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How	
  to	
  calculate	
  3D	
  MHD	
  equilibrium?	
  

Ø  VMEC    	

                      –  based  on  energy  functional  with  ideal  constraints	

                      –  cannot  resolve  rational  surfaces	


EITHER            Insist  on  nested  flux  surfaces  (ideal  MHD)	


OR                              Relax  assumption  of  flux  surfaces	


Ø  Resistive  MHD      	

                      –  initial  value  calculation,  not  based  on  energy  minimum	

                      –  islands  develop  and  break  rational  surfaces	

	

Ø  Relaxed  MHD      	

                      –  based  on  energy  functional  with  fewer  constraints	

                      –  islands  develop  at  rational  surfaces	




MulHregion	
  RelaXed	
  MHD	
  	
  

Ideal  MHD	
Taylor’s  theory  	

        	


MRXMHD	

	


More	
  constraints	
  Fewer	
  constraints	
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Existence	
  of	
  stepped-­‐pressure	
  equilibria?	
  



Stepped-­‐Pressure	
  Equilibrium	
  Code	
  (SPEC)	
  

[Hudson	
  et	
  al,	
  PoP,	
  2012]	
  

Ø  Implementation  of  MRXMHD    	
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or  	

or  	


KAM  surface	




Example:	
  DIII-­‐D	
  equilibrium	
  with	
  perturbed	
  boundary	
  

[Hudson	
  et	
  al,	
  PoP,	
  2012]	
  

Magnetic  island  at  q=2  rational  surface	


KAM  interfaces  	

=	


  noble  irational  surfaces	




Ideal	
  MHD	
  is	
  a	
  limit	
  of	
  MRXMHD	
  

VMEC	


SPEC  (N=16)	




Singular	
  currents	
  at	
  raHonal	
  surfaces	
  should	
  arise	
  in	
  
MRXMHD	
  with	
  sufficiently	
  high	
  N	
  

Ø  Ideal  MHD  delta  currents  represent  
the  shielding  of  magnetic  islands	
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Ø  MRXMHD  allows  B  discontinuities	

          and  therefore  delta  currents	


Approach  1:  interface  at  rational  surface	


Approach  2:  squeeze  island  with  irationals	




A	
  simple	
  analyHcal	
  model	
  can	
  be	
  built	
  

Ø  Non-­‐‑axisymmetric,  shaped,  toroidal  geometry  is  too  complicated	


Ø  Simplify  to  reveal  fundamental  physics  and  build  understanding	


Ø  Geometry:  cartesian,  topologically  toroidal  plane	


Ø  Boundary:  m=1,  n=0,  small  perturbation  (resonance  n/m=0)	


Ø  Constant  pressure:    [[B2]]=0  at  interfaces	


Ø  Number  of  volumes:    N=1  (Taylor),  N=2  ,  N=3	


Slab, MRXMHD, perturbed equilibrium

June 12, 2014

1 General geometric calculations

Position

x = ✓î + ⇣ ĵ + R(s, ✓, ⇣)k̂

s 2 [�1, 1], and ✓, ⇣ 2 [0, 2⇡]

Covariant basis
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⇣ ⌘ r⇣ = J�1(es ⇥ e✓) = ĵ
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Toroidally	
  symmetric	
  soluHon	
  for	
  small	
  perturbaHon	
  

Ø  Toroidal  symmetry  is  assumed:	


where terms of order O(✏2) have been neglected.

Toroidally symmetric equilibrium

Assuming @⇣ = 0, r⇥B = µB becomes:

8
><

>:

µBs(L + � cos ✓)/2 = @✓B⇣(L2/4 + L� cos ✓/2) + @sB⇣L� sin ✓(1 + s)/4 (5)
µB✓(L + � cos ✓)/2 = �@✓B⇣L� sin ✓(1 + s)/4� @sB⇣ (6)
µB⇣(L + � cos ✓)/2 = @sB✓ � @✓Bs (7)

Assume a solution of the form

Bs = bs(s) sin ✓

B✓ = B
0

sin (µ̄s) + b✓(s) cos ✓

B⇣ = B
0

cos (µ̄s) + b⇣(s) cos ✓

(8)

where µ̄ ⌘ µL/2 and we assume b/B
0

⇠ ✏.

Force balance becomes:

8
><

>:

µ̄bs sin ✓ = �b⇣ sin ✓L2/4� µ̄✏B
0

sin (µ̄s)L2 sin ✓(1 + s)/4 (9)

µ̄(B
0

sin (µ̄s) + b✓ cos ✓) + µ̄✏B
0

sin (µ̄s) cos ✓ = µ̄B
0

sin (µ̄s)� b
0

⇣ cos ✓ (10)

µ̄(B
0

cos (µ̄s) + b⇣ cos ✓) + µ̄✏B
0

cos (µ̄s) cos ✓ = µ̄B
0

cos (µ̄s) + b
0

✓ cos ✓ � bs cos ✓ (11)

which reduces to

8
><

>:
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2/4� µ̄✏B

0

sin (µ̄s)L2(1 + s)/4 (12)

µ̄b✓ + µ̄✏B
0

sin (µ̄s) = �b
0

⇣ (13)

µ̄b⇣ + µ̄✏B
0

cos (µ̄s) = b
0

✓ � bs (14)

Now compute the derivative of Eq. (13) along s,

µ̄b
0

✓ + µ̄2✏B
0

cos (µ̄s) = �b
00

⇣ , (15)

and substitute the first term by using Eq. (14), giving

µ̄bs + µ̄2b⇣ + 2µ̄2✏B
0

cos (µ̄s) = �b
00

⇣ . (16)

Finally substitute the first term of Eq. (16) by using Eq. (12), giving

b00
⇣ + �b⇣ = G(s) (17)

where

� = µ̄2 � L2/4 (18)

and
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Ø  Poincaré  section  for  the  magnetic  field  trajectories	


Ø  Solution  of  the  form:  	
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Ø  Can  relate                                                                                                              then  e.g.  choose	
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UNPERTURBED  (ε  =  0)	
 PERTURBED  (ε  =  ±  2x10-­‐‑2)	




SPEC	
  converges	
  to	
  the	
  analyHcal	
  soluHon	
  

Ø  Compare  analytical  solution  with  SPEC  (for  small  perturbations)	


increase	
  radial	
  resoluHon	
  

ε  =  10-­‐‑3	


ε  =  10-­‐‑4	


ε  =  10-­‐‑5	


ε  =  10-­‐‑6	




MulHple	
  relaxed	
  volumes	
  can	
  be	
  coupled	
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2

and since �l > 0 and �
3

= Lsys ��
1

��
2

, we get

�
1

=
↵

1 + ↵+ �
Lsys (83)

�
2

=
�

1 + ↵+ �
Lsys (84)

where ↵ ⌘
q

(P 2

1

+ P̂ 2

1

)/(P 2

3

+ P̂ 2

3

) and � ⌘
q

(P 2

2

+ P̂ 2

2

)/(P 2

3

+ P̂ 2

3

).

We now solve the first order force-balance constraints, Eqs. (78) and (80), pro-
vided B

0l, B̂0l, µ̄l, R0,1, R3,1 are given. We can write these equations as


C+

1

� C�
2

D
2

D
2

C+

2

� C�
3

� 
R

1,1

R
2,1

�
=


�D

1

0
0 �D

3

� 
R

0,1

R
3,1

�
(85)

where

C±l =± kl

�l
(B

0l sin µ̄l ± B̂
0l cos µ̄l)2(tan kl � cot kl) (86)

+
µ̄l

�l
[±(B2

0l � B̂2

0l) sin 2µ̄l + 2B
0lB̂0l cos 2µ̄l] (87)

Dl =
kl

�l
(B̂2

0l cos2 µ̄l �B2

0l sin
2 µ̄l)(tan kl + cot kl) (88)

An example of solution is shown in Fig. 5, where the two internal ideal interfaces
are far from the magnetic island. The input parameters are � 

1

,� 
2

, the
rotational transforms at the interfaces, ◆-

0

⌘ ◆-�
1

, ◆-
1

⌘ ◆-�
2

, ◆-
2

⌘ ◆-+
2

, ◆-
3

⌘ ◆-+
3

, and
the external perturbations R

0,1 and R
3,1.

0 1 2 3 4 5 6
0

0.1
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0.3

0.4

0.5

0.6
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1

θ

R

Figure 5: Poincaré plot of the magnetic field trajectories at fixed ⇣ = 0 for
the three relaxed volumes case. Here the input parameters are � 

1

= 0.19098,
� 

2

= 0.61803, ◆-
0

= �1.6180, ◆-
1

= �0.6180, ◆-
2

= 1.6180, ◆-
3

= 1.6180, R
0,1 = 0

and R
3,1 = 10�2. In blue are represented the two external volumes. The

solution has �
2

= 0.544123, R
1,1 = �6.489⇥ 10�3 and R

2,1 = 1.6179⇥ 10�2.
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Can  solve  analytically:	


However  ,	


Solution  becomes  non-­‐‑unique!	




Example:	
  island	
  squeezing	
  with	
  SPEC	
  

ε  =  10-­‐‑2	




Example:	
  interface	
  at	
  raHonal	
  surface	
  with	
  SPEC	
  

[Boozer	
  and	
  Pomphrey,	
  PoP,	
  2010]	
  

ε  =  3x10-­‐‑2	


Suggested  that  delta  current  
at  the  rational  surface  is  not  
enough  to  completely  shield  
the  island	
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QuesHons	
  we	
  need	
  to	
  answer	
  

Ø  We  are  developing  a  fundamental  understanding  of  how  
MRXMHD  can  handle  island  shielding  at  rational  surfaces	


Ø  Both  theory  and  numerics  suggest  that  magnetic  island  shielding  
may  not  be  unique  (delta  current  not  unique).	


Ø  Is  non-­‐‑uniqueness  possible  in  MRXMHD?	


Ø  Does  magnetic  island  shielding  require  additional  constraints?	


Ø  How  does  this  connect  to  the  Hahm-­‐‑Kulsrud-­‐‑Taylor  model?	


Ø  How  does  this  connect  to  the  plasmoid  solutions  of  Dewar  et  al?	


Ø  How  does  this  connect  to  the  Boozer-­‐‑Pumphrey  residual  islands?	



