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Approximating a localized current-density by a -function current density  
1. is acceptable for a macroscopic physical model that assumes infinite conductivity, and  

2. is mathematically-tractable (one just needs to accommodate discontinuous solutions). 

 

 

 

 



The pressure-driven 1/x current density gives  

infinite parallel currents through certain surfaces.  

The problem is NOT a lack of numerical resolution. 

Is a dense collection of alternating infinite currents physical? 
 

Shown below is the total current through elemental transverse area, for different (m,n) perturbations  

 



Dense collection of alternating infinite currents 

is not an acceptable solution. 



If there are rational surfaces, then we must choose: 
1. flatten pressure near rationals, smooth pressure;  

2. flatten pressure near rationals, fractal pressure;  

3. flatten pressure near rationals, discontinuous pressure;  

4. restrict attention to “healed” configurations          [Weitzner, PoP 21, 022515, 2014], [Zakharov, JPP 81, 515810609, 2015] 

 discontinuous, 

stepped pressure 

 continuous, 

fractal pressure 

 

Culmination of long history of “waterbag” or “sharp-boundary” equilibria 
[Potter, “Waterbag methods in magnetohydrodynamics”, Methods in Computational Physics, 16, 43 (1976)] 

[Berk et al., Phys. Fluids, 29, 3281 (1986)] 

[Kaiser & Salat Phys. Plasmas 1, 281 (1994)] 



[Hudson, Dewar et al., Phys. Plasmas 19, 112502 (2012)] 

Relaxed MHD      Multi-Region relaxed MHD      Ideal MHD 
[Taylor, Phys. Rev. Lett. 33, 1139 (1974)]              [Dewar, Hole, Hudson, et al., circa 2006]        [Kruskal & Kulsrud, Phys. Fluids 1, 265 (1958)] 



Compute the 1/x and -function current densities in perturbed geometry 

Self-consistent solutions require infinite shear 

Analytic verification with SPEC 

[Loizu, Hudson et al., Phys. Plasmas 22, 022501 (2015)] 



Analytic verification with SPEC 

Perturbation penetrates into the core 

discontinuous rotational-transform 

 

[Loizu, Hudson et al., Phys. Plasmas 22, 090704 (2015)] 



[Loizu, Hudson et al., Phys. Plasmas 22, 090704 (2015)] 

Necessary condition for non-overlapping of perturbed surfaces 

Existence of non-linear solutions 
Discontinuously-perturbed  

 flux surfaces overlap! 



Analytic verification with SPEC 

Perturbation amplified by pressure 

near and inside “resonant” surface 

discontinuous rotational-transform 

smooth pressure 

[Loizu, Hudson et al., Phys. Plasmas 23, 055703 (2016)] 



SPEC  allows discontinuous profiles: exact   agreement 

VMEC  assumes  smooth            profiles: approximate  agreement 

[Loizu, Hudson, …, Lazerson, ..., Phys. Plasmas 23, 055703 (2016)] 



Convergence studies using VMEC 
[Lazerson, Loizu et al., Phys. Plasmas 23, 012507 (2016)] 



Amplification and penetration as stability boundary is approached 

[Loizu, Hudson et al., Phys. Plasmas 23, 055703 (2016)] 



Now, including pressure and an island . . .  

Amplification and penetration of the RMP is still present. 



Discontinuous transform solution cf. 

“Tearing” solution 

Discontinuous transform 

 with no island (ideal) 

Continuous transform 

with island (tearing) 



Two classes of solutions for discontinuous 3D MHD equilibria: 
STEPPED PRESSURE           and           STEPPED TRANSFORM 

[Bruno & Laurence, Commun. Pure Appl. Math 49, 717 (1996)] 

[Loizu, Hudson et al., Phys. Plasmas 22, 090704 (2015)] 



Multi-Region relaxed-ideal MHD Energy Functional 

alternating ideal, relaxed, ideal, relaxed MHD regions.  



General solution for smooth 3D MHD equilibria: 
Multi-Region, relaXed-Ideal, MHD 

[Hudson & Kraus, J. Plasma Phys., submitted (2017)] 
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Can reliably, systematically approach fractal equilibria. 

1. Fractals can only be treated 

numerically by taking limits. 

 

2. With a finite number of steps, 

extrema of the MRxiMHD  

energy functional have 

smooth pressure gradients 

and magnetic islands and 

chaos. 

 

3. Can reliably, systematically 

approximate fractal equilibria. 



excluded interval about every rational 



Ongoing development of SPEC 

W7-X 

SPEC cf. Biot Savart 

DIIID: SPEC cf. VMEC 

free-boundary 

SPEC 

fixed-

boundary 



Published SPEC convergence / verification calculations 



MRxMHD explains self-organization of 

Reversed Field Pinch into internal helical state 

Excellent Qualitative agreement  between numerical calculation and experiment 
 this is first (and perhaps only?) equilibrium model able to explain internal helical state with two magnetic axes 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

NUMERICAL CALCULATION USING STEPPED PRESSURE EQUILIBRIUM CODE 

“Minimally Constrained Model of Self-Organized Helical States in Reversed-Field Pinches” 

G. Dennis, S. Hudson, et al. PRL 111, 055003 (2013)] 

Fig.6. Magnetic flux surfaces in the transition from a QSH state . . to a fully developed SHAx state .  .  

The Poincaré plots are obtained considering only the axisymmetric field and dominant perturbation” 

EXPERIMENTAL RESULTS 

Overview of RFX-mod results 

P. Martin et al., Nuclear Fusion, 49 (2009) 104019 

August,  2009 nature 

physics 
Reversed-field pinch 

gets self-organized 


