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Localized measurement of turbulent fluctuations in tokamaks
with coherent scattering of electromagnetic waves

E. Mazzucatoa)

Princeton Plasma Physics Laboratory, Princeton, New Jersey 08543

~Received 9 August 2002; accepted 2 December 2002!

Localized measurements of short-scale turbulent fluctuations in tokamaks are still an outstanding
problem. In this paper, the method of coherent scattering of electromagnetic waves for the detection
of density fluctuations is revisited. Results indicate that the proper choice of frequency, size and
launching of the probing wave can transform this method into an excellent technique for
high-resolution measurements of those fluctuations that plasma theory indicates as the potential
cause of anomalous transport in tokamaks. The best spatial resolution can be achieved when the
range of scattering angles corresponding to the spectrum of fluctuations under investigation is small.
This favors the use of high frequency probing waves, such as those of far infrared lasers. The
application to existing large tokamaks is discussed. ©2003 American Institute of Physics.
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I. INTRODUCTION

Understanding the mechanism of anomalous transpo
tokamaks is one of the great challenges of fusion resea
Indeed, since many explanations of this phenomenon
based on some type of turbulence,1,2 understanding anoma
lous transport is tantamount to understanding plasma tu
lence.

The main difficulty in drawing any firm conclusion from
fluctuation measurements is their scarcity and limitatio
For example, wave scattering measurements, that wer
prominent in early fluctuation studies,3–7 have a poor spatia
resolution—very often larger than the plasma minor radi
The method of beam emission spectroscopy8 requires a per-
turbing neutral beam, has serious difficulties in detect
plasma fluctuations in the central region of large tokama
and is sensitive only to relatively large-scale fluctuatio
The interpretation of microwave reflectometry is extrem
difficult, and it cannot be done unambiguously.9,10The inevi-
table conclusion is that we must improve the capability
diagnostic tools for advancing our understanding of plas
turbulence. Ideally, what is needed is a method capable
detecting all types of short-scale fluctuations. Indeed this
daunting task given the variety of fluctuations in tokam
plasmas—from the ion temperature gradient~ITG! mode and
the trapped electron mode~TEM! with the scale of the ion
Larmor radius, to the electron temperature gradient~ETG!
mode with the scale of the Larmor radius of electrons. As
example, for the typical plasma conditions of the Tokam
Fusion Test Reactor,8,9 the wave number of possible fluctua
tions could vary from 1–2 cm21 for the ITG mode, to;50
cm21 for the ETG mode.

In this paper, we will revisit the method of cohere
scattering of electromagnetic waves for the detection
plasma density fluctuations. After a brief review of th
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theory of wave scattering, we will discuss how to optimi
this technique for performing high-resolution measureme
of those fluctuations that plasma theory indicates as the
tential cause of anomalous transport in tokamaks.

II. COHERENT SCATTERING OF EM WAVES

Coherent scattering of electromagnetic waves is a p
erful technique, capable of providing a direct measure of
spectral power density of turbulent fluctuations. It was e
ployed extensively in early studies of plasma turbulence,
cluding the first detection of short-scale density fluctuatio
in tokamaks.3,4

The scattering process is characterized by the differen
cross sections5s0S(k,v), where s05(e2/mc2)2 is the
Thomson cross section andS(k,v) is the spectral density o
plasma density fluctuations. The frequencyv and the wave
vector k must satisfy the energy and momentum conser
tion, i.e.,v5vs2v i andk5ks2k i , where the superscriptss
and i refer to the scattered and the incident wave, resp
tively. Since for the topic of this notevs'v i andks'ki , the
scattering angleu must satisfy the Bragg equation,

k52kisin~u/2!. ~1!

The instrumental resolution of scattering measureme
is limited by the size of the probing and scattered beams,
in this paper we will assume having a Gaussian amplitu
profile A(r')5exp(2r'

2 /w2), wherer' is a radial coordi-
nate perpendicular to the direction of propagation andw
the beam radius. The wave number resolution of measu
fluctuations depends on the beam spectrumG(k')
5exp(2k'

2 /D2), whereD52/w andk' is the wave number
perpendicular to the direction of propagation. For examp
we get D50.5 cm21 for w54 cm, which is an adequat
resolution when compared to the wave number of expec
fluctuations. However, if we take the linear dimension of t
common region between the probing and the scattered b
as a measure of the spatial resolution, we conclude that
© 2003 American Institute of Physics
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very difficult to perform spatially resolved fluctuation me
surements in tokamaks using coherent scattering of elec
magnetic waves. As an example, for a probing wavelengt
;1 mm and a beam radius of 4 cm, the spatial resolut
dr'2kiw/k550 cm fork510 cm21, which is clearly unsat-

FIG. 1. Magnetic field (B1 and B2) and wave vectors (k1 and k2) of de-
tected fluctuations at two locations of a probing beam propagating per
dicular to the magnetic surfaces. Scattering angles are equal~i.e., k1'k2)
and small~i.e., k1 andk2 are nearly perpendicular tok i).

FIG. 2. Instrumental selectivity function for the detection of fluctuatio
with k52 cm21 ~top! andk55 cm21 ~bottom! in a JET-like plasma with a
minor radius of 0.95 m. The probing beam has a radius of 4 cm and pr
gates on the equatorial plane perpendicular to the magnetic surfaces.
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isfactory since most of the turbulent activity in large tok
maks occurs at much lower wave numbers. However, s
an estimate of spatial resolution does not take into acco
the spatial variation of magnetic field lines. Indeed, since
the short-scale density fluctuations of tokamaksk"B!kB,
i.e.,

k"B'0, ~2!

a change in direction of the magnetic field can modify t
instrumental selectivity function by detuning the scatteri
receiver. This can be easily understood when the prob
wave propagates perpendicular to the magnetic surfaces
the scattering angle is small~Fig. 1!. From the Gaussian
spectrumG(k') of the previous paragraph one can read
obtain the instrumental selectivity function of the receivi
antenna,7

F~r !5exp@2~2k sin„j~r !/2…/D!2#, ~3!

where j(r ) is the change in pitch angle of magnetic fie
lines starting from the beam location where scattered wa
are detected with the maximum efficiency, i.e., where
receiving antenna is pointing to.

From Eq. ~3!, we get a spatial resolution ofdr
'2D/k^dj/dr& in the radial plasma direction~where
^dj/dr& is the average radial derivative of the magnetic pit
angle inside the scattering region!. Compared to the previou
estimate of spatial resolution, Eq.~3! does not depend on th
wave number of the probing wave. This is very advantage
for scattering of far infrared waves, since for these, Eq.~3!
gives an instrumental resolution which is substantially be
than the linear dimensions of the common region betw
the probing and scattered beams. Unfortunately, for typ
tokamak plasmas wheredj/dr,0.2 rad/m, such an improve
ment in spatial resolution is not always sufficient for o
goals. This is demonstrated in Fig. 2, which shows the
strumental selectivity functions for the case of a Joint E

n-

a-

FIG. 3. System of orthogonal coordinates (u,v,t) used for deriving the
scattering conditions. Theu-axis is parallel to the tokamak equatorial plan
and thet-axis is parallel to wave vectork i .
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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ropean Torus~JET! discharge~minor/major radius50.95/
2.85 m, toroidal magnetic field53.4 T, plasma current54
MA ! where a Gaussian probing beam with a radius of 4
is launched perpendicular to the magnetic surfaces fro
point on the high field side of the equatorial plane. Ev
though such a scattering arrangement—indeed very imp
tical and difficult to implement—maximizes the benefits
magnetic shear, the instrumental selectivity functions of F
2 are very broad, and would therefore result in poorly loc
ized scattering measurements.

In this paper, we will consider the general case o
probing beam propagating at an arbitrary angle to the m
netic field. The idea behind this is that, when the prob
beam forms a small angle with the magnetic field, the c
ditions for coherent wave scattering@Eqs. ~1! and ~2!# be-
come strongly dependent on the toroidal angle. In additio
probing beam nearly tangent to the magnetic surfaces ha
additional advantage of minimizing the extent of the scat
ing region in the radial plasma direction.

III. OBLIQUE PROPAGATION

To derive the general expression of the instrumental
lectivity function for an arbitrary propagation of the probin
beam, we use a system of orthogonal coordinates (u,v,t)
fo
o

rin

4,
r
g

le

ss

-
ria

if-
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having theu-axis parallel to the equatorial plane and t
t-axis parallel to the wave vectork i , and we define the angle
w with

ku
s5kisin u cosw, kv

s5kisin u sin w, kt
s5kicosu.

~4!

Let us now consider scattered waves from two regions
the probing beam with identical scattering angles but diff
ent wave vectorsk1

s andk2
s ~Fig. 3!. From Eq.~4!, we get

k1
s
•k2

s

ki2
5122 sin2~dw/2!sin2 u, ~5!

wheredw5w22w1 . Suppose, then, that the detection syst
is tuned for the measurement of scattered waves from
first region. Those from the second region will be collect
with a relative efficiency,

F5exp@2„2k sin~dw/2!/D…

2#, ~6!

where we have used the Bragg condition withu2!1. For
propagation perpendicular to the magnetic surfaces,w be-
comes the magnetic pitch angle~apart from an additive con
stant!, and Eq.~6! coincides with Eq.~3!.

Finally, the anglew is obtained from Eq.~2!, which gives
cosw5
BuBt~12cosu!6@Bu

2Bt
2~12cosu!22B'

2 ~Bt
2~12cosu!22Bv

2sin2 u!#1/2

B'
2 sin u

~7!
w
e to

re-

ng
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sin w5
Bt~12cosu!2Busin u cosw

Bvsin u
, ~8!

with B'
2 5Bu

21Bv
2.

In the next section, we will use these equations
showing how to perform high-resolution measurements
turbulent fluctuations in tokamaks using coherent scatte
of electromagnetic waves.

IV. HIGH-RESOLUTION FLUCTUATION
MEASUREMENTS

We begin with the scattering configuration of Fig.
where short-scale fluctuations in a tokamak plasma simila
that of Fig. 2 are probed with a Gaussian beam havin
frequency of 331011 Hz. The initial direction of the probing
beam is parallel to the (xz)-plane and makes a small ang
~g! of 24.5° with the equatorial plane~with the negative sign
indicating a downward direction!. Finally, the launching
point is chosen so that the beam trajectory in vacuum cro
the equatorial plane atx50, which is also where the beam
has a minimum waist ofw054 cm. The beam ray trajecto
ries, which are displayed in Fig. 4 on both the equato
(xy)- and the poloidal (zr)-plane, are from a ray tracing
code11 including both plasma refraction and first order d
r
f
g

to
a

es

l

fraction effects. However, at first we will consider a lo
density plasma and neglect the bending of the beam du
wave refraction. Furthermore, since (2x/kiw0

2)2!1, diffrac-
tion is also negligible and consequently the beam radius
mains nearly constant (w'w0).

The conditions for coherent wave scattering vary alo
the path of the probing beam, as illustrated in Fig. 5 wh
displays the (u,v)-components ofks satisfying Eqs.~1! and
~2!. At each beam location, these components describe
ellipse whose size is a decreasing function of the angla
between the wave vectork i and the magnetic fieldB ~Fig. 6!.
As shown in Fig. 5, the scattering angle depends only on
beam location and the value ofw. However, not every value
of u is possible since Eq.~7! imposes the condition

cosu>
Bi

22B'
2

Bi
21B'

2
, ~9!

whereBi5Bt . When this is satisfied, Eq.~5! gives two val-
ues ofw for each scattering angle, as shown in Fig. 7 for t
scattering geometry of Fig. 4. Once the anglew is known as
a function of position and scattering angle, the instrumen
selectivity function can be obtained from Eqs.~6! and ~8!.
By assuming that the receiving system is aligned for
detection of scattered waves propagating parallel to the e
torial plane@i.e., usingw150° or w15180° in Eq.~8!#, we
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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obtain the instrumental functions of Fig. 8 for fluctuatio
wave numbers corresponding to the scattering angles of
7. In Fig. 8, all scattering parameters are calculated for
ray with maximum intensity, i.e., for the central ray. The to
instrumental function, then, could be obtained by repea
the calculation for different rays and performing the prop
average. However, because of the narrow and parallel be
considered in this paper, the calculated instrumental func

FIG. 4. Toroidal~top! and poloidal~bottom withr 5@x21y2#1/2) projections
of the 1/e amplitude rays of a Gaussian beam propagating in a low den
plasma~i.e., negligible refractive effects! with a frequency of 331011 Hz,
radius 4 cm, and launching angle24.5°.

FIG. 5. Normalized (u,v)-components ofks satisfying Eqs.~1! and~2!. The
u-axis is in they-direction~Fig. 4!; parameters are the values ofx along the
probing beam.
Downloaded 22 Apr 2004 to 198.35.2.150. Redistribution subject to AIP 
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does not depend significantly on the chosen ray so that F
gives a good representation of the average instrumental f
tion as well.

All instrumental functions in Fig. 8 peak near the poi
wherea has its minimum value (amin) and have a width tha
is a decreasing function ofamin . This is illustrated in Fig. 9,
which shows the instrumental function for the conditions
case~a! in Fig. 8 but for the specular beam with respect
the equatorial plane, i.e., for the opposite value ofg~54.5°!.

ty

FIG. 6. Angle of the probing beam with the magnetic field as a function
position;g524.5° ~solid line! andg54.5° ~dashed line!.

FIG. 7. The value of sinw(x) along the central ray of the probing beam o
Fig. 4 for a constant scattering angle ofu51.8° ~a!, u54.5° ~b!, andu59.0°
~c!.
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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This demonstrates how a small increase inamin ~Fig. 6! can
cause a large broadening of the instrumental function. A
versal of the tokamak plasma current in Fig. 4 would ha
produced the same result.

Because of such a strong sensitivity toamin , any refrac-
tive bending of the probing beam could also modify the
strumental function. For an evaluation of this phenomen
we have repeated the previous calculations for a peak de
of 531019 m23 and the ordinary mode of wave propagati
~Fig. 10! for which refraction is not completely negligible
However, sincew is much smaller than the plasma dens
scale length, all rays suffer the same deflection and co
quently remain nearly parallel to each other. This cause
shift in the position of the instrumental functions, but n
appreciable change in their width~Fig. 11!.

The spatial variation of the instrumental function alo
the beam trajectory may affect the extent of the scatte
region in the plasma radial direction and deteriorate the
dial localization of scattering measurements. Fortunately
both Figs. 8 and 11 this is a small effect, and conseque

FIG. 8. Instrumental selectivity function for the scattering configuration
Fig. 4 and the scattering angles of Fig. 7;k52 cm21 ~a!, k55 cm21 ~b!,
k510 cm21 ~c!. Functions with a maximum atx,0 are forw150°, other
functions are forw15180°.

FIG. 9. The same as in case~a! of Fig. 8 but with the opposite value o
launching angle~g54.5°!.
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the length of the scattering volume along the plasma ra
direction depends only on the radius of the probing be
~i.e., dr'6w). However, as scattering angles increa
~from 1.8° to 9° in Fig. 8!, the peak of the instrumenta
function moves away from the midpoint of the probing bea
(x50), causing a spread in the localization of coherent sc
tering and consequently a deterioration in the spatial res
tion of fluctuation measurements. Furthermore, a radial s

f

FIG. 10. The same as in Fig. 4 but with beam refraction from a plasma w
a peak density of 531019 m23 ~ordinary mode of propagation!.

FIG. 11. The same as in Fig. 8 for the scattering geometry of Fig. 10. B
refraction leads to a shift in the position of the instrumental functions.
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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of the beam caused by plasma refraction could also cau
radial broadening of the scattering volume. Fortunately, b
of these effects are minimized by the use of large prob
frequencies~i.e., small scattering angles!, as demonstrated b
Fig. 12 where the case of Fig. 11 is redisplayed for the m
larger frequency of 331013 Hz (CO2 laser!. As a result, all
instrumental functions peak near the point of tangency to
magnetic surface (x50).

Ironically, we have reached the point where the length
the scattering volume along the probing beam is too sm
Indeed, the narrow instrumental function in case~c! in Fig.
12 causes a decrease in scattered power without contribu
to a reduction in the radial extent of the scattering region
better option, then, is to employ a narrower beam, as in
13 where a beam withw51 cm is used for the detection o
fluctuations with a wave number of 10 cm21. This causes a
broadening of the instrumental function and a correspond
increase in scattered power, but no appreciable change in

FIG. 12. The same as in Fig. 11 for a probing frequency of 331013 Hz ~CO2

laser!. The increased frequency~i.e., small scattering angles! minimizes the
shift of the instrumental function away from the tangency point (x50), thus
optimizing the measurement localization.

FIG. 13. The same as in case~c! of Fig. 12 for a beam radius of 1 cm. Th
reduction of the radius simultaneously improves the radial localiza
(;2w) and the scattered power~} to width of instrumental function!.
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instrumental radial resolution which remains equal to
beam diameter and therefore is substantially better tha
Fig. 12.

For large fluctuation wave numbers, such as those dri
by the ETG mode in tokamaks, the instrumental functi
could become too narrow even when using small beam ra
This can be cured by decreasing the obliqueness of the p
ing beam, as illustrated in Fig. 14 where a beam with
radius of 1 cm and a launching angle of 0°~instead of24.5°
of Fig. 12! is used for the detection of fluctuations withk
530 cm21. This causes the value ofamin to increase from 4°
to 9°, producing a broadening of the instrumental functi
along the beam path, but again without any appreciable
fect on the radial dimensions of the scattering volume.

So far we have considered only the measurement of fl
tuations at a fixed radial location. Indeed, we could get
radial profile of fluctuations with the scattering arrangem
of Fig. 4 by varying they-coordinate of the launching point
or, equivalently, by rotating the probing beam with respec
the (xz)-plane. However, for maintaining constant the instr
mental function during the radial scan~i.e., for keeping con-
stant the value ofamin), we must varyg as well. This is
illustrated in Fig. 15, which shows the instrumental select
ity functions at two radial positions (r 53.1 and 3.6 m! for

n

FIG. 14. Instrumental selectivity function fork530 cm21, g50°, w51 cm
and a probing frequency of 331013 Hz (CO2 laser!. An over-reduction in
scattering localization due to the large value ofk is mitigated by slightly
increasingamin , which serves to increase the scattered power.

FIG. 15. Instrumental selectivity function for the detection of fluctuatio
with k55 cm21 ~andw50°) at r 53.1 m~a! andr 53.6 m~b!. The probing
beam has a frequency of 331013 Hz, a radius of 2 cm, and a launchin
angle ofg50° ~a! andg5212° ~b!.
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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fluctuations withk55 cm21 andw150°. The close similar-
ity of the two instrumental functions is achieved usingg50°
andg5212°, respectively.

V. CONCLUSION

The results of this paper illustrate how a judicious cho
of frequency, size and launching direction of the probi
beam could transform coherent scattering of electromagn
waves into an excellent technique for high-resolution m
surements of short-scale turbulent fluctuations in tokama
The crucial feature of the proposed method is the obliq
propagation of the probing beam with respect to the m
netic field. The scattering measurements are localized
the point where the angle betweenk i andB has a minimum,
i.e., where the spatial variation of wave vectors satisfy
Eqs.~1! and~2! is more pronounced. This phenomenon do
not rely upon the strength of the magnetic shear, but ra
on changes in the direction of the toroidal magnetic fi
inside the scattering region. Furthermore, the best spatia
calization is achieved when the range of scattering an
corresponding to the spectrum of fluctuations under inve
gation is small. This favors use of high frequency probi
waves, such as those of far infrared lasers, which also
proves the robustness of this technique by minimizing sp
ous refractive effects.

Finally, it is worth noting that in most of the scatterin
configurations described in this paper for a large tokam
plasma ~Figs. 11–15! the length of the scattering regio
along the direction of the probing beam is similar to that
previous measurements in small or medium s
tokamaks.3–7 Consequently, since for a given field of turb
Downloaded 22 Apr 2004 to 198.35.2.150. Redistribution subject to AIP 
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lent fluctuations and probing beam the scattered powe
mainly limited by this geometrical parameter, we conclu
that the proposed scheme will be at least capable of detec
the same level of fluctuations of previous scatteri
measurements—but with substantially improved radial re
lution.

In conclusion, the method described in this paper off
a unique opportunity for the experimental study of tho
fluctuations that plasma theory indicates as the poten
cause of anomalous transport in tokamaks.
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