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ABSTRACT

Graphite ablation by an electric arc or a laser/solar flux is widely used for the synthesis of carbon nanomaterials. Previously, it was observed
in multiple arc experiments that the ablation rate is a strong nonlinear function of the arc current and it drastically increases at some
threshold current. We developed an analytical model explaining this transition in the rate of ablation by an electric arc or a laser/solar flux.
The model not only explains the observations but can also accurately predict the experimentally observed ablation rates. The model takes
into account redeposition of carbon back to the ablated surface, which is the key process responsible for the observed effects.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0016110

I. INTRODUCTION

Gas-phase production of carbon nanoparticles is often based
on evaporation of bulk solid graphite into an atmosphere of an
inert background gas, where evaporated carbon condenses and
serves as a feedstock for the nanoparticle growth.1–11 An electric
arc1–4 or a laser/focused solar light beam6–8,12 is utilized as a heat
source for the ablation. In particular, the electric arc with graphite
electrodes (i.e., carbon arc) is known as an inexpensive and scalable
method to produce high-quality carbon nanotubes.13–15 The abla-
tion rate of a graphite anode is an important characteristic of the
synthesis process that determines the synthesis yield and affects the
gas phase conditions for the growth of the nanoparticles such as
gas composition, temperature, and residence time.

Multiple experiments have been conducted with carbon arcs for
nano-synthesis.4,16–18 In these experiments, arcs were run between
two coaxial cylindrical electrodes in an atmosphere of helium at 67
kPa (500 Torr). Radii of electrodes and their separation were varied
as well as the arc current. Experiments showed that the ablation rate

of the graphite anode is a complex function of the arc parameters;
two distinguishable regimes were observed: high and low ablation
regimes. As an example, experimental data18 on the ablation rate as
a function of arc current at a fixed anode size and electrode separa-
tion are plotted in Fig. 1. At a low current, the ablation rate is low
and weakly depends on the arc parameters (this is a low ablation
regime). However, when the arc current exceeds a certain value, the
ablation rate increases rapidly with the arc current (this is a high
ablation regime). Similar behavior of the ablation rate, with low abla-
tion and high ablation regimes, was also observed for the variation
of the anode radius and the inter-electrode gap. A model capable of
explaining both ablation regimes and predicting the ablation rate as
a function of experimental parameters for an electric arc (or a laser
or UV light beam) is needed for planning the experiments and to
better control the synthesis process.

Multiple computational and theoretical models have been
developed for carbon arcs.2,17,19–21 However, these models had a
focus on the arc plasma rather than on the ablation rate: ablation
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rate was either pre-defined or was estimated using Langmuir’s
law22 for evaporation in vacuum. As a result, these models cannot
describe and predict both high and low ablation regimes with a
rapid transition between them. It is known that the presence of
background gas can substantially limit the outflow of the evapo-
rated material from the evaporation surface,9,23 thereby reducing
the ablation rate. Our latest model24 has a more accurate expression
for the ablation rate that accounts for the presence of the back-
ground gas; however, the results were obtained for the low ablation
regime only. In a recent paper,25 the background pressure is taken
into account in the modeling of copper anode evaporation.

In this paper, we theoretically explain that the presence of a
background gas plays a crucial role in the formation of two ablation
regimes observed in the experiments. We derive an ablation model
based on the heat balance in between a plasma and an electrode
(or a target for the light beam) and provide analytical expressions
for the ablation rate of a thin cylindrical electrode.

The paper is organized as follows. In Sec. II, the ablation
model accounting for the presence of a background gas is
described; an explanation for the low and high ablation regimes is
given; analytical expressions for the ablation flux and the surface
temperature corresponding to the transition between two ablation
regimes are derived. Section III provides the validation of the abla-
tion model by comparison to the available experimental data
on the ablation rate as a function of the surface temperature. In
Sec. IV, a model to determine the anode ablation rate from the
energy balance in a carbon arc is described. Section V presents ana-
lytical expressions for the ablation rate in high and low ablation
regimes which are derived as functions of the arc parameters. In
Sec. VI, numerical and analytical solutions are validated via
comparison to vast experimental data on the anode ablation rate
in carbon arcs with various arc currents, electrode separation
distances, and anode radii. Section VII contains a summary of
the work.

II. THE ABLATION MODEL

A. Ablation in the presence of a background gas

In the case of ablation in a vacuum, a flux of ablated material
from a surface is given by Langmuir’s formula,22

gabl(Ta) ¼ psat,C(Ta)/vth, vth ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πkTa/mC

p
: (1)

Here, mC is the mass of ablated particles (carbon atoms or mole-
cules), k is the Boltzmann constant, Ta is the surface temperature,
and psat,C(Ta) is the saturation pressure of carbon given by the
Clausius–Clapeyron relation,

psat,C(Ta) ¼ p0 exp � LmC

kTa

� �
, (2)

where L is the latent heat of graphite ablation and p0 is a material-
dependent constant. Values of the ablation flux parameters L, mC ,
and p0 are discussed in Appendix A and are also summarized in
Appendix C.

If there is a background gas, it will impede the flow of the
ablated material away from the ablating surface,9,23 leading to its
accumulation near the surface. This will create a returning flux of
the ablated material back to the evaporation surface reducing the
net ablation flux,24,26

gabl ¼ ( psat,C(Ta)� pC,a)/vth: (3)

Here, pC,a is the partial pressure of carbon vapor at the ablating
surface which is determined by the diffusion of the ablated mate-
rial through the background gas and the ablation flux, gabl . As
evident from Eq. (3), the background gas can notably affect the
net ablation flux via a buildup of the near-surface carbon pres-
sure pC,a.

Typically, in nano-synthesis arcs or light-beam (laser) ablation
systems, condensation of the ablated carbon takes place rather close
to the ablating surface [see Fig. 2(b)]. In electric arcs, most of the
ablated material deposits at a closely located cathode.18,24 In laser-
ablation systems, the temperature rapidly decays (on a scale of
about 1 mm8) below the saturation point

Tsat ¼ �LmC/[k ln( p/p0)]: (4)

The rapid temperature decay leads to a fast carbon vapor con-
densation. In other words, the diffusion length is smaller than the
ablation surface width. This allows employing a one-dimensional
(1D) formulation for the diffusion of carbon. A constant carbon
flux, gabl , is driven through stationary helium by a gradient of the
carbon pressure, as described by the Stefan–Maxwell equation27–30

(see Appendix B for details),

dpC
dx

¼ � pHe
nDC�He

gabl
mC,a

: (5)

Here, pC and pHe are the carbon and helium partial pressures,
respectively, n ¼ p/kT is the gas mixture density, and DC�He is
the binary diffusion coefficient which can be obtained using the

FIG. 1. Anode ablation rate as a function of arc current. Experimental data from
Ref. [18]. Electrode separation d and radii ra, rc were kept constant (d = 1.5 mm,
ra = 3 mm, rc = 4.5 mm).
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kinetic theory of gases,27–30 and mC,a is the mass of carbon
atoms. Carbon molecules are only present in very thin regions
near the arc electrodes43 and, therefore, do not play an important
role in the carbon transport in the arc volume. Thereby, only
carbon atoms are considered in the carbon transport described
by Eq. (5). Note that the denominator nDC�He in the right-hand
side of Eq. (5) is a weak function of temperature, as defined
by (B2). For typical temperature in an electric arc,
nDC�He ¼ 5� 1021 m�1 s�1.

As discussed in Appendix B, at conditions typical for the arc
and light-beam ablation experiments, the variation of the total
pressure p is small, and the fraction of electrons and ions in the gas
mixture (the ionization degree) is low. Thereby, the sum of carbon
and helium partial pressures pC þ pHe � p can be taken to be cons-
tant, and Eq. (5) can be solved for pC . Zero carbon density can
be specified as a boundary condition at the surface opposite to
the ablating wall (either a cathode surface in an electric arc or a
condensation layer in the laser/solar ablation case, see Fig. 2).
A solution of Eq. (5) yields the following carbon gas pressure at the
ablating surface:

pC,a ¼ p 1� exp � gabl
g0

� �� �
: (6)

Here, g0 is a characteristic carbon flux determined by the
diffusion,

g0 ¼ mC,anDC�He

d
: (7)

Here, d is the condensation distance which is either the inter-
electrode gap width or a distance to the condensation region in
the case of light beam ablation (see Fig. 2). Substitution of (6)
into (3) yields the following expression with only one unknown,

the ablation flux gabl :

gabl ¼ psat,C(Ta)
vth(Ta)

� p
vth(Ta)

1� exp � gabl
g0

� �� �
: (8)

As predicted by Eq. (8), gabl depends on the surface tempera-
ture Ta, background pressure p, condensation distance d, and mate-
rial properties. Equation (8) can be solved for gabl numerically. The
solution of Eq. (8) and the corresponding carbon pressure pC,a are
plotted in Fig. 3 with green lines as functions of surface tempera-
ture Ta for the background pressure p ¼ 67 kPa and two condensa-
tion distances d = 1mm and d = 5 mm (which cover the range in
which the gap was varied in most experiments) corresponding to
g0 ¼ 0:1 kg/m2/s and 0.02 kg/m2/s, respectively.

As evident from the figure, two regimes corresponding to high
and low ablation rates can be distinguished with a rapid transition
between them. The underlying physics of these regimes is discussed
below, and analytical expressions for the surface temperature, abla-
tion flux, and the transition temperature are derived.

Using the fact that psat,C and vth are, respectively, a strong and
a weak function of Ta, Ta can be explicitly expressed from Eq. (8)
as a function of the ablation flux gabl and the background pressure
p by substituting a reference value for Ta ¼ Tsat in vth,

1
Ta

¼ 1
Tsat

� k
LmC

ln
gabl
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πkTsat

mC

s
þ 1� exp � gabl

g0

� �� � !
: (9)

Here, Tsat is the saturation temperature (4). For the temperature
range plotted in Fig. 3(a), an error of Ta given by relation (9) is
very small, below 4 K.

B. Low ablation regime

At surface temperatures lower than the saturation temperature
of carbon vapor, Ta , Tsat , and, correspondingly, the carbon vapor

FIG. 2. Schematic of carbon transport in an electric arc (a) and a light ablation system (b); schematic profiles of carbon and helium partial pressures (c). Near the ablation
surface (x = 0), carbon pressure is at its maximum: pC ¼ pC,a. In the condensation/deposition region, carbon pressure is close to zero. The total pressure in the system is
equal to a sum of carbon and helium partial pressures and is constant: pC þ pHe ¼ p ¼ const.
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saturation pressure lower than the system pressure, psat,C(Ta) � p,
ablation flux is lower than the characteristic diffusive flux,
gabl � g0. With this, the left-hand side of Eq. (7) can be neglected
and the exponent in the right-hand side (RHS) can be linearized
yielding

gabl � g0
psat,C(Ta)

p
, (10)

or, using definition of g0 given by Eq. (6),

gabl(Ta) � αdiff
psat,C(Ta)

vth
: (11)

Here,

αdiff ¼ 3π
8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc,a þmHe

2mHe

r
kT

pσc�Hed
¼ 1:7

kT
pσc�Hed

is the coefficient of ablation flux reduction due to the diffusion
of ablated products through the background gas, i.e.,
helium. Another alternative formulation of Eq. (10) is where

n0 ¼ 3
16

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mC,aþmHe

mHe

q
1

σC�j d
¼ 0:53

σC�j d
.

As evident from Eq. (10) and Fig. 3(a), the ablation flux is
drastically reduced by the background gas at low temperatures. The
ablation flux is proportional to the one that would be in the case of
ablation in vacuum [Eq. (1)] with a very small factor αdiff . For
typical arc parameters, d = 2 mm and p = 67 kPa, αdiff is about
0.003. The larger is the electrode separation d and the pressure p,
the smaller are αdiff and the ablation flux.

Figure 3(b) shows the carbon pressure at the surface, pC,a as a
function of the surface temperature. As evident from the figure, at

Ta � Tsat , the carbon pressure at the surface, pC,a is close to the sat-
uration pressure psat,C(Ta) for Ta � Tsat . This result can be formally
obtained by substituting (10) into (6) with a linearized RHS. In this
regime, carbon evaporation is almost completely balanced by the
redeposition of the ablated material. As a result, the net ablation
flux is very low as predicted by Eq. (11).

These conditions correspond to the low ablation regime
observed in the arc experiments. As evident from Fig. 3(a), approx-
imations (10) and (11) work reasonably well when the ablation flux
is lower than g0. According to Eq. (8) with the LHS neglected,
the ablation flux gabl ¼ g0 corresponds to the surface temperature
Ta ¼ Tlow equal to

Tlow ¼ Tsat

1þ ln[1� exp(�1)] / ln( p/p0)
, (12)

where Tsat is the saturation temperature (4). Values of Tsat and Tlow

for the background pressure used in the arc experiments are given
in Appendix C.

The lower is the surface temperature Ta the more accurate is
the approximation (10) which was derived from Eq. (8) by lineari-
zation of its RHS. For Ta ¼ Tlow corresponding to gabl ¼ g0, from
Eq. (8) it follows that psat,C/p ¼ 1� 1/e, and an error of Eqs. (10)
and (11) is about 40%.

A more accurate expression for the ablation rate can be
derived using the second-order Taylor expansion of the exponent
in the RHS of Eq. (8),

gabl ¼ g0
psat,C(Ta)

p
þ 1

2
psat,C(Ta)

p

� �2
 !

: (13)

FIG. 3. Ablation flux gabl (a) and partial carbon pressure at the surface pC,a (b) as functions of the surface temperature Ta for background pressure p = 67 kPa and con-
densation distances (inter-electrode gap widths) d = 1 mm and d = 5 mm. Exact numerical solution of Eqs. (6) and (8) are shown by green lines; asymptotic behavior is
shown by grey lines. At low temperatures, below the temperature Tlow given by Eq. (12), the ablation rate is substantially reduced by the presence of background gas,
Eq. (11). At high temperatures, above Tsat given by Eq. (4), the ablation flux approaches Langmuir’s prediction for evaporation to vacuum, Eq. (1).
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The results of Eq. (12) are shown in Fig. 3(a) with dashed lines.
This approximation works well for surface temperatures up to Tlow.

C. High ablation regime

The partial pressure of carbon at the surface pC,a, apparently,
cannot be higher than the background pressure p in the system.
When the surface temperature becomes higher than one of carbon
saturation, Tsat , the partial pressure of carbon pC,a reaches its limit
p and the deposition flux from the gas can no longer compensate
for the ablation flux from the surface. At this point, the net ablation
flux grows drastically with the surface temperature, by more than
an order of magnitude with the temperature increase of only 10 K,
as denoted with a vertical dashed line in Fig. 3(a). This behavior
explains the rapid growth of the oblation rate in the high ablation
regime, as observed in the experiments.

D. Extreme ablation regime

At even higher temperatures, Ta . Tsat , corresponding to
psat,C(Ta) � p, the carbon pressure at the surface pC,a becomes neg-
ligible as compared to psat,C . The ablation flux approaches one
given by Langmuir’s formula (1) for evaporation in vacuum. For
the background pressure of 67 kPa, this regime corresponds to the
ablation flux above 10 kg/(m2 s) [see Fig. 3(a)] and flow velocity
v ¼ gablkT/pCmC above 400 m/s. At such velocities, the total pres-
sure p must be adjusted to account for fast gas flow with high
Mach numbers;, i.e., the constant pressure approximation,
p ¼ const, cannot be used. However, the carbon pressure will still
be negligible as compared to psat,C in this case. Such an ablation
flux corresponds to the ablation rate of 300 mg/s from a 3 mm
radius surface (typical radius of an electrode in arc experiments).
This regime was not reached in any known arc or laser/solar abla-
tion experiment. For comparison, in experiments from Refs. 4, 8,
17, 18, and 31, maximum ablation rates were below 50mg/s. The
highest ablation rate of 50 mg/s was observed in Ref. 31 with a
powder-filled anode, which is not considered here.

III. VALIDATION OF THE ABLATION FLUX RELATION

Experimental data on the ablation rate as a function of the
surface temperature are available in Ref. 8. The front surface of a
cylindrical graphite target of a radius of 3 mm was heated up by a
continuous wave laser in a helium atmosphere of 31 kPa (230 Torr).
Various admixtures to the graphite were tried in Ref. 8 with virtually
no effect on the ablation rate. The measurements were performed for
temperatures up to 3600 K, which is lower than Tlow (3630 K for
31 kPa). Correspondingly, we should expect a low ablation regime in
which the ablation rate is much lower than the one predicted by
Langmuir’s ablation formula (1), with a constant factor difference
αdiff , as given by Eq. (11). This is exactly what we see in Fig. 4, with
a convenient choice of axes (natural logarithm of ablation rate and
inversed temperature, similar to Ref. 8) that converts relations (1)
and (11) into straight lines. Experimental points are lower than
Langmuir’s curve by a constant factor of αdiff ¼ 0:01.

A reduction factor αdiff of 0.01 corresponds to d = 1mm, dis-
tance from the target front surface to a location where the carbon
vapor condenses (see Fig. 2). This value agrees with the

nanoparticle’s detection results from Ref. 8: 1 mm is the closest dis-
tance to the ablating surface where carbon nanoparticles were
detected indicating rapid condensation of carbon. This distance is
also in good agreement with a temperature profile presented in Ref.
8 showing that at a distance 1mm from the surface, temperature is
reduced by 300 K which typically corresponds to rapid condensation
of a vapor.32

IV. DETERMINING ANODE TEMPERATURE AND
ABLATION RATE FROM THE ENERGY BALANCE

The ablation rate can be determined from the energy balance
at the ablating surface in a carbon arc, i.e., the anode front surface,
see Fig. 5. A sum of the heat sources at the surface must be equal
to the sum of heat sinks. A list of the heat sinks and sources is pro-
vided below. Heat transfer through the anode body is considered in
one-dimensional approximation valid for long cylindrical anodes
typically used in arc experiments. The values of the model parame-
ters are summarized in Appendix C. Additionally, in this section,
remarks will be made on how this consideration can be applied to
laser/solar ablation systems.

Heat sinks at the anode front surface are as follows:

(1) The heat sink corresponding to the ablation of the anode mate-
rial is

πr2agablL,

where ra is the radius of the cylindrical anode and L is the latent
heat of graphite evaporation.

FIG. 4. Ablation rate vs inverse of the surface temperature Ta. Comparison
between experimental data,8 Langmuir’s formula (1) for evaporation in vacuum,
full solution (8), and approximate solutions (11), and (13) for the low ablation
regime accounting for the ablation reduction by the background gas.
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(2) The heat conduction into the anode body along the electrode’s
axis with further radiation from its side surface is given by33

πT2:5
a r1:5a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
5
σεaλa

r
,

where Ta is the temperature of the anode front surface, σ is the
Stefan–Boltzmann radiation constant, λa is the thermal conductiv-
ity of the anode (assumed constant along the electrode), and εa is
the emissivity of the anode surface.

This analytical expression for heat transfer in a long cylinder
was obtained in Ref. 33, where it was also shown that the heat con-
duction to ambient gas and Joule heating in the electrode play a
negligible role in determining heat flux through the anode front
surface.

(3) The radiation energy loss from the front surface is given by

πr2aσεaT
4
a (1� αr),

where αr is a small coefficient accounting for the radiation reflected
from the cathode front surface back to the anode (subsequent
reflections between the anode and the cathode are neglected). It
can be estimated as

αr ¼ Fa!c(1� εc)Fc!aεa:

Here, Fa!c is a geometrical view factor between the cathode and
anode front surfaces representing a fraction of radiation energy
emitted from the anode front surface that reaches the cathode.
Correspondingly, a product Fa!c(1� εc) represents a fraction of
the anode emitted energy that is reflected back the cathode surface;
εc is the emissivity of the cathode surface. A product

Fa!c(1� εc)Fc!a represents a fraction of the emitted energy that is
reflected from the cathode and reaches the anode. And, the full
expression for the αr represents a fraction of the emitted energy
that is reflected back and is absorbed by the anode surface.

A view factor between two coaxial disks is given by17,34

Fa!c ¼ (x �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 4r2a/r

2
c

q
)/2,

x ¼ 1þ d2/r2c þ r2a/r
2
c ,

Fc!a ¼ Fa!cr
2
a/r

2
c :

Here, rc is the radius of the cathode deposit that covers the
cathode with a thick layer during the arc run and forms a new
front surface reflecting and emitting radiation. This surface is also
circular but narrower than the cathode. Experiments have shown
that if a cathode is much wider than the anode, as it was in
Refs. 16 and 17, with cathodes up to several centimeters wide, then
the deposit is also considerably wide (see figures in these referen-
ces) and view factor Fa!c is close to unity. For relatively narrow
cathodes used in Refs. 1, 3, and 18 (diameter 9 mm), the cathode
deposit is typically of the anode width (rc ¼ ra). With a typical
electrode separation d ¼ 1:5 mm, the view factor is Fa!c ¼ 0:6.

Terms (1)–(3) are similar in the cases of electric arc and laser/
solar ablation of a cylindrical target (as long as a target has a cylin-
drical shape, as in Refs. 7 and 8); αr is zero in the light ablation
cases.

Heat sources at the anode front surface are as follows:

(4) The thermal radiation from the cathode front surface reaching
the anode. Making use of the relation for mutual view factors
ratio,34 Fc!a ¼ Fa!cr2a/r

2
c , this heat source term can be written as

πr2aσεa(εcFa!cT
4
c ):

Here, TC is the temperature of the cathode front surface equal to
3400 K to support thermionic emission.24,30

(5) Electrons bring thermal energy from the plasma, energy gained
in the space-charge sheath and work function,20,30,35–37

Vw þ 2:5
k
e
Te,a þmax (Vsh, 0)

� �
I:

Here, Vw is the work function of the anode material (4.6 eV for
graphite), Te,a is the electron temperature in plasma at the anode
surface, Vsh is the voltage drop within the anode space-charge
sheath, and I is the arc current. The ion current at the anode
surface is negligible,33 hence, the electron current at the anode
surface can be taken equal to the arc current.

As shown in Ref. 21 with 1D modeling of carbon arc account-
ing for ablation and chemical transformations in the gas phase,
electron temperature near the anode surface Te,a is about 1.7 eV,
very weakly dependent on the ablation rate and other arc parame-
ters. The value is typically lower for arcs with no anode ablation.

FIG. 5. Energy balance schematic at the anode front surface in a carbon arc.
Equalizing the sum of heat sources at the surface to the sum of heat sinks
yields the energy balance Eq. (14).
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Ablated carbon has to be ionized; carbon molecules need to be dis-
sociated first. These processes require a lot of energy implying a
high electric field near the anode and high electron temperature.

The anode sheath voltage in atmospheric pressure arcs is
usually negative, of about 1–2 V.20,38–40 However, when a surface of
an electrode is hot, the electron emission can substantially change
the sheath voltage and even inverse its sign.41,42 As shown in
Refs. 30 and 33, if the anode is hot (which is the case when graph-
ite ablates), the anode sheath voltage Vsh is positive to suppress the
electron emission from its surface. The anode sheath voltage is pro-
portional to the anode temperature and is roughly 0:5 V corre-
sponding to the temperature of graphite ablation, Tsat .

With Vw, Te,a, and Vsh being almost constant, the electron
heat flux expression can be simplified to

Veff � I,

with the effective voltage Veff ¼ 9:5 V.
The gas temperature gradient near the anode is small,21,30,33

and the thermal conduction through the gas can be neglected.
For laser/solar ablation, terms (4) and (5) are irrelevant. In

these cases, the heat source takes a simple form, εaQlight , where
Qlight is the energy of the light beam to the target from the surface.

Resultant energy balance equation:
Equalizing the sum of heat sources at the front surface to the

sum of heat sinks yields the following energy balance equation,

πr2agabl(Ta)Lþ C1T
2:5
a r1:5a þ C2r

2
aT

4
a ¼ Veff I þ C3r

2
a: (14)

Here, constants C1 ¼ π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
5 σεaλa

q
, C2 ¼ πσεa(1� αr), and C3 ¼

πσεaεcFc�aT
4
c originate the terms accounting for the heat conduc-

tion through the anode body, radiation from the anode front
surface, and incident radiation from the cathode, respectively.
These values are summarized in Appendix C.

Equations (13) and (8) represent a system with two unknowns:
the surface temperature Ta and the ablation flux gabl . The ablation
rate is equal to the ablation flux times anode front surface area:
Gabl ¼ πr2agabl . An exact solution can be obtained numerically.
Alternatively, the arc current I can be obtained directly as a func-
tion of the ablation rate by substituting the surface temperature
obtained from (9) into (14). In the next section, we derive analyti-
cal solutions.

The values of the model parameters are summarized in
Appendix C. Note that the model parameters that depend on the
arc plasma (the electron temperature, cathode temperature, ion
current, and sheath voltage) are almost constant or small compared
to the work function term. It allows excluding the arc plasma from
the ablation model making it simple.

V. ARC ABLATION RATE RELATIONS FOR LOWAND
HIGH ABLATION REGIMES

A. Low ablation regime

In a low ablation regime, for temperatures below Tlow defined
in Eq. (12), the ablation rate term plays a minor role in the heat
balance equation (14). Other terms in Eq. (14) are relatively weak
functions of the surface temperature Ta, hence, Eq. (14) can be

linearized in the vicinity of Tlow to express Ta,

Ta ¼ Veff I/Aþ B, (15)

where

A ¼ 2:5C1T
1:5
lowr

1:5
a þ 4C2r

2
aT

3
low þ πr2ag

0(Tlow)L

B ¼ Tlow � (C1T
2:5
lowr

1:5
a þ C2r

2
aT

4
low þ πr2ag0L)/A,

where g0 is the ablation flux at Ta ¼ Tlow given by Eq. (7), g0(Tlow)
is a derivative of ablation flux given by Eq. (10) at Ta ¼ Tlow,

g 0(Tlow) ¼ g0
Tlow

Lm
kTlow

� 1

� �
:

For the evaporation of carbon at the background pressure of 67 kPa
(500 Torr), g 0(Tlow) � 2:2g0/Tlow. The ablation rate can be obtained
by substituting Ta from (15) into (13),

Gabl ¼ πr2ag0

"
p0
p
exp � Lm

k(Veff I/Aþ B)

� �

þ 1
2

p0
p
exp � Lm

k(Veff I/Aþ B)

� �� �2
#
: (16)

This solution holds for the anode surface temperature Ta below
Tlow and, correspondingly, ablation flux below g0. At Ta ¼ Tlow and
gabl ¼ g0, Eq. (14) transforms to the following relation between the
anode radius and the arc current:

r2a[πLg0 þ C1T
2:5
lowr

�0:5
a þ C2T

4
low � C3] ¼ Veff I: (17)

A transition to the high ablation regime begins when the arc
current becomes higher than one predicted by Eq. (17) (if the
anode radius is fixed), or when the anode radius becomes smaller
than one predicted by Eq. (17) (if the arc current is fixed).

B. High ablation regime

In the high ablation regime, the ablation rate grows drastically
(several orders of magnitude) while the surface temperature Ta is
almost constant, close to the carbon vapor saturation temperature
Tsat , see Fig. 3. Consequently, the ablation rate in this regime can
be determined by substituting Tsat into Eq. (14),

Gabl ¼ (Veff I þ C3r
2
a � C1T

2:5
sat r

1:5
a � C2r

2
aT

4
sat)/L: (18)

Note that the ablation rate in this regime does not depend on
the diffusion characteristics, i.e., parameter g0. It is solely deter-
mined by the heat balance and the saturation temperature Tsat

which depends on the background pressure p [see Eq. (4)].

VI. RESULTS AND DISCUSSION

Multiple experiments have been conducted with carbon arcs
for nano-synthesis.4,16–18 In these experiments, arcs were run
between two long cylindrical electrodes in an atmosphere of helium
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at p ¼ 67 kPa. Each experimental run was performed at constant
arc parameters for a sufficiently long time to consider the arc estab-
lished so that the parameters do not vary with time. Electrode sepa-
ration was kept constant by automatically adjusting electrode’s
positions to compensate for the ablation of a graphite anode abla-
tion and growth of a deposit on a cathode. The ablation rate was
accurately measured by weighting the electrodes before and after
the experiments. The ablation rate data were collected for various
radii of electrodes, their separation distances, and electric currents.
These data allow a comprehensive validation of the ablation model.

A. Comparison of analytical formulas for the ablation
rate to published experimental data

In experiments,18 arc current was varied, whereas other arc
parameters were kept unchanged. The anode radius was
ra ¼ 3 mm. Electrode separation d was maintained in a range of
1 mm–2 mm (we use average value d ¼ 1:5mm in the model).
Cathodes of 4.5 mm in radius were used, on top of which a deposit
of a radius rc ¼ 3 mm formed (see Fig. 7 in Ref. 18 and Fig. 2 in
Ref. 1 for a similar arc) corresponding to a view factor between the
cathode and the anode Fa!c ¼ 0:6.

Experimental data are compared to modeling results in Fig. 6.
As evident from the figure, modeling results given by a numerical
solution of Eqs. (8) and (14) are in good agreement with the exper-
imental data. A sharp transition between low and high ablation
regimes observed in the experiment is well captured by the model-
ing. Analytical solutions for low and high ablation regimes given by
Eqs. (16) and (18) are in good agreement with both the numerical
solution (at corresponding parts of the curve) and the experimental

data. The analytical solutions for two regimes cover a substantial
part of the curve and generally allow reconstructing the ablation
rate behavior without the need for numerical tools.

The analytical solution for the low ablation regime given by
Eq. (16) was plotted for the surface temperatures Ta � Tlow, with
Tlow ¼ 3760K [as defined in Eq. (12)] corresponding to the arc
current defined by Eq. (17) determining the right end of the
dashed blue curve in Fig. 6. In the low ablation regime, the ablation
rate is substantially reduced by the ambient helium; its dependence
on Ta and the arc current is exponential, but the values are low.
Most of the anode heating is radiated away from its surfaces, the
ablation rate is a minor fraction of the anode energy balance.

With the arc current increase, when the temperate of the
anode front surface Ta approaches the carbon vapor saturation
temperature Tsat ¼ 3830 K, then the ablation rate becomes incredi-
bly sensitive to Ta (see Fig. 3). Further increase of the arc current
and corresponding increase of the anode heating has very little
effect on the front surface temperature. The radiation and heat con-
duction terms do not change, and all the additional heat goes to
the ablation rate increase. The ablation rate is well described by the
analytical solution (18) which takes a form of a straight line with a
slope Veff /L.

To study the effect of the background pressure p on the abla-
tion rate, calculations were performed for various background pres-
sures while other conditions were the same as in the experiments.18

The results are plotted in Fig. 7 as functions of the arc current. As
expected from Eq. (18), straight parts of the curves corresponding
to the high ablation regime shift to the right (to higher arc cur-
rents) with the background pressure increase. In the high ablation
regime, the surface temperature is equal to the saturation tempera-
ture Tsat , which is a logarithmic function of the background pres-
sure. Tsat grows with the background pressure thereby increasing

FIG. 6. Ablation rate as a function of arc current for fixed inter-electrode gap
width d = 1.5 mm and anode radius ra = 3 mm. Good agreement between the
numerical solution of Eqs. (8) and (14), analytical solutions for low and high
ablation regimes [Eqs. (16) and (18)] and experimental data18 is obtained.

FIG. 7. Ablation rate as a function of arc current for variable background pres-
sure p and fixed inter-electrode gap width d = 1.5 mm and anode radius
ra = 3 mm.
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radiative and thermal energy losses from the anode and leaving less
heat for the ablation. Generally, at any arc current, the ablation rate
decreases with the background pressure.

In the experiments from Refs. 16 and 17, the anode radius was
varied, while the arc current and inter-electrode gap were constant,
65 A and 1.5 mm, respectively. The experimental data and model-
ing results are plotted in Fig. 8. The analytical solution for the low
ablation regime given by Eq. (16) was plotted for the surface tem-
peratures Ta � Tlow correspond to the anode radii above 3.8 mm as
predicted by Eq. (17).

As one can notice, experimental data from different sources
slightly vary. This can be explained by measurement errors and
some differences in experimental setups. For example, in Ref. 18,
relatively narrow cathodes were used, deposit radius was rc ¼ 3
mm corresponding to view factor Fa!c ¼ 0:6. In Refs. 16 and 17,
cathodes of radii 6 mm and 25 mm were used growing a much
wider deposit on them (see Fig. 3 in Ref. 17) corresponding to a
view factor of about Fa!c � 1. A higher view factor implies higher
radiation energy flux from the cathode to the anode and higher
ablation rate. Unity value was used in the model in this case.

As evident from Fig. 8, the numerical solution of Eqs. (8)
and (14) is in good agreement with the experimental data for a low
ablation regime. For the high ablation regime, the modeling results
lie within the uncertainty range of the experimental data. The
abrupt transition between high and low ablation regimes is well
captured by the model.

When the anode is wide, energy losses due to radiation from
its surface are high and the ablation rate is low. The narrower the
anode, the lower are the radiation losses, the higher is the surface
temperature Ta and the higher is the ablation rate. When Ta

approaches Tsat , its variation is diminished due to very high

influence on the ablation rate, and the system goes to the high abla-
tion regime described by Eq. (18).

B. Comparison of the analytical formula for the
ablation rate to in-house experimental data

In our arc experiments previously reported in Ref. 26, the
inter-electrode gap was varied for the constant arc current of 60 A
and anode radius of ra ¼ 3 mm. The cathode radius was 4.5 mm
corresponding to the deposit radius rc ¼ 3mm. The experimental
data are presented in Fig. 9 in comparison with the modeling
results and the analytical solution for high ablation regime. Good
agreement between the analytical solutions and the experimental
data is observed.

As evident from the figure, the inter-electrode gap width
noticeably affects the ablation rate: with the gap variation from
0.5 mm to 3mm the ablation rate changes by a factor of 2.5. The
lower is the distance between the electrodes, the higher is the abla-
tion rate. Numerical simulations of carbon arc discharges at similar
conditions24 showed that the near-anode layer in plasma is quite
narrow, considerably smaller than 0.5 mm. Therefore, if the gap
width is kept above 0.5 mm, its variation should affect neither
plasma parameters in the vicinity of the anode nor the heat flux
from the plasma to the anode which can be determined as Veff � I.
The solutions plotted in Fig. 9 show that the arc is operating in a
nearly high ablation regime in which the ablation rate does not
depend on the carbon diffusion process but solely depends on
the anode heat balance. The parameter that affects the anode
energy balance and depends on the gap width is the radiation
view factor Fa!c: Fa!c ¼ 0:38 for d ¼ 3 mm; Fa!c ¼ 0:85 for
d ¼ 1mm. Our modeling shows that the variation of the ablation
rate can be explained by the radiation view factor. The narrower
the gap, the higher fraction of cathode thermal radiation reaches
the anode, and the higher is the ablation rate.

FIG. 8. Ablation rate as a function of the anode radius ra for arc current I = 65 A
and inter-electrode gap d = 1.5 mm. Good agreement between the numerical
solution of Eqs. (8) and (14), analytical solutions for low (16) and high (18) abla-
tion regimes and experimental data is obtained.

FIG. 9. Ablation rate as a function of the electrode separation distance d for the
arc current I = 60 A and anode radius ra = 3 mm. Good agreement between the
numerical solution of Eqs. (8) and (14), analytical solution (18) for high ablation
regime and experimental data is obtained.
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VII. SUMMARY

A model predicting the ablation rate of a heated graphite
surface into a background gas was developed, Eqs. (8) and (14),
and thoroughly validated by comparison to multiple experimental
data for carbon arcs and a laser ablation system. Good agreement
between the model and the experimental data was obtained. The
manifestation of distinct high and low ablation regimes observed in
the arc experiments was explained. A rapid transition between the
ablation regimes was well captured by the model. Convenient ana-
lytical expressions for the ablation rate in different ablation regimes
were derived. The effect of the background pressure on the ablation
rate was studied.

It was shown that the presence of the background gas drasti-
cally affects the ablation rate and plays a crucial role in the forma-
tion of distinct ablation regimes. It causes an accumulation of the
ablated material (i.e., carbon vapor) near the ablation surface and
its deposition back to the surface.

At a low surface heating (i.e., at a low arc current or in the
case of a wide anode), when the anode surface temperature is
below the carbon vapor saturation temperature Tsat [Eq. (4)], the
flow of the ablated material away from the ablating surface is
strongly impeded by the background gas. The carbon vapor is
almost at equilibrium with the surface, i.e., the ablation and deposi-
tion fluxes almost cancel out each other. The net ablation flux is
proportional to the saturation pressure (as would be in the case of
evaporation into vacuum), but with a small coefficient, Eq. (11).
This is the low ablation regime. The anode ablation rate is approxi-
mated by Eq. (16).

In the case of a high surface heating (i.e., at a high arc current
or in the case of a narrow anode), when the surface temperature is
higher than the saturation temperature, the carbon vapor pressure
is limited by the background pressure. The ablation rate changes
drastically with a small variation of the surface temperature.
Accordingly, the surface temperature is equal to Tsat and virtually
does not depend on the surface heating rate. This is the high abla-
tion regime. The anode ablation rate is approximated by Eq. (18).

With the background pressure increase, the ablation rate
decreases, and a transition to the high ablation regime occurs at a
higher arc current.
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APPENDIX A: PARAMETERS FOR THE GRAPHITE
ABLATION FLUX

The ablation flux relations (1) and (3) are formulated for single
gas species. However, several carbon species ablate from a surface
of graphite: atoms C and molecules C2 and C3, as predicted by
thermodynamic modeling1,43,44 and observed in experiments.1,43,45

A detailed model of the ablation process would require separate con-
sideration of species C, C2, and C3 (as done in Ref. 21) with individ-
ual ablation rates. Luckily, the value of the latent heat per one particle
(L�m) in the exponent of saturation pressure expression (2) is close
for C, C2, and C3 (see Refs. 21 and 45–48), and mass of ablating par-
ticles is under a radical in thermal velocity expression. This allows a
rather accurate determination of total ablation flux with a single rela-
tion (3). Following values of the material parameters were used in the
present model: L �mC ¼ 1:2� 10�18 J, p0 ¼ 4:8� 1014 Pa (corre-
sponding to psat,C equal to 1 atm at 3900 K), mC ¼ 4:0� 10�26 kg
(corresponding to the mass of a C2 molecule).

APPENDIX B: DIFFUSION EQUATION FOR THE
TRANSPORT OF CARBON GAS

Even though not only carbon atom atoms but also carbon
molecules C2 and C3 ablate from a graphite surface (as discussed in
Appendix A), the molecules are only present in very thin regions
near the arc electrodes where the temperature is low43 and, there-
fore, do not play important role in the carbon transport in the arc
volume (from the anode toward the cathode). The same can be
said for the carbon transport in a laser ablation system,7,8 where
carbon molecules C2 and C3 were only detected at a distance of
about 1 mm from the ablating surface where carbon condenses and
nanoparticles form. Thereby, diffusion of carbon atoms only is
considered here.

Diffusion of carbon atoms through other components of a
carbon arc or a light beam ablation plasma is accurately described
by the Stefan–Maxwell equation27–30 derived from the kinetic
theory of gases. In a one-dimensional form, this equation reads

X
j

nCnjkTCC�j

nDC�j
(vC � vj) ¼ � dpC

dx
þ YC

dp
dx

� C(e)
C nCk

dT
dx

: (B1)

Here, index j denotes a gas mixture component other than carbon
atoms [helium atoms (He), carbon ions (i), and electrons (e)], x is
a coordinate in a direction perpendicular to the ablating surface, p
is the mixture pressure, T is the temperature (assumed equal for all
species), pC ¼ nCkT is the partial pressure of carbon gas, k is the
Boltzmann constant, YC is the mass fraction of carbon atoms, vi
are individual mass-averaged velocities of different species, ni are
species densities, CC�j and C(e)

C are kinetic coefficients, and DC�j

are binary diffusion coefficients given by

nDC�i ¼ 3π
32

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8kT
πmC�j

s
1

σC�j
, mC�j ¼ mC,amj

mC,a þmj
, (B2)

where σC�j is a collision cross section of carbon atoms with
species j; mC,a is the mass of carbon atoms; mj are other species
masses, and n ¼P ni ¼ p/kT is the gas mixture density.

In general, Eq. (B1) describes the momentum balance for
carbon atoms: friction of carbon atoms with other mixture species
due to their relative motion is compensated by the gradients of the
species pressures and temperatures. Equation (B1) has a complex
form; however, only two of its terms are large, the rest can be
neglected as discussed below.
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Kinetic coefficient C(e)
C is of an order of the ionization

degree,28,30 which is typically below 0.1 in a carbon arc,24 hence,
the last term in Eq. (B1) is small in comparison to the first term in
the right-hand side (RHS) of Eq. (B1) and can be neglected.

The variation of the carbon atoms partial pressure pC is by
many orders of magnitude higher than the variation of the mixture
pressure p. pC varies from its maximum at the ablating surface,
where it is comparable to p to almost zero at the region where
carbon condensation happens (a cathode surface in a carbon arc or
a volumetric condensation region in the case of a light beam abla-
tion, see Fig. 2). From the Bernoulli equation, the variation of the
mixture pressure p is of an order of ρv2 or g2/ρ, where ρ is the
mixture density (�0:02kg/m3 for carbon gas at 67 kPa and 5000 K
typical for carbon arc24), v is the mass-averaged flow velocity and g
is the ablation flux [below 0.3 kg⁄(m2 s) corresponding to 10 mg/s
from a 3mm radius surface, as in the arc and light-beam ablation
experiments]. With these parameters, the variation of the mixture
pressure p is about 5 Pa, much lower than p itself (67 kPa) and the
variation of pC . With this said, the second term in the RHS of
Eq. (B1) can be neglected.

For convenience, the left-hand side (LHS) of Eq. (B1) can be
reformulated in terms of particle fluxes,

X
j

CC�j

nDC�j
( pjJC � pCJj) ¼ � dpC

dx
: (B3)

Here, Jj ¼ njvj ¼ gj/mj is the particle flux of species j, pj ¼ njkT is
the species partial pressure. With three mixture species j other than
carbon atoms [helium atoms (He), carbon ions (i), and electrons
(e)], there are six terms in the LHS of Eq. (B2). However, among
these terms only the one with pHeJC is important; other terms are
small and can be neglected, as is shown below.

Collision cross sections between the species are
σC�He � 3� 10�19 m2,49 σC�e � 2� 10�19 m250,51 (for low-energy
elastic collisions), σC�i � 7� 10�19 m252,53 (charge exchange cross
section for the carbon atom-ion collisions). The binary masses are
mC�He ¼ 1:5� 10�26 kg, mC�e ¼ 9� 10�31 kg, mC�i ¼ 10�26 kg.
Binary diffusion coefficients between carbon atoms and other
species, as defined by (B2), are weak functions of temperature. For
typical temperature in electric arc, 5000 K, the diffusion coefficients
are equal to nDC�He ¼ 5� 1021 m�1s�1, nDC�i ¼ 2� 1021 m�1s�1,
nDC�e ¼ 1024 m�1s�1.

For a typical carbon arc with a current of 70 A, ablation
rate 3 mg/s, and anode radius 3 mm, particle fluxes of carbon
atoms and electrons, correspondingly, are JC ¼ 5� 1024 m�2s�1,
Je ¼ 1:5� 1025 m�2s�1. Ion flux can be estimated as
Ji � Je

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
me/mC

p ¼ 1023 m�2s�1. In light-beam ablation systems, ion
and electron fluxes are negligible. The background gas, i.e., helium,
is not moving, hence JHe ¼ 0.

Partial pressures of carbon pC and helium pHe are of the same
order, partial pressures of ions pi and electrons pe are by more than
an order of magnitude lower, corresponding to the ionization
degree below 0.1.24

Kinetic coefficients CC�j are of an order of unity;28,30

CC�He ¼ 1.

With the above-written estimates, ratios of the terms in the
LHS of (B3) can be determined,

pHeJC
nDC�He

. pCJHe
nDC�He

. piJC
nDC�i

. pCJi
nDC�i

. peJC
nDC�e

. pCJe
nDC�e

� 1/0/0:01/0:03/3�10�5/ 0:01: (B4)

As evident from relation (B4), all terms in the LHS of (B3)
except for the term containing pHeJC are small and can be
neglected, thereby reducing (B3) to

pHe
nDC�He

JC ¼ � dpC
dx

, (B5)

where JC ¼ gC/mC,a. In a one-dimensional consideration, carbon
flux gC is constant (does not vary with x) equal to the ablation flux
gabl . According to Eq. (B5), the major mechanism for the carbon
gas motion is its diffusion through stationary helium driven by the
carbon gas pressure gradient.

Since the variation of the gas mixture pressure p is small and
the fraction of electrons and ions in the gas mixture is low, the sum
of carbon and helium partial pressures can be taken constant, equal
to the background pressure,

pC þ pHe � p ¼ const: (B6)

Using (B6), pHe can be excluded from Eq. (B5),

p� pc
nDc�He

gabl
mc,a

¼ � dpc
dx

: (B7)

Equation (B7) can be solved analytically for pC ,

pC ¼ p� C exp � x
nDC�He

gabl
mC,a

� �
, (B8)

where x is the distance from the ablation surface, and C is a cons-
tant determined from the boundary conditions. Zero carbon
density can be used as a boundary condition at a location x ¼ d
corresponding to either a cathode surface in an electric arc or a
condensation layer in the laser/solar ablation case, see Fig. 2. With
this, the constant C can be determined yielding the following
carbon density profile:

pC ¼ p� p exp
d � x
nDC�He

gabl
mC,a

� �
: (B9)

Substituting x ¼ 0 into (B9) yields carbon density at the abla-
tion surface, pC,a,

pC,a ¼ p 1� exp � gabl
g0

� �� �
, (B10)

where g0 ¼ mC,anDC�He

d .
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APPENDIX C: VALUES OF THE MODEL PARAMETERS

Values of the parameters used in the model are summarized
in Table I.

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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