRc2iptb2zu7emmvLeNUENoiMY9F18OSchbRFjDgtJsIikOP0443vB77nTsqJIujWxgl1AlxP2IBIxiU5OoHthdzP8QwyK5y1wZ6D1ktd/WKWTUnMBaJNSOVeskufzcPPxqu/mn7MUlDGgHhWMqeZSbgZFgAI5zmRTuVNMFkiPu0p2iEQyqdbBI/N46V4htBLNSLwJiovzcyHEo5Cj01OQ4q572x+J/XSyG4cDIWJSnQiEwPBSk3IDbGXRg+E5QAHymCiWAqq0EGWGACqrGiKsGa//Iiadeq1ln1tKnauERTFFAZHaETZKFzVEc3qIFaiKAMPaJn9KI9aE/aq/Y2HV3SZjv76A+09x+ozZjh</latexit>

B2

<latexit sha1_base64="GhSV9ezP3xawBPp1brHEB0t7eg0=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWakqMuCG5cV7APaoWTSTBuayQzJjViHfokbF4q49VPc+Tdm2llo64HA4Zx7uDcnTAXX4Hnfztr6xubWdmmnvLu3f1BxD4/aOjGKshZNRKK6IdFMcMlawEGwbqoYiUPBOuHkJvc7D0xpnsh7mKYsiMlI8ohTAlYauJU+sEfITKohj80GbtWreXPgVeIXpIoKNAfuV3+YUBMzCVQQrXu+l0KQEQWcCjYr941mKaETMmI9SyWJmQ6y+eEzfGaVIY4SZZ8EPFd/JzISaz2NQzsZExjrZS8X//N6BqLrIOMyNcAkXSyKjMCQ4LwFPOSKURBTSwhV3N6K6ZgoQsF2VbYl+MtfXiXti5p/Wavf1auNelFHCZ2gU3SOfHSFGugWNVELUWTQM3pFb86T8+K8Ox+L0TWnyByjP3A+fwDDT5PG</latexit>

upstream
<latexit sha1_base64="M2wd+IWR2DzwKdjACE3u1m076iE=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSKuiy4cVnBPqANZTKZtEMnkzBzYy2xn+LGhSJu/RJ3/o2TNgttPTBwOOce7p3jJ4JrcJxva219Y3Nru7RT3t3bPzi0K0dtHaeKshaNRay6PtFMcMlawEGwbqIYiXzBOv74Jvc7D0xpHst7mCbMi8hQ8pBTAkYa2JU+sEfIgngiNeTB2cCuOjVnDrxK3IJUUYHmwP7qBzFNIyaBCqJ1z3US8DKigFPBZuV+qllC6JgMWc9QSSKmvWx++gyfGSXAYazMk4Dn6u9ERiKtp5FvJiMCI73s5eJ/Xi+F8NrLuExSYJIuFoWpwBDjvAcccMUoiKkhhCpubsV0RBShYNoqmxLc5S+vkvZFzb2s1e/q1Ua9qKOETtApOkcuukINdIuaqIUomqBn9IrerCfrxXq3Phaja1aROUZ/YH3+AFqClK0=</latexit>

downstream <latexit sha1_base64="GhSV9ezP3xawBPp1brHEB0t7eg0=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWakqMuCG5cV7APaoWTSTBuayQzJjViHfokbF4q49VPc+Tdm2llo64HA4Zx7uDcnTAXX4Hnfztr6xubWdmmnvLu3f1BxD4/aOjGKshZNRKK6IdFMcMlawEGwbqoYiUPBOuHkJvc7D0xpnsh7mKYsiMlI8ohTAlYauJU+sEfITKohj80GbtWreXPgVeIXpIoKNAfuV3+YUBMzCVQQrXu+l0KQEQWcCjYr941mKaETMmI9SyWJmQ6y+eEzfGaVIY4SZZ8EPFd/JzISaz2NQzsZExjrZS8X//N6BqLrIOMyNcAkXSyKjMCQ4LwFPOSKURBTSwhV3N6K6ZgoQsF2VbYl+MtfXiXti5p/Wavf1auNelFHCZ2gU3SOfHSFGugWNVELUWTQM3pFb86T8+K8Ox+L0TWnyByjP3A+fwDDT5PG</latexit>

upstream
<latexit sha1_base64="M2wd+IWR2DzwKdjACE3u1m076iE=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSKuiy4cVnBPqANZTKZtEMnkzBzYy2xn+LGhSJu/RJ3/o2TNgttPTBwOOce7p3jJ4JrcJxva219Y3Nru7RT3t3bPzi0K0dtHaeKshaNRay6PtFMcMlawEGwbqIYiXzBOv74Jvc7D0xpHst7mCbMi8hQ8pBTAkYa2JU+sEfIgngiNeTB2cCuOjVnDrxK3IJUUYHmwP7qBzFNIyaBCqJ1z3US8DKigFPBZuV+qllC6JgMWc9QSSKmvWx++gyfGSXAYazMk4Dn6u9ERiKtp5FvJiMCI73s5eJ/Xi+F8NrLuExSYJIuFoWpwBDjvAcccMUoiKkhhCpubsV0RBShYNoqmxLc5S+vkvZFzb2s1e/q1Ua9qKOETtApOkcuukINdIuaqIUomqBn9IrerCfrxXq3Phaja1aROUZ/YH3+AFqClK0=</latexit>

downstream

<latexit sha1_base64="Tt/9vgS9HOWwxM1J8aPIcuvqGKw=">AAAB/nicbVDLSsNAFJ3UV62vVHEh3QSL4KokIurCRdGNyxbsA5oQJpNJO3TyYOZGLKHgr7hxoYhbv8KFO/0aJ20X2npg4HDOvdwzx0s4k2CaX1phaXllda24XtrY3Nre0cu7bRmngtAWiXksuh6WlLOItoABp91EUBx6nHa84XXud+6okCyObmGUUCfE/YgFjGBQkqvv217M/RDDILsauzbQe8issatXzZo5gbFIrBmp1st25bt58NFw9U/bj0ka0ggIx1L2LDMBJ8MCGOF0XLJTSRNMhrhPe4pGOKTSySbxx8aRUnwjiIV6ERgT9fdGhkMpR6GnJvOgct7Lxf+8XgrBhZOxKEmBRmR6KEi5AbGRd2H4TFACfKQIJoKprAYZYIEJqMZKqgRr/suLpH1Ss85qp03VxiWaoogq6BAdIwudozq6QQ3UQgRl6BE9oxftQXvSXrW36WhBm+3soT/Q3n8Ap0iY4A==</latexit>

B1

<latexit sha1_base64="oIwgZKK9s/XdeVgW+QjlZlJVOEE=">AAAB/nicbVDLSsNAFJ34rPWVKi6km2ARXJWkiLpwUXTjsgX7gCaEyWTSDp08mLkRSwj4K25cKOLWr3DhTr/G6WOhrQcGDufcyz1zvIQzCab5pS0tr6yurRc2iptb2zu7emmvLeNUENoiMY9F18OSchbRFjDgtJsIikOP0443vB77nTsqJIujWxgl1AlxP2IBIxiU5OoHthdzP8QwyK5y1wZ6D1ktd/WKWTUnMBaJNSOVeskufzcPPxqu/mn7MUlDGgHhWMqeZSbgZFgAI5zmRTuVNMFkiPu0p2iEQyqdbBI/N46V4htBLNSLwJiovzcyHEo5Cj01OQ4q572x+J/XSyG4cDIWJSnQiEwPBSk3IDbGXRg+E5QAHymCiWAqq0EGWGACqrGiKsGa//Iiadeq1ln1tKnauERTFFAZHaETZKFzVEc3qIFaiKAMPaJn9KI9aE/aq/Y2HV3SZjv76A+09x+ozZjh</latexit>

B2
<latexit sha1_base64="Tt/9vgS9HOWwxM1J8aPIcuvqGKw=">AAAB/nicbVDLSsNAFJ3UV62vVHEh3QSL4KokIurCRdGNyxbsA5oQJpNJO3TyYOZGLKHgr7hxoYhbv8KFO/0aJ20X2npg4HDOvdwzx0s4k2CaX1phaXllda24XtrY3Nre0cu7bRmngtAWiXksuh6WlLOItoABp91EUBx6nHa84XXud+6okCyObmGUUCfE/YgFjGBQkqvv217M/RDDILsauzbQe8issatXzZo5gbFIrBmp1st25bt58NFw9U/bj0ka0ggIx1L2LDMBJ8MCGOF0XLJTSRNMhrhPe4pGOKTSySbxx8aRUnwjiIV6ERgT9fdGhkMpR6GnJvOgct7Lxf+8XgrBhZOxKEmBRmR6KEi5AbGRd2H4TFACfKQIJoKprAYZYIEJqMZKqgRr/suLpH1Ss85qp03VxiWaoogq6BAdIwudozq6QQ3UQgRl6BE9oxftQXvSXrW36WhBm+3soT/Q3n8Ap0iY4A==</latexit>

B1

<latexit sha1_base64="oIwgZKK9s/XdeVgW+QjlZlJVOEE=">AAAB/nicbVDLSsNAFJ34rPWVKi6km2ARXJWkiLpwUXTjsgX7gCaEyWTSDp08mLkRSwj4K25cKOLWr3DhTr/G6WOhrQcGDufcyz1zvIQzCab5pS0tr6yurRc2iptb2zu7emmvLeNUENoiMY9F18OSchbRFjDgtJsIikOP0443vB77nTsqJIujWxgl1AlxP2IBIxiU5OoHthdzP8QwyK5y1wZ6D1ktd/WKWTUnMBaJNSOVeskufzcPPxqu/mn7MUlDGgHhWMqeZSbgZFgAI5zmRTuVNMFkiPu0p2iEQyqdbBI/N46V4htBLNSLwJiovzcyHEo5Cj01OQ4q572x+J/XSyG4cDIWJSnQiEwPBSk3IDbGXRg+E5QAHymCiWAqq0EGWGACqrGiKsGa//Iiadeq1ln1tKnauERTFFAZHaETZKFzVEc3qIFaiKAMPaJn9KI9aE/aq/Y2HV3SZjv76A+09x+ozZjh</latexit>

B2

<latexit sha1_base64="7Y1uwkYdmmxpfWyUQRMXrrRIMWY=">AAAB8HicbVDLSgMxFM3UV1tfVTeCm2AR6qbMFNGupOjGZQX7kHYYMmnahiaZkGSEOhT8BzcuFHHr0k9xJ/gxpo+Fth64cDjnXu69J5SMauO6X05qaXlldS2dya5vbG5t53Z26zqKFSY1HLFINUOkCaOC1Aw1jDSlIoiHjDTCweXYb9wRpWkkbsxQEp+jnqBdipGx0m1BBqVzGXjHQS7vFt0J4CLxZiRf2b//zjx8XFSD3Ge7E+GYE2EwQ1q3PFcaP0HKUMzIKNuONZEID1CPtCwViBPtJ5ODR/DIKh3YjZQtYeBE/T2RIK71kIe2kyPT1/PeWPzPa8WmW/YTKmRsiMDTRd2YQRPB8fewQxXBhg0tQVhReyvEfaQQNjajrA3Bm395kdRLRe+0eHJt0yiDKdLgAByCAvDAGaiAK1AFNYABB4/gGbw4ynlyXp23aWvKmc3sgT9w3n8AhhWSig==</latexit>

(p2 > p1)
<latexit sha1_base64="7Y1uwkYdmmxpfWyUQRMXrrRIMWY=">AAAB8HicbVDLSgMxFM3UV1tfVTeCm2AR6qbMFNGupOjGZQX7kHYYMmnahiaZkGSEOhT8BzcuFHHr0k9xJ/gxpo+Fth64cDjnXu69J5SMauO6X05qaXlldS2dya5vbG5t53Z26zqKFSY1HLFINUOkCaOC1Aw1jDSlIoiHjDTCweXYb9wRpWkkbsxQEp+jnqBdipGx0m1BBqVzGXjHQS7vFt0J4CLxZiRf2b//zjx8XFSD3Ge7E+GYE2EwQ1q3PFcaP0HKUMzIKNuONZEID1CPtCwViBPtJ5ODR/DIKh3YjZQtYeBE/T2RIK71kIe2kyPT1/PeWPzPa8WmW/YTKmRsiMDTRd2YQRPB8fewQxXBhg0tQVhReyvEfaQQNjajrA3Bm395kdRLRe+0eHJt0yiDKdLgAByCAvDAGaiAK1AFNYABB4/gGbw4ynlyXp23aWvKmc3sgT9w3n8AhhWSig==</latexit>

(p2 > p1)
<latexit sha1_base64="7Y1uwkYdmmxpfWyUQRMXrrRIMWY=">AAAB8HicbVDLSgMxFM3UV1tfVTeCm2AR6qbMFNGupOjGZQX7kHYYMmnahiaZkGSEOhT8BzcuFHHr0k9xJ/gxpo+Fth64cDjnXu69J5SMauO6X05qaXlldS2dya5vbG5t53Z26zqKFSY1HLFINUOkCaOC1Aw1jDSlIoiHjDTCweXYb9wRpWkkbsxQEp+jnqBdipGx0m1BBqVzGXjHQS7vFt0J4CLxZiRf2b//zjx8XFSD3Ge7E+GYE2EwQ1q3PFcaP0HKUMzIKNuONZEID1CPtCwViBPtJ5ODR/DIKh3YjZQtYeBE/T2RIK71kIe2kyPT1/PeWPzPa8WmW/YTKmRsiMDTRd2YQRPB8fewQxXBhg0tQVhReyvEfaQQNjajrA3Bm395kdRLRe+0eHJt0yiDKdLgAByCAvDAGaiAK1AFNYABB4/gGbw4ynlyXp23aWvKmc3sgT9w3n8AhhWSig==</latexit>

(p2 > p1)

<latexit sha1_base64="uTNoo0fVhbkppcM7Y0+qMAPM30E=">AAAB9HicbVDLSgMxFM3UVx2tVl26CZaCqzJTRLtwURTEZQX7gHYomTTThmYeJncKZZjvcONCEV36EX6CO//GTNuFth643MM595Kb40aCK7CsbyO3tr6xuZXfNnd2C3v7xYPDlgpjSVmThiKUHZcoJnjAmsBBsE4kGfFdwdru+Drz2xMmFQ+De5hGzPHJMOAepwS05Fz1E6iml1mz036xZFWsGfAqsRekVC98xuUb873RL371BiGNfRYAFUSprm1F4CREAqeCpWYvViwidEyGrKtpQHymnGR2dIrLWhlgL5S6AsAz9fdGQnylpr6rJ30CI7XsZeJ/XjcGr+YkPIhiYAGdP+TFAkOIswTwgEtGQUw1IVRyfSumIyIJBZ2TqUOwl7+8SlrVin1eObvTadTQHHl0jE7QKbLRBaqjW9RATUTRA3pEz+jFmBhPxqvxNh/NGYudI/QHxscPtY+UTw==</latexit>

Bt2 < Bt1
<latexit sha1_base64="6A+JDGFSvQOCu3h5MjjVsHlGrVU=">AAAB9HicbVDLSgMxFM3UVx2tVl26CZaCqzJTRLsRioK4rGAf0A4lk2ba0MzD5E6hDPMdblwooks/wk9w59+YabvQ1gOXezjnXnJz3EhwBZb1beTW1jc2t/Lb5s5uYW+/eHDYUmEsKWvSUISy4xLFBA9YEzgI1okkI74rWNsdX2d+e8Kk4mFwD9OIOT4ZBtzjlICWnKt+AtX0Mmt22i+WrIo1A14l9oKU6oXPuHxjvjf6xa/eIKSxzwKggijVta0InIRI4FSw1OzFikWEjsmQdTUNiM+Uk8yOTnFZKwPshVJXAHim/t5IiK/U1Hf1pE9gpJa9TPzP68bg1ZyEB1EMLKDzh7xYYAhxlgAecMkoiKkmhEqub8V0RCShoHMydQj28pdXSatasc8rZ3c6jRqaI4+O0Qk6RTa6QHV0ixqoiSh6QI/oGb0YE+PJeDXe5qM5Y7FzhP7A+PgBtxmUUA==</latexit>

Bt2 = Bt1
<latexit sha1_base64="xv6Ndfp4ItaDDGKp2FDaSnZBmKU=">AAAB9HicbVDLSgMxFM3UVx2tVl26CZaCqzJTRLuSoiAuK9gHtEPJpJk2NPMwuVMow3yHGxeK6NKP8BPc+Tdm2i609cDlHs65l9wcNxJcgWV9G7m19Y3Nrfy2ubNb2NsvHhy2VBhLypo0FKHsuEQxwQPWBA6CdSLJiO8K1nbH15nfnjCpeBjcwzRijk+GAfc4JaAl56qfQDW9zJqd9oslq2LNgFeJvSCleuEzLt+Y741+8as3CGnsswCoIEp1bSsCJyESOBUsNXuxYhGhYzJkXU0D4jPlJLOjU1zWygB7odQVAJ6pvzcS4is19V096RMYqWUvE//zujF4NSfhQRQDC+j8IS8WGEKcJYAHXDIKYqoJoZLrWzEdEUko6JxMHYK9/OVV0qpW7PPK2Z1Oo4bmyKNjdIJOkY0uUB3dogZqIooe0CN6Ri/GxHgyXo23+WjOWOwcoT8wPn4AuKOUUQ==</latexit>

Bt2 > Bt1

Fig. 26 Three types of MHD shocks.

Eqs. (261) to (266), similar to the gas dynamic case above, which has only one
solution. In addition to the sonic Mach number,M , Alfvén Mach number,MA,
is also introduced as a control parameter with its relation to M determined
by the plasma beta. All three cases have the downstream pressure increasing
over the shock front, converted from the flow and magnetic energy. The normal
component of the magnetic field needs to be kept constant. However, there are
three possibilities for the tangential component of the magnetic field, Bt. If Bt

increases such that Bt2 > Bt1 in concert with the pressure increase (p2 > p1),
the resulting shock is a fast mode shock. It can be thought as if the shock front
propagates so fast that Bt piles up after the shock front. The bow shock in
front of Earth facing the solar wind is a fast mode shock as shown in Fig. 25.
The opposite happens when Bt decreases downstream Bt2 < Bt1 during the
slow mode shock even if the plasma pressure still increases p2 > p1. In between
these modes, there is an intermediate Alfvén wave mode where Bt2 = Bt1

while the Bt vector rotates 180◦ as a special case of rotational discontinuity.
However, intermediate mode shocks have a finite density jump [ρ] ̸= 0, which
is absent in the rotational discontinuities. Both cases are the manifestations of
nonlinear Alfvén waves.

As in linear MHD waves, the shock front orientation with respect to the
upstream magnetic field is important. Figure 26 shows the cases for oblique
shocks when 0 < θ < π/2. When the shock’s normal direction is parallel to
the magnetic field, θ = 0, the shock is called parallel shock. Sometimes, even
θ can be not exactly zero, but the shocks behave quite similarly to the case of
θ = 0. These cases are often called quasi-parallel shocks (θ ≈ 0). In such cases,
charged particles in collisionless plasmas freely pass through the shock front
over a long distance without any constraints from the large-scale magnetic
field. As a result, the thin shock layers can affect the large volume of plasmas
both upstream and downstream, causing complicated plasma kinetic dynamics
called “foreshock”.
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In contrast, perpendicular (θ = π/2) or quasi-perpendicular (θ ≈ π/2)
shocks have their charged particles strongly constrained by the large-scale
magnetic field with their kinetic dynamics relatively concentrated in the shock
layer. Quasi-perpendicular shocks tend to form as a result of rapidly expanding
upstream plasma (such as supernova explosion), which sweeps the downstream
magnetic field to align with the parallel direction of the shock front. In all cases,
however, the large-scale magnetic field matters such that the plasma beta is
a key control parameter that will determine not only relative speeds between
VA and Vs (thus M and MA) but also the acceleration of charged particles
due to the different degrees of magnetization. Charged particle acceleration by
collisionless shocks (where collisions are negligible during the shock transition
time) is an active and rich area of research as many solar energetic particles and
high-energy cosmic rays are considered the direct results of kinetic dynamics
occurring around the shock fronts.

4.6 Summary

• Linear MHD waves: Alfvén waves, fast and slow magnetosonic waves.
• Surface gravity waves are dispersive in the short wavelength limit and non-
dispersive in the long wavelength limit.

• Nonlinear steepening can balance the wave dispersion, but in many cases, it
causes waves to form discontinuities and shocks.

• Derivation of Rankine-Hugoniot relations for the gas dynamic shocks.
• MHD discontinuities: contact (tangential) discontinuities and rotational
discontinuities.

• MHD shocks include fast and slow mode shocks and Alfvén mode shocks.
Charged particle acceleration occurs during MHD shocks.

4.7 Further Readings

• Chapters 5 and 6 in Kulsrud (2005)
• Chapters 7 and 15 in Kundu et al (2015)
• Chapters 6 and 8 in Gurnett and Bhattacharjee (2017)
• Chapter 5 in Kivelson and Russell (1995)

4.8 Homework Problem Set 4

1. Phase velocity of intermediate waves.
Prove that the phase velocity of intermediate waves (shear Alfvén waves)
is always not slower than that of slow waves and simultaneously not faster
than that of fast waves:

Vph,slow ≤ Vph,A ≤ Vph,fast. (271)

2. Interfacial waves between two fluids.
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(a) Derive the dispersion relation of angular frequency, ω, and wave vector,
k, for interfacial waves between two fluids with different densities, ρ1 and
ρ2, under gravity. Each fluid is considered to occupy half of the whole
space and the surface tension is ignored.

(b) Under what condition does either ω or k have to be complex, indicating
the existence of an instability (Rayleigh-Taylor Instability)?

(c) How does this instability condition change when the surface tension is
included?

3. Perpendicular MHD shock.
(a) When B is parallel to the shock front, show that the Rankine-Hugoniot

relation can be written as

ρ2V2 = ρ1V1,

p2 + ρ2V
2
2 +

B2
2

2µ0
= p1 + ρ1V

2
1 +

B2
1

2µ0
,

(
γ

γ − 1
p2 +

ρ2V
2
2

2
+
B2

2

µ0

)
V2 =

(
γ

γ − 1
p1 +

ρ1V
2
1

2
+
B2

1

µ0

)
V1,

B2V2 = B1V1.

(b) Defining ρ2/ρ1 ≡ X such that V2/V1 = 1/X and B2/B1 = X.
Show that for β1 ≡ p1/(B

2
1/2µ0): we have p2/p1 given by

p2
p1

= 1 + γM2

(
1− 1

X

)
+

1−X2

β1
. (272)

(c) Show that X satisfies

2(2− γ)X2 +
[
2β1 + (γ − 1)β1M

2 + 2
]
γX − γ(γ + 1)β1M

2 = 0, (273)

which will always have a positive root as long as 1 < γ < 2. We can also
recover the gas dynamic case in the large β1 limit.

(d) In the small β1 limit, however, instead of M it makes better sense to use
the magnetosonic Mach number defined as

MMS ≡ V1√
V 2
s + V 2

A

. (274)

Revise the equation in part (c) usingMMS. What value should X take in
the large MMS limit? How does it compare with the gas dynamic case?
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5 Energy Principle

5.1 Stability Analysis

17
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nonlinearly stable

Fig. 27 Stability of a system at equilibrium.

It is important to know the stability properties of a given (magneto)static
equilibrium or a base state flow, both of which we have learned in previ-
ous lectures. Different kinds of system stability at equilibrium are illustrated
in Fig. 27, where a ball is placed on different surfaces under a constant
gravitational force:

• If the surface is flat, the ball is at a neutrally stable position. If we place
the ball away from its original location, it will not move toward its original
position.

• If the surface is in the form of a valley, the ball is at a stable against (infinites-
imally) small linear perturbations at the bottom of it. If we place the ball
away from its original location at the bottom of the valley, it will return
to its original position. The ball will eventually settle at the bottom of the
surface if it has finite friction.

• If the surface is in the form of a hill, the ball is at an unstable position on
top of it. If we move the ball away from the peak, the distance to its original
location will increase over time.

• However, if there is a hill outside the valley, even if the ball can be stable lin-
early, it will be nonlinearly unstable against finite-amplitude perturbations
if the perturbation is sufficiently large, pushing the ball beyond the edge of
the valley.

• Conversely, if there is a valley outside the hill, the ball can be nonlinearly
stable as the distance from the original location will not increase further
after the initial growth.

In general, different combinations of the surface landscape can exhibit dif-
ferent stability properties. Among these, however, the linear stability of a given
system against infinitesimally small perturbations is by far the first question
that will be asked. Fortunately, answering this question will also be the easiest.
As such, in this lecture, we will focus on linear stability analysis.

To study the stability of a system, there are three different approaches. The
most practical way is to treat it as an initial value problem, which is often per-
formed numerically. Experimental research on stability can also be regarded
as taking this approach, although with some subtleties. Usually, it is difficult
to set up an unstable system in the first place. Some techniques can be used to
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mediate the difficulties. For example, by starting with a stable system, we can
gradually adjust the system toward the desired state through a sequence of
equilibrium states. When an instability with a growth rate comparable to the
adjustment rate is encountered, the system will not change further despite the
adjustment. If the growth rate is large, we may be able to see a sudden onset of
instability which may disrupt the system depending on the nature of the insta-
bility. This is a practical approach as it can be implemented numerically and
experimentally. However, it is often inefficient as it tests one particular initial
condition at a time. Of course, one should not forget that the experimental
investigations do provide the “final” answers.

The second approach is based on the normal mode analysis. Any linear per-
turbations can be decomposed as a summation of normal modes of the system.
In principle, since linear normal modes are independent of each other, we can
examine the system stability against each mode one by one. It is still ineffi-
cient as the number of normal modes is close to infinite. However, the approach
is systematic, which often results in the identification of clear trends during
the process. This approach is usually performed numerically and occasionally
analytically.

The third approach is based on the variational analysis, which is the subject
of this lecture with the name “energy principle”. Using a minimization pro-
cess, we can find the least stable perturbation to a particular system. If such
a perturbation is still stable, the system is stable against all perturbations.
Therefore, this method is powerful as it leads to such sweeping statements.
The details of this approach can sometimes be difficult and less accurate in
determining growth rates. However, once we can do it successfully, the energy
principle can easily determine stability boundaries and often provide physically
intuitive insights that are otherwise difficult to obtain.

The statement of energy principle (Bernstein et al, 1958; Hain et al, 1957)
is,

When the total energy of a system is conserved, the growth of per-
turbation kinetic energy at the expense of the magnetic, thermal, or
gravitational potential energy corresponds to instability∗.
∗There are some exceptions.

5.2 Linear Force Operator

When we analyze a linear wave, we used the plane wave decomposition for
each wavenumber vector, k, and angular frequency, ω, to derive the dispersion
relation relating them. Typically, we treat k as a real vector to solve the
dispersion relation for ω, which is generally a complex numbers. Assuming
ω = ωr + iγ, we have the displacement vector ξ given by

ξ ∝ eik·r−iωrt+γt, (275)

which shows that the displacement grows exponentially in time as a linear
instability when γ > 0. From the linear wave analysis, all solutions that we
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obtained are real with γ = 0. This is expected since we have assumed local
spatial homogeneity of the plasma, which contains no free energy for the waves
to grow unstable.

However, if we are concerned with the plasma at a large system scale, spa-
tial homogeneity is no longer a reasonable assumption. This prevents the plane
wave decomposition in the space of wavenumber k. Therefore, all equilibrium
quantities: ρ0, p0, and B0 can have spatial dependencies. Only the equilibrium
velocity can still be homogeneous such that V0 = 0 in a proper frame where the
plasma is in static equilibrium. This choice of V0 = 0 will be discussed later.

In this case, using linear velocity perturbation V1 expressed as a function
of the linear displacement vector ξ (similar to the previous lecture), all other
linear perturbations can be expressed conveniently in ξ but with modifications
due to spatial in-homogeneity:

ρ1 = −∇ · (ρ0ξ) , (276)

p1 = −γp0∇ · ξ − ξ ·∇p0, (277)

Q ≡ B1 = ∇× (ξ ×B0) . (278)

The equation of motion then becomes

ρ0
∂2ξ

∂t2
=

1

µ0
(∇×Q)×B0 +

1

µ0
(∇×B0)×Q+∇ (γp0∇ · ξ + ξ ·∇p0)

≡ F (ξ), (279)

where F (ξ) is called force operator which is a function of the displacement
vector ξ.

F (ξ) is self-adjoint, which is a special mathematical property for linear
operators. This means the adjoint of F is itself: F † = F . In other words,
for any pair of displacement vectors, η and ξ, satisfying the same boundary
conditions, the self-adjoint property of F demands

∫
η · F (ξ)dr =

∫
ξ · F (η)dr. (280)

The self-adjoint property of the force operator places ideal MHD spectral the-
ory on the same solid ground as in quantum mechanics (Goedbloed and Poedts,
2004, Ch.6). To see this, we can define an inner product by treating plasma
density ρ(r) as a weight function,

⟨ξ,η⟩ ≡ 1

2

∫
ρ (ξ∗ · η) dr, (281)

so that

〈
η,

F (ξ)

ρ

〉
≡ 1

2

∫
η∗ · F (ξ)dr =

1

2

∫
ξ · F (η∗)dr ≡

〈
F (η)

ρ
, ξ

〉
. (282)
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Therefore, as long as the norm, ||ξ|| ≡
√

⟨ξ, ξ⟩, is bounded or finite, a Hilbert
space can be defined. Furthermore, we can consider normal modes of the
solution,

ξ = ξ̂e−iωt (283)
such that the equation of motion, Eq. (279), can be written as

F (ξ̂) = −ρω2ξ̂. (284)

We use ξ for ξ̂ interchangeably, depending on the context without the loss
of generality. With this definition, we have a complete set of correspondence
between the equation of motion in static ideal MHD and the Schrödinger
equation in quantum mechanics. We summarize the correspondence in Table 2
below.

Table 2 Correspondence between ideal MHD and quantum mechanics in Hilbert space.

Quantum Mechanics Static Ideal MHD
Hamiltonian, H Force operator, F (ξ)/ρ
Energy level, E Frequency or growth rate, −ω2

Wave function, ψ Displacement vector, ξ
Schrödinger equation, Hψ = Eψ Equation of motion, F (ξ) = −ρω2ξ

Inner product, ⟨ψ1, ψ2⟩ ≡ 1
2

∫
ψ∗
1ψ2dr

Weighed inner product,
⟨ξ,η⟩ ≡ 1

2

∫
ρ (ξ∗ · η) dr

Self-adjoint, ⟨Hψ1, ψ2⟩ = ⟨ψ1, Hψ2⟩ Self-adjoint,
〈

F (η)
ρ

, ξ
〉
=

〈
η,

F (ξ)
ρ

〉
Norm, ||ψ|| ≡

√
⟨ψ,ψ⟩ Norm, ||ξ|| ≡

√
⟨ξ, ξ⟩

Compared to quantum mechanics, where the wave function and its norm
have specific physical interpretations as the probability of finding the desired
particle, the physical interpretation of the norm in ideal MHD, ||ξ||, is less
clear. However, ||ξ̇||2 has a clear physical meaning,

||ξ̇||2 ≡
〈
ξ̇, ξ̇
〉
=

1

2

∫
ρξ̇2dr =

1

2

∫
ρV 2

1 dr, (285)

which is the kinetic energy of perturbed velocity. By establishing this full
correspondence, all mathematical techniques that were developed in spectral
theory from quantum mechanics can be directly applied to ideal MHD spectral
analysis. Details can be found in Goedbloed and Poedts (2004).

Among these, there are two important consequences of the self-adjoint
property of the linear force operator, F (ξ). Multiplying ξ∗ to Eq. (284) and
integrating over space yield

−ω2

∫
ρξ∗ · ξdr =

∫
ξ∗ · F (ξ)dr. (286)

Alternatively, we can take the complex conjugate of Eq. (284) first,

F (ξ∗) = −ρω∗2ξ∗, (287)
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then multiply it with ξ before integrating over space, leading to

−ω∗2
∫
ρξ · ξ∗dr =

∫
ξ · F (ξ∗)dr. (288)

This is identical to Eq. (286) due to the self-adjointness of F , Eq. (280).
Therefore, we have

ω2 = ω∗2. (289)

This means that ω is either real (stability), as in our linear MHD wave analy-
sis, or purely imaginary, representing a purely growing (instability) or purely
damping system without any oscillation. This is in contrast to the cases where
ω is complex with both nonzero real and imaginary parts. Sometimes, the
instability with nonzero real frequency is called “overstability”. While many
non-MHD plasma instabilities have nonzero real frequencies, ideal MHD insta-
bilities discussed here must be purely growing. Therefore, when the system
transitions from stability to instability by varying ξ, ω2 must go through the
origin of the complex plane. In other words, the stability boundary can be
determined by ω2 = 0 or F (ξ) = 0.

The second important consequence of self-adjointness of F (ξ) is to establish
the orthogonality of its eigenfunctions. Suppose that m and n are any two of
eigenmodes such that

−ρω2
mξm = F (ξm) (290)

−ρω2
nξn = F (ξn). (291)

Taking dot products of the first equation by ξn and the second equation by
ξn, and then taking their differences leads to

(
ω2
m − ω2

n

) ∫
ρξn · ξmdr =

∫
[ξm · F (ξn)− ξn · F (ξm)] dr = 0, (292)

where self-adjointness of F is used. Therefore, the eigenfunctions form a
complete set of mutually orthogonal eigenmodes.

Proof of the self-adjoint property of force operator, Eq. (280), can be done
in three different ways:

• The first way is by performing vector operations of η · F (ξ) and ξ · F (η)
to show that they are equal. This approach was taken by the original
authors (Bernstein et al, 1958) and also by most of the textbooks such as in
Goedbloed and Poedts (2004). But the process is quite tedious and prone
to errors.

• The second way is to purposely rearrange a large number of terms in groups
of symmetric forms between η and ξ so that they are obviously equal. This
has been done nicely by Freidberg (2014). The process still involves quite a
lot of vector operations.
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• The third way is an indirect but formal and elegant proof by Kulsrud in
1964 (Kulsrud, 2005), which we reproduce below in a short form.

We begin by defining the total energy in the system,

E = K +W ; K ≡
∫

1

2
ρV 2dr; W ≡

∫ (
B2

2µ0
+

p

γ − 1
+ ρϕ

)
dr, (293)

where K is the total kinetic energy, W is the total potential energy including
magnetic, thermal and gravitational energy. ϕ is the gravitational potential.
The system is perturbed at t = 0 by some adjustments which can occur before
t < 0 and up to t = 0. This initial perturbation may or may not change E but
as soon as the initial imposition of perturbation ends for t ≥ 0, the energy is
conserved such that E(t ≥ 0) = const., while allowing the conversion of energy
from one form to another. As stated previously, instability will occur if the
initial perturbation can grow to lower potential energy in favor of perturbed
kinetic energy without bounds. If the initial perturbation is infinitesimally
small, the instability is linear instability.

Now we expand both K and W to the second order of infinitesimally small
displacement ξ after the initial perturbation is imposed,

E = K0 +K1(ξ) +K2(ξ, ξ) + ...+W0 +W1(ξ) +W2(ξ, ξ) + ... (294)

with each terms can be calculate below:

K0 =
1

2

∫
ρ0V

2
0 dr = 0,

K1(ξ) =

∫ (
ρ0V0 ·

∂ξ

∂t
+

1

2
ρ1V

2
0

)
dr = 0,

K2(ξ, ξ) =
1

2

∫ [
ρ0

(
∂ξ

∂t

)2

+ 2ρ1V0 ·
∂ξ

∂t

]
dr =

1

2

∫
ρ0

(
∂ξ

∂t

)2

dr,(295)

W0 =

∫ (
B2

0

2µ0
+

p0
γ − 1

+ ρ0ϕ

)
dr, (296)

W1(ξ) =
∂W

∂ξ
· ξ = 0,

W2(ξ, ξ) =
∂2W

∂ξ∂ξ
: ξξ, (297)

where V0 = 0 is from the assumption used and ∂W/∂ξ = 0 is due to the fact
that the system is in an equilibrium residing at an extremum of the potential
energy W with regard to ξ. As a result, we have

E =
1

2

∫
ρ0

(
∂ξ

∂t

)2

dr +W0 +W2(ξ, ξ), (298)
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which is conserved for t ≥ 0. Therefore,

∂E
∂t

=

∫
ρ0
∂ξ

∂t
· ∂

2ξ

∂t2
dr +W2

(
∂ξ

∂t
, ξ

)
+W2

(
ξ,
∂ξ

∂t

)
= 0. (299)

Defining η ≡ ∂ξ/∂t, which is an independent vector from ξ at least at t = 01,
and using the equation of motion Eq. (279), we finally have

∫
η · F (ξ)dr +W2(η, ξ) +W2(ξ,η) = 0. (300)

Swapping η and ξ in this equation leads to

∫
ξ · F (η)dr +W2(ξ,η) +W2(η, ξ) = 0. (301)

which can be compared with the previous equation. This leads to the elegant
proof of self-adjointness of F from the symmetry of equations, Eq. (280):∫
η ·F (ξ)dr =

∫
ξ ·F (η)dr. An additional consequence of the above equation

is obtained by setting η = ξ such that

W2(ξ, ξ) = −1

2

∫
ξ · F (ξ)dr ≡ δW (ξ, ξ), (302)

where the latter expression of δW is called energy integral. This equation
provides a convenient way to calculate the energy integral.

5.3 Energy Principle

The energy principle states

The system is stable if and only if for all possible ξ, δW (ξ, ξ) > 0.

Proving sufficient conditions for stability is straightforward by using energy
conservation after initial perturbation t ≥ 0,

E −W0 =
1

2

∫
ρ0

(
∂ξ

∂t

)2

dr + δW (ξ, ξ), (303)

which is a constant. Since δW is positive definite for all possible ξ, the per-
turbed kinetic energy, which is also positive definite, cannot grow. Thus, the
system is stable.

Proving necessary conditions of the energy principle is less straightforward.
Among many versions of the proof, an elegant theorem by Laval et al (1965)

1One might argue that for t > 0, ∂ξ/∂t may not be an independent vector as it satisfies
ideal MHD equations. However, at t = 0, ∂ξ/∂t can be imposed as part of initial perturbation,
independent from the choice of ξ.
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is described below. The necessary condition statement reads: a stable system
leads to positive δW for all possible ξ. This is equivalent to the statement: if
there exists a ξ0 such that δW (ξ0, ξ0) < 0, then the system is unstable. This
is what we intend to prove.

Define γ0 such that

γ20 ≡ −δW (ξ0, ξ0)
1
2

∫
ρξ20dr

=
−δW (ξ0, ξ0)

I(ξ0, ξ0)
> 0, (304)

where the integral I(ξ, ξ) is defined as

I(ξ, ξ) ≡ 1

2

∫
ρξ · ξdr =

1

2

∫
ρξ2dr. (305)

Consequently, we have

İ(ξ, ξ) =

∫
ρξ · ξ̇dr, (306)

Ï(ξ, ξ) =

∫
ρ
(
ξ̇2 + ξ · ξ̈

)
dr

= 2
[
I(ξ̇, ξ̇)− δW (ξ, ξ)

]
, (307)

where ∫
ρξ · ξ̈dr =

∫
ξ · F (ξ)dr = −2δW (ξ, ξ) (308)

is used according to Eqs. (279) and (302). Now we are ready to calculate
Eq. (303) as follows

E −W0 = I
[
ξ̇(t), ξ̇(t)

]
+ δW [ξ(t), ξ(t)] (309)

= I
[
ξ̇(0), ξ̇(0)

]
+ δW [ξ(0), ξ(0)]

= γ20I (ξ0, ξ0) + δW (ξ0, ξ0) (310)

= 0, (311)

where we used the choice of ξ̇(0) ≡ γ0ξ(0) = γ0ξ0 for the step in Eq. (310) and
the definition of γ0 in Eq. (304) for the step in Eq. (311). (Note that the choice
of ξ̇(0) ≡ γ0ξ0 is consistent with the expected purely growing modes when the
system is unstable). Therefore, from the steps in Eq. (309) and Eq. (311), we
have

δW (ξ, ξ) = −I(ξ̇, ξ̇), (312)

which can be substituted into Eq. (307) to yield

Ï(ξ, ξ) = 4I(ξ̇, ξ̇). (313)
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Now by using Schwarz inequality:

[∫
ρξ · ξ̇dr

]2
≤
[∫

ρξ2dr

] [∫
ρξ̇2dr

]
(314)

and Eq. (306) for İ(ξ, ξ), we have

[
İ(ξ, ξ)

]2
≤ 2I(ξ, ξ) · 2I(ξ̇, ξ̇)

= I(ξ, ξ)Ï(ξ, ξ), (315)

where Eq. (313) is used. This inequality can be simply written as İ2 ≤ IÏ,
which can be divided by I2 to yield

Ï

I
−
(
İ

I

)2

≥ 0 or
d

dt

(
İ

I

)
≥ 0. (316)

İ/I is a growing function of time for t > 0.Therefore,

İ

I

∣∣∣∣∣
t=t

≥ İ

I

∣∣∣∣∣
t=0

= 2γ0. (317)

The last equal sign of this equation is due to

İ(ξ0, ξ0) =

∫
ρξ0 · ξ̇(0)dr

= γ0

∫
ρξ20dr

= 2γ0I(ξ0, ξ0). (318)

Solving Eq. (317) yields a solution which grows at least exponentially,
indicating instability,

I [ξ(t), ξ(t)] ≥ e2γ0tI(ξ0, ξ0). (319)

5.4 Additional Remarks

Now that we have proved the energy principle, let us summarize its advantages:

• Finding one trial displacement vector ξ such that δW < 0 is sufficient to
show that the system is unstable.

• Marginal stability can be determined by using the F (ξ) = 0 contour.
• The energy integral δW < 0 has a physically intuitive form which can
provide physical understanding (next lecture).

• There exists a practical method to numerically test ideal MHD stability.
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Furthermore, the energy principle can be extended to include a vac-
uum region surrounding the plasma with contributions from the surface
that separates them, see (Freidberg, 2014, Ch.8). This is called Extended
Energy Principle. Energy principle can also be extended to other MHD mod-
els (Freidberg, 2014, Ch.10) other than the ideal MHD model discussed
here.
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Fig. 28 Stability of an electrically charged ball on the top of hill in a vertical magnetic field.

Finally, the energy principle can fail. One particular example is when the
force operator F is a function of not only ξ but also ξ̇ or velocity. An example of
this is the case of an electrically charged ball on a hill under a vertical magnetic
field, shown in Fig. 28 (Kulsrud, 2005, Ch.7). Without the magnetic field,
the ball is unstable to the downward gravitational potential energy (δW <
0). With a strong enough field, however, the ball can initially go down the
hill but when it picks up some speed, the Lorentz force (which is a function
of velocity) acts to turn it around and eventually returns it to its original
position. Therefore, finding a particular displacement to lower its potential
energy (δW < 0) is insufficient to guarantee its instability. Another case is
when the system has an equilibrium flow. Contradicting cases can occur: the
system can be unstable even if δW is always positive because the growing
perturbation flow energy was mistaken as increased potential energy or a flow
shear can stabilize instabilities that are due to δW < 0.

5.5 Summary

• The basic idea of stability analysis and energy principle are powerful tools
for analyzing MHD systems.

• The self-adjoint property of the force operator in ideal MHD systems is
fundamental to the energy principle.

• Advantages and caveats of using energy principle.

5.6 Further Readings

• Chapter 7 in Kulsrud (2005)
• Chapters 8, 9 and 10 in Freidberg (2014)
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• Chapter 4 in Miyamoto (2016)

5.7 Homework Problem Set 5

1. Complex argument for energy integral.
Given the energy principle for any real displacement, prove that it can be
extended to any complex displacement ξ: The system is stable if and only if

δW (ξ∗, ξ) > 0 (320)

where ξ∗ is the complex conjugate of ξ.

2. Simple proof of the energy principle.
Consider a case with some displacement ξ0 such that the change in poten-
tial energy δW (ξ0, ξ0) ≡ −a < 0, causing the system to be unstable.

(a) By choosing initial conditions at t = 0: ξ(0) = ξ0 and ξ̇(0) = 0, calculate
the total perturbation energy at t ≥ 0,

ϵ(t) =
1

2

∫
ρξ̇2dr + δW (ξ, ξ), (321)

and show that ϵ(t) < 0.
(b) Prove that the system is unstable by showing that

I(ξ, ξ) ≡ 1

2

∫
ρξ2dr (322)

grows at least as fast as atn when t→ ∞. What is the value of n?
(c) Why is the total perturbation energy not conserved (ϵ(t) < 0) in this

case? What does the existence of this case mean to the energy principle
proof given in the class?
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6 Applications of Energy Principle

In this lecture, we will illustrate the usefulness of the energy principle by apply-
ing it to generic cases in astrophysics and fusion plasmas. Including gravity,
g, the force operator, F , acting on the displacement vector ξ is given by

F (ξ) =
1

µ0
(∇×Q)×B + j ×Q+∇ (γp∇ · ξ + ξ ·∇p)− g∇ · (ρξ), (323)

where µ0j = ∇ × B, Q = ∇ × (ξ × B), and all subscript “0” have been
dropped for equilibrium quantities. The energy integral δW can be calculated
using δW = − 1

2

∫
ξ · F (ξ)dV . The first term of the integrand is

1

µ0
ξ · [(∇×Q)×B] = − 1

µ0
(∇×Q) · (ξ ×B)

= −Q
2

µ0
+

1

µ0
∇ · [(ξ ×B)×Q] , (324)

where the contribution from the last term on RHS to the δW integration
vanishes with proper boundary conditions. The second term of the integrand is

ξ · (j ×Q) = −j · (ξ ×Q). (325)

The third term of the integrand is

ξ ·∇(γp∇ · ξ) = ∇ · (ξγp∇ · ξ)− γp (∇ · ξ)2 , (326)

where the first term on RHS vanishes in the δW integration with proper
boundary conditions. The fourth term of the integrand is

ξ ·∇(ξ ·∇p) = ∇ · (ξ(ξ ·∇p))− (ξ ·∇p) (∇ · ξ) , (327)

where the first term on RHS vanishes again. The last term of the integrand is
simply,

−ξ · g (ρ∇ · ξ + ξ ·∇ρ) . (328)

Combining all terms yields

2δW =

∫ [
Q2

µ0
+ j · (ξ ×Q) + γp (∇ · ξ)2 + (ξ ·∇p) (∇ · ξ)

+ξ · g (ρ∇ · ξ + ξ ·∇ρ)

]
dV. (329)
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6.1 Convective Instability

We will first consider convective instability, which occurs when plasma is purely
confined by the gravitational force with no magnetic field involved,

ρg = ∇p. (330)

Using this equation, the energy integral Eq. (329) simplifies to

2δW =

∫ [
γp (∇ · ξ)2 + (ξ ·∇p) (∇ · ξ) + ξ · g (ρ∇ · ξ + ξ ·∇ρ)

]
dV

=

∫ [
γp (∇ · ξ)2 + 2 (ξ ·∇p) (∇ · ξ) + (ξ ·∇p)(ξ ·∇ρ)

ρ

]
dV

=

∫ [
γp

(
∇ · ξ +

ξ ·∇p

γp

)2

− (ξ ·∇p)
2

γp
+

(ξ ·∇p)(ξ ·∇ρ)

ρ

]
dV

=

∫ [
γp

(
∇ · ξ +

ξ ·∇p

γp

)2

− ξ ·∇p

γ
ξ ·
(∇p

p
− γ∇ρ

ρ

)]
dV

=

∫ [
γp

(
∇ · ξ +

ξ ·∇p

γp

)2

− ξ ·∇p

γ
ξ ·∇ ln

(
p

ργ

)]
dV. (331)

The first term is positive definite and can be made zero by choosing ∇ · ξ to
minimize δW . The second term, however, can have either sign. For stability,
the pressure gradient, ∇p, and entropy gradient, ∇s ≡ CV ∇ ln(p/ργ), should
be in opposite directions. This requirement is the same as the Schwarzchild cri-
terion (Schwarzschild, 1906) for stellar convection, which we have reproduced
here in a few lines using the energy principle.

6.2 Interchange Instability
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Fig. 29 The coordinate system for interchange instability and Parker instability: the mag-
netic field is in the x direction, (g) and magnetic field gradient are in the −z direction.

Now, let us consider the case when a 1D cold plasma is supported by a
magnetic field against constant gravitational force as shown in Fig. 29. When
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the plasma pressure is negligible, the force balance is given by,

ρg =
∇B2

2µ0
. (332)

Ignoring the pressure terms, the energy integral becomes

2δW =

∫ [
Q2

µ0
+ j · (ξ ×Q) + ξ · g (ρ∇ · ξ + ξ ·∇ρ)

]
dV. (333)

We first focus on displacement that does not vary along the magnetic field
direction. The magnetic field does not bend, (B ·∇)ξ = 0, i.e. ξ does not vary
in the x direction but is only compressed or decompressed in the y − z plane.
Under this condition, expanding Q yields

Q = ∇× (ξ ×B)

= (B ·∇)ξ + ξ(∇ ·B)−B(∇ · ξ)− (ξ ·∇)B

= −B(∇ · ξ)− (ξ ·∇)B. (334)

We further restrict the displacement from compressing or decompressing mag-
netic field such that Q = 0 by choosing plasma compressibility ∇ · ξ to
be

∇ · ξ = − (ξ ·∇)B

B
. (335)

Then, from Eq. (333) we have,

2δW =

∫
ξ · g (ρ∇ · ξ + ξ ·∇ρ) dV

=

∫
ξ · g

[
−ρ (ξ ·∇)B

B
+ ξ ·∇ρ

]
dV

=

∫
ρ (ξ · g) ξ ·

(∇ρ

ρ
− ∇B

B

)
dV

=

∫
ρ (ξ · g) (ξ ·∇) ln

ρ

B
dV. (336)

Therefore, g and ∇ ln ρ
B need to be in the same direction for stability. This

requirement is a sufficient condition for stability as we limit the choices of ξ
such thatQ = 0. It turns out that this is also the necessary condition (Kulsrud,
2005, Ch.7) (also see Homework Set 6) as long as there is no bent field lines,
i.e. (B ·∇)ξ = 0.

The physical picture of this instability is shown in Fig. 30. Total magnetic
energy will not change when we swap the locations of two tubes with the same
flux at different heights without bending. The magnetic energy of a flux tube
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S1

Fig. 30 Interchange instability as an MHD analog of Rayleigh-Taylor instability. The darker
color indicates a stronger magnetic field and denser plasma.

is given by

WB =

∫
B2

2µ0
Sdl =

Φ2

2µ0

∫
dl

S
, (337)

where B is assumed to be uniform within a sufficiently small tube of cross-
section area S.

∫
Sdl is the volume integral along the tube and Φ = BS is the

magnetic flux.
Consider flux tube 1 with flux Φ1 and cross-section area of S1 and flux

tube 2 with flux Φ2 and cross-section area of S2. The change in magnetic field
energy due to interchanging them is

δWB = (WB1 +WB2)after − (WB1 +WB2)before

=

(
Φ2

1

2µ0

∫
dl

S2
+

Φ2
2

2µ0

∫
dl

S1

)
−
(

Φ2
1

2µ0

∫
dl

S1
+

Φ2
2

2µ0

∫
dl

S2

)

=

(
Φ2

1

2µ0
− Φ2

2

2µ0

)(∫
dl

S2
−
∫

dl

S1

)
= 0. (338)

The change vanishes when Φ1 = Φ2, even in the case when S1 ̸= S2. According
to the equilibrium force balance, Eq. (332), B needs to increase in the same
direction as gravity. However, if plasma density ρ does not increase as fast as
B, the quantity ρ/B will decrease, causing the plasma mass per magnetic flux
to decrease in the direction of gravity.

In other words, interchanging two identical flux tubes at different heights
can lower the gravitational potential energy, even if the magnetic energy does
not change. The potential energy is lowered because the mass moving down-
ward is more than the mass moving upward. This instability is therefore called
interchange instability, which is essentially a Rayleigh-Taylor instability (see
Homework Set 4) in ideal MHD (Kruskal and Schwarzschild (1954)) with a
heavy fluid (plasma) sitting on top of a light fluid (magnetic field) against
gravity.

The physical picture of this instability with a sharp boundary between
plasma and vacuum is illustrated in Fig. 31 (Miyamoto, 2016, Ch.6). The mag-
netic field is higher on the vacuum side to support the plasma against gravity
pointing towards the vacuum side. Under the gravitational potential, both ions
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Fig. 31 Interchange instability in plasma with a sharp boundary against vacuum.

and electrons undergo g × B drift in opposite directions along the surface,
maintaining the shape of the unperturbed surface. After the perturbation, the
ions’ surface will differ from the electrons’ surface, shown in Fig. 31. The dif-
ference will create charge separation, and therefore electric field parallel the
surface. The E×B drift from this electric field is the same for both species and
has a phase that reinforces the initial perturbation, resulting in instability.

6.3 Parker Instability

In the previous section on interchange instability, we did not allow displace-
ment to vary along the magnetic field direction. One may wonder what would
happen if we did. We might think that this would lead to a more stable system
because bending field lines increase magnetic potential energy or δW . It turns
out this is not the case, but instead, we will encounter a new instability called
Parker instability (Parker, 1966, 1967). Allowing the plasma to slide down
along the field line can lower the gravitational potential energy more than the
increase in magnetic energy via field line bending. Below, we illustrate how
this can happen (Kulsrud, 2005, Ch.7).

We relax (B ·∇)ξ = 0 by allowing ξ to vary in the x direction bending the
field lines. In addition, we imposed the previous condition on the perpendicular
components ξ⊥ (ξy and ξz):

∇ · ξ⊥ = − (ξ ·∇)B

B
. (339)

Then we have

Q = (B ·∇)ξ −B(∇ · ξ)− (ξ ·∇)B

= (B ·∇)(ξxx̂+ ξ⊥)−B

(
∂ξx
∂x

+∇ · ξ⊥
)
− (ξ ·∇)B

= (B ·∇)ξ⊥, (340)

giving Q∥ = 0 and Q⊥ = (B · ∇)ξ⊥ due to field line bending. x̂ is the unit
vector in the x or B direction. Therefore, the first term of δW integrand in
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Eq. (333) is

Q2
⊥
µ0

=
[(B ·∇)ξ⊥]

2

µ0
. (341)

Since the equilibrium j is in the y direction, the second term of δW integrand
is

j · (ξ ×Q⊥) = jy(ξ ×Q⊥)y, (342)

where jy = (1/µ0)∂B/∂z. Therefore we have

Q⊥ =

(
0, B

∂ξy
∂x

,B
∂ξz
∂x

)
,

(ξ ×Q⊥)y = −ξxB
∂ξz
∂x

,

jy(ξ ×Q⊥)y = − 1

2µ0

∂B2

∂z
ξx
∂ξz
∂x

= −ρgξx
∂ξz
∂x

, (343)

where the force balance Eq. (332) is used. Integrating by parts and removing
the surface terms as before, we obtain

∫
j · (ξ ×Q⊥)dV =

∫
ρgξz

∂ξx
∂x

=

∫
ρξ · g∂ξx

∂x
. (344)

Since ξx now depends on x, the third term in the integrand of δW , Eq. (333),
has another identical term. We have

2δW =

∫ [
[(B ·∇)ξ⊥]

2

µ0
+ ρ (ξ · g) (ξ ·∇) ln

ρ

B
+ 2ρξ · g∂ξx

∂x

]
dV. (345)

Comparing the δW for interchange instability, there are two extra terms.
The first term is due to the increased magnetic energy from bending the field
lines, while the second term is due to the change of gravitational energy,
which can be made negative by choosing the proper parameters. Assuming the
wavenumber in the x direction is kx, the first term scales like (Bkxξz)

2/µ0

while the second term scales like 2ρgkxξxξz = 2B2kxξxξz/hzµ0, given that
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Fig. 32 Parker instability or magnetic buoyancy instability.
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ρg = B2/hzµ0 with hz as the vertical scale height. Taking the ratio of these
two terms yields the condition for δW to be negative,

2ξx
kxhzξz

> 1 or ξx >
1

2
kxhzξz. (346)

It means that for each choice of hz, kx, and ξz, the plasma can always be
made unstable for a sufficiently large parallel displacement, ξx. In this sce-
nario, the plasma will slide down along the bent field lines to the lower
gravitational potential with a change greater than the increased magnetic
potential energy. Sometimes this instability is called magnetic buoyancy insta-
bility. The depleted field lines rise upward, given that they are lighter than the
surroundings, reinforcing the plasma to slide downward, see Fig. 32.

6.4 Interchange Instability Without Gravity

The last combination of forces is the case when the plasma with finite pressure
is confined by a magnetic field without gravity,

∇p = j ×B (347)

We have described this case with the Grad-Shafranov equation in Lecture 2.
Even neglecting the gravity, a magnetically confined plasma will experience
an effective “gravity” due to the curved field lines, as indicated in the guiding
center motion of a charged particle (Miyamoto, 2016, Ch.6),

Vgc =
E × b

B
+

b

Ω
×
(
g +

v2⊥/2 + v2∥
R

n

)
+ v∥b (348)

where b ≡ B/B. Ω is the cyclotron angular frequency including the sign of
charge, n is the unit vector of the field line curvature with radius R. When a
charged particle moves along the curved field line, it experiences an effective
gravity due to the centrifugal force. Therefore, the effective gravity is in the
opposite direction of field line curvature vector.

There are two possibilities for field line curvature shown in Fig. 33. When
the field line curvature vector points away from plasma or effective gravity
points towards the plasma, the situation is similar to the case where a light fluid
(magnetic field) sits on top of a heavy fluid (plasma). This is because the mag-
netic curvature vector is in the same direction of field strength gradient vector,
especially in the low beta system where j ×B = (B ·∇)B−∇(B2/2µ0) ≈ 0.
In this case, the plasma is stable against interchange instability or Rayleigh-
Taylor instability. The field line curvature in this case is labeled as “good
curvature”, confining the plasma in a low magnetic field region or the (absolute)
minimum-B configuration.

In contrast, when the effective gravity points away from the plasma, the
system is unstable to interchange instability. This configuration is similar to
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good curvature

Fig. 33 Good and bad curvatures of field lines for confining plasma.

the case with a heavy fluid sitting on top of a light fluid corresponding to the
“bad curvature”, confining the plasma in a high magnetic field region.

The concept of good and bad field line curvatures for interchange instabil-
ity can be applied to stability analysis of magnetically confined plasmas, see
Fig. 34. The middle section of a mirror configuration has a bad curvature, while
the cusp configuration has good curvatures everywhere. However, both suffer
from losing particles due to the loss-cones along the field lines. The toroidal
configuration does not have the loss-cones, but its field line curvatures can be
mixed. The field lines on the outer side will always have bad curvatures. The
inner side curvature can be good when the q is large enough. Since the field
lines pass through both inner and outer sides within the same flux surface,
the concept of (average) minimum-B configuration is needed to analyze its
stability against interchange instability (see later).

Previously when we described the interchange instability under gravity, we
demonstrated the importance of examining whether the gravitational poten-
tial energy can be lowered as we interchange the two magnetic flux tubes
without changing the total magnetic energy. Here, we can follow the same
procedure to determine the stability by examining whether the plasma inter-
nal energy, pV/(γ − 1) where V is the flux tube volume, can be lowered by
interchanging two magnetic flux tubes without changing the magnetic energy.
Consider two flux tubes, 1 and 2, with their pressure and volume, (p1, V1)
and (p2, V2), respectively. When the plasma follows the adiabatic process to

B

Fig. 34 Good and bad curvatures of field lines in mirror, cusp, and toroidal configurations.
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preserve entropy, the pressure after the interchange needs to satisfy,

p′1V
γ
2 = p1V

γ
1 , (349)

p′2V
γ
1 = p2V

γ
2 , (350)

where p′α is the pressure after plasma in tube α has been swapped to the other
tube’s location. Therefore, we have

p′1 = p1

(
V1
V2

)γ

, (351)

p′2 = p2

(
V2
V1

)γ

. (352)

The change in plasma internal energy can be calculated as

(γ − 1)δW = (p′1V2 − p1V1) + (p′2V1 − p2V2) (353)

= p1V
γ
1 V

1−γ
2 − p1V1 + p2V

1−γ
1 V γ

2 − p2V2. (354)

Now, we assume that tube 2 is located right next to tube 1, such that

p2 = p1 + δp, (355)

V2 = V1 + δV. (356)

Up to the quadratic terms, this leads to the following relations:

V γ
1 V

1−γ
2 = V γ

1

[
V1

(
1 +

δV

V1

)]1−γ

= V1

[
1 + (1− γ)

δV

V1
+

(1− γ)(−γ)
2

(
δV

V1

)2
]
, (357)

V 1−γ
1 V γ

2 = V 1−γ
1

[
V1

(
1 +

δV

V1

)]γ

= V1

[
1 + γ

δV

V1
+
γ(γ − 1)

2

(
δV

V1

)2
]
, (358)

p2V2 = p1V1

(
1 +

δp

p1

)(
1 +

δV

V1

)

= p1V1

(
1 +

δp

p1
+
δV

V1
+
δpδV

p1V1

)
. (359)

Then, the internal energy change is

(γ − 1)δW = p1V1

[
1 + (1− γ)

δV

V1
− γ(1− γ)

2

(
δV

V1

)2
]
− p1V1 (360)
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+p1

(
1 +

δp

p1

)
V1

[
1 + γ

δV

V1
+
γ(γ − 1)

2

(
δV

V1

)2
]

(361)

−p1V1
(
1 +

δp

p1
+
δV

V1
+
δpδV

p1V1

)
(362)

= (γ − 1)p1V1

[
γ

(
δV

V1

)2

+
δpδV

p1V1

]
, (363)

which simplifies to

δW = p1

[
δpδV

p1
+ γ

(δV )2

V1

]
= p1δV δ ln (pV

γ) . (364)

This reminds us of Schwarzschild criterion if we identify V with 1/ρ.
In the edge of a magnetically confined plasma, pressure p must eventually

decrease to zero. As such, δp should lower p towards the plasma boundary. As
a sufficient condition for plasma to be stable against interchange instability,
δpδV needs to be positive. Thus, δV needs to be negative to compensate for
the negative δp,

δV =

∫
δSdl =

∫
δΦ

B
dl = δΦ

∫
dl

B
< 0. (365)

Here S is the cross-sectional area of the flux tube, dl is the element length
along the tube, and δΦ = BδS is the increment of magnetic flux. Therefore,
the magnetic field strength needs to increase towards the boundary to lower
the volume occupied by a given flux tube. This is equivalent to the requirement
for the minimum-B configuration.

The volume per flux or specific volume is formally defined as

U ≡ dV

dΦ
=

∫
dl

B
, (366)

which can be calculated for a magnetically confined toroidal plasma as a func-
tion of flux surface. In this case, V is considered as the volume inside a given
flux surface containing the toroidal flux Φ. Therefore, the stability condition
against interchange instability can be expressed as

dU

dΦ
=
d2V

dΦ2
≡ V ′′ < 0. (367)

Since the integration in Eq. (366) is along the field lines, passing through
both the inner and outer sides of a torus, the configurations satisfying
the above condition are called average minimum-B or magnetic well con-
figurations (Miyamoto, 2016, Ch.6). The magnetic well depth is defined
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as
∆U

U
=
U0 − Ua

U0
, (368)

where U0 and Ua are the specific volumes at the magnetic axis and the outer-
most magnetic surface. This is another figure of merit for a given confinement
configuration.

6.5 Ballooning Instability

B

plasma

vacuum
gg

g

Fig. 35 Effective gravity in magnetically confined plasma and ballooning instability.

There are no direct counterparts of Parker instability when we allow the
bending of field lines for the case with finite plasma pressure confining magnetic
field without gravity. As illustrated in Fig. 35, the direction of effective gravity
changes following the good and bad curvatures. Bending the field lines on
the bad curvature sides reduces the energy integral as the change in plasma
internal energy or pressure can overcome the increase in magnetic energy. In
contrast, we do not want to bend at good curvature locations where plasma
pressure has to increase.

The corresponding instability is called ballooning instability which can
occur even when the plasma is stable to the interchange instability, similar to
the Parker instability. The confinement performance for modern tokamak is
typically limited by the ballooning instabilities. We can stabilize this instabil-
ity by introducing a large magnetic shear across the flux surfaces or imposing
a large radial derivative of the safety factor dq/dr = q′, which we will discuss
later.

6.6 Summary

• Pressure-driven instabilities include convective instability and interchange
instability (similar to Rayleigh-Taylor instability) without bending field
lines, as summarized in the left panel of Fig. 36.

• When field lines can be bent, Parker instability can occur when gravity force
is dominant while ballooning instability on bad curvature locations can occur
when the pressure is dominant, as summarized in the right panel of Fig. 36.

• For magnetically confined plasma, field lines can have locations of good and
bad curvatures.
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Fig. 36 Summary of stability conditions against interchange instability for each pair of
forces (left panel) and the modifications in red due to field line bending (right panel)

• The absolute and average minimum-B configurations are defined for stability
against interchange instability in magnetically confined plasmas.

6.7 Further Readings

• Chapter 7 in Kulsrud (2005)
• Chapter 8 in Freidberg (2014)
• Chapter 6 in Miyamoto (2016)

6.8 Homework Problem Set 6

Stability condition for a magnetized plasma confined by gravity.

An ideal MHD plasma occupies half of the space from z = 0 and z = ∞,
supported by a superconducting and solid boundary at z = 0. Plasma mass
density ρ, pressure p, and magnetic field strength are functions of z only, and
the static equilibrium is given by

d

dz

(
p+

B2

2µ0

)
= −ρg, (369)

where B is in the x direction and g is a constant gravity pointing in the −z
direction.

1. Assume that the displacement vector is given by ξ = (ξx, ξy, ξz) exp(ikxx+
ikyy) where iξx(≡ ζ), iξy(≡ η), and ξz(≡ ξ) are real functions of z. Note
here that ξx and ξy are out of the phase of ξz to allow Parker instabilities.
Substitute the real part of the complex displacement vector (ξ) into the
energy integral (δW ), and make use of the equilibrium, Eq.(1), to show

δW =
1

2

∫ ∞

0

dz

{
B2

µ0

[
k2x
(
ξ2 + η2

)
+

(
dξ

dz
+ kyη

)2
]

+γp

(
dξ

dz
+ kxζ + kyη

)2

− 2ρgξ

(
dξ

dz
+ kxζ + kyη

)
− gξ2

dρ

dz

}
,
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where γ is the adiabatic index.

2. When kx = 0, only interchange instabilities are possible and ζ drops out
from δW .

(a) Show in this case that the energy integral reduces to

δW =
1

2

∫ ∞

0

dz

[
−gξ2

(
dρ

dz
+

ρ2g

γp+B2/µ0

)

+

(
γp+

B2

µ0

)(
dξ

dz
+ kyη −

ρgξ

γp+B2/µ0

)2
]
.

(b) What is the necessary and sufficient condition for interchange stability?
(c) Show that this condition reduces to g ·∇ ln(ρ/B) ≥ 0 in the cold plasma

limit.
(d) Show that this condition reduces to Schwarzschild Criterion in the

unmagnetized limit.

3. When kx ̸= 0, Parker instabilities also become possible.
(a) Show in this case that the energy integral can be expressed as

δW =
1

2

∫ ∞

0

dz

[(
k2x
B2

µ0
− ρ2g2

γp
− g

dρ

dz

)
ξ2 +

B2

µ0

k2x
k2x + k2y

(
dξ

dz

)2

+γp

(
dξ

dz
+ kxζ + kyη −

ρgξ

γp

)2

+
(
k2x + k2y

) B2

µ0

(
η +

ky(dξ/dz)

k2x + k2y

)2
]
.

(b) Show that the necessary and sufficient condition against both inter-
change and Parker stabilities are given by

−dρ
dz

>
ρ2g

γp
. (370)

(c) Discuss this condition in the following three limits:
(i) cold plasma limit
(ii) unmagnetized limit
(iii) zero gravity limit.

4. Find an example of a warm plasma which is stable to interchange
instabilities but unstable to Parker instabilities.
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7 MHD Instabilities in Cylindrical Plasmas

Now that we have seen the usefulness of the energy principle in evaluating
the ideal MHD stability of a given system, we will systematically use it to
examine magnetically confined fusion plasmas in these two following lectures.
The ideal MHD equilibrium is given by ∇p = j × B and the corresponding
energy integral is given by

2δW =

∫ [
Q2

µ0
+ j · (ξ ×Q) + γp (∇ · ξ)2 + (ξ ·∇p) (∇ · ξ)

]
dV. (371)

For our purpose here, we will rearrange the energy integral into different terms
with direct physical meanings.

Define ξ = ξ⊥ + ξ∥b where b is the unit vector along B. Then, we have

Q = ∇× (ξ ×B) = ∇× (ξ⊥ ×B),

(ξ ·∇p) (∇ · ξ) = (ξ⊥ ·∇p) (∇ · ξ) = ∇ · (ξ(ξ⊥ ·∇p))− ξ ·∇(ξ⊥ ·∇p),

j · (ξ ×Q) = −ξ · (j ×Q) = −(ξ⊥ + ξ∥b) · (j ×Q).

After dropping the ∇ · (ξ(ξ⊥ ·∇p)) term, which vanishes by taking ξ = 0 on
the volume surface, the second and fourth terms of the integrand in Eq. (371)
become

j · (ξ ×Q) + (ξ ·∇p) (∇ · ξ) = −
(
ξ⊥ + ξ∥b

)
· [j ×Q+∇(ξ⊥ ·∇p)] , (372)

where the terms proportional to ξ∥ vanish as they can also be written as

B · (j ×Q) = −Q · (j ×B) = −Q · (∇p) = −∇ · (pQ) ,

B ·∇(ξ⊥ ·∇p) = ∇ · [(ξ⊥ ·∇p)B] ,

since ∇ ·Q = 0. Therefore, Eq. (371) becomes

2δW =

∫ [
Q2

µ0
+ γp (∇ · ξ)2 + (ξ⊥ ·∇p) (∇ · ξ⊥)− ξ⊥ · (j ×Q)

]
dV. (373)

Now we break down Q and j into their parallel and perpendicular
components,

Q = Q⊥ +Q∥b,

j = j⊥ + j∥b =
b×∇p

B
+ j∥b,

where

Q∥ =
B ·∇× (ξ⊥ ×B)

B
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=
∇ · [(ξ⊥ ×B)×B] + (ξ⊥ ×B) ·∇×B

B

= −∇ ·
(
B2ξ⊥

)
+ µ0ξ⊥ · (j ×B)

B

= −B
2(∇ · ξ⊥) + (ξ⊥ ·∇)B2 + µ0(ξ⊥ ·∇)p

B

= −B(∇ · ξ⊥ + 2ξ⊥ · κ)− µ0

B
(ξ⊥ ·∇)p. (374)

Here, we have used the magnetic curvature vector κ = b ·∇b which is related
to the curvature radius of field lines (Freidberg, 2014, Appendix D). Now, we
are ready to calculate the last term of the integrand in Eq. (373) as follows,

ξ⊥ · (j ×Q) = ξ⊥ ·
[
j × (Q⊥ +Q∥b)

]

= ξ⊥ · (j ×Q⊥) +Q∥ξ⊥ · (j × b)

= Q⊥ · (ξ⊥ × j) +Q∥ξ⊥ · (j⊥ × b)

= Q⊥ ·
(
ξ⊥ × j∥b

)
+Q∥ξ⊥ ·

(
b×∇p

B
× b

)

=
j∥
B

(ξ⊥ ×B) ·Q⊥ − Q∥
B

(ξ⊥ ·∇) p. (375)

Substituting the equation above and Eq. (374) for Q∥ both to Eq. (373), after
some algebra, we finally get,

2δW =

∫ [ |Q⊥|2
µ0

+
B2

µ0
|∇ · ξ⊥ + 2ξ⊥ · κ|2 + γp |∇ · ξ|2

−2 (ξ⊥ ·∇p) (ξ⊥ · κ)− j∥
B

(ξ⊥ ×B) ·Q⊥

]
dV, (376)

which is a physically intuitive form of energy integral (Freidberg, 2014, Ch.8).
Each of these terms represents the contribution of a particular physical effect
to the energy integral:

• |Q⊥|2 represents the increase in magnetic energy due to the field line bending
and is associated with Alfvén waves.

• |∇ · ξ⊥ + 2ξ⊥ · κ|2 represents the increase in magnetic energy due to the
field compression and is associated with magnetosonic waves.

• γp |∇ · ξ|2 represents the increase in plasma internal energy due to compres-
sion.

• −2 (ξ⊥ ·∇p) (ξ⊥ · κ) represents the increase or decrease in plasma internal
energy depending on the relative direction between ∇p and κ. When these
two vectors are in the same direction, this term is negative definite and can
cause pressure-driven instabilities, corresponding to bad curvature cases.
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When the two vectors are in opposite directions, this term is positive definite
and plasma is stable against pressure-driven instabilities.

• − j∥
B (ξ⊥ ×B) · Q⊥ can have either sign representing either the increase

or decrease in magnetic energy. When the term is negative, the plasma is
unstable to (parallel) current-driven instabilities.

Therefore, the ideal MHD instability for a given system requires the exis-
tence of displacements that can generate sufficient negative contributions via
the last two terms more than positive contributions via the first three terms
of the energy integral, Eq. (676). Before we discuss each possible instabil-
ity for magnetically confined plasmas, we summarize the general instabilities
classifications below.

• Classifications by free-energy source:

– Pressure-driven, e.g. interchange instability.
– Current-driven, e.g. kink instability.
– Flow-shear-driven, e.g. Kelvin-Helmholtz instability.

• Classifications by location (for fusion plasmas):

– Internal, e.g. internal kink with no surface displacements.
– External, e.g. external kink with finite surface displacement.

• Classifications by model:

– Ideal MHD, e.g. kink instability.
– Resistive MHD, e.g. tearing instability.
– Kinetic, e.g. ion acoustic instability.

• Classifications by wavelength or frequency:

– Macroscopic, e.g. MHD instability.
– Microscopic, e.g. kinetic instability.

We will not cover kinetic or microscopic instabilities in this class.

7.1 MHD Stability of Theta-Pinch Plasmas

Consider an infinitely long theta-pinch plasma confined by axial magnetic field
Bz(r) as a function of radius r, generated by current in the θ direction. The
radial force balance is given by

d

dr

(
p+

B2
z

2µ0

)
= 0. (377)

Since there is no azimuthal field Bθ = 0, the current along magnetic field
vanishes j∥ = 0, and the field lines are straight such that κ = 0. The energy
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integral Eq. (676) becomes

2δW =

∫ [ |Q⊥|2
µ0

+
B2

µ0
|∇ · ξ⊥|2 + γp |∇ · ξ|2

]
dV ≥ 0, (378)

showing that theta pinches are always stable against all ideal MHD insta-
bilities. Nonetheless, we are interested in knowing the least stable modes for
theta-pinch plasmas.

As before, we decompose modes of displacements into different azimuthal
mode numbers, m, and axial wavenumbers, k, such that

ξ = ξ(r)ei(mθ+kz).

Now, we take the following two steps to minimize δW by choosing the proper
ξ = (ξr, ξθ, ξz) to find the least stable modes:

1. We choose a certain ξ∥(= ξz) to minimize δW by satisfying the incompress-
ibility condition, ∇ · ξ = 0 or

∇ · ξ =
1

r

∂

∂r
(rξr) +

1

r

∂ξθ
∂θ

+
∂ξz
∂z

= 0,

which can be rewritten as

1

r
(rξr)

′
+
im

r
ξθ + ikξz = 0

or

ξ∥ =
i

kr

[
(rξr)

′
+ imξθ

]
. (379)

2. Next, we calculate Q = ∇× (ξ⊥ ×B) using

ξ⊥ = (ξr, ξθ, 0),

B = (0, 0, B),

ξ⊥ ×B = (ξθB,−ξrB, 0) ≡ A.

We have

Q⊥ = (∇×A)⊥ =

(
1

r

∂Az

∂θ
− ∂Aθ

∂z
,
∂Ar

∂z
− ∂Az

∂r
, 0

)
= ikB(ξr, ξθ, 0).

Therefore, the energy integral per unit axial length, L, is given by

δW

L
=

π

µ0

∫ a

0

rdr

[
k2B2

(
|ξr|2 + |ξθ|2

)
+B2

∣∣∣∣
(rξr)

′

r
+
im

r
ξθ

∣∣∣∣
2
]
, (380)
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where a is the plasma radius. Since this δW is quadratic in ξθ, we proceed
to complete the squares for ξθ,

k2 |ξθ|2 +
∣∣∣∣
(rξr)

′

r
+
im

r
ξθ

∣∣∣∣
2

≡ k2 |ξθ|2 + |b+ iaξθ|2

=
(
a2 + k2

)
ξ2θ + b2 + iabξ∗θ − iab∗ξθ

=

[(
a2 + k2

)
ξ2θ + iabξ∗θ − iab∗ξθ +

a2b2

a2 + k2

]
+ b2 − a2b2

a2 + k2

=

∣∣∣∣
√
a2 + k2ξθ −

iab√
a2 + k2

∣∣∣∣
2

+
k2b2

a2 + k2

=
k2b2

a2 + k2
,

which is minimized when

ξθ =
iab

a2 + k2
=

im

m2 + k2r2
(rξr)

′
. (381)

Therefore, the energy integral in Eq. (380) reduces to

δW

L
=

π

µ0

∫ a

0

rdrk2B2

[
|ξr|2 +

1

m2 + k2r2

∣∣∣∣
(rξr)

′

r

∣∣∣∣
2
]
. (382)

Of course, this is still positive definite, regardless of the choices for ξr. In
the long wavelength limit, k → 0, we have δW → 0 when theta-pinches are
least stable.

In this exercise, δW is minimized by incompressibility, which determines
ξ∥ as a function of ξ⊥. In the next step, the non-radial component of ξ⊥, ξθ
in the case of theta-pinch, can be determined as a function of ξr to further
minimize δW via a quadratic form. Then, the remaining task is to minimize
δW by choosing a proper ξr. This strategy applies to other 1D Z-pinch and
screw pinch plasmas.

7.2 MHD Stability of Z-Pinch Plasmas

In Z-pinches, current in the z-direction generates the field in the θ-direction,
Bθ. The 1D equilibrium is given by

Bθ

µ0r

d

dr
(rBθ) +

dp

dr
= 0. (383)

The parallel direction is now along the θ direction with k∥ = m/r. Since the
first step as described in the theta-pinch section requires k∥ ̸= 0, we divide our
discussion below into the two cases: m ̸= 0 and m = 0.
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7.2.1 Z-Pinch Stability for m ̸= 0 Mode

In this case, we can follow the same procedure that we used for θ-pinch plasmas.
From the incompressibility condition, we can express ξ∥ as

ξ∥ = ξθ =
i

m

[
(rξr)

′
+ ikξz

]
. (384)

Since

ξ⊥ = (ξr, 0, ξz)

B = (0, B, 0)

ξ⊥ ×B = (−ξzB, 0, ξrB) ≡ A,

we have

Q⊥ = (∇×A)⊥ =

(
1

r

∂Az

∂θ
− ∂Aθ

∂z
, 0,

1

r

∂

∂r
(rAθ)−

1

r

∂Ar

∂θ

)
=
imB

r
(ξr, 0, ξz).

Since κ = −êr/r, we have 2ξ⊥ · κ = −2ξr/r. We then calculate

∇ · ξ⊥ + 2ξ⊥ · κ =
1

r
(rξr)

′
+ ikξz − 2

ξr
r

= r
∂

∂r

(
ξr
r

)
+ ikξz,

and j∥ = 0. Therefore, the energy integral is given by

δW

L
=

π

µ0

∫ a

0

W (r)rdr

W (r) = |Q⊥|2 +B2 |∇ · ξ⊥ + 2ξ⊥ · κ|2 − 2µ0(ξ ·∇p)(ξ∗ · κ)

=
m2B2

r2

(
|ξr|2 + |ξz|2

)
+B2

∣∣∣∣∣r
(
ξr
r

)′
+ ikξz

∣∣∣∣∣

2

+
2µ0p

′

r
|ξr|2 .(385)

As before, we complete the squares for ξz giving,

m2

r2
ξ2z +

∣∣∣∣∣r
(
ξr
r

)′
+ ikξz

∣∣∣∣∣

2

≡ a2ξ2z + |b+ ikξz|2

= (a2 + k2)ξ2z + b2 − ibkξ∗z + ib∗kξz

=

[
(a2 + k2)ξ2z + ib∗kξz − ibkξ∗z +

b2k2

a2 + k2

]
+ b2 − b2k2

a2 + k2

=

∣∣∣∣
√
a2 + k2ξz − i

bk√
a2 + k2

∣∣∣∣
2

+
a2b2

a2 + k2
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=
a2b2

a2 + k2
,

which is minimized when

ξz =
ibk

a2 + k2
=

ikr3

m2 + k2r2

(
ξr
r

)′
. (386)

Therefore, we have

W (r) =
a2b2B2

a2 + k2
+
m2B2

r2
|ξr|2 +

2µ0p
′

r
|ξr|2

=
(
2µ0rp

′ +m2B2
) ∣∣∣∣
ξr
r

∣∣∣∣
2

+
m2r2B2

m2 + k2r2

∣∣∣∣∣

(
ξr
r

)′
∣∣∣∣∣

2

. (387)

The last term is positive definite and approaches zero when k → ∞. For the
first term to be non-negative, we need

2rp′ +m2B
2

µ0
≥ 0. (388)

Using the equilibrium condition in Eq. (383),

p′ = − B

µ0r
(rB)

′
,

the stability condition, Eq. (388), becomes

−2B
∂(rB)

∂r
+m2B2 ≥ 0

−2

(
B2 + rB

∂B

∂r

)
+m2B2 ≥ 0

(m2 − 2)B2 ≥ r
∂B2

∂r
. (389)

The azimuthal field B(r) is related to the total axial current within the radius
r satisfying

2πrB = µ0πr
2j0

B =
µ0r

2
j0,

where j0 is the averaged current density within r. Since j0 must remain finite
when r → 0, we can assume that B = αr for sufficiently small r. The stability
condition, Eq. (389), becomes

(m2 − 2)α2r2 ≥ r2α2r or
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m2 − 2 ≥ 2

m2 ≥ 4

m ≥ 2.

Therefore, the Z-pinch plasmas are always unstable to the m = 1 kink, driven
by the pressure gradient, as shown in Fig. 37. The magnetic field pressure is
stronger in the part where the Z-pinch plasma kinks away, thus reinforcing the
initial deformation.

Fig. 37 Pressure-driven m = 1 kink instability in Z-pinch.

7.2.2 Z-Pinch Stability for m = 0 Mode

For m = 0 mode, ξ∥ = ξθ does not appear in the energy integral. Therefore,
we can skip the first step of the incompressibility condition and directly go to
the second step. There is no field line bending such that Q⊥ = 0. There are
three integrands within the energy integral which is quadratic in ξz,

W (r) = B2

∣∣∣∣∣r
(
ξr
r

)′
+ ikξz

∣∣∣∣∣

2

+ γµ0p

∣∣∣∣
(rξr)

′

r
+ ikξz

∣∣∣∣
2

+
2µ0p

′

r
|ξr|2 . (390)

As usual, we can complete the squares for ξz and then minimize the energy
integral to yield

W (r) =

[(
4γB2

B2/µ0 + γp

)
p+ 2µ0rp

′
] |ξr|2
r2

. (391)

Thus, the stability condition against m = 0 modes is given by (Homework 7),

−rp
′

p
<

2γB2/µ0

γp+B2/µ0
. (392)

When this condition is violated, the resulting interchange instability is called
sausage instability, as shown in Fig. 38. The parts with smaller cross sections
have stronger Bθ due to the total current conservation. The stronger field gives
a larger inward pinch force reinforcing the initial deformation. The opposite
happens for the parts with larger cross sections. The Z-pinch plasma stability
analysis was given by Kadomtsev in 1966.
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Fig. 38 Pressure-driven m = 0 sausage instability in Z-pinch.

7.3 MHD Stability of Screw Pinch

7.3.1 Pressure-driven instabilities

We are now ready to examine the MHD stability of a general screw pinch
plasma, which can be regarded as a “straight” tokamak. The equilibrium is
given by

Bθ

µ0r

d

dr
(rBθ) +

d

dr

(
p+

B2
z

2µ0

)
= 0. (393)

We will still follow the standard two-step process to minimize the energy
integral but in the general configuration given above.

The displacement vector, ξ = (ξr, ξθ, ξz), can be decomposed to ξ =
(ξr, η(r), ξ∥(r)) where the parallel displacement, ξ∥, is given by

ξ∥ =
ξ ·B
B

. (394)

The quantity η is the third component of ξ in a direction that forms a
right-hand coordinate system with the radial and the parallel directions.
The first step to minimize energy integral is to determine ξ∥ through the
incompressibility condition, ∇ · ξ = ik∥ξ∥ +∇ · ξ⊥ = 0, leading to

ξ∥ =
i

k∥
∇ · ξ⊥, (395)

where k∥ is the parallel wavenumber,

k∥ =
k ·B
B

=
kBz +mBθ/r

B
. (396)

When k∥ ̸= 0, ξ∥ determined in this way in terms of ξ⊥ is well behaved,
but questions arise on how to determine ξ∥ at locations where k∥ = 0, which
are called resonant surfaces. To overcome this difficulty, we introduce a small
positive constant, (δk∥)2, to remove singularity near such surfaces by replacing
Eq. (395) with

ξ∥ =
ik∥

k2∥ + (δk∥)2
∇ · ξ⊥
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so that

∇ · ξ =
(δk∥)2

k2∥ + (δk∥)2
∇ · ξ⊥ (397)

goes to zero when (δk∥)2 → 0. In other words, by an choosing arbitrarily
small (δk∥)2, plasma compressibility makes a vanishingly small contribution
to energy integral even when isolated resonant surfaces exist in the plasma.

As usual, the second step, which is tedious but straightforward (Freidberg,
2014, Ch.11), is to complete the squares in terms of η and to choose

η =
i

r(k2 +m2/r2)B

[
2kBθξr +

(m
r
Bz − kBθ

) d(rξr)
dr

]

to yield the minimized energy integral

δW

L
=

π

µ0

∫ a

0

dr

[
f

(
dξr
dr

)2

+ gξ2r

]
, (398)

f =
r(mBθ − krBz)

2

m2 + k2r2
,

g =
2µ0k

2r2

m2 + k2r2
p′ +

(mBθ − krBz)
2

r

k2r2 +m2 − 1

m2 + k2r2

+
2k2r2(k2r2B2

z −m2B2
θ )

(m2 + k2r2)2
,

where ξr(r = a) = 0 is assumed for internal modes.
Now, let us apply this to “straight” tokamaks with L = 2πR0, where R0 is

the major radius. f and g in Eq. (398) can be written as

f =
rB2

θ (m− nq)2

m2 + k2r2
,

g =
2µ0k

2r2

m2 + k2r2
p′ +

B2
θ (m− nq)2

r

k2r2 +m2 − 1

m2 + k2r2

+
2k2r2B2

θ (n
2q2 −m2)

(m2 + k2r2)2
, (399)

where k = n/R0 and q = rBz/R0Bθ is the safety factor. It is clear that
at rational surfaces, q = m/n, all terms vanish except the term containing
pressure gradient, p′, which can be negative. This non-zero term leads to the
local interchange instability narrowly localized at the exact rational surfaces.
At any distance from the rational surfaces, other terms become positive if the
magnetic field has a shear or q′ ̸= 0, contributing to the stabilization of the
mode. It is especially true for the term proportional to f multiplied by dξr/dr.
If ξr is so localized, then the value of dξr/dr must be large. Any finite f can
effectively stabilize the local interchange instability. The detailed competition
between two effects was worked out by Suydam in 1958, leading to Suydam
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Criterion for local pressure-driven interchange stability (see Miyamoto, 2016,
Ch.6 for a concise derivation),

rB2
z

µ0

(
q′

q

)
+ 8p′ > 0. (400)

Soon after, in 1960, Mercier worked out a generalized stability condition
against local interchange instability called Mercier Criterion due to toroidal
effects in the large aspect ratio limit (Freidberg, 2014, Ch.12),

rB2
z

µ0

(
q′

q

)
+ 8p′(1− q2) > 0. (401)

When q > 1, the local interchange instability is stabilized due to slightly more
good curvature than bad curvature (up to the second order) near the rational
surfaces when field lines trace around in the toroidal direction.

Away from the rational surfaces, however, the ideal MHD stability is deter-
mined by further minimizing Eq. (398) with respect to all possible ξr. The
equation that ξr needs to satisfy can be derived using the variational principle
as in the following. The integral that is to be minimized can be written as

I(ξ) =

∫ b

a

drF (r, ξ, ξ′); F = fξ′2 + gξ2. (402)

When ξ is perturbed by a small δξ, the change in I(ξ) is given by

δI = I(ξ + δξ)− I(ξ)

=

∫ b

a

dr

[
∂F

∂ξ
δξ +

∂F

∂ξ′
δξ′
]

=

∫ b

a

dr

[
∂F

∂ξ
δξ +

∂F

∂ξ′
(δξ)

′
]

=

∫ b

a

drδξ

[
∂F

∂ξ
−
(
∂F

∂ξ′

)′]
,

where the last step is accomplished by integration by parts,

∫ b

a

dr
∂F

∂ξ′
(δξ)

′
=

[
∂F

∂ξ′
δξ

]b

a

−
∫ b

a

dr

(
∂F

∂ξ′

)′
δξ.

For I(ξ) to be at an extremum for arbitrary ξ, the Euler-Lagrange equation is
therefore given by

∂F

∂ξ
−
(
∂F

∂ξ′

)′
= 0,
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leading to the desired equation for ξ,

d

dr

(
f
dξ

dr

)
− gξ = 0. (403)

Newcomb, in 1960, developed a general numerical procedure to solve this
equation to find necessary and sufficient conditions for ideal MHD stability of
screw pinch plasmas (Freidberg, 2014, see Ch.11 for details). Alternately, we
can perform the normal mode eigenvalue analysis to calculate the growth rate
for each mode using equations derived by Hain and Lüst (1958),

d

dr

[
A(r)

d(rξ)

dr

]
− C(r)(rξ) = 0, (404)

which has similar structures as in Eq. (403) with proper boundary conditions.

7.3.2 Current-driven instabilities

Te(r)

r
q(r)

r

1

Te(r)

r
q(r)

r

1

q=1 reconnection Te=const.
q=1

(a)

(b)

Fig. 39 Sawtooth oscillations in tokamaks (von Goeler et al, 1974) and their interpretation.

In addition to the pressure-driven instabilities, both analyses by Newcomb
and Hain & Lüst include the current-driven instability. This type of instability
originates from the last term of Eq. (676) and later from the last term of
Eq. (399) when q < m/n. When the rational surface is within the plasma, the
mode is called internal current-driven kink instabilities, which are different in
nature from the pressure-driven kink instabilities that we discussed previously.
A classic example is sawtooth oscillations observed in tokamaks (von Goeler
et al, 1974) shown in Fig. 39. The plasma within the q = 1 surface with q < 1
is unstable to m/n = 1/1 kink instability, eventually leading to magnetic
reconnection (see later) at the q = 1 surface.
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Fig. 40 Physical picture of current-driven kink instability: left by Bateman (1978) and
right by Johnson et al (1958).

Current-driven kink instabilities can occur due to the rational surface out-
side of the plasma, with the mode being called external kink instabilities. In
this case, the energy integral that we have discussed so far needs an addition
due to the finite displacement at the plasma surface at r = a:

δW

L
=

π

µ0

∫ a

0

dr

[
f

(
dξr
dr

)2

+ gξ2r

]
+

π

µ0

[
n2q2 −m2

m2 + k2r2

]

r=a

B2
θξ

2
a, (405)

where ξa is the value of ξr at r = a. There are more additions to this integral
due to the surface current on the plasma and the magnetic field perturbation
in the vacuum region outside the plasma. We will not discuss these as they do
not add more physics to this lecture and their details can be found in Chapter
11 of Freidberg (2014).

When qa ≡ q(a) < 1, the surface term in Eq. (405) is negative, leading
to the external 1/1 kink instability that is disruptive for plasma discharges.
Demanding qa > 1 places an upper limit in plasma current for a given
toroidal field, commonly known as the Kruskal-Shafranov limit (Kruskal and
Schwarzschild, 1954; Shafranov, 1956). Two versions of the physical picture
of current-driven kink instability are shown in Fig. (40). The left version
illustrates that a kink current channel can receive an additional radial force
reinforcing the initial deformation. The right version shows an elaborated pic-
ture where reinforcement to the initial deformation, due to a larger poloidal
field pressure, occurs only when the field line twist is larger than 90 degrees
over a quarter of a wavelength, which translates to the q < 1 condition.

The external current-driven kink instabilities can be stabilized by a close-
fit conducting wall at r = b, as shown in Fig. 41. The deformed plasma induces
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eddy currents in the wall, and if the wall is conducting enough and close
enough, the generated restoring force due to the eddy current can stabilize the
instability. In practice, however, the conducting wall has a finite skin time, τw,
beyond which the eddy currents decay while the external kink modes grow.
These are called resistive wall modes, which can be dangerous for the long-
pulse discharges common in present-day’s experiments. The growth rate of
resistive wall modes can be estimated (Freidberg, 2014, Ch.11) as follow:

• The external kink is stable with a superconducting wall at r = b: minimized
energy integral is positive definite min(δWb) > 0.

• The external kink is unstable without wall: min(δW∞) < 0.
• Growth rate γw is related to the skin time of a resistive wall, τw, as in

γwτw =
−min(δW∞)

min(δWb)
. (406)
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b

Fig. 41 A conducting wall surrounding plasma can stabilize external kink modes.

There are multiple ways to stabilize resistive wall modes:

• Active feedback by external coils with corresponding mode numbers and
phase, with sufficiently fast responses;

• Plasma flow with a sufficient speed before eddy currents decay, but without
causing new instabilities (flow-shear-driven, see later);

• Wall rotation with a sufficient speed.

All of these solutions are expensive and non-perfect in some ways, and thus
resistive wall mode suppression is still an active area of research.

All instabilities discussed in this lecture are dangerous and can terminate
discharge by causing major disruptions. In general, operation parameter space
is constrained by current limit due to (external) kink and (internal) tearing
instability and by density limit either due to radiation from high-Z impuri-
ties or pressure-driven instabilities. Some detailed discussions can be found in
(Wesson, 2011, Ch.7).
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7.4 Summary

• The general strategy to minimize energy integral is to remove two compo-
nents of the displacement vector in terms of radial displacement, which can
be solved using a differential equation with proper boundary conditions.

– Theta-pinch stability.
– Z-pinch stability.
– Screw-pinch stability, as a straight tokamak.

• Suydam criterion for local pressure-drive instabilities.
• Global stability methods include Newcomb’s method and eigenvalue analy-
sis.

• Internal current-driven kink and sawtooth oscillations that are observed in
tokamaks.

• External current-driven kink instabilities and resistive wall modes that are
related to major disruptions.

7.5 Further Readings

• Chapter 11 (and 12) in Freidberg (2014)
• Chapter 7 in Wesson (2011)
• Chapter 6 in Miyamoto (2016)

7.6 Homework Problem Set 7

1. Sausage instability in Z-pinch plasmas.
(a) Prove the stability condition

−rp
′

p
<

2γB2
θ/µ0

γp+B2
θ/µ0

. (407)

in the following two ways:
(i) by constructing a complete square with regard to the z-component of

the displacement vector based on Energy Principle.
(ii) by using the stability condition against interchange instability,

δV δ [ln (PV γ)] > 0 (408)

where δV and δ [ln (PV γ)] are differences in the volume V and the
quantity ln (PV γ) between two nearby flux tubes.

(b) Is a Z-pinch plasma with uniform axial current density stable to the
sausage mode?

2. Plasma confinement by a current-carrying wire.
(a) Suppose that an ideal MHD plasma is confined by the magnetic field gen-

erated by an infinitely long, current-carrying wire. The plasma pressure
is a function of radius: P (r) ∝ r−α when r → ∞. What is the maximum
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α for which this configuration is stable to the interchange instability?
What is the profile for plasma β?

(b) Next, wrap the wire into a current-carrying ring with a radius of a.
Suppose that the pressure profile P (r) ∝ r−α when r/a → ∞. What is
the maximum α for which this configuration is stable to the interchange
instability? What is the profile for plasma β in this case? Discuss the
implications for plasma confinement.
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8 MHD Instabilities in Toroidal Plasmas

In this lecture, we will discuss the ideal MHD stability of toroidally confined
plasmas, built on our understanding of one-dimensional cylindrical plasmas
that we discussed in the previous lecture. The toroidal geometry is necessary
to remove end losses that one-dimensional systems suffer from. Compared with
cylindrical plasmas, toroidal screw pinches or simply toroidal pinches can be
more stable, exemplified by the Mercier criterion against interchange instabil-
ities which we have discussed briefly in the previous lecture, or more unstable,
such as by ballooning instabilities. In this lecture, we discuss the following
three topics on the toroidal effects:

• Ballooning instabilities, that occur only on the bad curvature side of a
torus, while the system is interchange stable due to magnetic well or average
minimum-B configuration. There are two specific types of instabilities due
to toroidal effects:

– Edge-Localized Modes (ELM), that limit the “pedestal height” during
the H-mode operation.

– External ballooning-kink modes, that limit the plasma beta until
disruptive events occur.

• Toroidal Alfvén Eigenmodes (TAE) and their relatives, driven by ener-
getic ions. There exists a zoo of Alfvén modes and energetic particle modes.
Their nonlinear consequences define the physics of burning plasma, one of
the main subjects for the ITER project to study experimentally.

• Vertical and horizontal instabilities of plasma positions. These typi-
cally belong to plasma controls but can also be related to major disruptions
and solar eruptions based on flux rope stability.

8.1 Ballooning Instabilities

Fig. 42 Structure of a ballooning mode in a toroidal plasma from Miyamoto (2016).

As previously discussed, even when the averaged minimum-B configuration
stabilizes interchange instabilities, ballooning instabilities can still occur in
locations with bad magnetic curvature within a toroidal plasma. As a result,
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ballooning instability effectively sets the limit of plasma beta, which we can
estimate as follow.

The situation is illustrated in Fig. 42, where the instability is localized in
the outboard side of a torus. In order for a field line to travel a distance of 2πr,
completing a full circle around the magnetic axis in the poloidal direction, it
needs to travel a distance of 2πRq in the toroidal direction. Assuming that the
ballooning mode is localized only on the outboard side over 1 radian (about
57◦) out of 2π radians (360◦) in a full circle, the toroidal distance that a field
line travels is Rq, which can be considered as an effective wavelength for the
ballooning mode. Rq is often called the connection length for the field lines
shorting out charge separation in the axial direction due to the ∇B drift in a
simple toroidal field, which we discussed in Lecture 2.

The ballooning modes are unstable when the released plasma internal
energy is larger than the increase in magnetic field energy due to the field line
bending. In the energy integral, the increase of magnetic field energy can be
estimated as

|Q⊥|2 ≈ |Br|2 ≈
∣∣∣∣B

ξr
Rq

∣∣∣∣
2

≈
(
B

Rq

)2

|ξr|2 . (409)

The released plasma internal energy can be estimated as

−2 (ξ⊥ ·∇p) (ξ∗⊥ · κ) ≈ −2
p0
a

1

R
|ξr|2 , (410)

where ∇p ≈ p0/a with p0 being the plasma pressure at the center. a is the
plasma minor radius with the magnetic curvature radius defined as 1/R. The
ballooning modes are stabilized when the increase of magnetic energy is larger
than the decrease of internal energy or

1

µ0

(
B

Rq

)2

≥ 2
p0
aR

. (411)

This relation leads to the beta limit,

β ≡ p0
B2/2µ0

≤ a

Rq2
=

ϵ

q2
, (412)

where ϵ ≡ a/R is the inverse of the aspect ratio. This simple estimate recovers
the same result from a much more involved calculation in Miyamoto (2016).
Taking ϵ = 1/3 and qa = 3, we estimate the beta limit of 1/33 ≈ 3.7%, which
is not too far off from the present day’s tokamaks!

However, accurate analysis of the ballooning mode stability boundary
turned out to be a difficult task. The reason is due to the existence of magnetic
shear (q′ ̸= 0), which is crucial to stabilize ballooning (and interchange) insta-
bilities but causes different periodicity of field lines in toroidal and poloidal
directions at each radial location, illustrated in Fig. 43. Any single ballooning
mode needs to have a finite radial extent to contribute meaningfully to the
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Fig. 43 When magnetic shear is finite q′ ̸= 0, field lines have different pitch angles, thus
different periodicities, at different radii when looking into a toroidal plasma in the radial
direction.

energy integral, thus requiring the inclusion of multiple pairs of poloidal and
toroidal mode numbers (m,n). In addition, each of these modes in the toroidal
system is coupled to other modes due to various geometric factors, which we
will explain later in this lecture. Because of these reasons, a single ballooning
mode requires a large number of mutually coupled mode number pairs (m,n).
This requirement takes away the advantages of the eigenvalue analysis, which
can be performed for each mode independently.

This difficulty was solved by the concept of “quasi-modes”, introduced
by Connor et al (1979) in the so-called ballooning formalism. The idea is
to decompose the displacement vector, ξ(r, θ, ϕ), as a summation of “quasi-
modes”, ξ̄(r, θ, ϕ), such that

ξ(r, θ, ϕ) =
∑

|m|≤mmax

|n|≤nmax

ξ̄(r, θ + 2mπ, ϕ+ 2nπ). (413)

Unlike the standard Fourier modes, which are periodic in both θ and ϕ and
defined only in the domain of [−π, π], the quasi-modes are non-periodic and
defined in the domains of (−mmaxπ,mmaxπ) and (−nmaxπ, nmaxπ). The infor-
mation stored beyond the primary domain of [−π, π] contains contributions
from other coupled modes. When mmax = nmax = ∞, ξ decomposed in this
way is periodic since shifting the summation in either m or n does not make
any difference. In practice, quasi-modes are constructed with small-amplitude
periodic oscillations superimposed on a non-periodic envelope that decays suf-
ficiently fast towards zero up to mmax or nmax. In this case, the periodicity of
ξ is approximately satisfied since the contribution loss from the end of sum-
mation is small when m or n is shifted. In the quasi-mode decomposition,
we still sum over a large number of modes as in the Fourier-mode decom-
position. The difference is that all quasi-modes are the single modes defined
recursively in a much larger domain than 2π! Figure 44 shows an example
of quasi-mode over [−10π, 10π], used to construct the full eigenfunction over
[−π, π] with reasonable accuracy with the corresponding mode structures in
physical space (Freidberg, 2014, Ch.12).

Using quasi-modes, it is straightforward to find marginal stability, defined
as

F (ξ) = 0, (414)
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Fig. 44 From Chapter 12 of Freidberg (2014): (a) An example of quasi-mode in [−10π, 10π],
(b) full eigenfunction over [−π, π], and (c) constructed ballooning mode structure in physical
space.

where F is the force operator as a function of (r, θ, ϕ). Since the equilibrium
under consideration is periodic, F is also periodic such that F (r, θ+2mπ, ϕ+
2nπ) = F (r, θ, ϕ). Applying F to ξ in Eq. (413) yields

F (ξ) =
∑

|m|≤mmax

|n|≤nmax

F (r, θ, ϕ)ξ̄(r, θ + 2mπ, ϕ+ 2nπ)

=
∑

|m|≤mmax

|n|≤nmax

F (r, θ + 2mπ, ϕ+ 2nπ)ξ̄(r, θ + 2mπ, ϕ+ 2nπ)

= 0.

Since each term of the above summation has the same operator, F , and the
same quasi-mode, ξ̄, we simply have

F (ξ̄) = 0, (415)

as desired.
Nonetheless, the detailed calculation is still quite mathematically

involved (Connor et al, 1979; Freidberg, 2014). However, the calculation leads
to a simplified and dimensionless form of energy integral,

δW =

∫ [(
1 + Λ2

)(∂X
∂θ

)2

− α(Λ sin θ + cos θ)X2

]
dθ, (416)

where Λ = sθ−α sin θ and X is dimensionless radial displacement. Here s and
α are the dimensionless magnetic shear and the pressure gradient given by

s =
r

q
q′,

α = −2µ0r
2

R0B2
θ

p′.
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Therefore, the resulting Euler equation is given by

∂

∂θ

[(
1 + Λ2

) ∂X
∂θ

]
+ α(Λ sin θ + cos θ)X = 0, (417)

which shares the same generic form of equation for radial displacement as
discussed in Lecture 7.

Fig. 45 From Chapter 12 of Freidberg (2014): An example s − α diagram for ballooning
mode stability.

A particular quantitative result is shown in Fig. 45 in the format of the
s− α diagram. A surprising feature is the existence of a “second stability” in
the diagram in the limits of s ≪ 1 and α ≫ 1. In this case, Λ ≈ −α sin θ,
causing the energy integral, Eq. (416), to be

δW =

∫
α2 sin2 θ

[(
∂X

∂θ

)2

+X2

]
dθ, (418)

which is positive definite, implying stability. This result is rather counter-
intuitive as a large pressure gradient is confined stably by the magnetic field
with a small shear. Nowadays, this result is understood as the consequence of
increased effective local magnetic shear at the outboard side of bad curvature
locations by the large diamagnetic current (see Freidberg, 2014, Ch.12). Exper-
imentally, whether the second stability has been convincingly demonstrated is
still unclear, especially during the H-mode operation of tokamaks.

Ballooning instability sets the practical limit of plasma beta in toroidal
configuration, shown by the “first stability” in the s − α diagram. According
to Eq. (412), a lower q is preferred for a higher beta. However, from Lecture 7,
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Fig. 46 Achieved beta values in various tokamaks (left) and NSTX (right).

q needs to be high to avoid current-driven kink instabilities with q(a) > 2 for
external kink and q(0) > 1 for internal kink. Combining limitations from both
press-driven and current-driven instabilities, a particular dimensionless figure
of merit is used in present day’s research

β < βN
I(MA)

a(m)B(T)
= βN

(
I

1 MAmp

)( a

1 meter

)−1
(

B

1 Tesla

)−1

. (419)

The beta normal, βN, is given by

βN = 4.4% Sykes limit (1974, 1983),

βN = 2.8% Troyon limit (1984),

which satisfy Mercier criterion against interchange instability and internal low-
n ballooning and kink modes by q(0) > 1. Sykes limit was derived against
internal high-n ballooning modes, while Troyon limit was derived against exter-
nal high-n ballooning-kink modes. A simple version of Troyon limit’s derivation
is given in (Wesson, 2011, Ch.6). All these derivations are for D-shaped plas-
mas with positive triangularity, where field lines stay more on the inboard side
with good field curvature than the outboard side with bad curvature. More
recently, however, there are emerging interests for cases with negative trian-
gularity. Figure 46 shows some experimental data regarding beta limits. Note
that ITER assumes βN = 2.1.

Edge-Localized Modes (ELMs) are driven by both large pressure gradients
and current density gradients near the edge during the H-mode operation of
tokamaks. The current leading theory behind ELMs is the onset of “peering-
ballooning” instability as external high-n MHD modes by Snyder et al (2005).
The left figure of Fig. 47 shows example data from MAST with increasing
neutral beam injection power. ELMs present one of the undesirable features
for H-mode operation, which otherwise is favorable for tokamakss to achieve
fusion reactor conditions shown in the right figure of Fig. 47. Good confinement
at the plasma edge during H-mode significantly increases the total plasma
pressure by elevating the pressure on top of the pressure pedestal.
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Fig. 47 Example data from MAST on ELM (left) and the pressure pedestal formed during
H-mode operation of tokamaks (right).

8.2 Toroidal Alfvén Eigenmodes

The presence of sufficiently enough energetic particles can destabilize ideal
MHD modes which are otherwise stable. This behavior happens during neutral
beam injection (NBI) and should also occur in the upcoming burning plasmas,
where a large number of charged fusion products, such as alpha particles, are
born with sufficiently large energies. This area of research is relatively new and
still is under development.

We begin by considering the continuum damping of Alfvén waves in an
inhomogeneous plasma. In a sense, continuum damping is similar to Landau
damping which occurs without dissipation but without involving particles.
Consider a simple slab model of a theta-pinch plasma (Fig. 48) with a uniform
Bz and density in a cold plasma extending from x ≥ 0:

B = (0, 0, Bz),

p = 0,

ρ = const..

When a displacement vector ξ is imposed at the plasma edge at x = 0 with
an angular frequency ω and a wavenumber vector k = (0, k⊥, k∥),

ξ =
[
ξ(x), ξ⊥(x), ξ∥(x)

]
e−iωt+ik⊥y+ik∥z, (420)

the dependence on x can be solved as a boundary value problem.
The equation of motion is given by

−ω2ρξ =
1

µ0
(∇×B)×Q+

1

µ0
(∇×Q)×B −∇p1, (421)

Q = ∇× (ξ ×B). (422)
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Fig. 48 A simple slab model of theta-pinch with constant density for x ≥ 0 and exponential
decay of applied ξ at x = 0 into the plasma.

Since we have

(∇×B)×Q+ (∇×Q)×B = (Q ·∇)B + (B ·∇)Q−∇(Q ·B),

taking the curl of Eq. (421) yields

∇×
[
µ0ρω

2ξ + (Q ·∇)B + (B ·∇)Q
]
= 0. (423)

If we choose an incompressible ξ to remove continuum damping by sound
waves, ∇ · ξ = 0, we have

Q = (B ·∇)ξ − (ξ ·∇)B = ik∥Bξ

(B ·∇)Q = ik∥B · (ik∥Bξ) = −k2∥B2ξ.

Therefore, Eq. (423) becomes

∇×
[(
µ0ρω

2 − k2∥B
2
)
ξ
]
= 0. (424)

If µ0ρω
2 ̸= k2∥B

2, this equation reduces to

∇× ξ = 0. (425)

The x-component of this equation and incompressibility form a set of two
equations for ξ⊥ and ξ∥:

ik⊥ξ∥ − ik∥ξ⊥ = 0, (426)

ik⊥ξ⊥ + ik∥ξ∥ = −ξ′, (427)

where the primed variables means their derivatives in x. The solution is given
by

ξ⊥ =
ik⊥
k2

ξ′,
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ξ∥ =
ik∥
k2
ξ′,

which can be substituted into the y-component of Eq. (425)

∂ξ

∂z
− ∂ξ∥
∂x

= 0.

This relation leads to a second-order differential equation in ξ,

ξ′′ − k2ξ = 0, (428)

with the evanescent solution of

ξ = ξ(0)e−kx. (429)

The solution does not transfer energy into plasma, as illustrated in Fig. 48.
The situation changes drastically when density ρ is nonuniform, such that

somewhere in plasma µ0ρ(x0)ω
2 = k2∥B

2 or F (x0) ≡ µ0ρ(x0)ω
2 − k2∥B

2 = 0.

In this case, we need to use Eq. (424), which can be rewritten as

∇× (Fξ) = 0. (430)

The parallel (z-component) of this equation becomes

∂(Fξ⊥)
∂x

− ∂(Fξ)

∂y
= 0

(Fξ′)′ − k2Fξ = 0, (431)

where the solution for ξ⊥ is used. We need to take care of the singularity at
x = x0 in Eq. (431) (Freidberg, 2014, Ch.11). The singularity location satisfies

ω2
A = k2∥

B2

µ0ρ(x0)
(432)

representing a resonance absorbing all wave energy as illustrated in Fig. 49.
The situation becomes complicated in a screw pinch, where both magnetic

field and density are functions of radius in general but the basic idea remains
the same. The equation of motion, in this case, is given by (Wesson, 2011,
Ch.6)

d

dr

[(
µ0ρω

2 − F 2
)
r3
dξ

dr

]
−
(
m2 − 1

) (
µ0ρω

2 − F 2
)
rξ + µ0ω

2r2
dρ

dr
ξ = 0,

(433)
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Fig. 49 Alfvén waves absorbed at resonant location in a simple slab model with inhomo-
geneous density.

where F ≡ (m − nq)Bθ/r. A singularity can exist for each pair of (m,n) due
to resonance at a particular radius where

(
m− nq

r

)2

=
ω2

V 2
A

.

This equation can be solved in the same way as for Eq. (431) to obtain the
continuous frequency spectrum. Examples of several modes due to the applied
waves on the screw-pinch surface are shown in Fig. 50. In these cases, the wave
power is expected to be absorbed in the resonant surface without penetrating
beyond. In general, however, wherever the speed of fast particles, such as by
NBI or fusion products, matches the wave phase speed, particle energy can be
transferred to waves and consequently is damped at resonant locations.

Fig. 50 From Wesson (2011): Example Alfvén wave spectra in a screw pinch plasma.

It is important to note that in cylindrical plasmas, even if some of these
spectra intersect as in Fig. 50, they are independent of each other without
coupling. Therefore, the resonance condition for each mode is also independent
of the other. For example, the modes of (m,n) and (m+1, n) have resonances
of

ω2

V 2
A

− k2∥m = 0, (434)
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ω2

V 2
A

− k2∥m+1 = 0, (435)

which are often located at different radii.
However, these modes are coupled in toroidal plasmas. The coupling can

be understood easily given that many quantities in toroidal plasma depend on
the poloidal angle, θ. For example, the toroidal magnetic field, Bϕ, varies as
1/R and can be expressed as

Bϕ = Bϕ0
R0

R
= Bϕ0

R0

R0 + r cos θ
≈ Bϕ0

(
1− r

R0
cos θ

)
,

where R0 is the major radius to the center of the circular cross-section for a
flux surface. As a result, the parallel wavenumber for mode (m,n) is given by

k∥m =
k ·B
B

≈ 1

R

[
n− m

q(r)

]
≈ 1

R0

[
n− m

q(rm,n)

](
1− rm,n

R0
cos θ

)
. (436)

The k∥m resonance broadens due to its poloidal variations and can overlap
with the broadened k∥m+1 resonance at r = rm+1,n. The coupling between the
two resonances is the strongest at

q(r0) =
m+ 1/2

n
, (437)

with r0 located between rm,n and rm+1,n when q(r) is monotonic in r. At this
location, k∥m = −k∥m+1 ≡ k∥ or

1

R

[
n− m

q(r0)

]
= − 1

R

[
n− m+ 1

q(r0)

]
. (438)

Fig. 51 From (Miyamoto, 2016, Ch.12): Illustration of coupled Alfvén resonances in
toroidal plasma as a function of q or r.
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Because of these couplings, the growth or damping of one mode depends
on the amplitude of the other modes. An illustrative example is given in Ch.12
of Miyamoto (2016) for two modes satisfying

(
ω2

V 2
A

− k2∥m

)
dEm

dr
+ αϵ

ω2

V 2
A

dEm+1

dr
= 0, (439)

αϵ
ω2

V 2
A

dEm

dr
+

(
ω2

V 2
A

− k2∥m+1

)
dEm+1

dr
= 0, (440)

where α is the coupling coefficient on the order of unity with ϵ as the
inverse aspect ratio. The coupled resonance condition is given by setting the
determinant of the above equations equal to zero

∣∣∣∣∣
ω2

V 2
A
− k2∥m αϵ ω

2

V 2
A

αϵ ω
2

V 2
A

ω2

V 2
A
− k2∥m+1

∣∣∣∣∣ = 0, (441)

which yields two solutions, ω±, shown in Fig. 51. The frequency spectra have
a gap that emerges around r = r0 according to Eq. (437) at

ω2
±
V 2
A

=
k2∥

1∓ αϵ
.

Thus, there is no resonance in the frequency gap ω− < ω < ω+, which causes
the continuum damping to be absent in this range. The gap allows a discrete
eigenfrequency of toroidal Alfvén eigenmode (TAE) to be established and
driven unstable by energetic particles. The detailed calculations of the stability
and the growth rates using the energy principle require proper treatment of
energetic particles using fluid descriptions (Miyamoto, 2016, Ch.12).

Fig. 52 Frequency spectra of Alfvén modes in tokamak (left, Heidbrink (2002)) and stel-
larator (right, Spong et al (2005)).
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Full Name First Name Coupling mechanism
BAE “beta” Compression
TAE “toroidicity” m & m+ 1
EAE “ellipticity” m & m+ 2
NAE “noncircular”/“triangularity” m & m+ 3
MAE “mirror” n & n+ 1
HAE “helicity” both n’s and m’s

Table 3 Various Afvén eigenmodes in toroidal plasmas.

From this example, one can imagine that there should exist various coupling
mechanisms between different Alfvén eigenmodes through various geometric
and plasma effects. The toroidicity is just an example of them. Indeed there
exists a zoo of such eigenmodes, with some (Heidbrink, 2002) categorized in
Table 3. Graphically, the zoo of various Alfvén modes is typically shown in the
frequency spectra, such as in Fig. 52 for both the tokamaks and stellarators.

Lastly, there exists another ideal MHD instability driven by energetic ions,
called “fishbone instability”, which is an internal kink instability (Ch.7 of
Wesson (2011) and Ch.12 of Miyamoto (2016)).

Fast-ion-driven instabilities are part of the burning plasma physics that
ITER is designed to study, as illustrated in Fig. 53. Thermal plasma, including
its profile and magnetic structure, is maintained by a combination of auxil-
iary heating (NBI, RF), D-T fueling, current drive, and disruption controls
to stabilize the MHD instabilities and to limit the transport losses. Fusion
output of thermal plasma supplies the non-thermal plasma that can generate
fast-ion-driven instabilities and transport to plasma edges, collected as ashes.
Meanwhile, α particles can heat the thermal plasma and drive current inside
of it for a sustained fusion output. These self-organization cycles can be con-
trolled from outside such that continuous burning at a desirable level can be
maintained in a steady state, while part of the fusion energy output can be
used to generate electricity.

8.3 Plasma Position Instability

In Lecture 2, we discussed that a vertical magnetic field is needed to maintain
toroidal plasma at a desired position, but we did not discuss its stability. Since

Fig. 53 Important elements of burning plasma physics for magnetically confined plasmas.
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the vertical field BZ(R,Z) and the associated BR(R,Z) are generated by coils
external to the plasma, it is curl-free with ∂BR/∂Z = ∂BZ/∂R. Below we
discuss the position, both vertical and horizontal, stability in terms of the
spatial profile of BZ(R,Z).

Fig. 54 Stability of toroidal plasma position depends on its vertical field profile.

Vertical stability is determined by the restoring force when the plasma’s
vertical position is perturbed. For the configuration shown in Fig. 54, Ip is in
the positive ϕ direction, while the vertical field is in the negative Z direction.
This combination provides the radially inward force to maintain plasma at its
equilibrium position at (R,Z). If there is a radial magnetic field, δBR, the
vertical force is given by Fz = −2πRIpδBR. For a small vertical displacement
δZ, the radial field is given by δBR = (∂BR/∂Z)δZ, leading to the equation
of motion

M
d2(δZ)

dt2
= −2πRIp

∂BR

∂Z
δZ

= 2πIpBZ

(
− R

BZ

∂BZ

∂R

)
δZ

≡ 2πIpBZnδZ,

where ∂BR/∂Z = ∂BZ/∂R is used. Here, n is the vertical field decay index

n = − R

BZ

∂BZ

∂R
. (442)

Since IpBZ < 0 here, the vertical stability demands n > 0.
Next, we examine horizontal stability (Miyamoto, 2016, Ch.15). According

to Lecture 2, an additional vertical field BV is needed to keep the toroidal
plasma at the desired radial location with

BV = −µ0Ip
4πR

(
ln

8R

a
+ Λ− 1

2

)
, (443)
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where Λ = li/2+βp−1. Since the horizontal restoring force due to δBZ −δBV

is
FR = 2πRIp(δBZ − δBV ), (444)

the equation of motion for the small perturbation in the horizontal location,
δR, is given by

M
d2(δR)

dt2
= 2πRIp

(
∂BZ

∂R
− ∂BV

∂R

)
δR. (445)

Since the factors in parentheses of Eq. (443) have weak dependencies on R, we
approximate ∂BV /∂R as

∂BV

∂R
≈ −BV

R
+
BV

Ip

∂Ip
∂R

= −BV

R

(
1− R

Ip

∂Ip
∂R

)
= −BZ

R

(
1− R

Ip

∂Ip
∂R

)
.

(446)
As the poloidal flux enclosed by the toroidal plasma ring is conserved, we have

∂ (LpIp)

∂R
+ 2πRBZ = 0

∂Ip
∂R

= − 1

Lp

(
2πRBZ + Ip

∂Lp

∂R

)
, (447)

where plasma self-inductance Lp is given by

Lp = µ0R

(
ln

8R

a
− 2 +

li
2

)
. (448)

As before, we approximate ∂Lp/∂R ≈ Lp/R to give

R

Ip

∂Ip
∂R

= − R

IpLp

(
2πRBZ +

IpLp

R

)

= −1− 2πR2BZ

IpLp

= −1− 2πR2BV

IpLp

= −1− 2πR2

Ip

−µ0Ip
4πR

(
ln 8R

a + Λ− 1
2

)

µ0R
(
ln 8R

a − 2 + li
2

) (449)

≈ −1

2
, (450)

where ln(8R/a) is assumed to be the dominating term at a sufficiently large
aspect ratio R/a in both the denominator and numerator in Eq. (449). In this
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case, therefore, Eq. (445) becomes

M
d2(δR)

dt2
≈ 2πIpBZ

(
−n+

3

2

)
δR, (451)

where Eq. (442) was used. Thus, horizontal position stability demands n < 3/2.
This can be understood as when the vertical field decreases too fast in the radial
direction, radial displacement of plasma position runs away as an instability
due to insufficient restoring force.

Combined with the vertical stability condition, the vertical field decay index
(in the radial direction) needs to satisfy 0 < n < 3/2.

8.4 Instabilities of Solar Flux Ropes

Fig. 55 From Myers (2015): (left) Coronal Mass Ejections (CMEs) measured by SOHO-
LASCO-C2 on December 2, 2003. (right) Magnetic flux ropes anchored on the solar surface.
Guide field Bg , strapping field Bs, and toroidal current JT correspond to toroidal field,
vertical field, and plasma current.

Coronal Mass Ejections (CMEs, see left panel of Fig. 55) are known to be
the most energetic events in the solar system. Free energy in the magnetic field
is accumulated in magnetic flux ropes (Gold and Hoyle, 1960) (see right panel
of Fig. 55) over a long period of time in the solar corona due to the turbulent
convective motion of the solar surface to which the magnetic field is anchored.
The flux ropes resemble toroidal plasmas in the laboratory, with field lines
helically twisted within, except these flux ropes are terminated on the solar
surface rather than forming a full torus. The accumulated free energy is rapidly
released via CMEs after a trigger. The CMEs propagate through the helio-
spheric plasma and sometimes hit Earth’s magnetosphere, causing geomagnetic
storms via magnetic reconnection, which will be discussed later. These storms
generate beautiful aurora seen in polar areas but also can damage satellites in
orbit and disrupt electric power grids on the ground. Therefore, understand-
ing how CMEs are triggered and predicting them ahead of time, called “space
weather forecast”, is an important application area of heliophysics or solar and
space plasma physics research.
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Fig. 56 From Myers et al (2015): (left) The experimental setup on MRX to study flux rope
stability with different field geometry and strength. (right) Experimental stability diagram
against kink and torus instabilities.

There are two primary candidates for CMEs’ triggers: by magnetic recon-
nection (see later) and by the onset of MHD instabilities of magnetic flux
ropes. Examples of MHD instabilities are the (current-driven) kink instabil-
ity (Sakurai, 1976) and torus instability (Kliem and Török, 2006). The torus
instability is essentially the horizontal instability that we have discussed. Even
while both of these instabilities have been observed to be unstable on the sun,
they “fail” to launch CMEs sometimes. The mutual relationship between these
two instabilities has been studied experimentally in the Magnetic Reconnec-
tion Experiment (MRX) shown in Fig. 56. For kink instability, the observed
threshold qa ∼ 0.8 is slightly below the Kruskal-Shafranov limit (Kruskal and
Schwarzschild, 1954; Shafranov, 1956) of qa = 1. On the other hand, the criti-
cal trapping field (vertical field) index of ncr ∼ 0.8 is about a factor of 2 below
the ncr = 3/2 we discussed above. However, it is consistent with the solar
observations. The differences, however, have been figured out due to various
contributing factors between setups in the lab and in the sun (Alt et al, 2021).

Figure 56 shows a highlight of the experiment with the eruption failing
if only one of the instabilities is unstable. This result underlines the mutual
dependence of the two MHD instabilities. Kink instability alone fails to launch
CMEs due to its nonlinear saturation, while torus (horizontal) instability alone
fails due to the increased magnetic tension force from its nonlinear evolu-
tion in ideal MHD (Alt, 2022). The failure of torus instability contradicted
the previously conjectured Taylor relaxation (see later). These results gener-
ated a renewed interest in the solar community to investigate the ideal MHD
instabilities in toroidal plasmas.

8.5 Summary

• Ballooning instability sets beta limits for toroidally confined plasmas.

– ELM limits pedestal height during H-mode.
– External ballooning-kink modes limit beta.

• Toroidal Alfvén Eigenmodes (TAE) and their relatives, driven by energetic
ions, define the physics of burning plasma.
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• Horizontal (radial) instability (and external kink instability) are common to
tokamaks and solar flux ropes eruptions or CMEs.

Table 4 attempts to summarize ideal MHD instabilities and their locations
for both fusion systems and space, solar, and astrophysical plasmas.

Table 4 Summary of ideal MHD instabilities in fusion plasmas and in space, solar, and
astrophysical plasmas.

Instability θ-pinch Z-pinch Screw pinch Tokamak Space, solar,
astrophysics

Pressure-driven No Near axis — — ?
kink

Interchange No Possible Suydam Mercier Solar convection
Current-driven — — q < m/n q < m/n Solar flux ropes

kink
Resistive wall No Possible Possible Possible —

mode
Ballooning No — — Possible Disk galaxies,
or Parker solar convection,

Earth magnetotail
Horizontal — — — Possible Solar flux ropes
or Torus

8.6 Further Readings

• Chapters 11 and 12 in Freidberg (2014)
• Chapters 6 and 7 in Wesson (2011)
• Chapters 6, 12 and 15 in Miyamoto (2016)

8.7 Homework Problem Set 8

1. Discuss the ideal MHD stability of tokamaks with positive triangularity (D-
shaped plasmas) versus negative triangularity (reversed D-shaped plasmas)
based on what we have learned in this class and the references that you can
find from the literature. Please use a structure for a research article: title,
author(s), a short abstract, introduction, body of your discussion, conclu-
sion, and references, with a minimum length of 2 pages. Group authors are
permitted.

2. Toroidal Alfvén Eigenmodes.
(a) Using the q profile given by

q(x) = q0
(
1 + λx3

)ν
, (452)

with q0 = 1 and 0 ≤ x ≤ a, predict possible unstable Toroidal Alfvén
Eigenmodes (TAEs) in terms of frequency and radial location for the
case of α = 2.5 and ϵ = a/R0 = 1/3.5. How do the predictions depend
on ϵ?
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(b) Sometimes observed TAE modes are used to estimate minimum q in the
plasma, especially when q is not monotonic. Describe its principle and
possible caveats.
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9 Ideal MHD Instabilities with Flows

We have discussed ideal MHD instabilities of plasmas without flows. In this
Lecture, we will focus on plasmas with an inhomogeneous flow or a sheared
flow as a homogeneous flow can be removed by changing to the moving frame
of the flow. In the case of sheared flows, the powerful energy principle that we
have discussed does not apply as the force operator is no longer self-adjoint,
and thus stability cannot be determined by simply minimizing energy integral
as we have seen thus far. We revert back to normal mode analysis in this
Lecture.

9.1 Kelvin-Helmholtz Instability and Magnetic
Stabilization

We will begin by discussing flow shear-driven instability without any mag-
netic field, i.e. Kelvin-Helmholtz instability, followed by its stabilization by
the magnetic field.

Fig. 57 Kelvin-Helmholtz instability driven by a discontinuous flow shear across z = 0.

The basic setup shown in Fig. 57 has an ideal flow in the x direction with a
discontinuity at z = 0, where the instability grows with a linear perturbation.
We can express the base state (equilibrium state) in flow potentials U1x and
U2x so that

V0 = ∇(U1x) when z > 0 (453)

= ∇(U2x) when z < 0. (454)

We apply linear perturbation on velocity potentials, V1 = ∇ϕ1 or V1 = ∇ϕ2,
and interface deformation, ξ, such that

ϕ1 = ϕ1(z)e
ik(x−ct),

ϕ2 = ϕ2(z)e
ik(x−ct),

ξ = ξeik(x−ct),
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where k is the wavenumber in x direction and c = ω/k is the complex phase
velocity. It is customary to use complex c instead of complex ω in fluid
mechanics to analyze flow stability.

The incompressibility assumption leads to

∇2ϕ1 = 0,

∇2ϕ2 = 0,

which can be solved using the boundary conditions, ϕ1(z = ∞) = 0 and
ϕ2(z = −∞) = 0, to yield

ϕ1 = Ae−kz,

ϕ2 = Bekz,

where A and B are constants. As discussed in Lecture 4, ϕ1 and ϕ2 are related
to interface deformation ξ by kinematic boundary conditions at the interface
z = 0,

∂ϕ1
∂z

=
dξ

dt
≈ ∂ξ

∂t
+ U1

∂ξ

∂x
,

∂ϕ2
∂z

=
dξ

dt
≈ ∂ξ

∂t
+ U2

∂ξ

∂x
,

which are linearized. Using solutions for ϕ1 and ϕ2, these conditions lead to
expressions for A and B in terms of ξ,

A = −i(U1 − c)ξ, (455)

B = i(U2 − c)ξ. (456)

We then use Bernoulli’s equation, including time dependence but without
gravitational term, as discussed in Lecture 3,

∂ϕ1
∂t

+
1

2
[∇(U1x+ ϕ1)]

2
+
p1
ρ

= c1, (457)

∂ϕ2
∂t

+
1

2
[∇(U2x+ ϕ2)]

2
+
p2
ρ

= c2, (458)

where p1 and p2 are the perturbed pressures just above and below the interface
while c1 and c2 are constants. Dynamic boundary condition demands p1 = p2
leading to

∂ϕ1
∂t

+
1

2
U2
1 + U1

∂ϕ1
∂x

− c1 =
∂ϕ2
∂t

+
1

2
U2
2 + U2

∂ϕ2
∂x

− c2, (459)
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where the nonlinear terms have been dropped. Before perturbation, this
equation simplifies to

1

2
U2
1 − c1 =

1

2
U2
2 − c2,

which can be subtracted from Eq. (459) to yield

∂ϕ1
∂t

+ U1
∂ϕ1
∂x

=
∂ϕ2
∂t

+ U2
∂ϕ2
∂x

. (460)

Using solutions of ϕ1 and ϕ2 at z = 0, we have

A(U1 − c) = B(U2 − c)

or
(U1 − c)2 = −(U2 − c)2, (461)

with the dispersion relation,

c =
U1 + U2

2
± i

2
(U1 − U2). (462)

Therefore, the flow is unstable if U1 ̸= U2, and is called Kelvin-Helmholtz
Instability, which was first studied by Kelvin (1871) and Helmholtz (1868)
and has been observed in many places.

Next, let us examine the flow stability when a uniform magnetic field is
applied. No effects are expected if the uniform field is in the y direction. When
the applied magnetic field is in the z direction, Bz, it is continuously sheared
by the flow, generating a field in the x direction, Bx. From the induction
equation for incompressible flows,

∂B

∂t
= ∇× (V ×B) = (B ·∇)V − (V ·∇)B, (463)

the x-component of this equation is given by

∂Bx

∂t
= Bz

∂Vx
∂z

, (464)

showing that Bx grows proportional to BzV
′
xt after Bz is applied at t = 0. V ′

x is
the flow shear in the magnetic field direction. This is called ω effect which will
be discussed in the context of magnetic dynamo in Lecture 11. In such case,
we cannot perform linear stability analysis as the base state is not steady. If
we consider finite resistivity, however, Bx eventually saturates as in Hartmann
flow discussed in Lecture 3, and stability analysis then can be performed upon
saturation (Müller and Bühler, 2001).

However, when a uniform magnetic field B0 = (B0, 0, 0) is applied in the
flow direction, the flow stability is altered and Kelvin-Helmholtz instability can
be stabilized. It turns out that in this case the perturbed magnetic field given
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by Eq. (463) does not induce electric current perturbation, j = (jx, jy, jz).
The jx and jz components vanish due to uniformity in y and equilibrium B0

does not have a y component. The remaining component jy vanishes as

µ0jy =
∂Bx1

∂z
− ∂Bz1

∂x
= −kBx1 − ikBz1

= i (ikBx1 − kBz1) = i

(
∂Bx1

∂x
+
∂Bz1

∂z

)
= 0,

where Bx1 and Bz1 are assumed to be proportional to eik(x−ct)−kz for z ≥ 0.
The same conclusion holds for z ≤ 0.

The vanishing j × B force then implies that its parts, magnetic tension
force, (B ·∇)B/µ0, and magnetic pressure force, −∇(B2/2µ0), must cancel
each other if they are nonzero, and thus none of them needs to appear in
Bernoulli’s equations, Eqs. (457) and (458). However, the magnetic pressure
needs to be added to the dynamic boundary condition of pressure balance
across the interface,

p1 +
B0Bx1

µ0
= p2 +

B0Bx2

µ0
, (465)

and therefore, the same magnetic pressure term needs to be added to Eqs. (459)
and (460) but with the opposite sign (thus representing magnetic tension force
in the z direction due to interface deformation) to yield

∂ϕ1
∂t

+ U1
∂ϕ1
∂x

− B0Bx1

µ0ρ
=
∂ϕ2
∂t

+ U2
∂ϕ2
∂x

− B0Bx2

µ0ρ
. (466)

Here Bx1 can be calculated by using the x-component of the linearized
induction equation from Eq. (463),

∂Bx1

∂t
= B0

∂Vx1
∂x

− U1
∂Bx1

∂x
, (467)

where Vx1 = ikϕ1 for z ≥ 0. This equation leads to

−ikcBx1 = (ik)2B0ϕ1 − ikU1Bx1, or

Bx1 = − ikB0ϕ1
c− U1

= kB0ξ, (468)

where ϕ1(z = 0) = A = −i(U1 − c)ξ is used. Similarly, we have

Bx2 = − ikB0ϕ2
c− U2

= −kB0ξ. (469)

Therefore, Eq. (466) becomes by defining V 2
A ≡ B2

0/µρ

(U1 − c)2 − V 2
A = −(U2 − c)2 + V 2

A, (470)
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which can be rearranged into

(
c− U1 + U2

2

)2

= V 2
A −

(
U1 − U2

2

)2

. (471)

For the flow to be stable, we must avoid complex solutions of phase velocity
c, or the magnetic field needs to be strong enough such that

VA ≥ |U1 − U2|
2

. (472)

As seen by this example, the effect of a magnetic field on flow-shear instabilities
is typically stabilizing. But this is not always true and will be discussed later.

9.2 General Flow Stability

9.2.1 Orr-Sommerfeld Equation and Squire’s Theorem

Instead of a special flow with a sharp jump as discussed in the previous section,
here we discuss some general stability properties of a sheared flow. Consider
that the base state of a flow,

V = [U(y), 0, 0], (473)

is perturbed in the 2 components in 2D:

V1 = (u, v, 0), (474)

where u and v, as well as perturbed pressure, p1, are assumed to be propor-
tional to eik(x−ct). The linearized equations of the motion and incompressibility
are given by

∂u

∂t
+ U

∂u

∂x
+ v

∂U

∂y
= −1

ρ

∂p

∂x
, (475)

∂v

∂t
+ U

∂v

∂x
= −1

ρ

∂p

∂y
, (476)

∂u

∂x
+
∂v

∂y
= 0, (477)

which lead to

ik(U − c)u+ vUy = − ik
ρ
p (478)

ik(U − c)v = −py
ρ

(479)

iku+ vy = 0, (480)
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where subscript y indicates derivative with respect to y. The incompressibility,
Eq. (480), is automatically satisfied if a stream function ψ is used to represent
the perturbed flow,

u = ψy v = −ikψ. (481)

Substituting these to Eq. (478) yields

ik(U − c)ψy − ikψUy = − ik
ρ
p.

Taking the y-derivative of this equation gives

ikUyψy + ik(U − c)ψyy − ikψyUy − ikψUyy = − ik
ρ
py

(U − c)ψyy − ψUyy = −py
ρ
. (482)

Equating with Eq. (479) leads to

(U − c)(ψyy − k2ψ)− ψUyy = 0, (483)

which is the inviscid version of the Orr-Sommerfeld Equation by Orr
in 1907 and Sommerfeld in 1908, or the Rayleigh Equation. This is a
second-order ordinary differential equation in ψ and can be solved with proper
boundary conditions with c as complex eigenvalues indicating damping or
growing modes for each k.

However, it is not obvious that the Orr-Sommerfeld equation explains the
general stability for sheared flow as only two velocity components are per-
turbed. A more general perturbation should consider all the three components
of velocity,

V1 = (u, v, w), (484)

which are proportional to ei(kx+mz−kct). Then, the corresponding equations
are given by

∂u

∂t
+ U

∂u

∂x
+ v

∂U

∂y
= −1

ρ

∂p

∂x
, (485)

∂v

∂t
+ U

∂v

∂x
= −1

ρ

∂p

∂y
, (486)

∂w

∂t
+ U

∂w

∂x
= −1

ρ

∂p

∂z
, (487)

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (488)

which lead to

ik(U − c)u+ vUy = − ik
ρ
p, (489)
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ik(U − c)v = −py
ρ
, (490)

ik(U − c)w = − im
ρ
p, (491)

iku+ vy + imw = 0. (492)

Now, we apply Squire transformation to the equations above,

k̄ =
√
k2 +m2, (493)

k̄ū = ku+mw, (494)
p̄

k̄
=

p

k
. (495)

First, we use Eq. (494) to Eq. (492), leading to

ik̄ū+ vy = 0, (496)

which is identical to Eq. (480). Next, multiply Eq. (491) with m/k and add it
to Eq. (489) leading to

i(ku+mu)(U − c) + vUy = −
(
ik

ρ
+
im2

ρk

)
p. (497)

Here, we use Eq. (493) first and then Eq. (495) to calculate

(
ik

ρ
+
im2

ρk

)
p =

ip

ρ

(
k2 +m2

k

)
=
ip

ρ

k̄2

k
=
ik̄2

ρ

p̄

k̄
=
ik̄

ρ
p̄.

Using Eq. (494) again, Eq. (497) becomes

ik̄(U − c)ū+ vUy = − ik̄
ρ
p̄, (498)

which is identical to Eq. (478). Lastly, taking the derivative of Eq. (495) with
respect to y yields p̄y/k̄ = py/k, which transforms Eq. (490) to

ik̄(U − c)v = − p̄y
ρ
, (499)

identical to Eq. (479). Therefore, by using the Squire transformation, the three
components of 3D perturbation (u, v, w), which are the functions of (k,m, c),
are converted to the two-component 2D perturbation (ū, v, 0), which are the
functions of (k̄, c). In addition, the growth of these perturbations, which are
proportional to ek̄ct in 2D, are larger than their counterparts in 3D, ekct,
since k̄ > k. It means that for each unstable 3D mode there exists a more
unstable 2D mode! This result is known as Squire’s Theorem, a convenient



GPP II Lecture Notes

136 MHD (10/11/24 )

and powerful way to analyze flow stability using Orr-Sommerfeld Equation.
Both Orr-Sommerfeld Equation and Squire’s Theorem are also valid for flow
with a finite viscosity but in more complex forms (Kundu et al, 2015, Ch.11).

9.2.2 Rayleigh’s Inflection Point Criterion and Fjørtoft’s
Theorem

With the inviscid Orr-Sommerfeld Equation, Eq. (483), in hand, two powerful
theorems can be derived to assess the linear stability of a flow. The first one is
the well-knownRayleigh’s inflection point criterion, which we will explain
below.

Equation (483) can be written as

ψyy − k2ψ − Uyy

U − c
ψ = 0, (500)

as long as U ̸= c, which is always true if the flow is unstable or ℑ(c) ̸= 0. Next,
we multiply Eq. (500) with ψ∗ and integrate over y. The first term becomes

∫
ψ∗ψyydy = [ψ∗ψy]

y2

y1
−
∫
ψ∗
yψydy = −

∫
|ψy|2 dy,

with ψ = 0 at the boundaries y1 and y2. Therefore, we have

∫ (
|ψy|2 + k2 |ψ|2

)
dy +

∫
Uyy

U − c
|ψ|2 dy = 0 (501)

with its imaginary part

ℑ(c)
∫

Uyy

|U − c|2
|ψ|2 dy = 0. (502)

In order to make the last integral equal to zero, allowing ℑ(c) ̸= 0 for insta-
bility, there must exist a point in the flow y1 < y0 < y2 where Uyy(y0) = 0,
so that the integrand between y1 and y0 has the opposite sign from the inte-
grand between y0 and y2. The point y = y0 is called the inflection point. Thus,
its existence is the necessary condition for instability, which was shown by
Rayleigh in 1880.

A stronger necessary condition was derived by Fjørtoft in 1950. Taking the
real part of Eq. (501) yields

∫
Uyy [U −ℜ(c)]

|U − c|2
|ψ|2 dy = −

∫ (
|ψy|2 + k2 |ψ|2

)
dy < 0. (503)
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11

Uyy = 0

Uyy U −UI( ) < 0
Uyy = 0

Uyy U −UI( ) < 0

Uyy = 0

Uyy U −UI( ) > 0
Uyy < 0

Uyy < 0 Uyy > 0

Fig. 58 Example flows to practice Rayleigh’s inflection point criterion and Fjørtoft’s
theorem. From (Kundu et al, 2015, Ch.11).

Since the integral in Eq. (502) is zero, we can construct

[ℜ(c)− UI ]

∫
Uyy

|U − c|2
|ψ|2 dy = 0, (504)

where UI = U(y0), and add it to Eq. (503) to yield

∫
Uyy (U − UI)

|U − c|2
|ψ|2 dy < 0, (505)

or Uyy (U − UI) < 0 must be true somewhere in the flow. This is an addi-
tional necessary condition for instability beyond the existence of an inflection
point. Figure 58 shows several example flows which can be used as exercises
to practice using Rayleigh’s inflection point criterion and Fjørtoft’s theorem.

9.2.3 Effects of Viscosity and Nonlinearity

So far, flow stability has been discussed without considering the effects of
viscosity. Intuitively, the viscosity should stabilize the flow as it increases the
cost of developing unstable modes. Indeed, it is true for many cases, such as
the stability of circular Couette flow, which was first introduced in Lecture
3 and will be discussed later in this Lecture. However, the viscosity can also
destabilize the flow, such as in the plane Poiseuille flow, which was also first
introduced in Lecture 3 and shown in Fig. 58. The plane Poiseuille flow with a
parabolic velocity profile has no inflection point within the flow, thus stable in
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Re0c

Fig. 59 (Left) Linear or supercritical bifurcation. (Right) nonlinear or subcritical transi-
tion.

the inviscid case. However, Poiseuille flow is viscously unstable with a predicted
critical Reynolds number of Rec = 5780 (Kundu et al, 2015, Ch.11). The
counter-intuitive nature highlights that in some cases where instabilities are
favored energetically, which we will discuss below. Other examples are Parker
instability and ballooning instability in ideal MHD, which occur since they are
energetically favored.

The linearized Navier-Stokes equation in terms of V1 is given by

∂V1

∂t
+ (V0 ·∇)V1 + (V1 ·∇)V0 = −∇p1

ρ
+ ν∇2V1, (506)

where V0 is the base flow velocity and p1 is the perturbed pressure. Taking
a dot product of this equation with V1 yields the rate of change for kinetic
energy of the perturbation,

1

2

∂V 2
1

∂t
= −V1 · (V0 ·∇)V1 − V1V1 : ∇V0 −

V1 ·∇p1
ρ

+ νV1 · ∇2V1, (507)

with its total obtained by integrating over the whole flow volume. Using
integration by parts, many terms of the equation above can be written in
terms of surface integral, which vanish if we impose zero perturbations on the
boundaries (Kundu et al, 2015, Ch.11). As a result, Eq. (507) becomes

1

2

∂

∂t

∫
V 2
1 dV = −

∫
V1V1 : ∇V0dV − ν

∫
(∇ · V1)

2
dV. (508)

The second term on the RHS indicates the decrease of perturbation’s kinetic
energy due to viscosity, as expected. However, if the first term is positive and
sufficiently large, due to the interaction between perturbation and flow shear
that taps its free energy, the perturbation can grow, leading to instability.

The other two linear flows introduced in Lecture 3, the plane Couette flow
and the pipe flow, are also linearly stable with no inflection points. They
are also linearly stable, even with viscosity. However, nonlinearly, they are
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Fig. 60 (Top) Pipe flow experiments performed by Reynolds showed the onset of turbulence
at low Re. (Bottom) The onset is indicated by sudden diffusion of injected ink in the flow,
despite linear stability at all Re. From Reynolds (1883).

known to be unstable. Usually, nonlinear effects are expected to saturate the
amplitude of linear instability. It can be phenomenologically illustrated by the
following equation for a properly normalized instability amplitude a,

ȧ = µ(Re−Rec)a− a3, (509)

where µ is a normalization constant. After saturation in a steady state, ȧ = 0,
the saturated amplitude is given by

a = ±
√
µ (Re−Rec). (510)

As shown in the left panel of Fig. 59, the amplitude grows after Re > Rec. In
the terminology of nonlinear dynamics, the system is said to have a linear or
supercritical bifurcation at Rec to multiple states, of which only one in red is
stable or realizable. (Sometimes a is defined to have a sign. In such cases, the
blue solution can also be realizable.)

When the system is described with an additional nonlinear term propor-
tional to a2 instead of Eq. (509), we have

ȧ = µ(Re−Rec)a+ βa2 − a3, (511)
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where β is a constant. The solution is given by

a =
1

2

(
β ±

√
β2 + 4µ (Re−Rec)

)
, (512)

which has finite-amplitude solutions at a lower Re where

Re′c = Rec −
β2

4µ
. (513)

Therefore, if there exists a proper finite amplitude or nonlinear perturbation,
the system can be unstable by transitioning via the path indicated in red on
the right panel of Fig. 59. In this case, the system is said to have a nonlinear
or subcritical bifurcation at Re′c, and the instability is often termed nonlinear
instability as opposed to linear instability, which we have discussed throughout
this class. In the case of plane Poiseuille flow, the predicted nonlinear critical
Reynolds number is Re′c = 2510, smaller than the linear critical Reynolds
number at Rec = 5780, but agrees better with experimental results (Kundu
et al, 2015, Ch.11).

Both the plane Couette flow and pipe flow can be destabilized by finite-
amplitude perturbations. A well-known case is the pipe flow experiment
performed by Reynolds in 1883 (Reynolds, 1883), shown in Fig. 60. The tran-
sition to turbulence typically occurs at Re ∼ 2000 and can be maintained
laminar at Re as high as 5 × 104 shown by Reynolds. Above that, the flow
eventually becomes turbulent due to nonlinear effects.

In civil engineering, pipe flows have been long accepted to be turbulent.
In 1944, Princeton Hydraulic Engineering professor, Lewis Moody, published
a graphical chart known now as the Moody Diagram shown (Moody, 1944) in
Fig. 61, where the effective friction of pipe flow is plotted against the Reynolds
number for various roughness of the pipe’s inner wall. The friction factor is
proportional to the pressure drop needed to maintain the desired averaged
flow,

f = − Dp′

ρŪ2/2
,

where D is pipe diameter, p′ is pressure gradient along the pipe, and Ū is the
flow speed averaged over the pipe cross-section. The nonlinear transition from
laminar to turbulent flow occurs around Re ∼ 2000 − 3000, with the friction
factors gradually asymptote to constant values for a given pipe wall roughness.
Aside from engineering applications, the detailed physics of nonlinear transi-
tion to turbulence remains a hot topic in the communities of fluid dynamics
and nonlinear dynamics but is rarely studied in MHD.

9.3 Stability of Rotating Flow

Nearly all celestial bodies, including Earth, rotate; so do most of the astro-
physical (and geophysical) fluids and plasmas. The importance of rotation in
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Fig. 61 Moody Diagram on the friction of pipe flow as functions of Reynolds number and
pipe inner wall roughness from Moody (1944).

dynamics can be quantified by the Rossby number, defined as the ratio of
inertial force to Coriolis force

Ro ≡ |V ·∇V |
|Ω× V | =

V 2/L

V Ω
=

V

LΩ
, (514)

where V , L, and Ω are the characteristic velocity, length scale, and angular
frequency of the rotation, respectively. When Ro ≫ 1, we can neglect the
effect of rotation, while for Ro≪ 1, the rotation effect dominates. The Rossby
number is scale-dependent, i.e., for the same characteristic V and Ω, flows
at small scales are not affected by rotation, while the opposite is true on
large scales. This explains that the Earth’s rotation effect can be ignored in
small-scale laboratory experiments, while it is important in large-scale flow
phenomena in the ocean and atmosphere, or geophysical fluids in general. In
this subsection, we discuss flows in the low Ro regimes where rotation plays a
dominant role.
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9.3.1 Taylor-Proudman Theorem and Inertial Waves

Since a rotating frame of reference is not an inertial frame, additional terms
due to the acceleration appear in the Navier-Stokes equation

∂V

∂t
+ (V ·∇)V = −1

ρ
∇p+ ν∇2V +Ω× (r ×Ω)− 2Ω× V , (515)

where the last two terms represent centrifugal and Coriolis forces, respectively.
Under a solid body rotation, Ω, the centrifugal force can be written as an
effective gravity force since

Ω× (r ×Ω) =
1

2
∇
[
(r ×Ω)

2
]
, (516)

where r is the position vector from a point along the rotation axis, and
− (r ×Ω)

2
/2 serves as an effective gravitational potential. In the large Ω limit,

the dominant terms of Eq. (515) are Coriolis force and pressure force. They
are in balance,

2Ω× V = −1

ρ
∇p, (517)

called geostrophic flow, commonly seen in geophysical fluids as in a typ-
ical weather map. Assuming incompressibility, taking the curl of the above
equation leads to

∇× (Ω× V ) = 0

= (Ω · ∇)V − (V · ∇)Ω+ V (∇ ·Ω)−Ω (∇ · V )

= (Ω · ∇)V

since Ω is constant. This means that V does not vary in the direction of Ω,
or flow tends to be two-dimensional, uniform along the Ω direction. Much like
the situation where plasma tends to be two-dimensional and uniform along a
strong magnetic field! This is called Taylor-Proudman theorem proposed
by Proudman in 1916 and shown by G.I. Taylor experimentally in 1922-1923.

Rotation introduces new waves. Adding time derivative to Eq. (517) yields

∂V

∂t
+ 2Ω× V = −1

ρ
∇p. (518)

The curl of this equation gives

∂ω

∂t
= 2 (Ω · ∇)V , (519)
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where ω ≡ ∇ × V is vorticity. Since ∇ × ω = ∇ (∇ · V ) − ∇2V = −∇2V ,
by taking another curl operation on Eq. (519), we have

−∂
(
∇2V

)

∂t
= 2 (Ω ·∇)ω. (520)

Taking a time derivative of this equation leads to

∂2
(
∇2V

)

∂t2
= −2 (Ω ·∇)

∂ω

∂t
= −4 (Ω ·∇)

2
V , (521)

where Eq. (519) is used again. As before, we use normal mode decomposition
of plane waves in the form of ei(k·x−ωt). Eq. (521) leads to a dispersion relation
of inertial waves,

ω2k2 = 4 (Ω · k)2

or

ω = ±2Ω · k
k

= ±2Ω cos θ, (522)

where θ is the angle between Ω and k. Note that the frequencies of inertial
waves are limited to ±2Ω, as the restoring force is from the Coriolis force,
2Ω× V , which arises due to angular momentum conservation. The energy of
inertial waves is carried by the group velocity

Vg =
∂ω

∂k
= ±2

[
k2Ω− (Ω · k)k

]

k3
, (523)

which is mostly directed along the Ω direction, consistent with the implica-
tion of the Taylor-Proudman theorem. The magnetic field parallel to Ω adds
Alfvén wave dynamics to inertial waves in ideal MHD, leading to the dispersion
relation of magneto-Coriolis (MC) waves,

ω = ±Ω · k
k

±
√(

Ω · k
k

)2

+ (k · VA)
2
, (524)

which has two branches: fast and slow MC waves (see Homework 9).

9.3.2 Centrifugal Instability and Taylor-Couette Flow

Solid-body rotations do not have free energy for instabilities—differential
rotations, as in many astrophysical plasmas, do. The stability of differen-
tially rotating, unmagnetized, inviscid fluid is governed by Rayleigh’s criterion
against centrifugal instability (Rayleigh, 1916), similar to the interchange
instability that we discussed earlier.

Consider two fluid rings with equal mass in a differentially rotating inviscid
fluid: ring 1 rotates at angular velocity Ω1 at r = r1, and ring 2 at angular
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velocity Ω2 at r = r2. Since the fluid is inviscid, circulation by each ring Γ is
conserved per Kelvin’s circulation theorem discussed in Lecture 3,

Γ =

∮

r=r

V · dl = 2πr2Ω, (525)

which is proportional to angular momentum per unit mass or the specific
angular momentum, L = r2Ω. The kinetic energy per unit mass is

1

2
V 2 =

1

2
r2Ω2 =

1

2

L2

r2
. (526)

Now we interchange ring 1 and ring 2 with regard to their radial locations
while conserving their angular momenta. After the interchange, ring 1 with the
angular momentum of L1 is at r = r2, while ring 2 with the angular momentum
of L2 is at r = r1. The flow is stable if the change in energy is positive by the
interchange,

1

2

(
L2
2

r21
+
L2
1

r2

)
− 1

2

(
L2
1

r21
+
L2
2

r2

)
=

1

2

(
L2
2 − L2

1

)( 1

r21
− 1

r22

)
> 0, (527)

which is equivalent to the condition

dL2

dr
> 0. (528)

Therefore, the flow is stable if angular momentum is an increasing function of
radius. This condition is called Rayleigh’s criterion (Rayleigh, 1916).

Therefore, the stability of circular Couette flow, driven by two concen-
tric, infinitely long cylinders (also introduced in Lecture 3), depends on the
relative magnitude of angular momentum between inner and outer cylinders.
The flow is centrifugally stable if r21Ω1 < r22Ω2 when cylinders are co-rotating.
Finite viscosity, in this case, is stabilizing, so even if Rayleigh’s criterion is vio-
lated, the flow is still stable when Re is sufficiently low. G.I. Taylor derived a

Fig. 62 Hydrodynamic stability of Taylor-Couette flow by Taylor (1923) and its magnetic
stabilization by Donnelly and Ozima (1962).
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Fig. 63 Different flow regimes after the first instability appears by Andereck et al (1986).

set of differential equations by taking into account finite viscosity and solved
them numerically without modern computers with non-slip boundary condi-
tions on the surface of inner and outer cylinders. He also performed careful
experiments using the now-called Taylor-Couette cells (Taylor, 1923) by inject-
ing inks to determine the onset of centrifugal instability. Experimental and
numerical results agree nearly perfectly, as shown in the left panel of Fig. 62,
effectively validating the non-slip boundary conditions.

A magnetic field imposed along the rotation axis can stabilize centrifugal
instability. This has been worked out theoretically by Chandrasekhar (1961)
and confirmed experimentally (Donnelly and Ozima, 1962), with excellent
agreements shown in the right panel of Fig. 62. Here the critical Taylor num-
ber, Tc, for the onset of centrifugal instability is proportional to the square of
the Reynolds number, while Q, the Chandrasekhar number, is proportional to
the square of Alfvén speed.

The nonlinear regimes above the first instability turned out to be very rich
with various bifurcations and transition towards full turbulence when Re is
increased, as shown in Fig. 63. These regimes are continuously being studied
even after 100 years (Lueptow et al, 2023a,b) since G.I. Taylor’s 1923 paper
due to their richness in terms of nonlinear dynamics and their applications.
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9.4 Stability of Keplerian Flows

Accretion disks are disk-like flows where gas, plasma, and dust particles rotate
around and gradually fall on the central object. Disk-like structures naturally
form due to the conservation of angular momentum but not its energy which
escapes due to, i.e., radiation. Important energetic astrophysical processes
occur in accretion disks, including the formation of stars and planets, mass
transfer and novae in binary star systems, and energy release in active galactic
centers around a supermassive black hole that has mass as large as 109 of solar
mass and is as luminous as 1014 of our Sun, the brightest steady source in the
Universe. The energy released by accretion can be as efficient as converting up
to ∼ 25% of rest mass energy through falling in gravitational potential wells
in compact objects (neutron stars and black holes), compared to only ∼ 1010

by chemical reaction, ∼ 0.08% by nuclear fission, and ∼ 0.4% by D-T fusion.

Fig. 64 (Left) planet-forming star PDS70 by ALMA. (Middle) mass transfer in binary
system. (Right) M87 supermassive backhole image by Event Horizon Telescope.

The flow profile in accretion disks closely follows Kepler’s Third Law: “The
square of the orbital period of a planet is directly proportional to the cube of
the semi-major axis of its orbit” or

Ω(r) =

√
GM

r3/2
(529)

for circular orbits with G as the gravitational constant and M as the central
object mass. The kinetic energy of a mass m at r is

K =
1

2
m (rΩ)

2
=
GMm

2r
, (530)

with its gravitational potential energy

Φ = −GMm

r
(531)
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such that the total energy is given by

E = K +Φ = −GMm

2r
< 0. (532)

Therefore, by falling deeper through the gravitational potential through
accretion, more energy is released, even if the orbital kinetic energy gets larger.

However, mass cannot simply fall in the gravitational potential due to
angular momentum conservation, just as Earth does not simply fall onto the
Sun due to its finite angular momentum. Therefore, the only way for a mass
to fall onto the central object or accrete to release energy is to transfer its
angular momentum to other masses, conserving the total angular momentum.
This can be demonstrated by the following thought experiment.
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m/2

Fig. 65 (Left) A mass of m orbiting around the central mass of M . (Right) The mass m
splits into two halves with equal masses but unequal angular momenta.

Consider a mass of m orbiting with an angular frequency of Ω at a distance
r from the central mass M . This mass carries an angular momentum and
energy of

J0 = mr2Ω = m
√
r, (533)

E0 = −m

2r
. (534)

Here, the constant GM is taken as unity to simplify the problem. Now, the
mass m is split into two, each having half of the mass, angular momentum,
and energy such that

J0
2

=
m

2

√
r (535)

E0

2
= −m

4r
. (536)

If one half gains angular momentum by δJ , the other half loses the same δJ . As
a result, the total angular momentum will be conserved. However, the radius
of the half mass that gains angular momentum needs to increase by δr1, while
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the radius of the half mass which loses angular momentum needs to decrease
by δr2 in such a way that

J0
2

+ δJ =
m

2

√
r + δr1 (537)

J0
2

− δJ =
m

2

√
r − δr2. (538)

Dividing these equations by Eq. (535) yields

(
1 +

2δJ

J0

)2

=
r + δr1

r
, (539)

(
1− 2δJ

J0

)2

=
r − δr2

r
, (540)

which can be used to calculate the total energy

− m

4(r + δr1)
− m

4(r − δr2)
= −m

4r

(
r

r + δr1
+

r

r − δr2

)

= −m

4r

[(
1 +

2δJ

J0

)−2

+

(
1− 2δJ

J0

)−2
]

≈ −m

2r

[
1 + 3

(
2δJ

J0

)2
]
< E0. (541)

As a result, by transferring angular momentum from one part of the mass to the
other part, the part losing angular momentum can lower its orbit while the part
gaining angular momentum raises its orbit while releasing gravitational energy.
This process repeats and eventually leads to accretion, with the majority of
the mass possessing little angular momentum forming a star at the center. The
masses carrying most of the angular momentum orbits the central object as
the planets, far from the star. This is what happened to our solar system.

This radially outward transport of angular momentum can happen by
molecular viscosity of accretion disk flow but at a very slow time scale. The
diffusion time over 1 AU distance is τ ∼ R2/ν where R = 1.5 × 1011m and
ν ∼ 104m2/s. The values give τ ∼ 1018s ∼ 1010year, which is longer than
the age of the Universe! Therefore, we need an enhanced effective viscosity by
orders of magnitude in order to explain the observed star formation on the
order of millions of years (Shakura and Sunyaev, 1973). The usual suspect of
such an enhancement is turbulence as in the pipe flow, but the question here
is, what is the driving mechanism for turbulence?

Unfortunately, Keplerian flows are stable against centrifugal instability
because Rayleigh’s criterion is satisfied due to their positive radial gradient of
angular momentum, L ∝ √

r per Eq. (529). Since viscosity is stabilizing here
as well, therefore, we are left with two main possibilities: instability driven
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Fig. 66 Different flow regimes of Taylor-Couette flow in the parameter space of angular
speeds of inner and outer cylinders from Ji and Goodman (2023).

by nonlinearity or by the magnetic field. Both of these effects have only been
studied recently (Ji and Goodman, 2023) despite the long history of rotating
flow research, which historically focused on centrifugal instability. The relevant
regime here is the quasi-Keplerian regime where angular velocity decreases
with radius while angular momentum increases with radius, as shown in Fig. 66
for Taylor-Couette flows.

There are enough reasons to believe nonlinearity can indeed destabilize
(quasi-)Keplerian flows: there is sufficient free energy in the flow shear when
the Reynolds numbers are enormous (at least 1013) in any moderate solar sys-
tem. There are also plenty of examples of such systems that are nonlinearly
unstable, such as pipe flows, which we discussed before. This motivated a large
wave of intensive research to look for nonlinear instabilities, including some
experiments which claimed to have found such instabilities that turned out
to be the cases where turbulence is driven by Ekman circulation due to rigid
endcaps of Taylor-Couette flow (Ji and Goodman, 2023). Ekman circulation
is explained conceptually in Fig. 67, where a cup of tea can stop in about 10
seconds after being spun up by a spoon, while even viscous spin down should
take minutes. More detailed descriptions of Ekman circulation are given in

Fig. 67 Ekman circulation in the spinning tea in a cup. In the bulk of tea, centrifugal
force is balanced by pressure force from the outer wall. However, near the bottom of the
teacup, where viscous force is non-negligible, tea rotates at a slower rate leading to smaller
centrifugal force. On the other hand, the pressure force from the outer wall is still large,
pushing the tea toward the center of the cup to generate Ekman circulation in purple.
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Fig. 68 From Ji et al (2006): (Left) Princeton MRI experiment which contains segmented
and independently rotatable end rings to minimize Ekman circulation. (Right) Measured
Reynolds stress is indistinguishable from zero and shows no sign of turbulence with the
proper choice of end ring speeds up to shear Reynolds numbers above 106. Large stresses
can be measured for non-optimal choices of end ring speeds or at low Reynolds numbers.
The solid line represents viscous stresses.

(Kundu et al, 2015, Ch.13). Ekman circulation is effective in transporting
angular momentum, removing the energetic needs for instabilities. In prac-
tice, endcaps are typically placed far from the bulk of Taylor-Couette flows.
However, their influences extend to large distances along the rotation axis,
especially when the system is rapidly rotating at a small Ro, according to the
Taylor-Proudman theorem that we discussed already.

After proper care was taken by using segmented and independently rotat-
able rings (Ji et al, 2006) to remove Ekman effects, there have been no signs
of turbulence from experiments and simulations in (quasi-)Keplerian flows at
Reynolds numbers as large as 106, see Fig. 68. This is true even with active
perturbations. This is quite remarkable as there are no other known shear flows
that remain laminar at such large Reynolds numbers. However, the reason why
(quasi-)Keplerian flows are so robustly stable is still unclear. Interestingly, the
flow structure outside the major hurricane eyes is also in the quasi-Keplerian
regime (Mallen and Montgomery, 2005). There are speculations that this has
to do with the constraints coming from the angular momentum conservation in
the time evolution of perturbation energy (Balbus et al, 1996), which is absent
in linear flows such as pipe flows, but a powerful mathematical theorem seems
to be in order (Ji and Goodman, 2023).
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9.5 MagnetoRotational Instability (MRI)

Even the (quasi-)Keplerian flows are robustly stable in hydrodynamics. Their
stability changes drastically with a very weak magnetic field. When such a field
is imposed axially—along the rotation axis, an ideal MHD instability called
(standard) MagnetoRotational Instability or MRI arises. MRI was first derived
by Velikhov (1959) and Chandrasekhar (1960). It did not get any attention for
its astrophysical importance until Balbus and Hawley (1991). There are other
versions of MRI: Helical MRI (HMRI) with a helical magnetic field in both
axial and azimuthal magnetic field; Azimuthal MRI (AMRI) with a purely
azimuthal field. Both HMRI and AMRI are unstable at much lower Rm than
SMRI, but they are stable for Keperian flows, see Ji and Goodman (2023),
and will not be discussed here.

The standard MRI can be illustrated using a spring-mass analog, shown
in Fig. 69. Similar to the situation shown in Fig. 65, two masses are split
but connected by a spring this time, mimicking the effects of a connecting
magnetic field. The mass perturbed radially inward gains angular speed, while
the mass perturbed radially outward loses angular speed. Therefore, the spring
is stretched, pulling the inner mass and transferring its angular momentum to
the outer mass. With less angular momentum, the inner mass drifts further to
the lower orbit closer to the center, while the outer mass, with more angular
momentum, drifts to a higher orbit away from the center. The movement
stretches the spring further, transferring more angular momentum between
two masses and creating a runaway process. The process results in instability
as a purely growing mode in the local rotating frame. When the spring is too
strong, the system oscillates but is stable.

In fact, this runaway process can be demonstrated by constructing a set
of equations in terms of x and y, defined as linear displacement of the mass
in the local radial and flow directions, respectively (Balbus, 2009). We assume
that the unperturbed location is at r = r0 with Ω(r0) = Ω0. The equation of
motion is given by

∂V

∂t
+ (V ·∇)V + 2Ω0 × V = −∂Φ(r)

∂r
r̂ + rΩ2

0r̂, (542)
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Fig. 69 Side view (left) and top view (right) of a spring-mass analogue of standard MRI.
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where the last two terms are centripetal and centrifugal forces, which are
in balance when unperturbed. r̂ is radial unit vector with V = (ẋ, ẏ). The
centripetal force is determined by the scalar potential, which is the gravitation
potential in accretion disks or pressure in the laboratory. The magnitude must
be in the form of −rΩ2(r) in order to keep the mass in orbit. When the mass
is perturbed, the perturbed centripetal force is given by

[
−dΦ
dr

]

r0+x

−
[
−dΦ
dr

]

r0

=
[
−rΩ2

]
r0+x

−
[
−rΩ2

]
r0

≈ −x
(
Ω2

0 + r0
dΩ2

dr

)
, (543)

where dΩ2/dr is taken at r0. The perturbed centrifugal force is simply xΩ2
0,

so the combined perturbed radial force is

−xr0
dΩ2

dr
. (544)

Therefore, the desired set of equations is given by

ẍ− 2Ω0ẏ = −xr0
dΩ2

dr
−Kx, (545)

ÿ + 2Ω0ẋ = −Ky, (546)

where K ≥ 0 is the spring constant. Assuming x, y ∝ eγt, the equations above
become

(
γ2 + r0

dΩ2

dr
+K

)
x− 2Ω0γy = 0, (547)

2Ω0γx+
(
γ2 +K

)
y = 0, (548)

leading to the dispersion relation

γ4 + (2K + κ2)γ2 +K

(
K + r0

dΩ2

dr

)
= 0, (549)

where the epicyclic frequency, κ, is given at r0 by

κ ≡ 4Ω2
0 + r0

dΩ2

dr
=

1

r3
d
(
r4Ω2

)

dr
. (550)

When K = 0, Eq. (549) reduces to γ2 = −4Ω2
0 in solid body rotation,

recovering the inertial waves discussed earlier. When K ̸= 0, one of the solu-
tions of Eq. (549), which corresponds to the destabilized slow magneto-Coriolis
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waves (Homework 9), is given by

2γ2 =

√
(2K + κ2)

2 − 4K

(
K + r0

dΩ2

dr

)
−
(
2K + κ2

)
. (551)

Since K ≥ 0, the stability requires γ2 < 0, which is satisfied when

K + r0
dΩ2

dr
> 0. (552)

However, K can be arbitrarily small (but remains positive), simplifying the
condition to

dΩ2

dr
> 0, (553)

which contrasts the stability condition, Eq. (528), for centrifugal instability.
Even if this condition is violated, i.e., the system is unstable with a weak
spring, but with a sufficiently strong spring or sufficiently large K can satisfy
Eq. (552) and stabilizes the system as expected.

Interestingly, the spring-mass analog of MRI, shown in Fig. 69, has been
actually demonstrated in the laboratory (Hung et al, 2019). It was shown that
the “mass” indeed follows the trajectory predicted by the equations above.

Now consider the ideal MHD model of a thin accretion disk where the
radial extent is much larger than the vertical height, r ≫ h, such that radial
variations (or effective “kr”) can be ignored when compared with the vertical
variations kz. The base flow state and magnetic field are given by

V0 = [0, rΩ(r), 0], (554)

B0 = [0, 0, B]. (555)

The incompressible ideal MHD equations in the rest frame are

∂B

∂t
= ∇× (V ×B) , (556)

∂V

∂t
+ (V ·∇)V =

(B ·∇)B

µ0ρ
− 1

ρ
∇
(
p+

B2

2µ0

)
, (557)

∇ ·B = 0, (558)

∇ · V = 0. (559)

We assume all linear quantities B1 = (Br, Bθ, Bz), V1 = (Vr, Vθ, Vz), and p1
are axisymmetric and proportional to eγt−ikz. We also ignore the curvature
terms Bz and Vz since r ≫ h. The resulting set of linear equations is given by

γBr = −ikBVr (560)

γBθ = −ikBVθ + r
∂Ω

∂r
Br (561)
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γVr − 2ΩVθ = −i kB
µ0ρ

Br (562)

γVθ +
κ2

2Ω
Vr = −i kB

µ0ρ
Bθ, (563)

which leads to the MRI dispersion relation (Balbus and Hawley, 1991),

γ4 +
(
2k2V 2

A + κ2
)
γ2 + k2V 2

A

(
k2V 2

A + r
∂Ω2

∂r

)
= 0. (564)

This equation is identical to Eq. (549) for the spring-mass analog, with the
spring constant k2V 2

A replacingK. Again, the same Eq. (553) gives the stability
condition, meaning that (quasi-)Keplerian flows are unstable for a weak field
while stable if the field is too strong, as expected.

In the case of MRI, finite viscosity and resistivity are stabilizing, with the
corresponding dispersion relation given by Ji et al (2001),

[(
γ + νk2

) (
γ + ηk2

)]2
+ κ2

(
γ + ηk2

)2
+ r

dΩ2

dr
k2V 2

A = 0. (565)

We can show that this equation reduces to the ideal MHD version when
ν = η = 0. Unlike in the ideal MHD, where a small but finite magnetic field
can destabilize MRI, a dissipative MHD system requires a magnetic field and
Rm beyond some thresholds to trigger MRI. This is because the magnetic field
can be detached from the fluid due to diffusion if the field is too weak or too
diffusive. These requirements were used to design the Princeton MRI experi-
ment based on a magnetized liquid metal Taylor-Couette flow device, with the
amplitude of SMRI shown in Fig. 68 as a function of dimensions, speeds, and
magnetic field strength.

However, adding an axial magnetic field enhances Ekman effects from the
endcaps on the bulk flow. When the magnetic field is strong enough or when
the Rossby number is low enough, equivalently rotation is fast enough, the
speed gap on the endcaps induces a free shear layer in the bulk flow, as implied
by the Taylor-Proudman theorem. The induced layer is unstable to Kelvin-
Helmholtz instability. Fortunately, it turned out that the parameter space does
not overlap with the parameter space for MRI.

Also, fortunately, it turned out that the enhanced Ekman effects can be
advantageous. The free energy for MRI comes from the radial flow shear main-
tained viscously by inner and outer cylinders, which is weak due to large
Reynolds numbers. Electrically conducting endcaps, coupled with an axial
magnetic field, are used to enhance the injection of free energy, increasing the
MRI amplitudes significantly to be detectable. Another advantage of Ekman
cells is that they induce the onset of the MRI cell in the same polarity at lower
Rm values during the so-called imperfect bifurcation than the perfect bifur-
cation without Ekman cells. Combining these factors, the standard MRI has
been successfully detected (Wang et al, 2022), as shown in Fig. 70. The MRI
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Fig. 70 From (Wang et al, 2022): The amplitude of standard MRI radial magnetic field
amplitude (circle diameter) from the Princeton MRI experiment (black filled circles) and
3D simulations (orange) in the parameter space of imposed magnetic field Bi and inner
cylinder angular speed Ω1. The red circle indicates 0.5% of Bi. Blue crosses (stable) and dots
(unstable) show predictions from the global linear analysis. B0 is Lehnert number defined
as (Bi/

√
µ0ρ)/(r1Ω1).

appears in the expected place in the parameter space of imposed field (not too
weak nor too strong) and inner cylinder speed (only above a threshold value).
This was only after more than 20 years of effort working out many impor-
tant details (Ji and Goodman, 2023). Currently the nonlinear consequences
of transporting angular momentum in the radially outward direction and the
detailed bifurcation physics are being studied. The experimental confirmation
places MRI on firm ground as it is being used widely in astrophysical mod-
eling, with some of them being directly compared with observations, such as
Event Horizon Telescope.

Additional effects beyond ideal MHD become important. In protoplanetary
accretion disks, Hall effects and ambipolar diffusion effects (due to neutral par-
ticles) can be dominant. In these cases, MHD models that includes Hall effects
or neutral particle fluid must be used. In accretion disks around black holes or
neutron stars, special and general relativity become important requiring the
MHD models to include those effects when appropriate. In these hot plasmas,
kinetic effects can be important. Yet, there are no particular fluid models that
can model kinetic effects in these plasmas. In Lecture 1, some of these MHD
models have been mentioned briefly.

9.6 Summary

• Kelvin-Helmholtz Instability, caused by flow shear, can be stabilized by a
parallel magnetic field.

• Orr-Sommerfeld equation governs the linear stability of the general sheared
flow.

• Squire’s theorem is a powerful tool to reduce 3D and 3-component pertur-
bation analysis to 2D and 2-component analysis.
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• Rayleigh’s inflection point criterion and Fjørtoft’s theorem can provide easy-
to-use guidance on the linear stabilityof a flow.

• Both viscosity and nonlinear effects can either be stabilizing or destabilizing.

– Nonlinear or subcritical transition to turbulence in pipe flows.

• Taylor-Proudman theorem and inertial waves in rapidly rotating flows.
• Centrifugal instability and Taylor-Couette flow.
• Accretion disk stability problem and its nonlinear stability.
• MRI is supposed to work universally in accretion disks but has only been
confirmed recently in the lab.

• Applying magnetic field to a sheared flow can lead to four possibilities: (1) do
nothing, (2) generate unsteady magnetic field which is eventually saturated
by finite resistivity as in Hartmann flow, (3) stabilize shear flow instability
as in Kelvin-Helmholtz instability, (4) destabilize otherwise stable flow as in
MRI.

9.7 Further Readings

• Chapters 11 and 13 in Kundu et al (2015)
• Chapter 7 in Kulsrud (2005)
• Review paper by Ji and Goodman (2023)

9.8 Homework Problem Set 9

1. Solution symmetry for inviscid Orr-Sommerfeld equation (or the Rayleigh
equation) for the base state of V

¯
= [U(y), 0, 0].

(a) Show that the y component of the perturbation velocity, v = v(y)
exp[ik(x− ct)] satisfies

(U − c)
(
vyy − k2v

)
− Uyyv = 0. (566)

(b) Show that if c is an eigenvalue of Eq.(566) under proper boundary con-
ditions, then so is the conjugate c∗ = cr − icr. What aspect of Eq.(566)
allows this results to be valid?

(c) Let U(y) be antisymmetric, so that U(y) = −U(−y). Demonstrate that
if c(k) is an eigenvalue, then −c(k) is also an eigenvalue. Explain the
result physically in terms of the possible directions of propagation of
perturbations in such an antisymmetric flow.

(d) Let U(y) be symmetric, so that U(y) = U(−y). Show that in this case v
is either symmetric (aka sausage instability) or antisymmetric (aka kink
or sinuous instability) about y = 0.

2. Magnetocoriolis waves.
(a) Use the plane wave approximation to derive the dispersion relation for

fast and slow magnetocoriolis waves.
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(b) Show that it recovers inertial waves when the magnetic field vanishes
and recovers Alfvén waves when there is no rotation.

(c) Discuss wave properties and the meanings of “fast” and “slow” in the
limit of
(i) weak magnetic field
(ii) slow rotation

3. Maximum growth rate of magnetorotational instability (MRI).
Suppose that the base state is given by B = (0, 0, B) and V = (0, rΩ(r), 0).
Perturb only Br, Bθ, Vr, and Vθ in the form proportional to exp(γt− ikz).

(a) Invoke the thin disk approximation (k ≫ 1/r) to show that the per-
turbation is incompressible. Verify that the perturbed field satisfies
∇ ·B = 0.

(b) Derive the linearized equations from the induction equation and equation
of motion in the thin disk limit:

γBr = −ikVrB (567)

γBθ = −ikVθB +
dΩ

d ln r
Br (568)

γVr − 2ΩVθ = −i kB
µ0ρ

Br (569)

γVθ +
κ2

2Ω
Vr = −i kB

µ0ρ
Bθ (570)

where κ2 = (1/r3)d(r4Ω2)/dr and ρ is mass density.
(c) Prove that the dispersion relation is given by

γ4 +
(
κ2 + 2(kVA)

2
)
γ2 + (kVA)

2

(
(kVA)

2 +
dΩ2

d ln r

)
= 0 (571)

where VA = B/
√
µ0ρ.

(d) MRI exists only when dΩ2/d ln r < 0, but it can be stabilized by a strong
B or VA. What is the minimum VA to stabilize MRI?

(e) Prove that the maximum growth rate is given by

γmax =
1

2

∣∣∣∣
dΩ

d ln r

∣∣∣∣ (572)

when

(kVA)
2
= −

(
1

4
+

κ2

16Ω2

)
dΩ2

d ln r
. (573)

What is the maximum growth rate for Keplerian flows?

4. (Bonus problem) Stability of magnetized shear flow.
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(a) On page 4 of this lecture notes, there is a sentence that says “No effects
are expected if the uniform field is in the y direction.” This sentence
refers to the case shown in Fig. 57 where the flow is in the x direction
and sheared in the z direction with a magnetic field imposed in the y
direction. Is this sentence correct? Why?

(b) However, this statement seems to contradict the MRI case with the flow
in the θ (x) direction, shear in the r (z) direction, and magnetic field in
the z (y) direction. The directions in parentheses are the corresponding
directions shown in Fig. 57. Compare the two cases regarding their MHD
stability. (Hint: refer to Balbus et al (1996).)
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10 Tearing Instability and Magnetic
Reconnection

In previous lectures, we have discussed various ideal instabilities in dissipa-
tionless fluids and plasmas. They are driven by free energies in magnetic field,
plasma pressure, and flow shear. When multiple free energies exist simultane-
ously, the combined effects from them sometimes can lead to interesting, even
surprising, outcomes. Pressure driven interchange instabilities can be stabi-
lized by a magnetic shear which contains magnetic free energy, as quantified
by Suydam criterion. Similarly, a large pressure gradient can lead to sec-
ond stability to ballooning instability via increased magnetic shear generated
by large diamagnetic current. Sheared flow, which can be unstable by itself,
can stabilize current-driven instabilities (e.g. Shumlak and Hartman, 1995)
or pressure-driven instabilities (e.g. Biglari et al, 1990). Magnetic field can
certainly stabilize flow shear driven instabilities, as in Kelvin-Helmholtz insta-
bilities, but can also destabilize otherwise stable shear flow without magnetic
field, as in MRI. There might be more interesting combinations that are still
waiting to be explored.

However, there exist another important player in deciding stability of a
particular system: finite dissipation. In Lecture 9, we briefly discussed effects
of finite viscosity which can be stabilizing or destabilizing, depending on the
modification that its existence brings to the overall energetics of linear pertur-
bation. A similar situation exists for finite resistivity, or dissipation in magnetic
field in general. We begin this lecture by discussing resistive tearing instabil-
ity, followed by magnetic reconnection to which tearing instability eventually
leads, and has wide applications to space, solar, and astrophysical plasmas as
well as fusion plasmas.

10.1 Resistive Tearing Instability

Finite resistivity can destabilize plasmas which are otherwise stable to all ideal
MHD instabilities by “tearing” or breaking and reconnecting its magnetic field,
which is unallowed in ideal MHD. This class of instabilities are called resistive
tearing instabilities (Furth et al, 1963). We begin this topic by discussing ideal

16
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By0

Fig. 71 Equilibrium magnetic field profile for tearing instability analysis.
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MHD stability of an infinitely long current sheet, followed by the resisitive
effects that can lead to an instability.

10.1.1 Ideal MHD Stability of an Infinitely Long Current
Sheet

Consider a magnetostatic equilibrium given by

B0 = [0, By0(x), Bz0(x)], (574)

where By0(x) is shown in Fig. 71, reversing its magnitude from −B0 to B0

across x = 0 linearly within |x| < a. This corresponds to a constant current
density of jz0 = B0/aµ0 in the z direction over |x| < a. The exact profile of
Bz0(x) is unimportant as it does not enter the tearing mode analysis explicitly,
but its strength, combined with plasma pressure profile p(x), enters the force
balance in the x direction. In either case, tearing instability occurs at resonant
surfaces where the wavenumber vector k is perpendicular to the local magnetic
field so that k ·B = 0 to minimize the energy increase due to field-line bending
as in interchange instability. At resonant surface x = 0 where By0 = 0, the
wavenumber vector takes the form of k = (0, k, 0) so that all perturbations
(Bx, By, Vx, Vy) can be assumed to be proportional to

ei(ky−ωt)

where ω is complex frequency. For simplicity, we consider the case of Bz0 = 0,
as well as incompressible perturbations with uniform density ρ as we typically
do when analyzing ideal MHD stability.

Since magnetic curvature vector κ and parallel current j∥ are zero, this
system is obviously stable to ideal MHD perturbations as all the terms of
the energy integral [Eq. (6) in Lecture 7] are either zero or positive definite.
However, it is still insightful to show the ideal MHD stability more explicitly
as the following.

The first-order, incompressible ideal MHD equations for B1 = (Bx, By, 0)
and V1 = (Vx, Vy, 0) are given by

∂B1

∂t
= ∇× (V1 ×B0) = (B0 ·∇)V1 − (V1 ·∇)B0, (575)

ρ
∂V1

∂t
=

1

µ0
[(B0 ·∇)B1 + (B1 ·∇)B0]−∇

(
p1 +

By0By

µ0

)
, (576)

∇ ·B1 = 0, (577)

∇ · V1 = 0. (578)

From the x-component of the induction equation Eq. (575), Bx can be
expressed by Vx,

Bx = − k

ω
By0Vx. (579)
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Combined with Eqs. (577) and (578), we can also express By and Vy in terms
of Vx, respectively,

By =
i

k
B′

x = − i

ω
(By0Vx)

′
(580)

Vy =
i

k
V ′
x, (581)

where prime denotes derivative with respect to x. Therefore, Eq. (576) can be
expressed in term of Vx alone, in addition to the existing p1, which however
can be removed by taking curl of the equation to yield

ρ
∂ (∇× V1)

∂t
=

1

µ0
∇× [(B0 ·∇)B1 + (B1 ·∇)B0] ≡

1

µ0
∇×A. (582)

Here the vector A is given by

Ax = ikBy0Bx = −ik
2

ω
B2

y0Vx

Ay = ikBy0By +B′
y0Bx =

k

ω
B2

y0V
′
x.

The z-component of Eq. (582) then reads

−iµ0ρω
(
V ′
y − ikVx

)
= A′

y − ikAx (583)

which simplifies to

µ0ρ
ω

k

(
V ′′
x − k2Vx

)
=
k

ω

[(
B2

y0V
′
x

)′ − k2B2
y0Vx

]
(584)

or [(
µ0ρω

2 − k2B2
y0

)
V ′
x

]′ − k2
(
µ0ρω

2 − k2B2
y0

)
Vx = 0.

To obtain the energy equation for Vx, multiply the above equation with V ∗
x and

integrate it over x from −∞ to ∞. Integrating by part, the first term becomes

∫ ∞

−∞
V ∗
x

[(
µ0ρω

2 − k2B2
y0

)
V ′
x

]′
dx

= V ∗
x

(
µ0ρω

2 − k2B2
y0

)
V ′
x

∣∣∞
−∞ −

∫ ∞

−∞
V ∗′
x

(
µ0ρω

2 − k2B2
y0

)
V ′
xdx

= −
∫ ∞

−∞

(
µ0ρω

2 − k2B2
y0

)
|V ′

x|
2
dx. (585)

Therefore, we have the energy equation for Vx,

∫ ∞

−∞

(
µ0ρω

2 − k2B2
y0

) (
|V ′

x|
2
+ k2 |Vx|2

)
dx = 0, (586)
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which demands ω2 be real, and thus ω be either real or pure imaginary. When
ω is pure imaginary, ω = iγ and ω2 = −γ2, and the left hand side of Eq. (586)
would be negative definite, and thus, such solutions cannot satisfy Eq. (586)
with a finite amplitude. Therefore, possible solutions for ω need to be real,
corresponding to stable oscillations due to shear Alfvén waves, V 2

ph = (ω/k)2 =

B2
y0/µ0ρ, as discussed in Lecture 3. However, the situation here is more similar

to the continuous Alfvén wave damping when V 2
ph ̸= B2

y0/µ0ρ anywhere in the

plasma or the resonance absorption of Alfvén wave when V 2
ph = B2

y0/µ0ρ at
somewhere in the plasma, as discussed in Lecture 8. In any cases, the plasma
is stable to all ideal MHD instabilities.

10.1.2 Resistive Inner Layer and Tearing Instability

However, the ideal MHD models are not necessarily a good approximation
everywhere even resistivity is small or Lundquist number, S → ∞. The resis-
tive effects can be important at locations such as thin “boundary layers”, which
can be internal to plasma in this case (and thus sometime called “internal lay-
ers” or “inner layers”), similar to the thin shock layers where dissipation is
important as discussed in Lecture 4. When resistivity dominates, these layers
are often called resistive layers sandwiched by ideal regions.

Existence of such resistive inner layers in the above system is self-evident
by examining inductive equation, Eq. (575), but with the resistive diffusion
term included. Instead of Eq. (579), its x-component is given by

ωBx ≈ −kBy0Vx + i
η

µ0
B′′

x , (587)

where magnetic diffusion is taken to be dominated by the gradient in the x-
direction. Regardless how small the resistivity is, the resistive term eventually
dominates the ideal term when sufficiently close to x = 0 since By0 = (B0/a)x.
Note that adding the diffusion term in Eq. (587) introduces a phase shift
between Bx and Vx, which is absent in Eq. (579). So if we treat Bx real, Vx
will need to be complex.

As in the case of shock waves, the jump condition for magnetic field,
[B · n] = 0 (n is normal unit vector to the layer), or [Bx] = 0. This means that
Bx needs to be continuous across x = 0 but does not need to vanish. A non-
vanishing Bx across x = 0 connects field lines between two ideal regions outside
of the resistive inner layer, breaking or “tearing” the frozen-in magnetic field
in ideal MHD plasmas, as expected from the finite resitivity despite its small-
ness. Thus, such instabilities are termed “resistive tearing instability” (Furth
et al, 1963).

In contrast to the normal magnetic component Bx, there are no jump
conditions for the tangential component By to satisfy. In fact, the jump in By

or [By], corresponding to first-order current in the z direction µ0jz = [By],
can remain finite with either signs. According to Eq. (580), [By] ∝ [B′

x] and
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Fig. 72 Illustration of the Vx solution which peaks at x = δ.

we can define a new parameter ∆′ across x = 0,

∆′ ≡ [B′
x]

Bx
, (588)

whose sign determines the stability of resistive tearing mode and can be cal-
culated by integrating field structures in ideal regimes, as shall shown below.
In short, Bx needs to be continuous across x = 0, but not B′

x, which in term
determines resistive tearing stability.

It is attempting to estimate the inner layer thickness δ by simply equating
the left-hand side of Eq. (587) with the diffusion term on its right-hand side,
but it is not as straightforward as Vx is expected to accelerate towards the
inner layer where effective diffusion of By0 occurs. In other words, the two
terms on the right-hand side of Eq. (587) are roughly in balance resulting in
a slow growth (or in the so-called small-∆′ regime; see below). The equation
for Vx in the inner layer can be derived from Eq. (583) with the y-derivatives
(the terms containing k) ignored since the x-derivative terms dominate in the
inner layer,

µ0ρ
ω

k
V ′′
x ≈ A′

y, (589)

where Eq. (581) is used as before, but A′
y needs to be evaluated to include

resistive effects,

Ay = ikBy0By +B′
y0Bx = −By0B

′
x +B′

y0Bx

A′
y = −By0B

′′
x +B′′

y0Bx = −By0B
′′
x

= i
µ0

η
By0 (kBy0Vx + ωBx) (590)

where B′′
y0 = 0 since By0 = B0(x/a) and also By0 ∝ x in general in the inner

layer. In the above equation, B′′
x is substituted using Eq. (587). By defining
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ω = iγ, therefore, we have

γηρV ′′
x = kBy0(kBy0Vx + iγBx). (591)

As implied by [Bx] = 0, we can take Bx as a constant within the inner
layer. This is often called constant-ψ (flux) approximation (Furth et al, 1963).
In this case, we can observe the following several important characteristics of
Eq. (591):

• Away from the inner layer, V ′′
x → 0, so Vx should decrease as Vx ≈

−iγBx/(kBy0) ∝ 1/x.
• Solution Vx is odd in x, since Vx needs to flip its sign when x flips its sign.
• Further more by symmetry, Vx(0) = 0, leading to a sketch of the solution
illustrated in Fig. 72, and thus, Vx must peak at some distance x = δ.

• ∆′, which is determined by the outer ideal regions, needs to be matched to
the inner layer solution through integrating Eq. (587) across the layer,

∆′ =
[B′

x]

Bx
=
µ0

iη

∫ (
iγ +

B0

Bx

x

a
kVx

)
dx, (592)

where Vx(x) is determined by Eq. (591).

Now, we are ready to estimate δ as the inner layer thickness by balancing
the left-hand side of Eq. (591) with the first term of its right-hand side [which
is equivalent to balance the two terms on the right-hand side of Eq. (587)],

γηρ
Vx
δ2

≃ k2B2
y0(δ)Vx = k2B2

0

δ2

a2
Vx.

This leads to
δ

a
≃ 4

√
γηρ

(ka)
2
B2

0

, (593)

showing that δ increases with η as expected but only very slowly. Using δ, we
can introduce normalized variables,

X =
x

δ

U =

(
δ

a

)(
B0

Bx

)(
Vx
iγ/k

)

to rewrite Eq. (591) into
U ′′ = X (1 +XU) (594)

where ′ denotes derivative with respect to X. Using X and U , ∆′ is given by

∆′ = µ0
4

√
γ5ρa2

η3k2B2
0

∫ ∞

−∞
(1 +XU) dX (595)
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where the integration part gives ≃ 2.12 using the corresponding solution of
Eq. (594) (Goldston and Rutherford, 1995, Ch. 20). Therefore, positive values
of ∆′ correspond to instabilities that are otherwise absent without a finite
resistivity, as termed resistive teating instabilities. The growth rate can be
calculated by rewriting the above equation,

γ = 0.55 5

√
∆′4η3k2B2

0

ρa2µ4
0

= 0.55
(∆′a)4/5 (ka)2/5

τ
2/5
A τ

3/5
R

, (596)

where Alfvén transit time τA and resistive diffusion time τR of the current
sheet are defined,

τA ≡ a

VA
and τR ≡ µ0a

2

η
, (597)

respectively. Accordingly, the inner layer thickness δ scales as

δ

a
= 0.86

(
∆′a
k2a2

)1/5(
τA
τR

)2/5

= 0.86

(
∆′a
k2a2

)1/5
1

S2/5
. (598)

Here Lundquist number S is defined as ratio of τR to τA. The hallmark of
resistive tearing instabilities is that their growth rate is much slower than that
of ideal MHD instabilities (∝ τ−1

A ) but much faster than the resistive diffusion
(∝ τ−1

R ).

10.1.3 Calculation of ∆′

As we have seen, the tearing instability growth rate is determined by ∆′ which
is in term determined by the properties of the outer ideal region of the plasma.
More specifically, ∆′ can be calculated by using the z-component of vorticity
equation, Eq. (584), but expressed in magnetic field Bx rather than velocity
Vx,

µ0ρ
(ω
k

)2
[(

Bx

By0

)′′
− k2

Bx

By0

]
=

[
B2

y0

(
Bx

By0

)′]′
− k2By0Bx. (599)

Equation (599) above can be solved with proper boundary conditions for Bx

to calculate ∆′, since By0 is given. Since the tearing instability growth rate,
ω = iγ, is much slower than the ideal MHD timescale, the inertial terms on the
left-hand side of Eq. (599) can be ignored. This is also regarded as the small-∆′

approximation (Furth et al, 1963). In this case, Eq. (599) becomes simply

[
B2

y0

(
Bx

By0

)′]′
− k2By0Bx = 0, (600)

which can be solved for the configuration given in Fig. 71. For x > a, By0 = B0

is a constant, and for 0 < x < a, By0 = B0(x/a), and in both cases, Eq. (600)
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becomes simply
B′′

x = k2Bx. (601)

The solution for x > 0 is given by

Bx =

{
Aekx +Be−kx for 0 < x < a

Ce−kx for a < x
(602)

where A, B and C are related via matching the solution at x = a

[Bx]x=a = 0[(
Bx

By0

)′]

x=a

= 0.

The first condition simply leads to

Aeka +Be−ka = Ce−ka. (603)

For 0 < x < a, we have

(
Bx

By0

)′
∣∣∣∣∣
x=−a

=

(
Aekx +Be−kx

B0(x/a)

)′∣∣∣∣∣
x=−a

=

(
Akekx −Bke−kx

B0(x/a)
− Aekx +Be−kx

B0(x2/a)

)∣∣∣∣
x=−a

=
A(ka− 1)eka −B(ka+ 1)e−ka

B0a
,

and for x > a, we have

(
Bx

By0

)′
∣∣∣∣∣
x=+a

=

(
Ce−kx

B0

)′∣∣∣∣∣
x=+a

= −Ckae
−ka

B0a
.

Equating them yields second relation between A, B and C,

A(ka− 1)eka −B(ka+ 1)e−ka = −Ckae−ka. (604)

Multiplying Eq. (603) with (ka+1) and adding it to Eq. (604) relates A to C
while multiplying Eq. (603) with (ka − 1) and subtracting it from Eq. (604)
relates B to C,

A =
C

2ka
e−2ka; B =

C

2ka
(2ka− 1). (605)
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By symmetry, the solution for x < 0 has the same functional form with x
replaced by −x and same coefficients A, B and C. Therefore, we have

Bx =

{
Aekx +Be−kx for 0 < x < a

Ae−kx +Bekx for − a < x < 0
(606)

B′
x =

{
Akekx −Bke−kx for 0 < x < a

−Ake−kx +Bkekx for − a < x < 0.
(607)

Using Eq. (605), ∆′ can be calculated then as

∆′a =
a [B′

x]x=0

Bx
= 2ka

A−B

A+B
= 2ka

e−2ka − 2ka+ 1

e−2ka + 2ka− 1
(608)

as shown graphically in Fig. 73 as a function of ka.
When k is sufficiently small, ∆′ is positive so resistive tearing modes are

unstable. More specifically in the k → 0 limit, ∆′a increases as 2/(ka). Then
the growth rate [Eq. (596)] and inner layer thickness [Eq. (598)] become

γ = 0.55
(∆′a)4/5 (ka)2/5

τ
2/5
A τ

3/5
R

=
0.96

(ka)
2/5

τ
2/5
A τ

3/5
R

, (609)

δ

a
= 0.86

(
∆′a
k2a2

)1/5
1

S2/5
=

0.99

(ka)
3/5

S2/5
, (610)

respectively. This can be understood as a competition between magnetic energy
increase due to field line bending in the outer ideal regions and magnetic
energy decrease due to resistive diffusion in the inner resistive layer. Longer
the wavelengths magnetic field lines are bent less, and thus lead to less the

Fig. 73 ∆′ as a function of k for the equilibrium shown in Fig. 71 from Goldston and
Rutherford (1995).
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magnetic energy increase. Resistive tearing instability grows when wavelength
is sufficiently long, and grows faster at longer wavelength. The situation is
similar to Parker instability (see Lecture 6) which grows only at sufficiently
long wavelengths when reduction of gravitational potential energy is larger
than magnetic energy increase due to field line bending.

However, there arise two potential issues for the above analysis if k is too
small or the wavelengths are too long. First, ∆′ diverges as k−1 when k → 0,
as shown in Fig. 73. The tearing growth rate also increases with ∆′, and
eventually the assumption of small-∆′ approximation breaks down such that
the inertial terms on the left-hand side of Eq. (599) cannot be ignored for the
∆′ calculation. This is the so-called large-∆′ regime.

The second potential issue of the k → 0 limit is when the corresponding
wavelengths reach to the system scale. On the system scale, however, the 1D
equilibrium model shown in Fig. 574 is no longer a good approximation of real-
istic cases. The magnetic field direction (y direction) needs to be either periodic
as in toroidally confined plasmas or line-tied as in solar corona, rather than
extends to infinity, while the cross-field direction (x direction) corresponds to
the radial direction in the toroidally confined plasmas. For example, x = 0 can
correspond to the q = 1 surface in tokamaks with the central q(0) < 1. Thus,
the x < 0 region in this case refers to the plasma within the q = 1 flux surface
while the x > 0 region refers to the plasma between the q = 1 surface and
plasma boundary. The ideal MHD stability of such systems can be significantly
modified due to periodic or line-tied boundary conditions. In Lecture 7, inter-
nal kink instability was discussed for the cylindrical plasmas in which plasma
displacement is localized only within the q = 1 surface, or equivalently local-
ized only on the x < 0 side, breaking the symmetry with respect to x = 0. The
tearing instability can occur regardless ideal MHD stability. Thus, the ideal
MHD instability can couple with or can “drive” resistive tearing instability, as
a consequence, the approximations used in the above analysis, including the
constant-ψ approximation and small-∆′ approximation, need to be revised.
This was done first by Coppi et al (1976) and more discussions can be found
in (White, 2014, Ch. 5).

Scaling laws for the tearing instability growth rate, γ, can be derived in this
large-∆′ regime without detailed analysis to illustrate the different physics.
Consider the case when the plasma only on one side of the current sheet is
unstable to ideal MHD instabilities. The unstable displacement or Bx changes
sharply across x = 0, violating constant-ψ or constant-Bx approximation,
and with a large ∆′ and growth rate. Thus, the diffusion of non-uniform Bx

dominates the right hand side of Eq. (587), leading to the estimate of inner
layer thickness δ

iγBx ∼ i
η

µ0

Bx

δ2

or
δ

a
∼ 1

(γτR)
1/2

. (611)
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On the other hand, according to Eq. (584) without terms involving k2 but
keeping inertial terms in the large-∆′ approximation, the inner layer thickness
δ can be also estimated by

µ0ργ
2V ′′

x ∼ k2B2
0

(
δ

a

)2

V ′′
x

leading to
δ

a
∼ γτA

ka
. (612)

Equating Eq. (611) with Eq. (612) yields

γ ∼ (ka)
2/3

τ
2/3
A τ

1/3
R

(613)

δ

a
∼ 1

(ka)
1/3

(
τA
τR

)1/3

=
1

(ka)
1/3

1

S1/3
, (614)

with faster growth rates compared with Eq. (609), as expected, but still hybrid
between τ−1

A and τ−1
R . Therefore, Eqs. (609) and (613) are the growth rate in

the small and large ∆′ limits of resistive tearing instability.

10.1.4 Magnetic Island and Nonlinear Evolution

A consequence of resistive tearing instability is to break and rejoin (or
reconnect) magnetic field lines by changing its connectivity. This change is
topological for the magnetic field lines and can be shown conveniently in 2D
by using magnetic field stream function or flux function, ψ(x, y), defined as

B = (Bx, By) ≡ ∇ψ × z =

(
∂ψ

∂y
,−∂ψ

∂x

)
(615)

where z is unit vector in the z direction. Since B · ∇ψ = 0, magnetic field
lines follow contour lines of ψ. We can write

ψ = ψ0 + ψ1 (616)

where ψ0 is the equilibrium flux function and ψ1 is the growing flux function
due to resistive tearing instability. Limiting to |x| < a and integrating By0

over x from x = 0, ψ0 is given by

ψ0(x, y) = −
∫ x

0

By0dx = −1

2

B0

a
x2,
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Fig. 74 Magnetic island within the inner layer due to resistive tearing instability from
Goldston and Rutherford (1995).

while integrating Bx = Bx0e
γt sin ky over y in the constant-ψ case (constant

Bx0) yields

ψ1(x, y) =

∫
Bxdy = −Bx0

k
eγt cos ky

with the integration constant chosen to be zero here. By defining ψ̄0 =
−(1/2)B0a and ψ̄1 = −(Bx0/k)e

γt, the contour plot of

ψ(x, y) = ψ̄0

(x
a

)2
+ ψ̄1 cos ky (617)

is shown in Fig. 74 where a magnetic island is formed as field lines are broken
and rejoined (or reconnected) due to tearing instability. Therefore, magnetic
reconnection is a natural consequence of tearing instability.

The field lines represented by the flux contours of ψ = ψ̄1 are rather special,

ψ̄0

(x
a

)2
+ ψ̄1(cos ky − 1) = 0,

which has solutions of

x =

{
0 when ky = 0 or 2π

w when ky = π,
(618)
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where w is width of the magnetic island,

w

a
=

√
2ψ̄1

ψ0
= 2

√
1

ka

Bx0

B0
eγt/2. (619)

Thus, the ψ = ψ̄1 contours are called separatrix defining the edge of the
island by separating reconnected field lines from those still unreconnected. For
obvious reasons, the points (x, y) = (0, 0) or (x, y) = (0, 2π/k) are called X-
points or X-lines extending in the z direction and the point (x, y) = (0, π) is
called O-point or O-line.

The island width grows exponentially as linear tearing instability [see
Eq. (619)] and when w reaches the inner layer thickness δ, either based on
Eq. (598) or Eq. (614) both of which are thin due to large values of S, the lin-
ear treatment described thus far between outer ideal region and inner resistive
layer is invalid. When nonlinear forces are taken into account in the small-∆′

regime, slower algebraic growth (as opposed to fast linear exponential growth)
of island has been predicted by Rutherford (1973), often referred as Rutherford
Regime. The nonlinear theory has been extended to the large-∆′ regime by
Waelbroeck (1989), who further predicted that this slow growth is followed by
a rapid X-point collapse (Waelbroeck, 1993), during which an intense current
sheet is formed sustaining quasi-steady magnetic reconnection. The full range
of this time evolution from linear, nonlinear, X-point collapse, current sheet
reconnection (see below), and eventually island saturation has been studied
numerically (Loureiro et al, 2005).

10.2 Magnetic Reconnection

Magnetic reconnection has been an intense subject since 1950s when first quan-
titative model, called Sweet-Parker model in a current sheet (Sweet, 1958;
Parker, 1957), was developed. Magnetic reconnection occurs nearly in all mag-
netized plasmas across the universe ranging from Earth’s magnetosphere, to
solar flares, to magnetized neutron stars, as well as in magnetically confined
plasmas. Figure 75 illustrates four such examples involving current sheets
which are highlighted in blue. A survey of plasmas where reconnection is
considered to occur was given by Ji and Daughton (2011).

The realization that magnetic reconnection might be responsible for the
efficient release of accumulated magnetic energy began with the observation
of solar flares (Giovanelli, 1946). The transiently enhanced emission due to
electron temperature increase typically lasts minutes to hours. This is very long
compared to the Alfvén transit time τA = L/VA ≈ 2 seconds for a magnetic
field of 100 Gauss in a plasma of electron density n = 1015m−3 over L = 10, 000
km. Therefore, solar flares are not an ideal MHD process. On the other hand,
the resistive diffusion time is extremely long, τR = µ0L

2/η ≈ 1014 seconds (∼ 3
million years!) with coronal electron temperature of Te = 100 eV. Therefore, it
is natural to invoke processes like tearing instability or magnetic reconnection
to explain solar flares.
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Fig. 75 Examples of magnetic reconnection involving current sheets from Ji et al (2022).

Fig. 76 Left panel: Diffusion of oppositely directed magnetic field lines (blue and red lines)
in an infinitely-long, one-dimensional line (orange). Right panel: Diffusion occurs only in a
localized spot (orange) in two-dimensional space, associated with inflows and outflows (white
arrows).

The efficiency of reconnection in reducing magnetic energy in 2D can
be appreciated from Fig. 76. In the one dimensional system shown in the
left panel, magnetic energy is reduced only through slow diffusion within an
infinitely long diffusion line in orange. In the two dimensional system shown
in the right panel, magnetic energy is reduced not only in the diffusion spot
in orange but also through generating fast outflows by magnetic tension force
after reconnection. This point can be made also by examining the time change
rate of magnetic energy in a volume of V ,

∂

∂t

(
B2

2µ0

)
= −

∫
E · JdV −

∫
(E ×B) · dS,



GPP II Lecture Notes

MHD (10/11/24 ) 173

where S is the surface of V and E×B is Poynting vector representing energy
flux of an electromagnetic field. The volume change rate is represented by E ·J
which can be written by using resistive MHD law,

E · J = − (V ×B) · J + ηJ2 = (J ×B) · V + ηJ2

where the second term on the right-hand side denotes resistive dissipation of
magnetic energy. The first term of the right-hand side, however, represents the
change in magnetic energy due to the work done by magnetic field on plasmas.
In one dimension where only magnetic diffusion is possible, the primary way
to reduce magnetic energy is via resistive dissipation while in two dimensions
where magnetic reconnection becomes possible, the primary way to reduce
magnetic energy is via the work done by magnetic field on plasma by generating
fast flows.

Following Ji et al (2022), magnetic reconnection is described below in
three stages of its research, each focusing on a particular aspect of magnetic
reconnection: MHD, kinetic, and multiple-scale.

10.2.1 Reconnection in Collisional MHD Plasmas
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Fig. 77 Sweet-Parker model of magnetic reconnection.

The Stage 1 of magnetic reconnection research from its outset in 1950s
until 1990s was primarily motivated by solar flare observation and was based
on MHD models. The MHD description is justified for the solar atmospheric
plasma due to its large size even it is thin and hot with long mean free paths,
see Lecture 1. A leading theory based on a two-dimensional current sheet was
developed by Peter Sweet (Sweet, 1958) and Gene Parker (Parker, 1957), illus-
trated in Fig. 77 where the X-line is located at (x, z) = (0, 0). The reconnecting
field component, Bz, reverses its direction across a current sheet (in red) with
a length of 2L in the z direction and a width of 2δ in the x direction. Magnetic
field lines move along the x direction into the current sheet from upstream
with an inflow speed of VR, get reconnected within the current sheet, and then
move along the z direction away from the current sheet towards downstream
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with an outflow speed of Vz. For symmetric reconnection where mirror sym-
metry applies between two upstreams and also two downstreams, the X-line is
the stagnation point of plasma flow in and out of the current sheet.

The other assumptions used in Sweet-Parker model are: (1) reconnection
is in a steady state, i.e. all time derivatives are ignored; (2) plasma is incom-
pressible; and (3) plasma has the classical Spitzer resistivity, ηSpitzer. Note that
the guide field, the magnetic field component along the electric current, By,
does not enter the Sweet-Parker analysis described below.

The induction equation reads

∂B

∂t
= ∇× (V ×B) +

ηSpitzer
µ0

∇2B

where in steady state the left-hand side vanishes. Balancing the two terms on
the right-hand side with the recognition that the dominant gradient is in the
x direction,

VRBz

δ
≈ ηSpitzer

µ0

Bz

δ2
,

leading to an equation for the reconnection inflow VR

VR ≈ ηSpitzer
µ0δ

. (620)

This relation can be understood as magnetic field diffuses more rapidly with
thinner current sheet δ resulting in faster reconnection inflow VR.

The continuity equation for plasma mass density ρ,

∂ρ

∂t
+∇ · (ρV ) = 0,

reduces in the steady state (∂ρ/∂t = 0) with incompressibilility (spatially
uniform ρ) to

ρVRL ≈ ρVzδ

or

VR ≈ δ

L
Vz. (621)

This relation can be understood as reconnection proceeds faster with thicker
current sheet δ as plasma can flow through the current sheet more rapidly.

Notice that the opposite dependence of VR on δ between Eqs. (620) and
(621). As a compromise, multiplying these two equations to eliminate δ in
favor of inflow VR yields

V 2
R =

ηSpitzer
µ0L

Vz,

which leads to
VR
VZ

=
δ

L
=

√
ηSpitzer
µ0LVz

. (622)
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In order to determine the outflow VZ , the equation of motion,

ρ

[
∂

∂t
+ (V ·∇)V

]
= j ×B −∇p, (623)

needs to be applied along the symmetry lines of z = 0 and x = 0. Integrating
Eq. (623) along z = 0 from upstream to the flow stagnation point of (0, 0)
yields

pup +
1

2
ρV 2

R +
B2

z

2µ0
≈ p0 (624)

where pup and p0 are plasma pressure at upstream and at X-line, respectively.
The magnetic tension force is ignored here due to large magnetic curvature
of reconnecting field line moving towards the current sheet. Furthermore, the
second term representing dynamic pressure of inflow speed, (1/2)ρV 2

R, is small
compared with the upstream magnetic pressure (third term). Integration from
the stagnation point towards the downstream yields

p0 ≈ pdown +
1

2
ρV 2

z (625)

where both magnetic pressure term and magnetic tension term are ignored due
to smallness of the reconnected field component, Bx, compared to Bz. pdown

is plasma pressure at downstream. Combining Eqs. (624) and (625) leads to

pup +
B2

z

2µ0
≈ pdown +

1

2
ρV 2

z

which is simply
Vz ≈ VA (626)

if pup = pdown and the Alfvén speed is defined as VA ≡ Bz/
√
µ0ρ. According to

Eq. (622), therefore, the normalized reconnection inflow speed or reconnection
rate, as well as the current sheet thinkness, is given by

VR
VA

=
δ

L
=

√
ηSpitzer
µ0LVA

=
1√
S
, S ≡ µ0LVA

ηSpitzer
=
τR
τA

(627)

where S is the usual Lundquist number. Then the predicted reconnection time
τrec by Sweet-Parker model is given by

τrec ≡
L

VR
=

L

VA

VA
VR

= τA
√
S = τA

√
τR
τA

=
√
τRτA. (628)

In other words, the reconnection time is simply the geometric mean of resistive
time and Alfvénic time. Such an elegant prediction, unfortunately, does not
explain the observed solar flare time. Using the numbers used above, τA=2
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2L*

2L

Fig. 78 Petschek model of magnetic reconnection.

seconds and τR = 1014 seconds, τrec is predicted to be ∼ 107 which is still
much longer than the typical observation of 102 − 103 seconds.

Subsequently therefore, finding faster reconnection mechanisms than
Sweet-Parker model has been a primary objective of magnetic reconnection
research. Since the steady state reconnection rate is determined by the current
sheet geometry [see Eq. (621)], the slow reconnection is due to the bottleneck
requirement that all plasma needs to pass through a narrow and long current
sheet in Sweet-Parker model, which takes L as the system size. Thus, there
exist only two ways to accelerate reconnection process: thicker current sheet
(larger δ) or shorter current current (smaller L). However, larger δ slows down
magnetic diffusion at the X-line [see Eq. (620)] which is required for mag-
netic reconnection. Petschek (1964) instead proposed to shorten the current
sheet from L to L∗ as shown in Fig. 78 to accelerate reconnection. Shorter
the L∗ faster the rate, but there should be some practical limits in minimizing
L∗ since a short L∗ would significantly distort upstream magnetic field. For
example, as an extreme case when L∗ is as short as δ, the symmetry between
upstream and downstream is essentially restored, resembling the X-line area
in vacuum without electric current and thus no dissipation of magnetic field
energy. Therefore, L∗ should be much shorter than L so that magnetic recon-
nection is fast while L∗ should be much longer than δ to effective dissipate
magnetic energy. Petschek derived a minimum L∗ to preserve a certain level
of upstream-downstream asymmetry while without significantly distorting the
upstream magnetic field. Nonetheless, two pairs of shock structures along the
separatrices are needed to be introduced to join the distorted or stressed field
geometry due to the shortened current sheet. The plasma existing at end of the
current sheet L∗ enters a flow channel which opens up towards downstream,
avoiding the bottleneck effect. The corresponding maximum reconnecton rate
to the minimum L∗ was predicted to be

VR
VA

∼ 1

lnS
, (629)
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Fig. 79 Experimental confirmation of Sweet-Parker model on Magnetic Reconnection
Experiment (MRX: (left panel) measured magnetic structure around diffusion region and
(right panel) measured reconnection rate versus model prediction. Here Seff is defined to
take into account other effects beyond the standard assumptions mentioned above. From Ji
et al (1998).

which is much closer to the observed reconnection rates. As a further result,
not all plasma needs to pass through the shortened current sheet; the majority
of it instead goes through the shocks while gets heated. The shock structures
are necessarily slow shock type (see Lecture 4) which reduces the strength of
parallel component of magnetic field from upstream to downstream to aid the
reconnection process by dissipating magnetic energy.

In the next several decades, Petschek model had been essentially regarded
as the solution for fast reconnection until serious numerical tests became pos-
sible (Biskamp, 1986) to disapprove it. To this date, Petschek model has been
reproduced numerically only with the so-called locally enhanced “anomalous
resistivity” (see below) and has not been confirmed experimentally. In con-
trast, Sweet-Parker model has been not only reproduced numerically but also
confirmed experimentally (Ji et al, 1998), see Fig. 79.

10.2.2 Reconnection in Kinetic Plasmas

The failure of both Sweet-Parker model and Petschek model motivated the
Stage 2 research of magnetic reconnection, which began in 1990s and is still
ongoing in 2020s, in an attempt to search of fast reconnection mechanisms
beyond the MHD description of plasmas. As discussed in Lecture 1, when the
relevant length becomes comparable to plasma kinetic scales such as ion skin
depth, di, or ion sound gyro-radius, ρs, the physics beyond MHD description
needs to be taken into account by using generalized Ohm’s law

E + V ×B = ηSpitzerj +
j ×B

en
− ∇pe

en
− ∇ ·Πe

en
− me

e

dVe

dt
, (630)

where the full electron pressure tensor is expressed as a sum of diagonal
isotropic pressure tensor and stress tensor which include off-diagonal pressure
tensor: Pe ≡ peI +Πe (I is unit tensor).
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Fig. 80 Reconnected magnetic flux over time using different numerical models by GEM
challenge from Birn et al (2001). The slope of these curves represent reconnection rate.

Since the shortest scale for reconnection is the current sheet thickness, δ,
and the longest plasma kinetic scale is di or ρs, the MHD description remains
valid when δ ≫ (di or ρs). When this condition is violated, at least one addi-
tional term in the generalized Ohm’s law. Eq. (630) needs to be kept. A major
milestone of the Stage 2 reconnection research was achieved by the so-called
GEM (Geospace Environment Modeling) challenge (Birn et al, 2001) when
various versions of the generalized Ohm’s law was implemented numerically,
see Fig. 80. Only the MHD model gives slow reconnection as expected from
Sweet-Parker model while all other models give fast reconnection. Since the
Hall MHD model only includes the Hall term (j ×B/en) which is common to
other models, the physics enabled by the Hall term is regarded as essential for
fast kinetic reconnection.

The origin of the Hall term can be understood easily if we express j =
en(Vi − Ve) ≈ en(V − Ve) to rewrite Hall MHD Ohm’s law

E + V ×B = ηSpitzerj +
j ×B

en
(631)

as
E + Ve ×B = ηSpitzerj

which is simply electron momentum equation without pressure force and ini-
tial terms. Omitting the Hall term in the Ohm’s law, therefore, is equivalent
to demanding that ions and electrons move together in resistive MHD models.
(Note that this is different from demanding zero electric current as it is deter-
mined instead by Ampere’s law in the standard MHD models.) In contrast,
electrons are allowed to move differently from ions by following Eq. (631) in
the Hall MHD models.

Allowing different movement between ions and electrons can achieve fast
reconnecton on kinetic scales, as illustrated in Fig. 81 (left panel) in the
case of anti-parallel reconnection or without a guide field. When plasma flows
towards X-line from upstream, ions become demagnetized first, in the ion dif-
fusion region or IDR owing to their larger mass, and turn towards downstream
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Fig. 81 (left panel) Schematics of ion and electron diffusion regions (IDR and EDR)
of kinetic reconnection without a guide field from Drake and Shay (2007). (right panel)
Schematics of ion and electron flows during guide field reconnection from Kleva et al (1995).

(dotted lines). Electrons are still magnetized and continue to flow together
with magnetic field towards X-line until they are demagnetized in the elec-
tron diffusion region or EDR, before they turn towards downstream (dashed
lines). The width of IDR and EDR are typically on the order of di and de,
respectively. The differential movement between ions and electrons within the
reconnection plane around separatrices areas generate the in-plane electric cur-
rent (solid lines) and therefore out-of-the-plane magnetic field component in
a quadrupolar pattern, which become a hallmark of Hall effect during kinetic
fast reconnection. They have been successfully detected in space (Mozer et al,
2002) and in the laboraotory (Ren et al, 2005).

By this configuration fast reconnection can be achieved due to the following
two factors. First, magnetic field diffuses effectively in the narrower EDR where
electrons dominate while plasma flows with a large flux in the wider IDR
where ions dominate to avoid the bottleneck effect. This is in contrast to
Sweet-Parker model in MHD where the same current sheet width applies to
both magnetic field diffusion and plasma flow forming a bottleneck. Second,
since the plasma flows bypass the X-line within IDR without passing through
EDR, a deficiency in plasma pressure develops at the X-line which sucks in the
upstream magnetic field (Liu et al, 2022) and opens up the outflow channel in
a way similar to Petschek model but without shock structures.

The above physics picture of fast kinetic reconnection needs some mod-
ifications when a strong guide field is present, which is typical in fusion
plasmas. Ions do not become unmagnetized in the diffusion regions so they
are not free to move across field lines directly following the in-plane elec-
tric field as during anti-parallel reconnection. Instead, they move across field
lines in IDR by ion polarization drift due to spatially inhomogeneous electric
field, Vpolarization ∝ dEin-plane/dt = (VE · ∇)Ein-plane in steady state. Here



GPP II Lecture Notes

180 MHD (10/11/24 )

VE = E×B/B2 is the E×B drift velocity. The ion cross field drift generates
density or pressure inhomogeneity along the field lines which balances paral-
lel electric field, as illustrated in Fig. 81 (right panel). Therefore, the isotropic
pressure term needs to be added to the Hall MHD Ohm’s law in the case of
guide field reconnection,

E + V ×B = ηSpitzerj +
j ×B

en
− ∇pe

en
, (632)

where E⊥ is balanced by the Hall term as before while E∥ is balanced by par-
allel electron pressure gradient in IDR. The existence of density quadrupolar
structures during fast guide field reconnection have been confirmed as recent
as in space (Øieroset et al, 2016) and in the laboraroty (Fox et al, 2017).

A last piece of the puzzle for fast kinetic reconnection is the last two terms
in the generalized Ohm’s law, Eq. (630). These two terms, especially the second
last term for the gradient of off-diagonal pressure tensor, become important in
EDR (Vasyliunas, 1975) when the resitivty is small such as in collisionless plas-
mas in Earth’s magnetosphere. Unmagnetized electrons in EDR are subject
to free acceleration by reconnection electric field, generating large off-diagonal
pressure gradient during their transit time in EDR. This effect has been demon-
strated numerically (Cai and Lee, 1997) and confirmed in space (Torbert et al,
2018) by the most advanced NASA mission called Magnetospheric MultiScale
(MMS) mission. A competing alternative to this dissipation mechanism is the
so-called “anomalous resistivity” based on 3D kinetic instabilities (Papadopou-
los, 1977) which was used to reproduce Petschek-like solutions but its existence
is still unclear despite numerous reports on the detection of various kinetic
waves. A more systematic review of laboratory study of diffusion regions of
kinetic reconnection is given recently by Ji et al (2023) including the detected
various kinetic waves and energy conversion process from magnetic field to
plasma.

10.2.3 Multiple-Scale Reconnection and Phase Diagram

The success in realizing fast magnetic reconnection in kinetic plasmas has
appeared to have solved the fast reconnection problem. However, it turned
out that the kinetic fast reconnection solution does not scale up with system
size. In the above solar flare example, kinetic scale di ∼ 10 m, which is a
million time shorter than system size of L = 107 m. When scaling up with
system size on the order of 100di, the kinetic solution becomes unstable as
the current sheet lengthens and eventually breaks up to generate the so-called
“plasmoids” (Daughton et al, 2006). Plasmoids are considered to be magnetic
islands in two dimensions as a consequence of tearing instability as discussed
earlier in this Lecture but “resistivity” needs to be replaced by kinetic dissi-
pation mechanisms discussed above in collisionless plasmas. Once plasmoids
are formed via kinetic tearing instability, there exists no longer a single X-line
and magnetic reconnection can occur simultaneously at multiple X-lines, and
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often plasmoids are dynamic, i.e. they are continuously formed, merged and
ejected out of the current sheet.

The status of magnetic reconnection research from its Stage 1 and Stage
2 therefore can be summarized as in the following. In MHD plasmas, Sweet-
Parker model is valid but predicts only slow reconnection incompatible with
the observation. In kinetic plasmas, fast reconnection can indeed occur but the
model is only applicable to small plasmas. Therefore, the challenge is to find
way(s) to combine these models, which are valid in certain parameter ranges,
into one single, self-consistent model to explain fast reconnection in plasmas
with high S and large sizes. This is in fact a multi-scale challenge as discussed in
Lecture 1, involving fluid MHD scales and various kinetic scales simultaneously,
with large separations between them. Therefore, the final Stage 3 of magnetic
reconnection research, which began in 2000s, is to study multi-scale nature of
magnetic reconnection in large sizes and at high S.

It turned out that the laminar single X-line Sweet-Parker solution also does
not scale up with Lundquist number S. When S is sufficiently high, the current
sheet is long and narrow as its aspect ratio δ/L scales as S−1/2, and thus
unstable to resistive tearing instability or “plasmoid” instability (Shibata and
Tanuma, 2001) with multiple X-lines. Note that Sweet-Parker reconnecting
current sheet is different from the static current sheet shown in Fig. 71 that we
discussed earlier in this Lecture. The reconnection outflow in the current sheet
can be stabilizing as it can shear apart of linear perturbation but it turned
out that such effects are unimportant.

A sufficiently long current sheet is unstable to resistive tearing modes over
a wide range of wavenumber, k. In the large-k limit, the small-∆′ regime
applies with growth rate decreasing as k−2/5 [Eq. (609)]. In the small-k limit,
the opposite large-∆′ regime applies with the growth rate increasing as k2/3

[Eq. (613)], as illustrated in Fig. 82. Therefore, maximum growth rate γmax is
given by equating two growth rate equations to yield,

γmaxτAa = S−1/2
a (633)

Fig. 82 Growth rate of tearing instability as a function of wavenumber for a long current
sheet from Loureiro et al (2007).
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kmaxa = S−1/4
a , (634)

where τAa and Sa are Alfvén time and Lundquist number defined based on
the current sheet thickness, a, which is δ in the Sweet-Parker model. After
translating these definitions for those used in Sweet-Parker model, the above
equations become

γmaxτA = S1/4 (635)

kmaxL = S3/8. (636)

As expected, the number of plasmoids increases with S as the current sheet
gets longer. The maximum growth rate also increases with S, meaning that
the Sweet-Parker current sheet becomes increasingly unstable. This naturally
leads to an important question on what is the critical Sc, beyond which the
Sweet-Parker solution begins to break down and the current sheet stops to

lengthen. Suppose that at S = Sc, γmaxτA = S
1/4
c = 10 ≫ 1, we have Sc ≈ 104

which has been confirmed numerically (Samtaney et al, 2009). The resultant

reconnection rate is therefore fast S
−1/2
c ≈ 0.01 for all S ≥ Sc, as confirmed

by nonlinear numerical simulation by Bhattacharjee et al (2009), see Fig. 83
(left panel).

If Sweet-Parker current sheet aspect ratio δ/L = S−1/2 is actually unattain-
able for S > Sc due to plasmoid instability, then a natural question arises:

Fig. 83 (left panel) Breakdown of Sweet-Parker current sheet due to plasmoid instability
in MHD from Bhattacharjee et al (2009). (right panel) Breakdown of Sweet-Parker current
sheet due to plasmoid instability in collisional Particle-In-Cell simulation resulting in kinetic
reconnection between plasmoids. From Daughton et al (2009).
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what is the attainable current sheet aspect ratio? Rewriting Eq. (633), we have

γmax

(
δ

VA

)
=

(
µ0δVA
η

)−1/2

γmax

(
L

VA

)
=

(
L

δ

)3/2(
µ0LVA
η

)−1/2

γmaxτA =

(
L

δ

)3/2

S−1/2. (637)

If we demand γmaxτA is a constant, independent of S, the current sheet
thickness needs to scale with

δ

L
= S−1/3 (638)

which is much wider than Sweet-Parker current sheet when S → ∞.
This has been predicted theoretically (Pucci and Velli, 2014) and confirmed
numerically (Huang et al, 2017). The corresponding kmax is given by

kmaxL = S1/6 (639)

instead of kmaxL = S3/8 by Eq. (636).
During the fully nonlinear stage of plasmoid instability of a reconnecting

current sheet, new current sheets develop between plamoids but with lower
Lundquist numbers. If these new current sheets are sufficiently long and thin or
equivalently their Lundquist numbers are sufficiently large and above Sc, these
new current sheets can be unstable also to plasmoid instability, which can lead
to the next generation of plasmoids if the same conditions are satisfied. Thus,
a fractal hierarchy of nested current sheets and plamoids emerges (Shibata
and Tanuma, 2001) as illustrated in Fig. 84. As the current sheet length and
thickness get shorter each level down, the fractal hierarchy can be terminated
only in two ways:

2L1

2δ1

2δ22nd Level

3rd Level

N1 − islands

N2 − islands

S1 = (L1/δ1)
2

S2 = (L2/δ2)
2

2L2 = 2L1/N1

1st Level

Fig. 84 A fractal hierarchy model of multiscale reconnecting current sheet due to plasmoid
instability. From Ji and Daughton (2011).
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Fig. 85 A magnetic reconnection phase diagram, originally from Ji and Daughton (2011)
and updated by Ji and Daughton (2022). The locations from a survey for fusion, space, and
astrophysical plasmas where reconnection is considered to occur are displayed. The area
covered by FLARE device is also shown.

• When the Lundquist number of current sheets goes below Sc such that single
X-line Sweet-Parker reconnection proceeds without plasmoid instability as
described in the Stage 1 research;

• When the current sheet thickness goes below ion kinetic scales (di or
ρs depending on guide field) such that single X-line kinetic reconnection
proceeds as described in the Stage 2 research.

In either of these two cases, the reconnection rate (which can be defined in
several ways here) always remains fast in the range of 0.1-0.01, meeting the
requirements for a multi-scale solution for fast reconnection in space and astro-
physical plasmas. Based on the above descriptions, a magnetic reconnection
“phase diagram” (Ji and Daughton, 2011) has been constructed in the param-
eter space of normalized plasma size λ (to ion kinetic scale) and Lundquist
number S, see Fig. 85. Here, “collisionless” refers to the situation where kinetic
reconnection dominates while “collisional” refers to the fluid MHD physics
dominates. “multiple X-line” refers to multiple reconnection diffusion regions
generated by plasmoid instability.

There are five different reconnection “phases” or regimes. When S < Sc or
λ < λc (where λc is critical size for kinetic plasmoids instability), reconnection
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proceeds following single X-line Sweet-Parker or kinetic models, respectively.
Other three phases are plasmoid-mediated, multiple X-line regimes:

• “multiple X-line collisional” refers to the case where collisional MHD descrip-
tion remains valid throughout but current sheet is unstable to collisional
plasmoid instability. The plasmoid hierarchy is terminated by single X-line
collisional Sweet-Parker reconnection.

• “multiple X-line collisionless” refers to the case where kinetic description
remains valid throughout but current sheet is unstable to kinetic plasmoid
instability. The plasmoid hierarchy is terminated by single X-line kinetic
reconnection.

• “multiple X-line hybrid” refers to the case where on larger scales collisonal
MHD description is valid in the plasmoid hierarchy but it is terminated by
kinetic reconnection on smaller scales. A mixture of fluid and kinetic physics
is required to model the reconnection process as a whole.

Therefore, the multi-scale reconnection solution based on plasmoid instability
has five distinct phases depending on the location in the phase diagram. [Note
that an additional single X-line electron-only reconnection regime has emerged
recently (e.g. Phan et al, 2018) and ions are decoupled from the reconnection
process due to small system sizes, see Ji et al (2022) for more details.] The two
dashed black lines are based on different current sheet aspect ratio scaling: S =
λ3/800 and S = λ2/4 correspond respectively to the marginal stability scaling
δ/L = S−1/3 and Sweet-Parker scaling δ/L = S−1/2, as described above.
The boundary (blue line) between multiple X-line collisional and multiple X-
line hybrid phases depends on plamoid number scaling on S, and the line
S =

√
Scλ/2 is for the case of linear scaling with respect to S (Ji and Daughton,

2011).
A survey of plasmas from fusion to space and astrophysics where magnetic

reconnection is considered to occur was performed and their locations in the
phase diagram are also shown in Fig. 85. There is some but very limited evi-
dence on plasmoids in reconnecting current sheets. In order to provide the first
laboratory access to these new regimes, Facility for Laboratory Reconnection
Experiments (FLARE) has been constructed (Ji et al, 2018) and currently is
being upgraded at PPPL. There exist a large number of major outstanding
questions on magnetic reconnection (Ji et al, 2020) and many of them can
be studied on FLARE for the first time in the new multi-scale regimes. The
recent “roadmap” review (Ji et al, 2022) called out the following three partic-
ular questions in solving the reconnection problem in the near term: how does
multiscale coupling work? how does reconnection start or onset? and how is
magnetic field energy converted to flow, thermal and non-thermal energies par-
titioning between ions and electrons? A concerted effort is warranted to address
these questions between communities of plasma physics, fusion, space, solar
and astrophysics using theory, simulation, observation, laboratory experiment,
as well as emerging data science techniques.
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10.3 Summary

• Finite resistivity can stabilize but can also destabilize otherwise ideal MHD
stable equilibria by inducing a new class of MHD instabilities: resistive
tearing instability.

• Resistive tearing instability is determined by ∆′ which is a jump condition
for the inner resistive layer, and can be calculated in the ideal MHD regions.
Positive ∆′ corresponds to instability.

• The growth rate of tearing instability is hybrid between the inverse of ideal
and resistive time scales.

• A consequence of resistive tearing instability is the growth of magnetic
islands, and the nonlinear effects become important when the island width
is larger than the inner layer width.

• Sweet-Parker model is valid in 2D MHD but predicts slow reconnection while
Petschek model predicts fast reconnection but is still unconfirmed.

• Kinetic reconnection is fast by avoiding the bottleneck effect via different
motions between ions and electrons, but does not scale up to large scales.

• A multi-scale model based on plasmoid instability of reconnecting current
sheet has been proposed to explain fast reconnection in fusion plasmas and
throughout the universe in a reconnection phase diagram.

10.4 Further Readings

• Chapters 20 in Goldston and Rutherford (1995) on resistive tearing insta-
bility.

• Review paper by Yamada et al (2010) on magnetic reconnection in general.
• Review paper by Ji et al (2023) on laboratory study of kinetic reconnection.
• “Roadmap” review paper by Ji et al (2022) on future magnetic reconnection
research.

• Community white paper by Ji et al (2020) on major questions on magnetic
reconnection.

10.5 Homework Problem Set 10

1. Tearing mode with rigid conducting walls.
Place rigid conducting walls at x = ±b (b > a) into the case that we

have gone through duing the class.
(a) Do you expect the plasma to be more, or less, stable to the tearing

modes? Why?
(b) Calculate ∆′a for this case. Is this expectation confirmed by your

expression for ∆′a?

2. Plasmoid instability of Sweet-Parker current sheet.
If S is sufficiently large, the Sweet-Parker current sheet is known to

be unstable to resistive tearing instability, which is often called plasmoid
instability.
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(a) Apply what we have learned in Lecture 10 to this case to show that the
growth rate is given by

γτ ′A = 0.61S2/5 (640)

where τ ′A is the Alfvén time defined for the reconnection problem, τ ′A =
L/VA, instead of τA = a/VA defined for tearing instability problem (a
is the half-width of current sheet, and is called δ in the reconnection
problem). Effects due to finite flow within the current sheet are ignored
for simplicity.

(b) Equation (640) shows that the growth rate increases with S, called
“super-Alfvénic”, which seems to contradict with the essence of tearing
instability: it grows on a time scale between ideal and resisitive scales.
Does this make sense? Explain.

(c) When S is sufficiently small, plasmoid instability should be stable. What
is the maximum S at which the Sweet-Parker current sheet is stable?
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11 Magnetic Dynamo

11.1 The Dynamo Problem

The physical process through which magnetic field is generated and sustained
is called magnetic dynamo or simply dynamo. The dynamo problem pre-
dates the emergence of modern plasma physics and has been mostly based
on Navier-Stokes equations with Lorentz force and induction equation added.
The energy source for the magnetic field growth is typically from flow energy
but other forms of energy are also possible (see below). The interest in geody-
namo emerged since the realization that geomagnetic fields last much longer
than the diffusion time of a given initial field (on the order of 200,000 years)
while the liquid inner core is hotter than the Curie temperature removing per-
manent magnets as a possible explanation. The interests further surged when
ancient geomagnetic fields (paleomagnetism) have been found to have exhib-
ited chaotic reversals. Similar stories were told for solar dynamo and galactic
dynamo when magnetic fields are found on the Sun and in the galaxy. In partic-
ular, solar dynamo generates magnetic field, exhibiting a 22 year cycle during
which dipole field flips its polarity twice to return to its original orientation
(see Fig. 86). In contrast, galactic magnetic fields are static on the observa-
tional timescale and one of example is shown in Fig. 87 for a well-known spiral
galaxy. By now magnetic fields have been observed nearly everywhere in the
universe, including moons around planets, accretion disks, and jets on the stel-
lar scales or galactic scales, and the magnetic dynamo stands as a common
physics problem across many fields of physics including plasma physics, fluid
dynamics, geophysics, solar physics, and astrophysics.

Mechanical dynamos are commonly found. They began with Michael Fara-
day’s homopolar dynamo in 1831, see Fig. 88, eventually leading to modern

Fig. 86 ”The butterfly diagram” of sunspots.
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Fig. 87 (left panel) M51 spiral galaxy by Hubble space telescope (right panel) radio emis-
sion superimposed with magnetic field vector from polarization measurements. The length
of magnetic field vectors is proportional to polarized intensity. From Beck (2000).

electricity production but with essentially the same principle. An electrically
conducting disk rotates at angular velocity ω with a wire connecting its cen-
ter at r = 0 to its edge at r = a. The electric current flowing in the wire is
I, which proportionally generates a magnetic field Bz at the disk surface, and
therefore a flux threading the disk Φ,

Φ = αI. (641)

The electric voltage drop between the disk edge and center due to electromotive
force is given by

∫ a

0

rωBzdr = ω

∫ a

0

Bzrdr =
ωΦ

2π
=
ωα

2π
I, (642)

leading to a circuit equation,

L
dI

dt
+RI =

ωα

2π
I, (643)

where L and R are inductance and resistance of the wire, respectively.
Assuming I ∝ eγt, Eq. (643) leads to the solution to the growth rate γ,

γ =
α

2πL

(
ω − 2πR

α

)
. (644)

In order to have a positive growth rate of the current (and thus the magnetic
field), α needs to have an appropriate sign (so that induced current can rein-
force the original field, as opposed to reduce the original field) and ω is above
a critical value of ωc = 2πR/α. The former condition represents the require-
ment for the wire to take an appropriate path to reinforce the initial magnetic
field while the latter condition represents the requirement for a sufficiently
large injection rate of mechanical energy to overcome diffusion. Both require-
ments carry over to dynamo action in plasmas; first one corresponds to the
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Fig. 88 Homopolar dynamo.

requirement for a right type of flow and second one corresponds to sufficient
flow energy inject to overcome magnetic diffusion.

However, there is a major difference between mechanical dynamos and
dynamos in plasmas. In plasmas, there are no physical wires to constrain the
path for electric current to flow; it is determined by structure and dynamics
of the “homogeneous” plasma flow. For this reason, dynamos in plasmas are
called “homogeneous dynamos”. The challenge of homogeneous dynamos is to
realize and understand magnetic field generation by flow when the (return)
current paths are unconstrained in electrically conducting plasmas. In general
the flow here can result from an instability due to other free energy source,
such as convective instability in stars and MRI in accretion disks, or can be
simply prescribed in steady state, such as in theory and numerical simulation,
or can be driven as in laboratory experiments. There have been tremendous
progress in the dynamo research during its long history but the problem is
still largely unsolved at least in the MHD context. Several important concepts
and development will be described below, followed by some relevant laboratory
efforts.

11.2 Kinematic Dynamo versus Nonlinear Dynamo

In the MHD framework, the dynamo problem is defined as the study of mech-
anism(s) by which magnetic field is created and sustained against dissipation
from flow of electrically conducting media. For a given flow field, V , under
specified boundary conditions, the kinematic dynamo problem poses as a linear
eigenmode problem to seek unstable solutions of a vector equation for B,

∂B

∂t
= ∇× (V ×B) +

η

µ0
∇2B. (645)

The subject volume is generally in three dimensions but two of dimensions are
typically decomposed in Fourier space to form a one-dimensional eigenmode
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problem in radial direction, with mode numbers in other two directions appear-
ing in coefficients. We note that this is a rather common technique in linear
stability analysis as shown for many times in this Lecture Notes. These two
coordinates are axial and azimuthal in cylindrical coordinate while azimuthal
and polar in spherical coordinate.

The ratio of the two terms on the right-hand side of Eq. (645) defines
magnetic Reynolds number,

Rm ≡ µ0V0L0

η
, (646)

where V0 and L0 are characteristic flow magnitude and space scale, respec-
tively. Note that this Rm is fundamentally distinguished from Lundquist
number, S, whose definition is based on Alfvén speed, VA, instead of V0. Mag-
netic Reynolds number quantifies how much magnetic field generation driven
by sheared flow against magnetic diffusion while Lundquist number quantifies
how “ideal” the plasma is, or how much magnetic field is frozen-in to plasma,
against magnetic diffusion. For a static but magnetized plasma as in magnetic
fusion, magnetic Reynolds number vanishes while Lundquist number is large.
In a flowing but unmagnetized plasma as in astrophysics, Lundquist number
vanishes while magnetic Reynolds number is large.

As illustrated in the example of mechanical dynamos, there always exist a
critical speed for a given flow under certain boundary conditions, above which
magnetic dynamos occur. (Needless to say, the flow needs to be sheared; other-
wise it can be transformed out by moving to the flow frame.) This critical speed
can be expressed in terms of dimensionless critical magnetic Reynolds number,
Rmc. The simplest known kinematic dynamo is by Ponomarenko (1973), in
which an infinitely long cylinder is embedded in a static, infinitely large con-
ducting medium. The cylinder rotates around its axis rigidly and translates
along its axis with a constant speed to form a helical flow pattern. A magnetic
dynamo is excited if magnetic Reynolds number, defined using cylinder radius
and surface speed, is above a critical value of Rmc = 17.7.

Motivated by this theory, an actual liquid sodium experiment was built in
Riga, Latvia, and operated to successfully generate magnetic field, see Fig. 89.
A helical flow was generated by a propeller along a cylinder with a return
flow in a larger cylinder, which is embedded in a static liquid sodium. The
critical Rm for magnetic field generation was measured to be close to the
theoretically predicted values. An example run is shown in Fig. 89. Magnetic
field measured by a Hall senor grows exponentially from a small seed field
once the propeller rotation rate is above the critical value. Another successful
dynamo experiment, Von Karman Sodium (VKS) experiment, was performed
in Cadarache, France where two von-Karman type vortices in liquid sodium
are stirred by the counter-rotation of two magnetic (iron) bladded disks in a
cylinder (Monchaux et al, 2007).

In an actual flow like the one shown above, however, kinematic dynamo
is only an approximation when magnetic field is relatively weak or is still



GPP II Lecture Notes

192 MHD (10/11/24 )

Fig. 89 Riga dynamo. From Gailitis et al (2001).

in its linear growth phase. When magnetic field grows to a large amplitude,
nonlinear effects appear to begin to modify the flow. This effect manifests as
a non-negligible Lorentz force in the equation of motion,

ρ

(
∂V

∂t
+ V ·∇V

)
= −∇p+ j ×B + ν∇2V . (647)

Eventually, the modified flow generates magnetic field less effectively and is
balanced with diffusion to achieve nonlinear saturation. When both equations,
Eqs. (645) and (647), are simultaneously solved, the solution is said as non-
linear dynamo which is a much more difficult problem than the kinematic
dynamo counterpart, and has attracted much attention over a long time.

11.3 Slow Dynamo versus Fast Dynamo

Another important characteristic of a given dynamo is the time scale on
which magnetic field is generated and sustained. When the magnetic field
growth time is on the order of or related to the resistive diffusion time, the
dynamo is said to be “slow”. The previously mentioned homopolar dynamo,
Ponomarenko dynamo, and most likely the geodynamo are examples of slow
dynamos. Different conductivity leads to different growth rate.

In contrast, when the magnetic field growth time is independent of resistive
diffusion time, the dynamo is said to be “fast”. An illustrative example of
fast dynamos has been given by Vainshtein and Zel’dovich (1972), known as
Stretch-Twist-Fold dynamo, is shown in Fig. 90. When a flux tube [Fig. 90(a)]
is stretched twice long, the field strength doubles while cross-sectional area
shrinks to half to conserve its flux. Then one end of the flux tube is twisted by
180 degrees against the other end [Fig. 90(b)], and is folded on the other half
doubling cross-sectional area to get back to the original value, but magnetic
flux is doubled [Fig. 90(c)]. This process works on the dynamic time scale of
the flow, independent of the resistive time scale, is qualified as a fast dynamo
process. However, there is a paradox in this illustrative example. The large



GPP II Lecture Notes

MHD (10/11/24 ) 193

Fig. 90 Stretch-Twist-Fold fast dynamo. From Roberts (1994).

field gradient area, marked “X” in Fig. 90(c), can cause magnetic reconnection
smoothing out flux tubes as shown in Fig. 90(d). This last step actually involves
resistive diffusion, in contradiction with the definition of a fast dynamo, but
on a much shorter spatial scale.

This paradox is shared by the solar dynamo. Evidently, the 22 year cycle,
being much shorter than the resistive diffusion time, demands a fast dynamo
mechanism. But if there exists no field diffusion, these rapid 22 year cycles
of solar dynamo would generate a train of repeated magnetic patterns pil-
ing up somewhere in the sun, eventually triggering resistive reconnection to
smooth out local field gradients. In other words, fast dynamo is necessarily
accompanied by resistive diffusion somewhere in the system in order to achieve
quasi-steady-state, but resistive diffusion is the trademark of slow dynamo!
Therefore if we focus on this resistive diffusion aspect, we might want to also
call solar dynamo a slow dynamo. These examples illustrate the complex and
multifaceted nature of a dynamo in nature.

11.4 Cowling’s Anti-dynamo Theorem

One milestone result of the long history of dynamo theory is due to Cowling
(1934). The Cowling’s anti-dynamo theorem states “an axisymmetric magnetic
field cannot be sustained by dynamo”. The formal proof is rather lengthy and
will not be reproduced here. Instead a heuristic version is given below.

Any axisymmetric magnetic field can be decomposed to toroidal and poidal
components, Bt amd Bp, respectively. As before such in Lecture 2, Bp can be
expressed in terms of a stream function or flux function ψ, Bp = ∇×ψ, such
that the divergence free condition of ∇ ·B = 0 is satisfied. The equal-potential
contours of ψ form closed loops in any finite-length systems as illustrated in
Fig. 91 where there must exist at least one extremum. These extrema corre-
spond to poloidal null points where Bp = 0. The toroidal component of Ohm’s
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N

Fig. 91 Cowling anti-dynamo theorem.

law at these null points becomes

Et + (V ×B)t = Et + Vp ×Bp = Et = ηjt > 0. (648)

By using Faraday’s law, ∂B/∂t = −∇×E, the time change rate of the poloidal
flux enclosed by a null line circle is given by

∂

∂t

∫
Bp · dS = −

∮
Etdl = −2πRnullηjt < 0, (649)

where the surface S is enclosed by the loop l at the null point, whose radius
is Rnull. Therefore, the enclosed poloidal flux by a null point circle in any
axisymmetric magnetif fields cannot be sustained and must decay in time.

This theorem highlighted the difficulty of the dynamo problem, especially
to those who were seeking steady state axisymmetric field solutions, motivated
by the fact that the actually observed magnetic fields in planets are more or
less axisymmetric dipoles. However, it is commonly accepted now that this
anti-dynamo theorem does not really apply since none of these observed fields
are exactly asymmetric nor in a true steady state. Note that this theorem
is only about the magnetic field generated by dynamo and should not be
confused with any constraints on the velocity field that induces dynamo. In
kinematic dynamo models, axisymmetric flows are often prescribed, but the
resulted magnetic fields are usually non-axisymmetric and time dependence as
exemplified in Ponomarenko dynamo as well as the Riga dynamo experiment
(Fig. 89).

11.5 Biermann Battery Effects

Cowling’s theorem does not apply outside of MHD models. In fact, axisymmet-
ric magnetic fields can be generated and sustained in models where generalized
Ohm’s law is valid. One such example is Biermann battery effects (Biermann,
1950). If we keep only the electron pressure term on the right-hand side, the
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generalized Ohm’s law reads

E + V ×B = −∇Pe

ene
. (650)

Therefore, Faraday’s law becomes

∂B

∂t
= ∇× (V ×B) +∇×

(∇Pe

ene

)

= ∇× (V ×B)− ∇ne ×∇Te
ene

, (651)

where the last term can be nonzero under certain conditions. Biermann (1950)
considered that a seed magnetic field can be generated from this term at an
early stage of the universe. Without a seed, regardless how small it might be,
magnetic field cannot grow because the zero field solution identically satisfies
the kinematic dynamo equation, Eq. (645).

Biermann battery effects are readily realized in the laboratory by shining a
high-power laser on a solid target to generate axisymmetric fields. An example
is illustrated in Fig. 92. When a powerful laser reaches the target, it heats the
solid matter and ionizes it to plasma. The electron density gradient naturally
points into the target along the laser direction. On the other hand, the electron
temperature gradient points radially inwards due to the laser heating. Their
cross product is in the azimuthal direction, generating an azimuthal magnetic
field as shown in Fig. 92. This azimuthal field is axisymmetric.

The magnetic field generated by Biermann battery effects can be strong on
the order of MegaGauss or 100 T, but plasma β is still high (> 10− 100) due
to high plasma density. Thus these magnetic fields can be treated as tracers of
plasma inhomogeneity and their measurements can help characterize plasma
dynamic evolution. The Biermann fields are also used to study flow-driven
magnetic reconnection in high-β plasmas (Nilson et al, 2006).

34
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Bt

Fig. 92 Biermann battery magnetic field from laser-target interaction.
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Fig. 93 α−ω dynamo model. (left two panels) Shared toroidal flow can generate tororidal
field from poloidal field. (right panel) A rising plumes in a rotating fluid is twisted by Coriolis
force to generate poloidal field from toroidal field. From Parker (1970).

11.6 Parker’s α − ω Dynamo Model

Cowling’s anti-dynamo theorem paused a challenge in dynamo research for
nearly two decades before Parker’s landmark α− ω dynamo model was intro-
duced (Parker, 1955) to explain geodynamo. The ω effect is the generation of
the field component along the flow direction due to flow shear, as discussed in
Lecture 9 where magnetic field effects were assessed to influence flow stability.
Figure 93 illustrates a case where a toroidal field is generated out of an initial
poloidal field by a sheared toroidal flow.

The α-effect, however, is less straightforward. It requires both convection
and rotation. Convectively unstable plumes arise against gravity bringing mag-
netic field with them, as also illustrated in Fig. 93. The background rotation
introduces a Coriolis force which twists the rising plumes outside of the plane
of the page to form a cyclonic fluid updraft. If the twist is 90◦, poloidal field
is generated out of the original toroidal field. This effect is less effective for
smaller or larger angle of the twist, which depends on relative strength between
convection and rotation, but the qualitative idea does not change. The sinking
convective plumes twist in the opposite direction but generate similar poloidal
fields. A sea of these twisted plumes can merge through magnetic reconnection
at large field gradient locations, similar to the case illustrated in the Stretch-
Twist-Fold fast dynamo in Fig. 90, to form large-scale poloidal field that was
imposed at the beginning. This completes the circle of the α−ω dynamo pro-
cess to amplify magnetic fields with both torodial and poloidal components,
close to those observed in nature. The proposal of this model essentially revived
the dynamo research which continues to this day.

An important element introduced by Parker’s α−ω dynamo model is about
the role of small-scale motions as part of the α effects. Small-scale magnetic
fields are quickly generated by these small-scale plumes, which can break down
to motions at even smaller scale (as part of turbulent cascade, see Lecture 12).
Motions at smaller scales typically have shorter time scales to evolve, which can
in turn generate magnetic fields at smaller spatial scales at a faster rate. Thus,



GPP II Lecture Notes

MHD (10/11/24 ) 197

the generation of small-scale fields is quite rapid, and is called (fast) small-
scale dynamo or fluctuation dynamo, and has been formulated to derive its
spectra since Kulsrud and Anderson (1992). The small-scale dynamo research
has seen rapid progress in recently years mainly due to advances in numerical
simulations, and some part of it has been realized in the laboratory.

11.7 Large-scale Dynamo and Mean-field Theory

Parker’s α − ω dynamo model invoked an important concept to generate
large-scale fields out of small-scale fields of convecting plumes. This genera-
tion process can, but does not have to, rely on the reconnection process. The
large-scale field can be readily obtained by simply averaging over small-scale
fields. This led to another landmark of the dynamo research: the so-called
mean-field theory, or mean-field dynamo theory since it focuses on dynamo
problem (Steenbeck et al, 1966).

The key assumption behind the mean-field theory is the scale separation
between large and small scales, so that every quantity, a, can be split to the
mean part, a0, and fluctuation (or turbulent) part, ã,

a = a0 + ã, (652)

where the average is taken over the large scale so by definition

a0 ≡ ⟨a⟩ ; ⟨ã⟩ ≡ 0. (653)

Applying this procedure to both V = V0 + Ṽ and B = B0 + B̃ in the
induction equation yields

∂
(
B0 + B̃

)

∂t
= ∇×

[(
V0 + Ṽ

)
×
(
B0 + B̃

)]
+

η

µ0
∇2
(
B0 + B̃

)
. (654)

Taking the V0 frame (so that V0 = 0), and averaging this equation over the
large scale leads to

∂B0

∂t
= ∇×

〈
Ṽ × B̃

〉
+

η

µ0
∇2B0, (655)

where an important cross term
〈
Ṽ × B̃

〉
≡ E represents the contribution to

growth of large-scale magnetic field by turbulent electromotive force (EMF)
due to small-scale fluctuations in velocity and magnetic field. Then the critical
question is how to evaluate this turbulent EMF, E.

Steenbeck et al (1966) made a series of simplifying assumptions to derive
several important results of the mean-field dynamo theory. One of such
assumption is to express fluctuating magnetic field in terms of velocity fluctu-
ations. Subtracting Eq. (655) from Eq. (654) and ignoring the resistive term
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yields

∂B̃

∂t
= ∇×

(
Ṽ ×B0

)
+∇×

(
Ṽ × B̃ −

〈
Ṽ × B̃

〉)

≈ ∇×
(
Ṽ ×B0

)
(656)

where the second term on the right-hand side is dropped by the so-called
“quasilinear approximation” or “second-order smoothing”. Then B̃ can be
calculated by integrating along fluid element trajectory,

B̃(r, t) =

∫ t

−∞
dt′∇×

[
Ṽ (r′, t′)×B0

]
,

where r′ points to the location of the subject fluid element at t′. The resultant
turbulent EMF is calculated by

E =
〈
Ṽ × B̃

〉
=

∫ t

−∞
dt′
〈
Ṽ ×

[
∇×

(
Ṽ ×B0

)]〉
.

Under further assumptions of isotropic, homogeneous, and imcompressible
turbulence of Ṽ , the above calculations yield (Chap. 13, Kulsrud, 2005)

E = αB0 − β∇×B0 + ... (657)

where

α = −1

3

∫ t

−∞
dt′
〈
Ṽ ·

(
∇× Ṽ

)〉
= −τ

3

〈
Ṽ · ω̃

〉
(658)

β = −1

3

∫ t

−∞
dt′
〈
Ṽ · Ṽ

〉
=
τ

3

〈
Ṽ 2
〉
. (659)

Here
〈
Ṽ · ω̃

〉
and

〈
Ṽ 2
〉
are turbulent kinetic helicity (see below) and turbu-

lent energy, respectively, and τ is turbulent correlation time. All of these are
statistical properties of small-scale velocity fluctuations. In other words, large-
scale dynamos are determined by small-scale turbulence. This is a remarkable
result.

Physically, α represents a turbulent EMF along the mean field to drive
the electric current on the large scale. This twists up the mean field lines
helically as in a screw pinch. This corresponds to the α-effect in Parker’s α−ω
dynamo model. The plumes, represented by Ṽ , are associated with a twist
due to Coriolis force from rotation, represented by ω̃. Ṽ and ω̃ are in the
same direction leading to a finite α-effect per Eq. (658). As shown in Fig. 93,
if the twist angle is between 0◦ and 180◦, the twisted field line requires an
electric current along the original field line. This is an expected result by the
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parallel component of E along B0, or the α-effect of the mean-field dynamo
theory. In contrast, the β component in E appears as a coefficient of mean
electric current, along side of the regular resistivity in Eq. (655). Thus, β
represents turbulent mixing of the mean magnetic field by small-scale velocity
fluctuations. Note that the turbulent mixing can naturally lead to (but does not
automatically guarantee) magnetic reconnection to smooth out field gradient.
See the discussion at the end of Sec.11.3 on fast dynamo.

Like kinematic dynamo problem, the classic mean-field dynamo theory
does not taken into account feedback of dynamo effects (α and β effects) into
the equation of motion for velocity. The full nonlinear problem including the
feedback is a subject of modern mean-field dynamo theory. As it turns out,
the nonlinear problem is closely related to the simplifying assumptions that
were used: the natural systems are not homogeneous as they are bounded
in space as in any astrophysical objects with specific boundary conditions;
they are not isotropic as they are convectively unstable against gravity and
they are typically rotating; and they have large-scale flow shear as in accre-
tion disks. In addition, the expansion coefficients in Eq. (657), α and β, are
not necessarily only scalars, and they are 3 × 3 tensors in general. Relax-
ing each of the above assumptions is often reflected in appearance of specific
matrix elements of the α and β tensors as well as different associated nonlinear
feedback channels. A comprehensive understanding of dynamo process on the
large scale demands systematic investigations of each of these effects and their
combinations. Despite the long history and significant progress, therefore, the
large-scale dynamo problem is still largely unsolved.

11.8 Laboratory Detection of α Effect

On the other hand, the α-effects due to turbulent EMF have been directed
measured in magnetized plasma experiments. As discussed in Lecture 2, there
is a class of magnetically confined plasma experiments in toroidal geometry
called Reversed Field Pinches (RFP), similar to tokamaks but with an order of
magnitude larger plasma current, and thus at much lower safety factor q ≪ 1.
At such low q values, RFP is unstable to many current-driven instabilities as
discussed in Lecture 7 to exhibit large-amplitude fluctuations, but remarkably
the plasma discharge as a whole does not suffer major disruptions or termi-
nations. Due to their large plasma currents, the poloidal field is comparable
to toroidal field which interestingly reverses it direction between the plasma
core to edge. Externally, a large inductive torodial electric field is applied by
an Ohmic transformer to drive the large plasma current. Projecting this exter-
nal toroidal electric field along the magnetic field yields a radial profile of E∥
reversing it sign from the plasma core to edge, as shown in Fig. 94. However,
the resistive electric field, ηj∥, remains the same sign, creating a mismatch
between two electric fields.

This mismatch can be balanced by the turbulent EMF or more precisely the
α effect as explained below. For a resistive MHD Ohm’s law of E+V ×B = ηj,
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Fig. 94 Detection of α-effect on a Reversed Field Pinch (RFP) plasma. (left panel) Steady
state radial profiles of externally applied parallel electric field E∥ and parallel resistive electric
field ηj∥. A significant parallel electric field is needed to balance them. (right panel) Measured
parallel component of turbulent EMF or α-effect (thick line) can explain the mismatch
between external electric field E∥ and resistive electric field (thin line) as a function of time
at a fixed radial location. From Ji et al (1994); Ji and Prager (2002).

its mean and turbulent parts are given by

E0 + V0 ×B0 + E = ηj0 (660)

Ẽ + Ṽ ×B0 + V0 × B̃ + Ṽ × B̃ − E = ηj̃ (661)

where E =
〈
Ṽ × B̃

〉
. Taking the parallel component of the mean electric field

equation, Eq. (660), leads to

E0∥ +
E ·B0

B0
= ηj0∥, (662)

where the second term on the left-hand side represents the α effect per
Eq. (657). This α can be expressed as

α =
E ·B0

B2
0

=

〈
Ṽ × B̃

〉
·B0

B2
0

= −

〈(
Ṽ ×B0

)
· B̃
〉

B2
0

,

where Ṽ ×B0 can be substituted via Eq. (661),

Ṽ ×B0 = −Ẽ − V0 × B̃ − Ṽ × B̃ + E + ηj̃.

Taking dot product of the above equation with B̃ removes second and third
terms on the right-hand side, and then taking averaging removes the fourth
term. The remaining first term and fifth term lead to

α =

〈
Ẽ · B̃

〉

B2
0

−

〈
ηj̃ · B̃

〉

B2
0

=

〈
Ẽ⊥ · B̃⊥

〉

B2
0

−

〈
ηj̃⊥ · B̃⊥

〉

B2
0

≈

〈
Ẽ⊥ · B̃⊥

〉

B2
0

, (663)
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where Ẽ∥ = ηj̃∥ is used for the second equal sign. Both Ẽ⊥ and B̃⊥ due to
MHD instabilities were actually measured at approximately the same spatial
location for their correlation study (Ji et al, 1994). One of the results at a
fixed location but as a function of time is shown in Fig. 94, in good agreement
with the expectation from Eq. (662). Therefore, the MHD instabilities in RFP
generate properly correlated velocity and magnetic fluctuations so that the
resultant turbulent EMF can drive the required parallel equilibrium current to
cause toroidal magnetic field to reverse its direction for the RFP configuration.
Often, the α effect observed in RFP is called the RFP dynamo. Similar α
effects are also observed in spheromaks (Al-Karkhy et al, 1993).

Even the required spatial scale separation in the large-scale astrophysical
dynamo does not apply in RFP, the actual detection of α-effects in a real
physical system is still a significant step for the mean field theory in general.
It confirms that the principal idea behind mean-field theory is valid, at least
when the temporal scale separation applies between the slowly varying mean
field profiles and rapid fluctuations due MHD instabilities. Since there are
no fundamental distinctions between spatial and temporal scale separations
in terms of mean-field theory, it is a reasonable expectation that the mean-
field theory should be valid for the large-scale dynamo problem. Nonetheless,
each of simplifying assumptions of classic mean-field dynamo theory should be
carefully examined for any specific cases before actual application. Since each
application is specific, there may exist many different types of the dynamo
solutions as opposed to one particular dynamo solution applicable universally
everywhere.

In the case of the RFP dynamo, the assumption of turbulence isotropy is
violated as the external Ohmic drive by transformer uniquely points one par-
ticular toroidal direction relative to the toroidal field or a particular sign of
field line twist (magnetic helicity, see Lecture 12). Furthermore, there exist a
radially inward flux of electromagnetic energy (Poyngting flux) by the Ohmic
drive which is balanced in steady state by a radially outward flux of plasma
energy due to dissipation of magnetic field energy by reconnection and turbu-
lence. The mean-field theory under these particular conditions exhibits certain
properties which might be relevant to astrophysical dynamos (Ji, 1999). In any
cases, availability of laboratory experiments and feasibility of numerical simu-
lations with sufficient scale separations will ultimately determine the validity
and applicability of mean-field theory of large-scale dynamos.

11.9 Summary

• Magnetic dynamo, or generation of magnetic field by plasma motion, is a
fundamental MHD process in planets, stars, astrophysical plasmas, as well
as in some of fusion plasmas.

• Kinematic dynamo problems deal with linear growth of magnetic field but
feedback by Lorentz force on velocity field needs to taken into account in
the nonlinear dynamo problems.
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• The field growth on the resistive time scale is called slow dynamo, which
are the cases of geodynamo or laboratory dynamo, but solutions of fast
dynamo, such as the scratch-twist-fold example, are needed to explain many
astrophysical dynamos such as solar dynamo.

• Cowling’s anti-dynamo theorem prohibits a subclass of the desired dynamo
solutions but Biermann battery effects circumvent its application by includ-
ing physics beyond classic MHD, such as during laser-target interaction.

• Parker’s α−ω dynamo model brought up a specific scenario for fast dynamo,
involving both small-scale and large-scale fields, which may work in gen-
eral for convectively unstable rotating plasmas. The small-scale dynamo has
attracted attension in recent years.

• Mean-field theories provide a practical framework to describe the growth
of large-scale field out of small-scale turbulence but need to adapt to each
specific situation to make further progress.

• The α effects of turbulent electromotive force (EMF) has been successfully
detected in magnetically confined plasmas.

11.10 Further Readings

• Chapters 13 in Kulsrud (2005).
• Review chapter by Roberts (1994).
• Review paper by Ji and Prager (2002) on the α-effect detected in Reversed
Field Pinch or RFP.
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12 Magnetic Self-Organization and MHD
Turbulence

As the last lecture of our course, a concise introduction to two outstanding
and inter-connected subjects are given: magnetic self-organization and MHD
turbulence. MHD turbulence emerged from its hydrodynamic counterpart with
additional insights based on physics of MHD while the concept of magnetic
self-organization has been developed relatively independently but it turned
out to be closely related to MHD turbulence, as well as magnetic reconnection
and dynamo that we have discussed in previous Lectures.

12.1 Magnetic Self-Organization

12.1.1 Non-equilibrium Thermodynamics and
Self-organization

It should be recognized and appreciated that a large portion of the mod-
ern physics is built on the premise of equilibrium thermodynamics. This is
unfortunate because the physical world around us is not really in a thermo-
dynamic equilibrium and yet the physics of non-equilibrium thermodynamics
is still underdeveloped despite its long history. As a result for a practical pur-
pose, we often than not pretend as if the laws of equilibrium thermodynamics
still applies in non-equilibrium thermodynamics. This fundamental fraud is
widespread in physics in general; and plasma physics including the subject of
this lecture on magnetohydrodynamics is not an exception. Most of the topics
discussed thus far in this lecture, such as MHD models, MHD equilibrium, the
concept of energy principle and its associated various instabilities, are all sub-
ject to a suspicion that they might be invalid after all, despite of the mounting
evidence that they actually work, as we discussed throughout in this class.

This paradoxical situation is sometime explained as the assumption of ther-
modynamic equilibrium may be valid locally even the global system is not in
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(under global constraints)

Fig. 95 Self-organization or relaxation process of an open system which has energy source
and sink.
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a thermodynamic equilibrium. This is to state that thermodynamic variables,
such as temperature and entropy, are well defined locally, even they may vary
on a global scale in an inhomogeneous system seen in fusion devices or astro-
physical objects. It should be noted that the inhomogeneity here is closely
related to the fact that the system is open – being able to take in or release
matters, momentum or energy either through its boundary or volumically such
as radiation. With constant input from outside, these open systems are often
called driven systems.

Then, without a solid physics foundation from non-equilibrium thermody-
namics an unsettling but important question naturally arise: what decides the
global inhomogeneity or structure of such a non-equilibrium system, which is
open and driven? This question motivates the concept of self-organization or
relaxation which is illustrated graphically in Fig. 95. The large-scale structure
receives energy input from the outside and is unstable leading to nonlinear
processes that are often turbulent. The nonlinear processes “relax” the original
large-scale structure (the green arrow) to reach its quasi-steady state by shed-
ding excess energy to energy sink leaving the system. The large-scale structure
and instability can also possibly dissipate energy to energy sink indicated by
the dotted arrows.

However, such self-organization processes are subject to global constraints.
In magnetized systems with large Lundquist numbers, total magnetic flux is
well conserved. In fact, ideal MHD systems have infinite numbers of globally
conserved quantities. One such constraint is conservation of magnetic helicity.

12.1.2 Conservation of Magnetic Helicity

Magnetic helicity of a magnetized plasma is defined as

K ≡
∫

(A ·B) dV (664)

where V is the volume of the subject plasma and A is a vector potential of
magnetic field B, B = ∇×A. The value of K quantifies how much magnetic
field lines in V are topologically inter-knotted or inter-linked with itself. To
illustrate this, imagine that there are two thin flux tubes, Φ1 occupying volume
V1 and Φ2 occupying volume V2, topologically inter-linked as shown in Fig. 96.
Since the incremental volume dV can be written as dV = S · dl where S is
a vector pointing along a thin flux tube and its magnitude is the thin tube’s
cross-sectional area. dl is the incremental length vector along the thin flux
tube. Then, magnetic helicity of this two-flux-tube system can be computed as

K =

∫

V1

(A ·B) dV +

∫

V2

(A ·B) dV

=

∫

V1

(B · S) (A · dl) +
∫

V2

(B · S) (A · dl)
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Fig. 96 Magnetic helicity: topological linkage of two flux tubes.

= Φ1

∫

V1

A · dl+Φ2

∫

V2

A · dl

= Φ1Φ2 +Φ2Φ1 = 2Φ1Φ2. (665)

Here
∫
V1

A · dl = Φ2 since the loop integration along V1 encircles flux tube

Φ2. If two flux tubes are not topologically inter-linked instead,
∫
V1

A · dl = 0.
The same operation applies to the integration over V2. Thus, the value of K
represents whether these two flux tubes are inter-linked in this system.

There might be questions on whether such a definition of magnetic helicity,
Eq. (664), is physically sound as it uses vector potential which is gauge-
dependent while any physical quantities should be gauge-independent. In other
words, K should not change under the gauge transformation A → A + ∇χ,
where χ is a scalar potential. This demands the change in magnetic helicity,
∆K, under such transformation vanish,

∆K =

∫
(B ·∇χ) dV =

∫
∇ · (χB) dV =

∫
χB · dS = 0, (666)

where S is the surface of V . There are three ways to satisfy the gauge invariance
Eq. (666):

• In singly connected volumes, B needs to be tangent everywhere on S so
B · dS = 0.

• In doubly connected volumes like a torus, B · dS = 0 alone is insufficient
to guarantee the gauge invariance due to the linkage between toroidal flux,
Φ, of the torus and (unspecified) poloidal flux, Ψ, threading the center hole
of the torus. Removal of this unknown linkage is needed for K defined by
Eq. (664) to be gauge invariant, K ′ = K − ΦΨ.

• When B · dS ̸= 0, magnetic field lines are connected to outside of the
subject volume with unknown linkages. In such cases, the unknown linkages
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need to be removed from the definition by using the concept of relative
helicity (Berger and Field, 1984).

Magnetic helicity is a conserved quantity in ideal MHD. This can be shown
as in the following. Taking time derivative of Eq. (664) while usingE = −∇ϕ−
∂A/∂t and Faraday’s Law yields

∂K

∂t
=

∫ (
∂A

∂t
·B +A · ∂B

∂t

)
dV

= −
∫

(E ·B +B ·∇ϕ+A ·∇×E) dV

= −2

∫
E ·BdV +

∫
(ϕB +A×E) dV. (667)

In deriving the last step, we used vector identities,

∇ · (ϕB) = ϕ∇ ·B +B ·∇ϕ

= B ·∇ϕ

∇ · (E ×A) = A ·∇×E −E ·∇×A

= A ·∇×E −E ·B.

In ideal MHD, E ·B vanishes identically, leaving only surface integral terms
in the right-hand side of Eq. (667) which represents flux of magnetic helic-
ity. However, the surface integral terms can only transport magnetic helicity
across space and cannot generate nor destroy it. Thus, magnetic helicity is
conserved. In reality, magnetic helicity conservation has been experimentally
verified during magnetic self-organization or relaxation (Ji et al, 1995) as
explained below.

12.1.3 Minimum Energy State

The origin of the problem traces back to the ZETA (Zero Energy Thermonu-
clear Assembly) device as a toroidal pinch experiment that was built during
early days of fusion research of 1950s in UK. Against the common expectation
from the qa > 1 Kruskal-Shafranov limit (Kruskal and Schwarzschild, 1954;
Shafranov, 1956) (see Lecture 7), the plasma current in ZETA was much larger
resulting in qa ≪ 1, yet the plasma was observed to be “quiescent” implying
the global stability, after a violent phase with large fluctuations. The rela-
tive stability was observed to be accompanied with the reversal of toroidal
magnetic field from plasma center to edge, and thus the configuration was
dubbed “Reversed Field Pinch” or RFP (see Lecture 2 for various confine-
ment concepts). Figure 97 shows example measurements from a later device
called HBTX-1A in UK. Poloidal field is large (comparable to toroidal field)
due to large plasma current compared to tokamaks while the toroidal compo-
nent changes its sign between core and edge. Here comes J.B. Taylor who took
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Fig. 97 Experimentally measured and theoretically predicted profiles of magnetic field from
HBTX-1A RFP device from Taylor (1986).

a note on the “quiescence” and considered its implication that the RFP con-
figuration is an energetically preferred state or minimum energy state (Taylor,
1974).

The minimum energy states or relaxed states can be derived in several
different ways. A simplest way is to minimize magnetic energy,

W =
1

2µ0

∫
B2dV, (668)

subject to the constraints of Gauss’s law ∇ ·B = 0 and ideal MHD Ohm’s law
E + V ×B = 0. Under these conditions, from Lecture 4, we have the change
in B or δB due to displacement ξ is given by δB = ∇× (ξ ×B). Therefore,
the change in W or δW can be computed as

δW =
1

µ0

∫
B · δBdV =

1

µ0

∫
B ·∇× (ξ ×B) dV

= − 1

µ0

∫
ξ · (B ×∇×B) dV =

∫
ξ · (j ×B) dV. (669)

According to variational principle, for W to take an extremum including mini-
mum, δW = 0 for all possible ξ. This demands j×B = 0 or Lorentz force-free
or simply force-free in Eq. (669). Therefore, minimum energy force-free field
can be expressed as

∇×B = λ(r)B (670)

where λ(r) is a scalar function of spatial location r. Taking divergence
operation of Eq. (670) yields

0 = λ∇ ·B +B ·∇λ(r) = B ·∇λ(r) (671)

which means that λ must be a constant along each field line. Note, however,
that λ does not have to be a constant across different field lines.
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12.1.4 Taylor’s Relaxation Theory

However, the ideal MHD condition does not apply during the RFP relaxation
when large fluctuations due to violent instabilities are observed, indicative of
highly turbulent state of plasma including resistive processes like magnetic
reconnection. Clearly, a different constraint is needed in the place of ideal MHD
and magnetic helicity is certainly a candidate. Using resistive MHD Ohm’s
law, E + V ×B = ηj, we have

∂K

∂t
= −2η

∫
j ·BdV

∂W

∂t
= −η

∫
j2dV,

where surface terms are ignored because they represent transport across space
without affecting conservation properties. Both magnetic helicity and magnetic
energy decay on the resistive time scale, but for fluctuations on a small scale,
δ, expressed in the corresponding wavenumber k ≡ 2π/δ,

∂K

∂t
= −2ηkB2

k

∂W

∂t
= −ηk2B2

k,

where Bk is magnetic fluctuation amplitude on the scale k. If δ is determined
by the current sheet thickness of Sweet-Parker reconnection with Lundquist
number of S ∝ η−1 (see Lecture 10), we have

k ∝ δ−1 ∝ S1/2 ∝ η−1/2,

which leads to

∂K

∂t
∝ −2η1/2B2

k (672)

∂W

∂t
∝ −B2

k. (673)

Therefore, when η → 0, magnetic helicity dissipation diminishes while mag-
netic energy dissipation remains finite. This consideration motivates the
conjecture that magnetic energy is minimized while magnetic helicity is
conserved during relaxation.

Yet there is still another conceptual difficulty to apply conservation of mag-
netic helicity. Magnetic topology should be preserved if magnetic helicity is
conserved, but in a turbulent plasma undergoing magnetic reconnection, mag-
netic topology should be altered. Magnetic helicity of each flux tube should
not be conserved due to the change in local connectivity of magnetic field lines.
For example, the two flux tubes illustrated in Fig. 96 are initially topologically
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linked but can become detached from each other through magnetic reconnec-
tion. In order to satisfy these two seemingly contradicting requirements — on
the one hand magnetic helicity should be conserved when η → 0 while on the
other hand magnetic helicity should not be conserved locally where reconnec-
tion occurs — the plasma relaxation involving reconnection can be considered
to re-distribute magnetic helicity within the plasma while conserving its total
magnetic helicity (Taylor, 1974). In fact, the total magnetic helicity conser-
vation has been experimentally confirmed, and the corresponding magnetic
helicity flux has also been measured to transport magnetic helicity in space (Ji
et al, 1995).

Taylor’s theory states that the quiescent RFP configuration corresponds to
a relaxed state with a minimum magnetic energy, W defined by Eq. (668), for
a given total magnetic helivity, K defined by Eq. (96). This can be solved by
using variational principle, δ(W−µK) = 0, where µ is the Lagrange multiplier.
Focusing only on the integral of W and K, we have

δ
(
B2 − µA ·B

)
= 2B · δB − µδA ·B − µA · δB
= 2B · (∇× δA)− µδA ·B − µA · (∇× δA)

= 2∇ · (δA×B) + 2δA ·∇×B − µδA ·B
−µ∇ · (δA×A)− µδA ·B

= ∇ · (2δA×B − µδA×A) + 2δA · (∇×B − µB)

where the surface terms vanish as δA can be set to zero there. To guarantee
δ
(
B2 − µA ·B

)
= 0 for all possible δA, the solution needs to be a force-free

field,
∇×B − µB = 0. (674)

Note that this force-free field is distinguished from the force-free field by
Eq. (670) where λ is a function of space while µ is a spatial constant. An impor-
tant feature of all force-free fields is that plasma pressure gradient identically
vanishes as ∇p = j × B = 0, which is undesirable for plasma confinement,
unfortunately.

Since µ is a constant, applying curl operation to Eq. (674) leads to an
eigenvalue problem,

∇× (∇×B − µB) = ∇×∇×B − µ∇×B = −∇2B − µ2B

= −
(
∇2 + µ2

)
B = 0, (675)

which can be solved in cylindrical coordinate (R, θ, Z) assuming axisymmetry
to yield the well-known Bessel function solutions,





BR = 0

BZ = B0J0 (µR)

Bθ = B0J1 (µR) .
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Here BZ and Bθ correspond to toroidal and poloidal fields, respectively. J0
and J1 are Bessel function of the first kind. By choosing a proper eigenvalue
of µ, the force-free solution matches well the experimental measurements in
RFP plasmas, see Fig. 97. In addition to RFP, there is another class of mag-
netic confinement configurations called spheromaks (see Lecture 2) which also
exhibit similar relaxation or self-organization behaviors and have magnetic
field profiles close force-free solutions but in spherical coordination (Taylor,
1986).

12.1.5 Relation with Energy Principle and Self-organization

By definition, minimum energy states, if static, should be stable against all
ideal MHD instabilities that have been discussed. Here we examine it via
energy principle described in Lecture 5 but using a specific form of the energy
integral given in Lecture 7, reproduced here:

2δW =

∫ [ |Q⊥|2
µ0

+
B2

µ0
|∇ · ξ⊥ + 2ξ⊥ · κ|2 + γp |∇ · ξ|2

−2 (ξ⊥ ·∇p) (ξ⊥ · κ)− j∥
B

(ξ⊥ ×B) ·Q⊥

]
dV, (676)

where Q and ξ are perturbed magnetic field, B1 (while B is unperturbed
magnetic field), and displacement vector, respectively. As discussed in Lecture
7, first three terms are positive definitive, contributing to stability. The second
last term vanishes as ∇p = 0 for force-free fields. The only remaining question
is about the last term.

By comparing B1 ≡ Q = ∇× (ξ ×B) and the definition of B1 = ∇×A1

where A1 is perturbed vector potential, we have A1 = ξ ×B, leading to

A1,∥ = 0

A1,⊥ = ξ ×B.

Furthermore from Eq. (674), we have j∥/B = µ/µ0 which is a spatial constant
and can be taken out of the integration. Therefore, the last term of the energy
integral becomes

−
∫ [

j∥
B

(ξ⊥ ×B) ·Q⊥

]
dV

= −j∥
B

∫
A1,⊥ ·B1,⊥dV = −j∥

B

∫
A1 ·B1dV = 0, (677)

where the last step is due to the fact that magnetic helicity is conserved despite
the perturbation in ideal MHD. Thus, the energy integral δW ≥ 0 for all
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Fig. 98 Repeated relaxation events (“sawteeth”) observed in a modern RFP device. From
Prager et al (2005).

possible ξ, confirm the expectation that (static) force-free minimum energy
states are indeed stable against all ideal MHD instabilities.

From the above analysis, it seemed that minimum energy states should be
ideal for magnetic confinement because of their stability. Unfortunately, this
is not completely true. The reasons are not only due to the fact that force-
free fields cannot support pressure gradient which is needed for confinement
as mentioned before. This is also due to the observation that the “quiescent”
phase of the RFP plasma is not sustained in modern RFP experiments and
one example is shown in Fig. 98 for repeated relaxation events over time. After
each event, the internal µ = j∥/B profile flattens towards a relaxed state, but
soon followed by peaking of the µ profile over time due to faster diffusion of
j∥ at plasma edge where electron temperature is lower. When the µ profile is
sufficiently nonuniform, MHD instabilities (perhaps ideal instabilities coupled
with tearing modes in the large-∆′ regime, see Lecture 10) are triggered to
initiate the next relaxation events. The process repeats. The overall picture of
the repeated relaxation events is illustrated as magnetic self-organization in
Fig. 95.

The concept of magnetic relaxation or self-organization has been applied
to solar corona where magnetic energy is released while conserving magnetic
helicity. The often observed helical structures on the solar surface can be
regarded as a consequence of relaxation which can shed magnetic energy but
not helicity (Rust and Kumar, 1996). Over time, magnetic helicity accumu-
lates and eventually reaches the limit beyond which violent instability occurs
leading to coronal mass ejection (Zhang et al, 2006). The force-free field is the
standard model now used to extrapolate field structures from the measured
magnetic field vector on the solar photosphere to the solar corona for MHD
stability analysis and numerical simulation. It also meets the requirement that
the plasma β is low in corona. In this context, when a constant j/B is used, the
force-free field is referred to as Linear Force-Free Field or LFFF. Otherwise, it
is referred to as Nonlinear Force-Free-Field or NLFFF.
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12.2 MHD Turbulence

The nonlinear processes described above for magnetic self-organization often
involves dynamics across multiple scales which are sometimes called plasma
turbulence in general. In this last part of this class, a concise introduction is
given for plasma turbulence in the MHD regime.

12.2.1 Effects of Turbulence

Turbulence is a universal phenomenon long recognized in fluid dynamics. There
is a famous quote (Goldstein, 1969) from a renowned physicist Sir Horace
Lamb nearly a century ago in 1932: “I am an old man now, and when I die
and go to Haven there are two matters on which I hope enlightenment. One
is quantum electrodynamics and the other is turbulence. About the former, I
am really rather optimistic.” This speaks for the complex nature of turbulence
which is still an unsolved problem despite significant progress made over the
decades. Several important concepts and results of hydrodynamic turbulence
are discussed below to serve as a starting point to introduce MHD turbulence.

It makes a good sense to use mean-field theory for the study of turbulence,
which typically exhibits seemingly “random” fluctuations from its mean quan-
tities. Statistical methods, such as averaging and correlation, can be applied
to any measured quantify V (t), to obtain

V = ⟨V ⟩+ Ṽ

R(τ) = ⟨V (t)V (t+ τ)⟩

where averaging < ... > is applied over the time so ⟨V ⟩ is the average of V . τ
is the time lag for the autocorrelation function R(τ) which can be normalized,

r(τ) ≡ ⟨V (t)V (t+ τ)⟩
⟨V 2⟩ ≤ 1, (678)

where the latter inequality is due to Schwartz inequality. In addition to auto-
correlation, a cross-correlation between two quantities U(t) and V (t) can be
defined as C(τ) ≡ ⟨U(t)V (t+ τ)⟩, as well as its normalized version. Accord-
ing to Eq. (678), r(0) = 1, and normally r(∞) = 0 indicating that memory is
lost with sufficient time lag, as one outstanding characteristics of turbulence.
Therefore, an integral time scale T can be defined as

T ≡
∫ ∞

0

r(τ)dτ, (679)

as a measure of the memory of the turbulence. This T can be used to esti-
mate the so-called “eddy viscosity”, an effective dissipation coefficient due to
turbulence. The molecular or classical viscosity is estimated as

νmolecule ∼ l2mfpT
−1
collision (680)
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where lmfp is the mean-free-path and Tcollision is collision time. Then T can
be regarded as an effective “collision” time to lose memory in turbulence, and
thus the corresponding eddy viscosity can be estimated as

νeddy ∼ l2eddyT
−1 (681)

where leddy is the smallest eddy size of the turbulence.
The above average and correlation procedures are performed over the time,

but they can be also applied in space for spatial correlation and integral spa-
tial scale or the so-called correlation length. In practice, however, it is much
more common to have measurements with high temporal resolutions then
with spatial resolutions. If a frozen spatial structure passes the measurement
point, the temporal variation reflects the spatial variation by replacing t by
x/U0, where U0 is the advection speed. This assumption of frozen structures is
called Taylor’s hypothesis. Having measurements at multiple spatial points can
avoid using this hypothesis as done by space MMS mission to study magnetic
reconnection as mentioned in Lecture 10.

In Lecture 11, we discussed mean-field dynamo theory in which the large-
scale magnetic field can grow out from the turbulent EMF due to small-scale
dynamics. The same procedure can be applied to large-scale flow leading to
an equation similar to Eq. (655),

∂V0

∂t
+ (V0 ·∇)V0 = −∇P0

ρ
+ ν∇2V0 −∇ ·

〈
Ṽ Ṽ

〉
, (682)

where the last term is Reynolds stress (Kundu et al, 2015, Ch.12) due to
turbulence. Here V0 ≡ ⟨V ⟩ and P0 ≡ ⟨P ⟩ while density ρ is assumed to be
uniform in an incompressible flow. Therefore, the mean flow can be generated
or dissipated by turbulence.

In MHD, similar procedures can be performed to add the standard Lorentz
force due to large-scale magnetic field and Maxwell stress due to turbulence
in the right-hand side of Eq. (682),

j0 ×B0

ρ
+∇ ·

〈
B̃B̃

µ0ρ

〉
.

The latter is similar to the α-effect and β-effect on the large-scale magnetic
field in the mean-field dynamo theory.

12.2.2 Cascade and Kolmogorov’s -5/3 Law

As an important concept of turbulence, the cascade process was introduced a
century ago by Richardson (1922) and is illustrated in Fig. 100 where energy
spectra, S, of turbulence as a function of scale or wavenumber, k, are shown.
Energy is injected on the large system scales (small k) and is dissipated on the
small scales (large k). In between these two ends of the scales, energy flows from
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Fig. 99 Energy injection, cascade and dissipation in turbulence.

large scales to small scales in a self similar fashion. In other words, from the
system scale larger eddies break down to smaller eddies, which further break
down to even smaller eddies in a similar way, and the process repeats until the
scale reaches dissipation scale. The cascade process should be scale-invariant,
i.e., the exact same process is occurring everywhere in the k space, except at
two ends. This demands the spectral functions in the k space be power laws,
S ∝ kx where x is a (negative) constant, as compared to, e.g., exponential
functions which always have a characteristic scale, as k0 in exp (−k/k0). The
power-law part of the spectra is also called inertial range of the spectra. The
scale-invariant nature of cascade process provides a much desirable flexibility
for turbulence to connect energy injection scale to dissipation scale regardless
the separation between these scales. Thus, probably it is not an overstatement
that the cascade process makes turbulence a universal phenomenon across
many disciplines.

Kolmogorov (1941) made further progress in turbulence theory by discover-
ing x = −5/3 for the energy spectra which is referred commonly to Kolmogorov
spectrum. This can be derived from dimensional analysis as below. The energy
spectra should depend on only two parameters, wavenumber k and energy
cascade flux E ,

S(k, E) ∝ kxEy, (683)

where k has a dimension of [k] = L−1 and E has the dimension of V · ν∇2V
since ν∇2V represents the energy dissipation:

[E ] = L

T
· L

2

T
· 1

L2
· L
T

=
L2

T 3
.

From the definition of S,
〈
V 2
〉

=
∫
Sdk, [S] = L3T−2. Therefore, the

dimensions of Eq. (683) become

L3

T 2
∝
(
1

L

)x(
L2

T 3

)y

,
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Fig. 100 Measured turbulent energy spectrum in a sea-water channel at Re = 4 × 107,
confirming Kolmogorov’s -5/3 law. From Grant et al (1959).

which leads to

3 = −x+ 3y

−2 = −3y

with the solution of x = −5/3 and y = 2/3. More precisely,

S = CKk
−5/3E2/3, (684)

where CK = 1.6 − 1.7 is Kolmogotov constant (Kolmogorov, 1941). This is
known as Kolmogorov’s -5/3 law. However, this Kolmogorov’s -5/3 law was
not confirmed in experiments nor observations for a long time until Grant
et al (1959) due to the difficulties in generating high Re turbulence in the
laboratory.

The Kolmogorov’s -5/3 law can be derived also by the following phe-
nomenological arguments (Biskamp, 2003, Ch.5). The energy contained in
eddies of each size, ln ∼ k−1

n , is Sn ∼ (δVn)
2 where δVn is turbulent velocity

amplitude at ln. The cascade hypothesis is that the energy transfer is essen-
tially local in k space, i.e., energy from eddies of one size ln can be transferred
by distortion only to the next size, ln+1, over the eddy turnover time,

τn ∼ ln
δVn

.

Therefore, the energy cascade flux is given by

E ∼ Sn

τn
∼ (δVn)

2

ln/δVn
=

(δVn)
3

ln
(685)
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which can be rewritten to

δVn ∼ E1/3l1/3n ∼ E1/3k−1/3
n . (686)

We can express energy spectrum in terms of wavenumber spectrum, Sn ∼
Skdkn, where dkn ∼ kn. Therefore, with the use of Eq. (686), we have

Sk(Kol) ∼ Sn

dkn
∼ Sn

kn
∼ (δVn)

2

kn
∼ E2/3k−5/3

n = E2/3k−5/3, (687)

which recovers the Kolmogorov’s -5/3 law, Eq. (684).
This cascade concept complements well the self-organization concept (see

Fig. 95) introduced earlier this lecture. The energy source is on the global
large scales while the energy sink is on the local dissipation scales. The insta-
bility leads to turbulence in which energy cascades toward dissipation scale.
However, the self-organization or relaxation process, through which the large-
scale structures are modified, is not part of the cascade process discussed
above. More specifically, the turbulent cascade does not capture the physics
of self-organization. During self-organization, the large-scale magnetic field is
generated or modified via turbulent EMF as in mean-field dynamo theory and
the mean flow is modified by Reynolds stress. This requires that energy is
transferred from small scales to large scale, in the opposite direction of cascade.
This is called inverse cascade, which distinguishes from the normal cascade in
the classical picture of Kolmogorov turbulence. The inverse cascade occurs in
both hydrodynamics and MHD.

12.2.3 Effects of Large-scale Field and Elsässer Fields

A sufficiently strong mean (guide) magnetic field alters the hydrodynamic
turbulence in a fundamental way. We can appreciate this by the following
excise. In ideal MHD, the cross helicity, H, defined as

H =

∫
V ·BdV,

is conserved (see Homework). As in Taylor’s relaxation theory, we attempt to
minimize the combined magnetic energy and flow energy while conserving cross
helicity using variational principle, δ(W − λH) = 0. Here λ is the Langrange
multiplier, and W here is defined as

W =

∫ (
ρV 2

2
+
B2

2µ0

)
dV.

Thus, we have

δ(W − λH) = δ

[∫ (
ρV 2

2
+
B2

2µ0

)
dV − λ

∫
V ·BdV

]
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=

∫
δV · (ρV − λB) dV −

∫
δB ·

(
B

µ0
− λV

)
dV.

To guarantee δ(W − λH) = 0 for all possible δV and δB, we need to
salmultanuously satisfy,

ρV = λB = 0 and
B

µ0
= λV .

Eliminating λ by taking ratio of the above two equations leads to the solution,

V = ± B√
µ0ρ

, (688)

i.e., the plasma flows along the magnetic field at Alfvén speed. This is called
Alfvénic state which is a minimum-energy state that MHD plasmas tend to
relax towards with sufficiently large flow and magnetic field. The Alfvénic
states have equal flow energy and magnetic energy, which is said to have
equipartition between field and flow. The tendency that plasmas have to align
flow to its magnetic field (or vice versa) is referred to as dynamic alignment,
that has been observed numerically, as well as in solar wind especially when
close to the Sun. This reminds us about rotational discontinuity and Alfvén
mode shock solutions that we discussed in Lecture 4. They represent unique
cases that exist only in MHD with sufficiently large flow and field. In addi-
tion, this also reminds us about alignment of electric current j to magnetic
field in the force-free field when magnetic energy is minimized while conserving
magnetic helicity in static MHD plasmas, as mentioned earlier in this Lecture.

Given that Alfvénic states are preferred states for the magnetized MHD
plasmas, it is convenient to introduce Elsässer variables (Elsasser, 1950) defined
as

Z± ≡ V ± B√
µ0ρ

(689)

which quantify how far from the preferred Alfvénic states. Z± = 0 represent
exact Alfvénic states. The aforementioned total energy and cross helicity can
be written in terms of Z± as well. Using incompressible, visco-resistive MHD
equations,

∂V

∂t
+ (V ·∇)V = −∇

(
P

ρ
+

B2

2µ0ρ

)
+

1

µ0ρ
(B ·∇)B +

ν

ρ
∇2V (690)

∂B

∂t
+ (V ·∇)B = (B ·∇)V +

η

µ0
∇2B (691)

∇ ·B = 0 (692)

∇ · V = 0, (693)
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B0

Fig. 101 Counter-propagating Alfvén waves.

the governing equations for Z± can be derived (see Homework),

∂Z±

∂t
+
(
Z∓ ·∇)B± = −∇

(
P

ρ
+

B2

2µ0ρ

)
+

1

2

(
ν

ρ
+

η

µ0

)
∇2Z±

+
1

2

(
ν

ρ
− η

µ0

)
∇2Z∓ (694)

∇ ·Z± = 0. (695)

In the ideal limit, Eq. (694) can be linearlized around a uniform B0 to yield,

∂Z±

∂t
∓ (B0 ·∇)Z± = 0, (696)

which has solutions of Z−(x − B0t) representing Alfvén waves propagating
along B0 and Z+(x+B0t) representing Alfvén waves propagating along −B0.
Nonlinear interaction between counter-propagating Alfvén waves represented
by Elsässer variables, as illustrated in Fig. 101, is a leading theory for solar
wind heating, and also serves as the foundation of Iroshnikov-Kraichnan MHD
turbulence theory which will be discussed next.

12.2.4 Iroshnikov-Kraichnan Theory and Goldreich-Sridhar
Theory

In this subsection, a brief introduction is given for two leading and often com-
peting theories for MHD turbulence. The first theory is by Iroshnikov (1964)
and Kraichnan (1965), independently. The second theory is jointly by Sridhar
and Goldreich (1994); Goldreich and Sridhar (1995).

The Iroshnikov and Kraichnan (IK) theory assumes a large-scale, strong
background magnetic field, B0. Turbulence is due to collisions (or nonlin-
ear interactions) of counter-propagating Alfvén waves, represented by Elsässer
variables, Z±. Due to the strong B0, Alfvénic transit time, τA, is short
compared with eddy turnover time, τl, at scale l,

τA ∼ l

VA
≪ τl ∼

l

δZl
,
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and thus, distortion of eddies is small by each collision,

∆δZl

δZl
=
τA
τl

≪ 1.

In order to transfer energy to the next scale, many collisions are needed via a
diffusive process,

τd ∼
(
δZl

∆δZl

)2

τA =
τ2l
τA

=
lVA

(δZl)
2 ,

which leads to the energy cascade flux,

E ∼ Sl

τd
∼ (δZl)

4

lVA
∼ k (δZl)

4

VA
,

or
(δZl)

2 ∼ E1/2V
1/2
A k−1/2.

Using this, we have energy spectrum by the IK theory,

Sk(IK) ∼ Sl

k
∼ (δZl)

2

k
∼ E1/2V

1/2
A k−3/2. (697)

The spectral indexes are noticeably different from Kolmogorov theory.
The Goldreich-Sridhar (GS) theory also assumes a large-scale, strong back-

ground magnetic field, B0, but takes the note that the turbulence should be
anisotropic with wavenumber perpendicular to B0 much larger than its paral-
lel counterpart, k⊥ ≫ k∥. In the limit of large B0, turbulence should become
essentially 2D. This is in contrast to IK and Kolmogorov theories, both of
which assume isotropic turbulence.

To appreciate the development of spectral anisotropy, we begin with the so-
called weak turbulence regime where turbulence is generated by interactions
of waves propagating in the opposite directions Z±

k along B0 but with wave
frequency, ω = ±k∥VA, is unchanged. The three wave interaction needs to
satisfy

k3 = k1 + k2 (698)

ω3 = ω1 + ω2 (699)

where wave 1 and 2 are parent waves while wave 3 is daughter wave. Focusing
on the relations for parallel wavenumbers, they need to simultaneously satisfy

k∥3 = k∥1 + k∥2 (700)

±k∥3 = k∥1 − k∥2 (701)
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where the first equation comes from the parallel component of Eq. (698) while
the second equation takes into account of counter-propagating parent waves
from Eq. (699). The only solutions for Eqs. (700) and (701) are k∥1 = 0 or
k∥2 = 0, and thus, k∥3 cannot increase beyond k∥1 and k∥2, i.e., cascade does
not occur in the parallel direction. In contrast, the perpendicular wavenumber
of daughter waves can freely increase as in hydrodynamic turbulence, leading
to the rapid development of turbulence anisotropy.

The above discussion, however, does not apply to strong turbulence in
which interactions are not wave-like. Nonetheless, anisotropic nature of MHD
turbulence with a strong B0 can still persist. This can be intuitively under-
stood as in the following. Consider an eddy with perpendicular scale of l⊥ and
parallel scale of l∥. The eddy turnover time in the perpendicular direction is
given by τl⊥ ∼ l⊥/δZl⊥ during which the eddy’s influence propagates along
B0 with VA. Therefore, l∥ should be determined by

l∥ ∼ VAτl⊥ =
VAl⊥
δZl⊥

, (702)

or
l∥
VA

=
l⊥
δZl⊥

(703)

which states that Alfvénic transit time over l∥ is equal to eddy turnover time
over l⊥ in the perpendicular direction. This is often referred to as “critical
balance” assumption (Goldreich and Sridhar, 1995). This assumption naturally
leads to anisotropy with respect to B0, since the eddy’s aspect ratio from the
above equations is

l∥
l⊥

=
VA
δZl⊥

(704)

where VA is more or less a constant decided by B0 while turbulent velocity
δZl⊥ is a function of the perpendicular scale l⊥ which typically gets weaker at
smaller scales. Therefore, eddies get progressively more anisotropic – elongated
along the large-scale magnetic field – at smaller scales. In contrast, in IK or
Kolmogorov theories, the velocity along the parallel direction is the same as
in the perpendicular direction, and thus, they assume isotropy.

In the GS theory, the energy cascade mainly takes place in the perpen-
dicular direction and its flux is given the same way as Kolmogorov, c.f.,
Eq. (685),

E ∼ Sl⊥

τl⊥
∼ (δZl⊥)

3

l⊥
(705)

which leads to the same spectrum but only in the perpendicular direction,

S⊥k(GS) ∼ E2/3k
−5/3
⊥ . (706)
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The parallel spectrum is determined by the perpendicular spectrum since

l∥ ∼ VAl⊥
δZl⊥

∼ VAl
2/3
⊥

E1/3
, (707)

where Eq. (705) is used. This can be rewritten as

l⊥ ∼
l
3/2
∥ E1/2

V
3/2
A

, (708)

which can be substituted to Eq. (706) yields the parallel spectrum,

S∥k(GS) ∼ E3/2V
−5/2
A k

−5/2
∥ (709)

Note that k∥ ∼ l−1
∥ and k⊥ ∼ l−1

⊥ , respectively. Indeed, the parallel spectrum

steepens faster than the perpendicular spectrum progressively at larger k or
smaller scales, as expected from the previous discussion.

12.2.5 Final Remarks on Turbulence

Turbulence is an important but complicated subject, so is the MHD turbulence.
Only a small subset of its contents have been discussed by this introductory
lecture. There are so much to be learned and researched. For example, a finite
global rotation will introduce another direction of potential anisotropy, so does
stratification which arises in compressible plasmas under gravity. Boundary
conditions can be influential as well, as we learned before, especially in the
laboratory settings. Any combinations of these effects can certainly lead to
new and surprising results. As a fundamental aspect of plasma physics, here
we aim to seek its university, but we should not forget that turbulence forms
a core topic by itself in non-equilibrium thermodynamics which was briefly
discussed at the beginning of this Lecture. Therefore, understanding universal
physics of MHD turbulence can potentially contribute to our knowledge in
broader non-equilibrium thermodynamics.

We would like to end of this Lecture by listing a few motivating observa-
tional evidence of turbulence in plasmas. The first two figures in Fig. 102 show
turbulence results from solar wind measurements which indeed exhibit the
desired power-law dependence of energy spectra. Both of them show a power-
law indexes of ∼ −1.6, which is indeed close to −5/3 (predicted by Kolmogorov
and IK theories), but it is not too far from −3/2 (predicted by GS theory). A
subtle but important technical difficulty should be recognized that measuring
parallel energy spectra is hard in reality – both because precise determination
of the direction of large-scale magnetic field using in-situ data is nontrivial and
also anisotropic turbulence will be dominated by perpendicular spectra which
have much larger power and can mask the information on parallel fluctuations.
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Fig. 102 (top left) Measurements of electric field (green) and magnetic field (black) in solar
wind turbulence. Dotted and solid lines are -5/3 power law lines. From Bale et al (2005). (top
right) Measurements of parallel (black) and perpendicular (red) magnetic field in solar wind
turbulence. From (Sahraoui et al, 2009). (bottom left) Measurements of electron density
fluctuations in local interstellar medium. From (Armstrong et al, 1995). (bottom right)
Cosmic ray flux as a function of particle energy. Credit: Simon Swordy from University of
Chicago.

The last two figures in Fig. 102 display astrophysical measurements on
electron density fluctuations in interstellar medium and cosmic ray flux. Both
exhibit striking power law dependence over many more decades. The former
is certainly very close to the predicted index of −5/3, and can be regarded as
an extended version of Fig. 100 in supporting Kolmogorov’s −5/3 law. The
latter figure on cosmic ray flux as a function of their energy exhibits another
power law, which can be regarded as a by-product of turbulence, but a subtlety
is that collisionless shocks (Lecture 4) and magnetic reconnection (Lecture
10) can also contribute to generation of energetic particles with power-law
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dependence. Multiscale magnetic reconnection, sometime termed as “turbulent
reconnection”, as discussed towards end of Lecture 10, has merged recently
as another potentially important contributor to particle acceleration in the
Universe (Ji et al, 2022).

12.3 Summary

• Self-organization is an important topical area in non-equilibrium thermody-
namics which is still in its development.

• Magnetic helicity, conserved in ideal MHD, quantifies how much field lines
are inter-knotted or inter-linked with itself, but its definition needs care due
to the gauge-invariant requirement.

• RFP configuration is explained as a force-free field of a minimum energy
state by Taylor’s relaxation theory while conserving magnetic helicity.

• The force-free states are stable according to energy principle, consistent with
being minimum energy states.

• RFP in realty exhibits repeated sawtooth cycles due to gradual deviation
from force-free states followed by rapid relaxation events, termed magnetic
self-organization.

• Hydrodynamic turbulence is still an unsolved problem especially on its
effects on large-scale flows, but many of its energy spectra are explained by
Kolmogorov’s -5/3 law based on turbulent cascade.

• Effects due to large-scale field are important in MHD turbulence which can
be conveniently treated by Elsässer fields, especially on counter-propagating
Alfvén waves.

• Iroshnikov-Kraichnan theory for istropic turbulence and Goldreich-Sridhar
theory for anisotropic turbulence are two leading and competing theories,
each with supporting evidence.

12.4 Further Readings

• Chapter 12 in Kundu et al (2015).
• Chapter 5 in Biskamp (2003).

12.5 Homework Problem Set 11-12

1. Minimum energy states.
(a) Incompressible MHD equations are given by

ρ

(
∂

∂t
+ V ·∇

)
V = −∇p+ j ×B + ν∇2V (710)

∂B

∂t
= ∇× (V ×B) +

η

µ0
∇2B (711)

∇ · V = 0 (712)

∇ ·B = 0 (713)
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where ρ, η and ν are constants. Dot V to Eq.(710) andB/µ0 to Eq.(711),
then add them together to derive the decay rate of total energy decay
E = (1/2)

∫
(ρV 2 +B2/µ0)dV ,

dE

dt
= −η

∫
j2dV − ν

∫
ω2dV (714)

where surface terms are ignored and ω = ∇× V .
(b) Repeat the same procedure with dotting Eq.(710) with B/

√
µ0ρ and

Eq.(711) with
√
ρ/µ0V to yield the decay rate of total cross helicity

K =
√
ρ/µ0

∫
V ·BdV ,

dK

dt
= −√

µ0ρ

(
η

µ0
+
ν

ρ

)∫
j · ωdV, (715)

where the surface terms are ignored.
(c) Derive the decay rate of total magnetic helicity H =

∫
A ·BdV ,

dH

dt
= −2η

∫
j ·BdV, (716)

where the surface terms are ignored and A is the vector potential.
(d) Find minimum energy states by using the variational principle, based on

the assumption that K and H decay slower than E. Discuss the physical
implications of your results.

2. Alfvénic turbulence.
Studies of Alfvénic turbulence, which is of great interest in astrophysical

and space plasmas, often begin from the incompressible visco-resistive MHD
equations (that is, the MHD equations including viscosity and resistivity).

(a) Define the Elsässer variables Z± = V ± B/
√
µ0ρ0 and obtain the

equations governing the time-evolution of these variables.
(b) Assume a uniform background magnetic fieldB = B0ẑ in a homogeneous

plasma. Show that an arbitrary, uni-directional Alfvén wave is an exact
solution of the nonlinear ideal MHD equations.
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tionen mit Volumenströmen. Zeitschrift Naturforschung Teil A 13(11):936–
940
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