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Abstract

We describe properties of the reduced quintic triangular finite element. The expansion used in the element will
represent a complete quartic polynomial in two dimensions, and thus the error will be of order /4’ if the solution is
sufficiently smooth. The quintic terms are constrained to enforce C! continuity across element boundaries, allowing
their use with partial differential equations involving derivatives up to fourth order. There are only three unknowns per
node in the global problem, which leads to lower rank matrices when compared with other high-order methods with
similar accuracy but lower order continuity. The integrations to form the matrix elements are all done in closed form,
even for the nonlinear terms. The element is shown to be well suited for elliptic problems, anisotropic diffusion, the
Grad-Shafranov—Schliiter equation, and the time-dependent MHD or extended MHD equations. The element is also
well suited for 3D calculations when the third (angular) dimension is represented as a Fourier series.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Two dimensional (2D) finite elements are being used in a wide variety of fusion applications. Even in
fully 3D calculations in toroidal geometry, it is common to use 2D elements in the poloidal plane, and to
use either finite differences or a Fourier spectral representation in the toroidal angle.

While early work used primarily linear elements [1,2], it is now recognized that higher order elements
offer significant advantages, and are essential to adequately represent highly anisotropic heat transport and
other anisotropic processes [3—5]. However, the application of high-order elements to fusion problems has
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so far been restricted to the class of elements known as C° elements, which includes both the spectral and
the Lagrange basis. These are constructed so as to have the unknown function continuous between ele-
ments, but none of its derivatives are forced to be continuous. The rational for this is that it is less complex
to construct such elements and if the minimizing solution has high-order continuity, this solution will
emerge from the Galerkin process without having to be specifically imposed.

However, there are clearly some advantages in using elements with higher order intrinsic continuity. We
can expect that for a problem whose solution has continuous first-derivatives everywhere, i.e. satisfies C!
continuity, fewer basis functions will be required per element to approximate the true solution if the C!
constraint is imposed in the construction of the basis functions, i.e. if the degrees of freedom that are not
compatible with global C! continuity have been discarded from the outset. We can further expect that this
will lead to smaller matrix sizes with similar sparseness patterns to the matrices that arise with the C° el-
ements, and thus a more efficient solution procedure should result.

Also, many problems in extended MHD involve operators higher than second order in space. Examples
of these are the viscosity operator in the vorticity equation, and the hyper-resistivity operator in the
magnetic flux equation. The C! elements allow the treatment of fourth order operators by using the
standard Galerkin technique of shifting two of the derivatives to the trial function, whereas this is not
possible with the C° elements, which need to introduce auxiliary variables and expand them in finite ele-
ments. Thus, the C' elements can expect to have an additional efficiency and resultant smaller matrices since
they do not need to introduce these auxiliary variables when third or fourth order derivatives are present.
Conversely, in some cases several low order equations can be combined to produce a smaller number of
higher order equations that can be approximated directly with these elements that possess higher order
continuity.

We consider only triangular finite elements in this paper, in fact, only a particular triangular finite el-
ement known as the reduced quintic [6] (also called the Bell triangle [7,8] and the TUBA 3 element [9]). This
reflects a bias that triangular elements are more flexible for representing complex geometry, and can be
easily refined as needed simply by dividing one triangle into three or more. It is especially efficient and
convenient when the different triangles connect only via the vertices, and that is where all the unknowns are
defined. With these constraints, and that of C' continuity, the reduced quintic element emerges. While this
element has been used in structural engineering studies since the late 1960s [10], it has apparently been
overlooked by the extended MHD community. Here we show that it has some real advantages, and should
be seriously considered as a basis for contemporary computational models of extended MHD in magne-
tized plasmas.

2. The reduced quintic finite element
2.1. The elements

Consider the reduced quintic 2D triangular finite element in the x — y plane as depicted in Fig. 1. In each
triangular element, the unknown function ¢(x,y) is written as a general polynomial of 5th degree in the
local Cartesian coordinates £ and n: ¢(&,n) = 21221 a;E"'n" (where the exponents m;, n; are given in Table 1)
which would have 21 coefficients were there not additional constraints. Eighteen of the coefficients are
determined from specifying the values, ¢, ¢, ¢, ¢, &,,, ¢, at each of the three vertices, thus guaranteeing
that globally all first and second derivatives will be continuous at each vertex. Since the one-dimensional
quintic polynomial along each edge is completely determined by these values specified at the endpoints, it is
guaranteed that the expansion is continuous between elements.

The remaining three constraints come from the requirement that the normal derivative of ¢ at each edge,
¢, reduce to a one-dimensional cubic polynomial along that edge. This implies that the two sets of nodal
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Fig. 1. Reduced quintic finite element is defined by the 4 geometric parameters a, b, ¢, 0. A local (£, ) Cartesian system is used. The
function and first 2 derivatives are constrained at the 3 points, and C' continuity is imposed at the edges. Exponents m; and n; are given
in Table 1.

Table 1
Exponents of ¢ and # for the reduced quintic expansion ¢(&,n) = 2,221 a; "yt
k my Ny
1 0 0
2 1 0
3 0 1
4 2 0
5 1 1
6 0 2
7 3 0
8 2 1
9 1 2
10 0 3
11 4 0
12 3 1
13 2 2
14 1 3
15 0 4
16 5 0
17 3 2
18 2 3
19 1 4
20 0 5

values completely determine ¢, everywhere on each edge, guaranteeing its continuity from one triangle to
the next so that the element is C'. One of these three constrains is trivial and has been used to reduce the
number of terms from 21 to 20 in the sum.

Note that in imposing these continuity constraints, the expansion is no longer a complete quintic, but it
does contain a complete quartic with additional constrained quintic coeflicients to enforce C' continuity
between elements. Thus the name, “reduced quintic”. If the characteristic size of the element is 4, then it
follows from a local Taylor’s series analysis that the approximation error in the unknown function, ¢—¢",
will be of order 4°, which leads to global O(k®) accuracy after integrating over the element.
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Suppose that we are approximating a square domain by partitioning it into n*> squares or 2n? triangles.
The reduced quintic will asymptotically have N = 6> unknowns, or three unknowns for each triangle. This
scaling can be verified by the fact that if we introduce a new point into any triangle and connect it to the 3
nearby points; we will have generated 2 new triangles and introduced 6 new unknowns. We contrast this
with linear elements that require only ¢ at the nodes and thus have C° continuity, 1/2 unknown per triangle,
and an approximation error of order 4.

Another popular class of higher order 2D finite elements, that has only C° continuity enforced, is the
Lagrangian elements. These use as a basis within each element a set of basis functions that are unity at a
particular node and that vanish at all other nodes. Continuity requires that there be M + 1 nodes along
each side for an Mth order polynomial element, with the remaining nodes being interior nodes (or “bubble
nodes). Thus for the Lagrangian elements, a quadratic element (6 coefficients per triangle) will have 3
nodes along each edge (2 vertex nodes and 1 edge node), a cubic element (10 coefficients per triangle) will
have 4 nodes along each edge (2 vertex nodes and 2 edge nodes) and 1 interior node and a quartic element
(15 coefficients per triangle) will have a total of 3 vertex nodes, 9 edge nodes, and 3 interior nodes. It is
easily seen that these higher-order elements will asymptotically have 2, 41, and 8 unknowns per triangle
(UK/T), respectively, (or 2, 31 and 5 if you discount the interior nodes that can be efficiently eliminated by
static condensation). We summarize these 2D triangular elements in Table 2.

2.2. Computations
It is shown in Appendix A that if we locally number the unknowns ¢, ¢,, ¢, ¢.,, ¢,,, ¢, at P as @~

at P, as &;—®,, and at P; as @3—P3, then the coeflicients a; for a given element are determined uniquely by
the relation:

18
a[ZZg[,j¢j, (11)
j=1

where the 20 x 18 matrix g;; depends only on the shape and orientation of the individual triangle. Thus, the
general expression for the unknown function ¢ in a given triangle is:

20 20 18
GEn) =) @l =Y "> g @, (12)
i=1 =1 j=1

or,
18
G =) v (1.3)
j=1
Table 2
Summary of properties of the reduced quintic and the low-order Lagrange elements
Vertex nodes  Line nodes Interior nodes  Accuracy order #  UK/T UK/T#*  Continuity
Linear element 3 0 0 2 1/2 1/2 Cc®
Lagrange quadratic 3 3 0 3 2 2 (o
Lagrange cubic 3 6 1 4 4 34 c?
Lagrange quartic 3 9 3 5 8 5 Cc®
Reduced quintic 18 0 0 5 3 3 c

UK/T is the number of unknowns per triangle. * note C? continuity at nodes. UK/T# is the number of unknowns per triangle, not
counting interior nodes.
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We have defined the basis functions as

20
vj = Zgi,jimi”lm (1.4)
=1
for j = 1,18. The 18 basis functions for each triangle, as defined in Eq. (1.4) have the property that they
have a unit value for either the function or one of it’s first or second derivatives at one vertex and zero for
the other quantities at this and the other nodes. They also have the C! continuity property embedded. We
illustrate the first six of these, associated with a particular vertex P, in Fig. 2. It is seen that unlike the
Lagrange basis functions, these individual basis functions do not change sign within a triangle which might
be an advantage in preserving positivity for physical quantities such as the density or pressure.
All of the integrals that need to be done to define the matrices that occur in the Galerkin method are of
the form of 2D integrals of polynomials in £ and 5 over the triangles. It is possible to convert these to sums
of integrals that can each be done analytically by making use of the formula:

1 amtt — (—b)'"H}m!n!
F = "dédny = " . 1.5
(m7 n) / /triamgleé 1 é 1 ¢ (m +n+ 2)' ( )

Thus, all integrations are done in closed form to machine precision.
Consider a common integral (traditionally called the mass matrix) over the triangle that occurs when we
apply the Galerkin method to applications that will be discussed in the next section:

)

..mlll[f‘(@/

A &

Fig. 2. The 6 trial functions associated with the point P, in the lower left corner. (a) ¢ =1, (b) ¢, =1, (c) ¢, =1, (d) ¢, =1, ()
¢, = 1, (f) ¢,, = 1. None of the functions alternate sign. Red =1, Blue =0 (For interpretation of the references to colour in this figure
legend, the reader is referred to the Web version of this article).
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18 20 20

18
//W(fﬂ?)d’(f,ﬂ)dfdn = Z Z Zgi,jg/.kF(mi +my,n;+np) | P = ZMM‘I)k- (1.6)
k=1

k=1 i=l [=1

Other integrals needed for the applications presented, all of whose calculation is straightforward, are given
in Appendix B.

Essential boundary conditions are readily implemented by replacing the rows of the matrix M;; in Eq.
(1.6) corresponding to the function value or derivative for which a boundary condition is to be applied by a
row with zeros everywhere except for the diagonal, in which there is placed a one. Then the boundary value
of the corresponding function or derivative is placed in the corresponding location in the RHS vector.

3. Applications

We present several examples that illustrate the accuracy and simplicity of this method. These applica-
tions are typical of those encountered in fusion MHD applications.

3.1. A simple elliptic problem

Here we present a basic application of the method to a solution of Poisson’s equation in a rectangular
domain. Consider the equation:

V0 = f(x,y). (1.7)

We wish to solve Eq. (1.7) on the domain 0 < x < L,; 0 <y < L, with Dirichlet boundary conditions:
®(0,y) = &(L,,y) = &(x,0) = &(x,L,) = 0. Eq. (1.7) is equivalent to finding the function &(x,y) that
minimizes the functional:

I((D)://O<X<LXB|V¢|2+/"<D}dxdy. (1.8)

0<y<Ly

For illustration, we choose the function f(x,y) obtained by differentiating the exact solution:
@(x,y) = x(x — L,)y(y — L,) sinkx. For L, = L, = 4, a square mesh is divided into N? regular square sub-
divisions, each of which is divided into two right triangles as shown in Fig. 3(a), so that there are a total of
2N? triangular elements with the linear dimension of each scaling like 1/N.

The integrals in Eq. (1.8) are evaluated in Appendix B. Minimization gives the matrix equation

K® =F, (1.9)

which is solved for the unknown vector @ using the sparse matrix direct solver routine SuperLLU [11].

In Fig. 4 we plot the L, norm of the error in the solution for several values of N and k, verifying
that we obtain the expected 1/N° scaling. Note that there is approximately one wavelength per cell
when &k = 1N /4.

3.2. Anisotropic thermal conduction

The second example is a demonstration of the accurate calculation of anisotropic thermal conduction.
Let B be a 2-dimensional magnetic field written in terms of a given flux function ¥ (x,y), i.e., B=2 x Vy
and suppose the source function S(x,y) is given, as are the two constants denoting the isotropic thermal
conductivity «, and the parallel thermal conductivity x;. Consider the functional
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Fig. 3. Region is divided into regular rectangles, each of which is divided into two right triangles. Mesh (a) has 6 sides per vertex; Mesh
(b) alternates 4 and 8 sides per vertex.

1
1:// BKHB-WDF+2K|V¢|2+S(x,y)<p : (1.10)

Minimizing this with respect to the unknown function @ gives the steady state anisotropic heat conduction
equation:

V-xBB-Vd+ V- kVd = S(x,y). (1.11)
T1e-1 ~

N —— k=05
R —— k=1.0
1le-2 \ k=20
k=4.0
—f— k=8.0
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L
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1e-5

1e-6

Normalized L2 Error

1e-7
~ 1/N**5
1e-8

1e-9

1e-10 T T T T
5 10 20 40 80

number of elements per side N

Fig. 4. Elliptic equation exhibits 1/N° scaling.
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The details of the evaluation of the matrix elements are given in Appendix B. For this application we let
Y(x,y) =sinFsin?, ¥ = 1, and

_sin (mx/Ly) sin (my/L,) . (1.12)
(n/L)° + (n/L,)’

Since the magnetic field flux function is proportional to the source function, it is readily verified that the
solution should be independent of the value of the parallel conductivity k), thus simplifying the error
comparison.

The results are shown in Fig. 5. Again, we verify that at least N~° scaling is obtained, and that reasonable
accuracy (107°) can be obtained for values of k| /k as large as 10 for values of N as low as 60. Note that the
mesh shown in Fig. 3(a) was again used, so that there was absolutely no attempt to align the element
boundaries with the magnetic field direction for this demonstration.

S(x,y)

3.3. Ideal tilting of an incompressible column

The incompressible MHD equations in 2D can be written in terms of a stream function ¢ and a flux
function  using the normal Poisson bracket notation (where subscripts denote differentiation), i.e.,

If,8] = fi8 — 118 = fe8n — 118

2P+ [V, 4] - [Vuu] = 1.
o (1.13)

Here p and # are constants denoting the plasma viscosity and resistivity, respectively.

1e-1

—_— < =1074
—_— k=105
2N =10**6
o 1e-2 \ K” ~
© \} K= 10**7
® N
> AN \ —— k=108
T 1e-34 AN !
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= AN
£ AN \\ 4
2 1te4 N N Q
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Fig. 5. Convergence study shows N~=° convergence for anisotropic diffusion.
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Note that these equations obey an energy theorem:
0 1 2 2
o[ S[ver e wur]ardy =[50l + uvof] (114
domain

subject to the vanishing of 0y/0¢, ¢, and n - V¢ on the boundary.

Applying Galerkin’s method to the set of equations (1.13), using the reduced quintic finite element, and
applying 0-weighted implicit finite differencing yields the following set of matrix equations to advance the
solution from time n to n + 1:

(S s et D' D*1[a"
SIZI S’zz} g/jrﬂ»l = |:D£1 Déz] [q/n]a (1.15)
L= J J J J J
- Sj; S’Z} _ {A,“j + 95r[6,«7j,k<15,*€*+ uB; ] —08tG, 1 ‘f’}; }
_Sj Sj HSIKW»J( lpk MJ + 061‘[[(,"](‘]'@]{ — 1’]A1J]
Ai; — 3G P} — 0G, ;1 P} Y -

D; DJZ} = { +(1 = 0)uB; ] M Guya¥i = 0Guu¥)

D D " . M;; — 8t[K; (L D! — 0D ’
L J J StKi,j.k(_ % glk + gqlk) { v _([1 —kdg()znAkl /} k) }

where G;;; = G, + Gx ;. The quantities occurring in the matrix are defined in the text and in Appendix B.
Note that in the applications presented here, we set @* = @" and ¥* = ¥”, which necessitated inverting the
matrix on the left in Eq. (1.15) each time step. However, it may be possible in many applications to obtain
stable and accurate calculations by keeping @* and ¥* fixed for a number of time steps, thus significantly
reducing the solution time. This is always the case in a linear calculation.

Following [1,12] we define an initial bipolar vortex equilibrium state:

v = { [2/kJo (k) (kr)cos 0, r <1,
(r—1/r)cos®, r>1, (1.16)
Ji(k) =0.

When perturbed, an instability occurs, growing exponentially as exp y¢. The simulation box is again the
square in Fig. 3(a) with sides of length 4 that is divided into N x N rectangular regions, each with 2 tri-
angles. Conducting, no slip boundary conditions are applied at the wall: ¢ =0,n- V¢ = 0,00//0t = 0. The
first and second tangential derivatives of these quantities are also set to zero.

We show in Fig. 6 the dependence of the linear growth rate y on the size of the time step As for a
sequence of runs with pu = 0.005, n =0.001, 6 = 0.5, and varying number of rectangular regions per
dimension N. For the smallest time step used, & = 0.01, the growth rate y was 1.2876, changing only
in the 6th decimal place when varying N from 30 to 40, making a further convergence study in N
unnecessary.

In the nonlinear stages, near singular current sheets form and the resolution requirements become more
demanding. We plot the maximum perturbed current density vs. time (as determined from taking the
maximum value on a 400 x 400 evaluation grid) for a run with (i, 1) = (5. x 1073,10~*) in Fig. 7 for three
different linear resolutions, N = 20, 30, 40. We monitor energy conservation as to how accurately Eq. (1.14)
is satisfied. The calculation used an initial time step of & = 0.02, which was reduced when the energy
conservation was violated by more than 1%. When 6 < 0.0002, the calculation was stopped. Represen-
tative contour plots, illustrating the quality of the nonlinear solution, are shown in Figs. 8 and 9.
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Fig. 7. Maximum perturbed current in the tilt-mode calculation as a function of time for three resolutions.

We see from Fig. 7 that the calculations with N = 20, 30, 40 give essentially the same results until the
singularity begins its exponential growth, and that the N = 40 calculation can follow the singularity to
about 4-times the height of the N = 20 calculation while still maintaining energy conservation to within 1%.
If we relax this stringent energy conservation requirement, the calculations would proceed much further
without failing.

These calculations were repeated for N = 40 using the second mesh system shown in Fig. 3 as (b). We
find essentially the same results, with the growth rate of the linear mode changing only beyond the 6th
decimal place, and the eigenfunctions appearing identical.
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Appendix C presents a form of the above equations that is especially convenient for looking at small
deviations from an equilibrium configuration (linearized displacements). The linearized application is
particularly efficient for a direct solver (SuperLU) as it requires only a single LU decomposition for a time
dependent problem, and just a back substitution each time step.

Appendix D combines the two equations into a higher order equation for the stream function ¢ that
does not require the solution of the y equation. This leads to a very efficient implicit time advance that
highlights the advantages of using C' continuity elements.

3.4. The Grad-Shafranov—Schliiter equation

The equation that the poloidal magnetic flux function satisfies in force-balance for a 2D axisymmetric
plasma equilibrium is well known to be:

010 010 1

a;a_l)/:+@;6_i__<xP/(l’b)+)_cgg/(l’b))' (1.17)
Here, p(y) is the plasma pressure, g(i) is the toroidal field function so that g(i)/x is the toroidal field
strength, and prime denotes a derivative with respect to s, the solution. To fully specify the problem, one
must prescribe the two functions p/(/) and gg'(y) along with the boundary values for . It is convenient to
define the normalized flux function as = (Y — ) /Ay, where we denote by v, the value of the poloidal
flux at the magnetic axis, and by y; the value at the plasma-vacuum boundary, which is defined by the
value of ¥ at a specified limiter location (xr,yr). We further define the flux depth of the plasma as
Ay =y — Y, so that values of 0 <y < 1 reside in the plasma, and values 1 <y are in the surrounding
vacuum region. For these studies, we define the pressure and toroidal field functions as functions of the

normalized poloidal flux function, p = p(y) and g> = g*(y), with the functional form specified as follows:

p(s) = po[l + pis + pos® — (20 + 10p; + 4p2)s3 + (454 20p, + 6p2)s4 — (36 + 15p; + 4p2)35
+ (10 + dp; + p»)s°] (1.18)

and

g°(s) = g5(s) + 71Gi(s) + 12Ga(s) + 13 Gs(s), (1.19)
where

Gi(s) = s — 10s® 4 20s* — 155° + 4s°,

Gy(s) = s* — 4s> + 65" —4s° + 55, (1.20)

Gi(s) = 1 — 205> + 455" — 365> + 10s°.
These functional forms have been chosen so that the plasma current and pressure will go smoothly to zero
at the plasma-vacuum boundary. The pressure function is then specified in terms of the three constants,
Do, 1, and p,. The three constants appearing in the toroidal field function, y,,y,, and y;, are used to pre-
scribe the total plasma current /,,, the normalized reciprocal current density on axis g, and the slope of the
current density near the axis Jy, respectively. The constant g is the value of the toroidal field function due
to the external fields. Thus, the constants appearing in Eq. (1.19) are given by

71 = —Ro(Ropopr + 280AY /Riqo),

2=~ (S AY/2 + pops), (1.21)

73 = —(p +910i +0la + 1) /1.
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The required integrals are obtained by first expressing the x and y derivatives of the functions xp'(i),
=G (), =G5(¥), - G4() at each node in terms of the unknown vector W = [, o Yy Y g ¥, ] and
then using the finite element expansion (1.3) to extend these over the triangles so that the integrals can be
performed in closed form. Thus,

N
IO //lasma dXdy Z ZC xp
- 1
I, = // _G/ dxdy:ZZCj<£G;), k=1,3,
plasma =1 j=1 j

where the first sum is over the N triangular elements, and we have denoted by (xp) etc., the value of the

function in brackets and it’s derivatives through second order with respect to x and y at each of the three

nodes deﬁning each triangle. The integrating factor appearing in Eq. (1.22) is given by
Zp | &p;F (my, n,). These integrals and constants are recomputed each iteration as i changes.

(1.22)

Fig. 8. Poloidal flux at times # = 0 (a) and ¢ = 5 (b) and plasma current at times # = 0 (c) and 7 = 5 (d) for the tilt mode problem with
N = 40. The singular currents can be seen developing in (d).
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The Galerkin method, together with a Picard iteration for the nonlinear equation (1.17) consists of
multiplying by each test function, performing an integration by parts, integrating over the domain, and
applying the iteration scheme:

AP =B(WP), (1.23)

where the matrix and vector elements are given in Appendix B. The boundary values are given using an
analytic formula for the vector potential due to a filament source plus a uniform dipole field, which is
required for equilibrium. Thus, at a boundary point of the domain (x5,)5), the unknown ¢ and its tan-
gential derivatives are calculated from the formula:

W (xp, 1) = Ip[G(xp, 153 %0, 00) + By (x; — x3) /2], (1.24)

where

Gl 1550, 00) = o0 [ (2 — R2)K(K) — 25K,

4)CbJC() 1 25
(o + 50/ + On—30) (125)

1 8xo 3 4
B [0 (5) -3+ (5440)]

with K (k?) and E(k?) being the complete elliptic integrals of the first and second kind, a is the plasma minor
radius, defined by a*> = (xo — xL)2 + (20 — zL)z, and ¢; and f5p are the plasma internal inductance and po-
loidal beta. These are enforced by zeroing out the corresponding row of A in Eq. (1.23), and inserting a one
on the diagonal, and the boundary value in the appropriate location in B. This is done for s and its first two
tangential derivatives.

In the results presented here, we computed on the rectangular domain: 10 < x < 14, -2 < y < 2, that
was divided into 2N? equally spaced triangular elements. Other parameters were (xo,)) = (12.1,0),
(XL,yL) = (10570), Po = 001, P = —1, P = 0, IP = 1, go — 364, qo = 1, J./, = 0, and we set

(6i/2+ Bp) = 1.2.

Fig. 9. Stream function (a) and vorticity (b) for the tilt mode problem with N = 40 at time 7 = 5.

K=
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Fig. 10. RMS error in GSS equation as a function of elements per side. Convergence is ~ N 3.

This gives a value of Y, = —6.165228, changing only in the 7th decimal place for N > 15. We plot in
Fig. 10 the L, error in Eq. (1.17) as a function of N. This is defined by directly evaluating each side of Eq.
(1.17) at each node point in the plasma region, squaring the difference, summing these, and taking the
square root of the sum divided by the number of node points summed. It is seen that the error converges
approximately as N—3°. We postulate that this behavior is due to the fact that the functions in Eq. (1.17)
only have continuous derivatives through second order at the plasma-vacuum interface, and thus the higher
order terms in the expansion are not completely effective in reducing the error further.

4. Summary and discussion

We have shown that the reduced quintic 2D triangular finite element is well-suited for many problems
arising in fusion MHD applications. It is easy to work with, and has excellent convergence properties if the
actual solution is smooth enough.

We have demonstrated it’s applicability on a 2D elliptic problem, in the solution of the anisotropic heat
conduction problem, in a time-dependent reduced-MHD problem and for the 2D axisymmetric toroidal
equilibrium problem.

The element requires only three unknowns per triangle, which is considerably less than other high-order
elements of comparable accuracy (Table 2). The fact that it forces C' continuity, and is thus suitable for
problems involving derivatives up to fourth order in space makes it very efficient for systems of equations
that can be combined into a smaller number of higher order equations.

This property to handle higher order equations was utilized in Appendix D to cast the reduced in-
compressible resistive MHD equations in a fully implicit form that consisted of two sequential sparse
matrix linear solves, each of rank (3N )2 for a problem with N triangles. We can contrast this to C° methods
of comparable accuracy, which would have to solve the combined system together (more variables), and
would also have more unknowns per triangle per variable, resulting in considerably larger matrices.

It has been recognized since the 1970s that the reduced quintic finite element has many advantageous
properties. In [6] it is referred to as ““one of the most interesting and ingenious of all finite elements’ and it
states that “a series of careful numerical experiments has given first prize to this remarkable element”,
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referring to the studies in [10]. The example problems presented in this paper support the notion that this
element offers many advantages for extended MHD calculations. Future studies will focus on a more
complete system of equations, and on the application of the element to irregular domains.
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Appendix A. The transformation matrix

To derive the transformation matrix g; ; we first calculate the value of ¢ and it’s derivatives with respect
to the local Cartesian coordinates ¢ and # at the three vertex points, and combine this with the two con-
straint equations enforcing C' continuity along the edges. (Note that the third constraint was automatically

satisfied in removing the 21st coefficient in the sum.) Using the expansion ¢(&,n) = 2,221 a;E"'n", the two
additional constraint equations become:

Sb*cais + (3b°c® — 2b*c)ay; + (2bc* — 3b*c)ajg + (¢ — 4b*c)ayg — Shctayy =0

Sa*cars + (3a°c® — 2a*c)ay; + (—2ac* — 3a’cP)ag + (¢ — da*c?)ayg — Sactary =0

and thus the transformation matrix T in the local coordinates takes the form:

[¢'7 160 5 0 0 -6 0 0 0 » 0 0 0 0 —b 0 0 0 0 ]
¢! 01 0-20 03 0 0 0 —4° 0 0 0 0 5b 0 0 0 0 [a1]
¢! 001 0 =50 0 5 0 0 0 =5 0 0 0 0 0 0 0 0 a
oL 0002 00-66 0 0 0 12> 0 0 0 0 —20° 0 0 0 0 as
d)lv' 0000 10 0 -2 0 0 0 30 0 0 0 0 0 0 0 ay
Yljooo o0 02 0 0 20 0 220 0 0 -2 0 0 0 as
‘b"; la0Od 00d& 0 0 0 o 00 0 4 0 0 0 0 as
¢7 0102 003> 0 0 0 4 00 0 5* 0 0 0 0 a
¢ 001 0 a0 0 & 0 0 0 & 0 0 0 0 0 0 0 0 as
¢, 0002 00 6a 0 0 0 122 0 0 0 0 203 0 0 0 0 as
| 000 0 1 0 0 22 0 0 0 32 0 0 0 0 0 0 0 0 a
o, 0000 02 0 0 2 0 0 020 0 0 22 0 0 0 an
$2, 10c 0 0 0 0 & 0 0 0 0 ¢ 0 0 0 0o & an
# 0100 ¢ 0 0 & 0 0 000 0 0 0 ¢ 0 an
o 001 0 02 0 0 32 0 0 0 0 43 0 0 0 0 s a
; 0002 00 0 2 0 0 0 0220 0 0 0 26 0 0 ars
(/)3" 0000 10 0 20 0 0 03> 0 0 0 0 40 ais
:gi 0000 02 0 0 66 0 0 0 0 122 0 2o3 04 50 206 | |an
110000 000 0 0 0 0 0 0 0 0 Sde T T s | [
[ 2a*c 3a’c 4a°c a
0 0000 000 0 0 0 0 0 0 0 0 spe 22— = gl Land
Lol L 2b*c  3b3? 4bPC |
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This satisfies ® = TA, where @ denotes the vector produced by stringing together the function and de-
rivatives with respect to & and n (Cartesian coordinates that are rotated with respect to (x, ) at the three
vertices, and with the final two elements zero: i.e. @ = [¢', (ij, qbﬂ, dbcg, (jbw db,m, *,...,¢°,...,0,0]. This
can be solved for the coefficient matrix by inverting T, thus A = T~ '®'. A useful check is to verlfy that the
numerically evaluated determinant of T has the value —64(a + b)'"¢*(a® + ¢*)(b> + ¢?). Note that since the
final two elements of @' are zero, we can replace T~! by the 20 x 18 matrix T, which consists of the first 18
columns of T~

To get the coefficient matrix A in terms of the vector containing the actual derivatives with respect to (x, ),
we have to apply the rotation matrix R. This is compactly defined in terms of the angle appearing in Fig. 1 by

R,
R = R, , (A.1)
R,
where

1 0 0 0 0 0
0 cosf sinf 0 0 0
0 —sinf cosf 0 0 0

R = 0 0 0 cos? 0 2sinfcos 0 sin’ 0 (A-2)
0 0 0 —sinfcos cos?6 —sin’ O sinbcos b
0 0 0 sin® 0 —2sin0cos 0 cos? 0

Thus, if we define the matrix G = T,R, this relates the coefficient matrix directly to the unknown vector
consisting of the function and derivatives with respect to (x,y), thus: A = G®, or in component notation:
a; = Z} 1 8i,;P; for i =1, 20.

Appendix B. Matrix elements

The most basic matrix element was given in Eq. (1.6). Here we give the remaining ones that occur in the
example problems that have been presented. In obtaining these results, we perform integration by parts as
required to equalize the number of derivatives operating on the test and trial functions.

18
[ [ wenviocemacan =3 0.
p
20 20
A=) gpigar[mpmyF (my +my = 2,m, + ng) + nyngF(my, + mg,n, + ng = 2)],

p=1 g=1

18
[ [ remviocndcan - > Bt

By = Z ngquk{mp my(my, — 1) x F(m, +my —4,n, + n,) + n,(n, — Dny(n, — 1)

r=1 q=
X F(my + mg, ny +ng — 4) + [my(m, — )ng(ng — 1) + my(mg — 1)ny(n, —1)]
X F(m,+my —2,n,+n, —2)}.
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In 2D, 1f the magnetic field is written as B =2 x Vi, and if { has the expansion as in Eq. (1.3), i.e.,
¥ =S1% v;¥,, then we can compute the matrix element:

// (¢,n)V -BB- V(Ddédn_// i ¢xpd5dn_ZR,k<Dk7

18 18 20 20 0 (B3)
k= Z gp‘qu,igr,kgs,l (mpnq - mq”p) (mrns - msnr)

s=1

i=l I=1 p=1 ¢q=1 r=

x F(my, +my +m, +m; —2,n, +n, +n, +n, —2)¥,;¥,,

[ [wen vzwdédn—ZZGnkwk,
j7

(B.4)
Gijx = Z Z ngyigq,jg,.,k (mpn, - m,.np) [mq(mq - I)F(mp +my+m, —3,n,+n,+n, — 1)
p=1 g=1 r=1
+ ny(ny — V)F (m, + my +m, — 1,n, + n, + n, — 3)],
[ [wcnw. ¢>dédn—§j§jf<,,ksrf o,
i (B.5)

Kijr= Z Z nglgq/gr k\Mghy — mrnq)F<mP+mq +m. — 1, +ng+n, — 1)'

p=l ¢g=1 r=1

Suppose f(x,z) is a function with a known Taylor’s series expansion about the origin of each triangle:

169 =30 s ]| -
X,z) = — X —Xo) \Z— 2y
2o 2 k= 1)! [axor )
L& ot f (cos0) —sm0p ! s1n0 e (cos ),
DD I
k=0 =0 X0,20 p=0 q=

Then, we can compute:
k=1

4 k l
[ [ lirlaca =333 S wt itk —p—g e mpqm)
k=0 /=0 p=0 ¢=0

o f (cos 0,)" 7 (—sin ;) (sin 6,)""(cos 0,)*
oozt pi(l—p)! gk—1—-g)!

(B.6)

i
My, =

where the index i refers to the number of the triangle.

In order to evaluate the differential operator appearing in the GSS equation, we first expand the function
(1/x) in terms of it’s derivatives as in Eq. (1.3), i.e. 1/x = 32,%, v (1/x),. Using this, we can calculate the
matrix element
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0 1y, 210y
»//elememvj(a)_f Ox ayx ay>dXd 7211{/ J»

18 20 20 20

=> > > ng,qug,, Mg, F(my + my +m, — 2,1, + 1, + 1) (B.7)

=1 p=1 g=1 r=

1
+ nyn,F(m, + my + m,,n, + n, + n, — 2)] <)_c) .

The terms appearing on the right of Eq. (1.17) are readily calculated once terms like xp'(¢/) are expanded in
terms of their derivatives, i.e. xp' = Zjlil v;(xp');, thus

18 20 20
// 1 vixp' dxdy = Z Z ng,qu,kF(mp + mg,ny + ng)(xp'),- (B.8)
triangle

k=1 p=1 ¢=1

Appendix C. Alternate form for incompressible MHD matrices

The matrices in Eq. (1.15) can also be written in terms of the deviation of the solution from an initial
equilibrium. Thus, if we define the vector:

" {qsnl °
=i | (C.1)
n n 0
¥ ¥ ¥
The matrix equations can be written
111 112 n+1 /11 /12 n
[gle g/zz} ¢n+] = [3{21 g{zz} QD,, ) (C2)
¥ J J ¥
[S; SJZ} _ {Al, + 05¢[G ,Jk(qs* + ¢°()) + uB,}) —03tGi 1 (P; + ‘5”2)
— 3G [l P + B 81Gijuls Vi + ¥} (C3)
[D;“ D ] _ _0(4')* + @)+ (1 —0)uB;;] —0(P;+V)] )
Dt D ~StKiul3 ¥y + ¥ M — S{Kip f3 B + @} — 0(D; + ;)]
—0(%; + l1”9)] —(1 = 0)nd;;}

This form allows the matrices to be evaluated only once per problem for a linear calculation. In this case,
the LU decomposition is performed only once at the outset, and Eq. (C.2) is solved every timestep with a
matrix multiplication and the LU back-substitution.

Appendix D. A second alternative form for the reduced MHD equations matrices

We note that it is possible to eliminate Y from the time advancement equation for ¢ in Eq. (1.13). After
applying the 0-centered time differencing, this yields the set of time advance equations:

(V2 4 08tLy + (080)°Ly } @™ = {V? + 08tL; + 0(0 — 1)L, } &" — 03 L, " + SR, (D.1)
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S/ZZ anﬂ — _S/zléjn-%—l +D/2] én _|_D/22 gjn. (Dz)

The feature of this formulation is that Eq. (D.1) does not involve ¥"*!, and so these two equations can be
solved in series, resulting in a much faster solution time compared to the formulation given in Eq. (1.15).
We have defined the operators

Ll (ii”+l — [V2én+17 (ﬁ] + [VZ@VH»l’ (DO] + [vZ@’ @n+lj| + [V2¢0, éle»l:I _ 'uv4(;i5n+l7

Lzén+l —_ [v2@+v2qjo [@4‘ qjo’éwrl]] o [[ér1+l’v2§/+v2qj():|’ gl'i‘ q]O:I
[V 00, B 4 9] — 2[00, 0, )
_2H&s;+‘,ify+avﬂ,§/+ ],
[V 8] — [V, ] — [V, 0] + [VRE, ) 4 [VR, 9] 4 VI, 9] 4 v,

Evaluation of the terms in Eq. (D.1) requires computation of the new integrals that appear in the matrix
elements. For any functions ¢, , { with corresponding vectors ¥, &, Z:

// &g, vy, }d«:dn_//vz v, dédn—ZZZR/k,‘Pcka,, (D.3)

=1 k=1 =1

where
Pi=Y Z Z
p=1l g=1 r=
20 [m,(np +n,— 1) —n.(m, + m; — 1)} (mpng — myn,) ¥
X ngqu,jgr,kgs,l my(my — V)F(m, + my, +m, +mg —4,n, +n, +n, +n; —2) ;
s=1 +ny(ng — 1)F(m, + my + m, + mg —2,n, +n, +n, + n, — 4)
(D.4)
similarly,

// En [V, (L ¢ dédn—//vz Vi, (bédédn—ZZZPk,l,?’(DkZ, (D.5)

Other needed relations follow from the permutation symmetry of the Poisson bracket, thus
Pijii = —Pijki (D.6)
We further define

[ [ emilionnd. 4 + (0,0, }dgdn_//{%,¢ 0.1} [ lacan
- Z Z ZRuqu" iz, (D.7)

=1 k=1 =1
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where
(myng — myn,) x
20 20 20 20 mgm,[(m, — V)ng — (my — 1)n,] x
Rijki = Z Z Z ngﬁigq,jgr,kgs‘/ F(m, +my,+m, +m; —4,n, +n, +n, +n; — 2) . (D.8)

p=1 g=1 r=1 s=1 +nan [mr(”q — 1) — mq(n, — 1)] X
F(m, +my+m, +mg—2,n, +n, +n, +n;, —4)

Multiplying Eq. (D.1) by each test function, integrating over the triangles, and using these and previous
definitions, we obtain:

18
//Vlvzgpdidn = ZAU@j
j=1

(D.9)
18 18
[ [t @yacan=>" 1= ubiy+ > (Gua+ Guas) (1 + )],
j=1 k=1
B 18 18 18
/ / Vil {®}dédn = Z Z Z [Piscis 4+ Prrik + (Pjws + Pk — Porji — Poajk — 2Rijp
j=1 k=1 =1
1 - .
—2R;;14)] % 3 (V) + 7)) (P + P0) 9, (D.10)
and finally
18 B 18 1 - - 1~ ~
/ / viRdEdy = Z: [MB,,-@;? + Z (Gijx + Gigy) Kz Pt lp‘;) P — <§ D) + @2) qﬂ ] . (D.11)
= k=1
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